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Abstract

We described the basic ideas of Bose-Einstein condensation (BEC), and then
we focused our study on extensions to more exotic condensates including mix-
tures of two components, where interesting characteristics are found due to the
interspecies interaction, and magnetic dipolar gases, which with their anisotropic
long-range dipolar interaction have opened up new avenues of research into cold
atoms, in a quest for novel and fascinating features.

In this thesis, we present the mean-field model for the binary BEC interacting
via inter- and intra-species contact and anisotropic long-range dipolar interactions
for systems with different symmetric confinement where one or both of them could
be dipolar. Specifically, we study the physical characteristics of interacting two-
component mixtures of dipolar and nondipolar BECs, the formation and dynamics
of bright solitons, the strong coupling domain for dipolar BECs, and the features
of an untrapped bound dipolar droplet in a trapped nondipolar condensate.

Our numerical results are presented in density plots, stability phase plots,
structure formation in densities, breathing oscillation, and more. However, these
solutions, whenever possible, are associated with quantities widely handled in
experimental techniques, through a specific types of atoms, number of particles,
values of parameters of interaction or the anisotropy of trap, and others quantities
related to experimental observables.

Key words: Bose-Einstein condensation; Gross-Pitaevskii equation; binary mix-
tures; dipolar atoms.

Subject: Atomic and molecular physics; ultra-cold trapped atoms.
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Resumo

Nesta tese estudamos conceitos basicos de um condensado de Bose-Einstein
(BEC) e sua extensdo para sistemas com propriedades mais “exoticas”, incluindo
misturas de dois componentes, com algumas caracteristicas interessantes encon-
tradas devido a interacao entre espécies, e condensados de atomos com forte
momento (magnético) dipolar, nos quais a intera¢ao dipolo-dipolo (anisotropica
e de longo-alcance), abre novas possibilidades de pesquisa na procura por descon-
hecidas e fascinantes caracteristicas para gases atomicos ultra-frios. Mostramos
o modelo de campo-médio para misturas de dois BECs interagindo através do
potencial de contato e da interagao dipolar de longo-alcance empregando termos
nao lineares de inter e intra-espécies. Aplicamos este modelo em sistemas binarios
com diferentes armadilhas em que um deles ou ambos podem ser dipolares. Es-
pecificamente, estudamos as caracteristicas fisicas de uma mistura de dois BECs -
com e sem interacao dipolar -, a formagao (e dinAmica) de bright solitons para um
BEC dipolar, algumas propriedades interessantes para um BEC dipolar no limite
de interacao forte, e as caracteristicas de um BEC dipolar quase-livre vinculado
a um outro BEC nao dipolar confinado numa armadilha magnética.

Apresentamos nossos resultados numéricos usando graficos de densidade, di-
agramas de fase, de formacao de estruturas nas densidades ou a dinamica dos
sistemas, entre outros. Sempre que possivel, nossos resultados serao associados
com quantidades usadas em técnicas experimentais através de um tipo especi-
fico de 4tomo, o numero de particulas, os valores dos parametros de interacao,
a anisotropia da armadilha ou outras quantidades relacionadas com observaveis
experimentais.

Palavras chaves: Condensado de Bose-Einstein; equacdo Gross-Pitaevskii; mis-
turas interagentes; atomos dipolares.

Areas do conhecimento: Fisica atdmica e molecular, &tomos ultra-frios.
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Introduction to Bose-Einstein Condensate
(BEC)

One of the appeals of research on quantum systems is the possibility of ex-
ploring quantum phenomena on a macroscopic scale. Regardless of whether con-
structed using electrons (as in superconductors) or neutral atoms (as in ultracold
gases), these systems permit the establishment of a wonderful application of quan-
tum physics. In 1924 A. Einstein predicted the phenomenon that is now known
as Bose-Einstein condensation [1]. Following the work of S. N. Bose ' on the
statistics of photons, Einstein extended this treatment to a gas of non-interacting
massive particles (bosons), and concluded that, below a certain temperature, a
finite fraction of the total number of particles would occupy the lowest-energy
single-particle state.

At first, the physics community remained skeptical to the idea that the Bose-
Einstein condensation could be realized experimentally for interacting particles,
or that it could be any more than a theoretical phenomenon in non-interacting gas.
However, in 1938 the lamda transition for superfluidity in the liquid *He below
a characteristic temperature (~2.17 K) was discovered, establishing this system
as a prototype Bose Einstein condensate, and allowing the development of many
physical concepts, such as the model of two fluids [2]. The hunt for Bose-Einstein
condensation finally ended in 1995 with an experiment on dilute atomic gases
of rubidium [3] and sodium [4], in which the atoms were confined in magnetic

!Satyendra Nath Bose was a talented Indian physicist best known for his work on quantum
mechanics, in the early 1920s, and the groundwork for Bose Einstein statistics.

11
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traps and cooled down to extremely low temperatures, of the order of fractions
of microkelvins. This Bose-Einstein condensed atomic cloud is dilute because its
density is typically 10'3-10% particles cm ™3, and from a theoretical point of view
they are dilute in the sense that the strength of the interactions is much less than
the interparticle spacing. In addition to sodium and rubidium, other cases such
as lithium [5], hydrogen [1], potassium [6], cesium [7], and some elements off the
first column of the periodic table, the rare-earth ytterbium [8], and alkaline earth
metals such as calcium [9] and strontium [10] have been condensed.

More recently, Bose-Einstein condensate (BEC) of 5*Cr [11], %Dy [12], and
188Er |13] atoms with larger (magnetic) dipole moments have become available
for experimental studies, and even polar molecules with much larger (electric)
dipole moments are being considered [14] for BEC experiments. After the exper-
imental realization of a dipolar BEC of atoms with magnetic moments, there has
been renewed interest in the study of the static and dynamic properties of such a
condensate in the pursuit of novel and interesting properties and features emerg-
ing as a consequence of anisotropic long-range dipolar interaction. In order to
describe the Bose-Einstein condensate, formed by NV interacting bosons, of massa
m, confined by an external potential U,,, in the picture of second quantization
we can take the following many-body Hamiltonian:

= [aii {—j—mvuzfeﬂ(r) e
+ % / dr dr’ T (e)f (U (r — r')ib(r')d(r), (1.1)

where 9)(r) and 9’ (r) are the boson field operators that annihilate and create a
particle at the position r, respectively, and U(r —1’) is the two-body interatomic
potential. For this general Hamiltonian exactly solving the full many-body equa-
tion can be computationally expensive or even intractable for systems with very
large values of N.

On the other hand, the Bose-Einstein condensates produced in labs to date
have mostly been described very well by mean-field theory which, at zero tem-
perature and when the interaction is not too strong, allows Bose gases to be
considered as being governed by a single wave function (the latter plays the role
of an order parameter). In addition to the convenience of avoiding heavy numer-
ical work, mean-field theories allow one to understand the properties of a system
in terms of a set of parameters which have a clear physical meaning. The key
point for a mean-field description of a dilute Bose gas was formulated in 1947 by
Bogoliubov [15]. The basic idea is that the one-body ground state plays a special
role and, at very low temperatures, carries most of the physical information about
the Bose condensed cloud.
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This idea led Bogoliubov to suggest that one could describe a weakly inter-
acting Bose gas at low temperatures, separating out the condensate contribution
to the bosonic field operator through the following substitution:

~

h(r) = 1(r) + 0(r), (1.2)

where 9 (r) is a classical field, a complex function that does not possess any op-
erator character and is often called the wave function for the condensate. Above
the critical temperature it vanishes, while it becomes nonzero if the temperature
is lower than its critical value. For this reason, ¢(r) is also called the order pa-
rameter of the phase transition from an ordinary Bose gas to a condensate.
In Eq. (1.2) d¢(r) represents the contribution to the bosonic field of quantum
or thermal fluctuations. Bogoliubov developed the first-order theory for the ex-
citations of interacting Bose gases by treating this operator do(r) as a small
perturbation [15].

We write the time evolution of the field operator, in order to derive the equa-
tion for the condensate wave function, for the generalization of the Bogoliubov
prescription to the case of time dependent configurations:

9 - . X
ihsr () = [d(r,0), H]. (13)

For the many-body Hamiltonian Eq. (1.1), the previous Heisenberg equation
is given by:

m%lﬁ(r,t) = —h—2v2+Uw(r)+/dr’ W(r’,t)U(r—r’)iﬁ(rCt)]iﬁ(rat)- (1.4)

2m
For Bose-Einstein condensates, interactions typically have a short range much less
than the interparticle spacing, and, at low temperatures, only s-wave scattering
is important. In this form we can introduce a simple model, approximating the
interatomic potential with an effective interaction as

Ul —r')=gd(r — 1), (1.5)

where ¢ is a coupling constant. At very low energies it is sufficient to consider s-
wave scattering and the standard scattering theory for two particles with identical
masses m yields [1]

B 4mha

9= (1.6)

where the constant a is called the scattering length. For the commonly used
bosonic alkali-metal atoms (57Rb, 2*Na), the scattering length is positive and
is of the order of 100aq, with ag the Bohr radius. At this point we return to
the Bogoliubov prescription Eq. (1.2) and retain only the leading term in that
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Figure 1.1: Intuitive picture for the (a) one-dimensional (1D) cigar-shape and (b)
two-dimensional (2D) disk-shape in a trapped gas. Both configurations achieved
with a strong harmonic trap in the transverse radial for 1D and axial directions
for 2D.

expression. Furthermore, using the effective interaction Eq. (1.5) in Eq. (1.4) we
found the following closed equation for the condensate wave function:

0 h?

ihar(rt) = | = 5=V U0 + gl (e, O fie ). (1)
This equation is known as the Gross-Pitaevskii (GP) equation, and it is now well
established that, at ultralow temperatures, dilute Bose-Einstein condensates can
be accurately described by this three-dimensional (3D) GP equation |2, 15, 16].
The normalization of the order parameter chosen here is

/dr (r, )> = N. (1.8)

The shape of the external potentials (Us,) for ultracold atoms can be created

by applied magnetic fields, laser light or other external fields. To control the
parameters in quantum systems is very important, so to modify the cloud of
atoms changing the external potential is a wonderful tool in ultra cold atoms.
Generally, the external potential for BECs is a harmonic potential with the form
[1, 15]:

1
Uewt(r) = 3m (wia® + w§y2 + w?2?), (1.9)

where w; (i = z,y, and z) represents the angular frequency of the trap along the
each direction. The external potential can be designed to be highly asymmetric
so that certain degrees of freedom are frozen out [17]. The trap is spherically-
symmetric for w, = w, = w,. A strong confinement in two directions, w, =~
wy > w,, creates a elongated tube of atoms along the z axis and such one-
dimensional (1D) systems has the cigar shape Fig. 1.1 (a). On the other hand,
when w, ~ w, < w,, a pancake shaped trap is formed and we have a two-
dimentional (2D) system where the cloud of atoms has a disk-shape Fig. 1.1

(b).
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Figure 1.2: Illustrative picture of the experimental configuration produced by
G. Lamporesi et. al. [19] for study a system in mixed dimensions with ultracold
gases. Two-dimensional strong confinement by optical lattice resulting in disk
shapes for trapped gas of %K atoms (blue) with a negligible effect on trapped
cloud of 8"Rb atoms (pink) that remains in a three-dimensional configuration.

These possibilities of manipulation and control the magnetic and optical ex-
ternal potentials for different confinements allowed the theoretical study and ex-
perimental realization of fascinating systems with ultra-cold atoms. For example,
recently we show that self-localized ground states can be created in the spin-
balanced gas of fermions with repulsion between the spin components, merging
the spatial growth of the s-wave scattering length (which accounts for the repul-
sion between the components) in one or two directions, and the external harmonic
confining potential, acting in the other directions [18]. As another example, sys-
tems composed of interacting parts where distinct types of particles live in differ-
ent spatial dimensions have been studied. In 2010 the Bose-Einstein condensation
in trapped atoms for a mix-dimensional system composed of two species ('K and
87Rb) has been realized for G. Lamporesi et. al. [19]. In this experiment the di-
mensionality of space can be changed by means of strong potential confining for
one specie ('K acquiring a disk-shape symmetry) while having a negligible ef-
fect on the other specie (3"Rb) that remains with 3D configuration, such as in
Fig. 1.2. The Fig. 1.2 was produced by G. Lamporesi et. al. [19] % in order to
illustrate the experimental configuration for scattering in mixed dimensions with
ultracold gases BEC.

The present thesis deals with the physical properties of some ezotic [20] con-
densates including mixtures of two components, where interesting characteristics
are found due to the interspecies interaction, and magnetic dipolar gases, which
with their anisotropic long-range dipolar interaction have opened up new avenues
of research into cold atoms, in a quest for novel and fascinating features.

2The picture 1.2 was obtained from the figure 1 in the reference [19].
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We focused our study on quantum gases, using coupled mean-field equations to
describe binary mixtures and dipolar BECs in different cases of concrete scientific
interest, some of which include some beyond mean-field corrections. Broadly
speaking, we perform numerical simulation of the 3D GP equation (1.7) using
the split-step Crank-Nicolson method [21-23| and variational solutions [24], if
possible. Our numerical results are presented in density plots, stability phase
plots, structure formation in densities, breathing oscillation, numerical values
for chemical potential, root mean square (rms) for the sizes, and more. However,
these numerical solutions, are not only numbers, whenever possible, are associated
with quantities widely handled in experimental techniques, using a specific type
of atoms, number of particles, value of parameters of interaction or the anisotropy
of trap, and other quantities related to experimental observables.

In chapter 2 we study a binary BEC, where the confining potentials of the
two BEC components have distinct asymmetry, so that the components belong
to different space dimensions, as in the experiment by G. Lamporesi et al. |19].
Using a Lagrangian approach we derive a binary 3D GP equation and we show
that this binary equation can be used to perform numerical simulations and ana-
lytical calculations for the investigation of the static and dynamic properties of a
binary BEC in mixed dimensions. A brief introduction to the physical properties
of dipolar Bose-Einstein condensates is given in chapter 3. Then, using numerical
and variational analyses of the 3D GP equation, in chapter 4 we study the for-
mation and dynamics of bright solitons in a cigar-shaped dipolar Bose-Einstein
condensate for large repulsive atomic interactions. A phase diagram showing the
region of stability of the solitons is obtained. We also study the dynamics of the
breathing oscillation of the solitons initiated by a sudden change of the scattering
length, as well as the collision dynamics of two solitons at large velocities.

Another interesting physical phenomenon we know of, is in the strong cou-
pling regime (also called unitarity limit), where the atomic scattering length goes
to infinity (¢ — oo) and all of the properties of a uniform dilute Bose atomic
quantum gas are determined by density n. So a uniform dilute Bose gas of known
density has a universal behavior as a tends to infinity at unitarity, while most
of its properties are determined by a universal parameter £. The usual mean-
field equation is not valid at this limit and beyond mean-field corrections become
important. In chapter 5 we use a dynamical model (BEC-unitarity crossover
model) including such corrections to investigate a trapped disk-shaped dipolar
Bose-Einstein condensate of large scattering length and we suggest a scheme for
determining the universal parameter £ from the study of this dipolar BEC in the
strong-coupling domain. In this geometry, the strongly repulsive dipolar inter-
action should drastically reduce three-body loss by molecule formation common
in nondipolar condensates. This will facilitate an experiment on a disk-shaped
dipolar BEC close to strong coupling. Here we study the sensitivity of our re-
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sults on the parameter & and discuss the possibility of extracting the value of this
parameter from experimental observables.

In chapter 6 we study the static properties of disk-shaped binary dipolar
Bose-Einstein condensates of '%Er-'%4Dy and 52Cr-'%*Dy mixtures under the ac-
tion of inter- and intra-species contact and dipolar interactions and demonstrate
the effect of dipolar interaction using the mean-field approach. Throughout this
study we use realistic values of inter- and intra-species dipolar interactions and
intra-species scattering lengths and consider the inter-species scattering length
as a parameter. The stability of the binary mixture is illustrated with phase
plots involving the number of atoms of the species. The binary system always
becomes unstable as the number of atoms increases beyond a certain limit. As
the inter-species scattering length increases corresponding to more repulsion, an
overlapping mixed state of the two species changes to a separated demixed con-
figuration. During transition from a mixed to a demixed configuration as the
inter-species scattering length is increased for parameters to just below the sta-
bility line, the binary condensate shows special structures in its density in the
form of red-blood-cell-like biconcave and Saturn-ring-like shapes, which are di-
rect manifestations of dipolar interaction.

In chapter 7 we study the statics and dynamics of an untrapped dipolar droplet
bound by inter-species contact interaction in a trapped nondipolar Bose-Einstein
condensate. Our findings are demonstrated in terms of stability phase plots of
a binary mixture of a bound droplet of dipolar 4Dy in a trapped nondipolar
8TRb BEC with a variable number of '*Dy atoms and a variable inter-species
scattering length. The shape and size (statics) as well as the small breathing
oscillation (dynamics) of the dipolar droplet are studied using the numerical and
variational solutions of a mean-field model. We also suggest an experimental
procedure for achieving such a 4Dy droplet by relaxing the trap on the %Dy
BEC in a trapped binary 8"Rb-'%4Dy mixture.

Finally, the thesis is concluded in chapter 8, where a summary of the discussed
topics is presented, which includes a detailed review of our findings. This work
was based on references [25-29].
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Binary BEC in Mixed Dimensions

In 2010 an experiment by Lamporesi et al. [19] investigated the mixed dimen-
sional scattering occurring when the collisional atoms of two species of a binary
Bose-Einstein condensate (BEC) live in different space dimensions. This achieve-
ment opened the way to the experimental and theoretical studies of a binary BEC
with the components belonging to mixed dimensions. In this chapter we use a La-
grangian approach to derive a binary three —dimensional (3D) Gross—Pitaevskii
(GP) equation and we study numerically the static and dynamic properties of a
binary BEC where the trap anisotropy of the two components are distinct. When
component 2 has a fully asymmetric trap, component 1, due to its specific trap
symmetry, will be assumed to have a quasi one-dimensional(1D) or quasi two-
dimensional(2D) configuration. The quasi-1D shape emerges when the traps in
the two transverse directions are much stronger than that in the linear direction.
The quasi-2D shape emerges when the trap in the direction perpendicular to the
2D plane is much stronger than those in the 2D plane. In this fashion one could
have an effective 1D-3D, and 2D-3D mixed configuration for the traps acting on
the binary BEC '

Previously, there have been studies of binary boson-boson, mixtures, and for
this system is possible to have either a mixed or demixed phase [30, 31]. Now
we shall consider one case where one of the components have a quasi-1D shape
and the other component a quasi-2D shape due to specific trap symmetry of

'In reference [19] G. Lamporesi et. al. reported the first experimental realization of a mix-
dimensional system composed of two species ('K and ®"Rb), confining one specie with disk-
shape symmetry while having a negligible effect on the other that remains with 3D configuration,
materializing the possibility to form a binary mixture of ultracold atoms.

19
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the two components. In that case the binary mixture is described by a 1D-2D
configuration where the first quasi-1D component lies along the z axis and the
quasi-2D component in the (x,y) plane. Also we studied small oscillations of this
binary BEC initiated by a sudden change of the radial angular frequency of the
quasi-2D component.

2.1 Theoretical Formulation
The action of a system of two BECs is given by [32]
A= /(Ll + LQ + £12) d31' dt s (21)

here the interspecies Lagrangian density has the form:

Lo = 912|?/11|2|1/12|2, (2-2)

where g1 is the interspecies nonlinearity

27r712a12
g2 = ; (2.3)
mpg
with ajp the interspecies scattering length, and mgr = mims/(m; + my) the

reduced mass. The intraspecies Lagrangian density is :
L _ h Oub* *9 h2 \V4 2 U 2 gj 4 2.4
i = 5005 = ¢ t¢j)+2—mj! T U ()" + S0 (24)

with ¢ = /—1 and Uj(r) the external potential acting on the j-th BEC component
(j = 1,2), which is described by the macroscopic wave function ;(r,t), here 0,
denotes time derivative, and the intraspecies nonlinearity g; is
4mth3a,
95 = 2 ) (25)

m;

where a; is the intraspecies scattering length for species j, m; is the mass of
species 7, and

/ (e, 8)P = N, (2.6)

is the normalization chosen here. By extremizing the action A with respect to
i(r,t) and ¥3(r,t) we obtain the following binary GP equation [32]

. h?
ihOy), = [ - %VQ + Ui(r) + gi|n|* + 912|1/)2|2} U1, (2.7)
1

. h?
1hOypy = [— %VQ + Us(r) + 92|¢2‘2 + 912|¢1’2] (I (2.8)
2
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Figure 2.1: Tllustrative picture for binary BEC with the components belonging
to mixed dimensions. The cigar-shape (BEC 1D) and disk-shape (BEC 2D)
configurations achieved in an axially-symmetric setting with a strong harmonic
trap in the transverse radial and axial directions, respectively.

These two coupled partial differential equations are both in 3-+1 (space-time)
dimensions. In the general case, these can be solved numerically using a split-
step Crank-Nicolson discretization method [21 23].

An interesting possibility is a binary system where one cigar-shaped BEC is
perpendicular to the plane of other two-dimensional BEC Fig. 2.1. This kind
of configuration can be obtained by considering the following trapping potential
acting on the first component:

U(6) = gma(@a? + i) + WA (2), (29)
where Wi (z) is a generic potential in z direction, and wy, and wy, are the an-
gular frequencies of the harmonic trap along transverse x and y directions. The
transverse harmonic potentials are assumed to be so strong that the first BEC is
quasi-1D, i.e. in an elongated cigar-shaped configuration. For the second BEC
we use the following confining potential

1
Us(r) = Wa(z,y) + §m2W§z22 ; (2.10)

where Wy (x,y) is a generic potential in (x,y) plane, while the harmonic potential
of angular frequency w,, along the z axis is so strong that the second BEC is a
quasi-2D in the (z,y) plane. This case can be simplified if we impose cylindrical
symmetry in the harmonic potential acting on the first BEC (wy, = wyy, = wip)
and also in the generic potential acting on the second BEC, i.e. Wy(z,y) = Wa(p)
with p = (22 + y?)V/2.
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In this form, the 1D-2D binary BEC will be described for the following coupled
3D Gross-Pitaevskii equations
h? ( 0”2 10 0 )

1 2 2
+§m1w1pp +

T2 \og2 T p0p 02
1 2 2 2 2 :

5w + gl r|” + gialva]” |1 (p, 23 1) (2.11)
h? (82 10 82>

D (p, 1) = |

1 2 2
+§m2w2pp +

T, \op | pdp 02

1
§m2wgz22 + 92W2‘2 + nglP] ¢2(P, Z; t) ) (2-12)

ihous(p, z;t) = [

where the trapping potentials W;(2z) and W5(p) was taken as

1 1
Wi(z) = Emlw%zZQ; Wa(p) = §m2w§pp2, (2.13)

in Eq. (2.9) and (2.10) respectly.

2.2 Numerical Results

We shall present results for the coupled 1D-2D case when the cigar-shaped
BEC is perpendicular to the disk-shaped BEC. The cigar-shaped BEC, labeled
1, lies along the z axis and has angular frequencies satisfying wy,/w, = 10. The
disk-shaped BEC, labeled 2, lies in the (z,y) plane and has trapping angular
frequencies satisfying ws,/ws, = 10. For simplicity, we work in dimensionless
units m; = mg = h = 1, set Ny = Ny = N and in this chapter we shape
the strength of nonlinearities intra and inter-species using a simpler number, for
example: Ngjo = 4m. For the cigar-shaped BEC we take w;, = 1 and for the
disk-shaped BEC we take wy, = 1.

It is easier to study the behavior of this system by looking at the linear and
radial densities, which are calculated from the solution of Eq. (2.11) and (2.12)
via

fiz0F =27 [ o dplvulp, o), (2.14)
0
a(pst) = [ delinp,z o) (2.15)

To solve the coupled GP equation Eq. (2.11 and 2.12) we employ the split-step
Crank-Nicolson discretization technique [21-23] with real and imaginary time
propagation. We essentially use the Fortran programs provided in reference [21].
The convergence of the numerical result was tested by varying the space (typically
~ 0.05) and time (typically ~ 0.001) steps and the total number of spatial and
temporal discretization points.
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Figure 2.2: Plot of (a) linear |fi(2;t)|* = 27 [;* p dp|tr(p, z;t)[* and (b) ra-
dial |ha(p;t)|* = [ dz|tha(p, z;t)|* densities of a binary perpendicular cigar-disk
mixture as obtained from the three-dimensional(3D) Gross-Pitaevskii (GP) equa-
tions (2.11) and (2.12) in dimensionless units for the nonlinearities Ng, = 4m,
Ngs = 407 and different values of Ngj5. Both densities are normalized to unity.

2.2.1 Mixing - Demixing States

In Figs. 2.2 (a) and (b) we plot the linear |f;(2)[* and radial densities |ha(p)|*
respectively, obtained from the 3D equations (2.11) and (2.12) for Ng; = 4m,
Ngs = 407 and for different values of Ngi5. The case for g;o = 0 corresponds
with the absence of coupling. We have an attractive interspecies interaction (g <
0) corresponding to the mixing state (overlapping phases of two components).
In the same form, for a repulsive interspecies interaction (g2 > 0) we observe
that the highest value of density is not located in the center point of the traps,
corresponding to the demixing state (separated phases of two components).
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Figure 2.3: Three-dimensional contour plot of the (a) cigar and (b) disk densities
v (p, z; t)|* of the binary BEC of Fig. 2.2 for attractive interspecies interaction
Ngia = —4m. The same for the (c) cigar and (d) disk densities of the binary BEC

for repulsive interspecies interaction N g2 = 167. Density on contour = 0.01, and
Ngl = 47'[', Ngz = 40m.
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Figure 2.4: Evolution of axial (z) and radial (p) rms sizes of the cigar- and disk-
shaped components of the binary Bose-Einstein condensate (BEC) after a sudden
reduction of the radial angular frequency of the disk shaped component by 5%,
for the nonlinearities Ng; = 4w, Ngo = 407, and different values of Ngy,.

To study these configurations, we consider the 3D profile of the density |¢;(p, z;t)|?

of the two species for the cases depicted in Figs. 2.2 (a) and (b) with Ngj, = —47
and Ngj2 = 167. For this purpose, in Fig 2.3 (a) and (b) we plot the contours of
cigar and disk-shape profiles for attractive interaction interspecies ( Ngjo = —4m).
The same plots for repulsive interspecies interaction (Ngjp = 167) are illustrated
in Figs. 2.3 (¢) and (d). The density |¢;(p, z;t)|* on the surface of these plots is
0.01. In Figs. 2.3 (a) and (b) it is possible to see that the two components have
the highest value of density in the center of system conforming the mixing state
and in Figs. 2.3 (c¢) and (d) we observe that both BECs are moving away from
each other in agreement with the demixing state.

2.2.2 Dynamics

We investigated the dynamics of the 1D-2D system. For this purpose we con-
sider the coupled system presented in Figs. 2.2 (a) and (b) with Ng; = 47, Ngo =
407, and different values of Ngy5. After the stationary condensate is created dur-
ing time evolution of the numerical routine using real-time propagation, we reduce
the radial angular frequency of the disk-shaped quasi-2D BEC suddenly by 5%
(the new angular frequencies being wy, = ws, = 10,wy, = 1,wy, = 0.95,) and
study the subsequent dynamical evolution of the system.

The relevant dynamics are best illustrated by plotting the evolution of the rms
axial size of the cigar-shaped (quasi-1D) BEC and the rms radial size of the disk-
shaped (quasi-2D) BEC, in Fig. 2.4 for the sets of nonlinearities exhibited in Figs.
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2.2. These results are calculated with the 3D GP equations (2.11) and (2.12).
For the sets of nonlinearities illustrated in Fig. 2.4 (Ng; = 4w, Ngo = 407, with
different values of Ngio = 0,47 and 167) the angular frequency of the quasi-2D
disk-shaped BEC was modified and exhibited sinusoidal oscillation for the axial
size of the disk-shaped BEC right from ¢ = 0.

It took some five units of time for similar sinusoidal oscillation to initiate in the
unperturbed cigar-shaped component due to the non-zero coupling term ¢;5. We
can see that this effect on the unperturbed BEC disappears without the presence
of coupling interspecies (for g;o = 0in Fig. 2.4). This is an important opportunity
to see changes on global features (macroscopic properties) in a quantum system.

In summary, we realize the description of a binary BEC where the compo-
nents are subject to distinct trap symmetries belonging to two different spatial
dimensions. In particular, we considered the possibility that the first compo-
nent is in 1D (cigar shape) and the second in 2D (disk shape). The 1D and 2D
configurations were achieved in an axially-symmetric setting with a strong har-
monic trap in the transverse radial and axial directions, respectively. We found
the numerical solutions for this 3D binary GP equation, in the coupled 1D-2D
case where the cigar-shaped component is in the z direction and the disk-shaped
component remains in the (z,y) plane, by calculating the density profiles and
dynamics for small oscillation of the binary 1D-2D BEC, initiated by a sudden
change of the radial angular frequency of the 2D component, for different values
of nonlinearities. Now we have an important background to study more complex
coupled systems.

This same approach could be used in many situations of interest when one
or both of the BEC components have extreme distinct cigar and disk shapes
and when we are interested in density and dynamics in axial and radial direc-
tions, respectively, is possible starting from these binary three-dimensional Gross-
Pitaevskii equations (2.7) and (2.8) and using a Lagrangian variational approach
to derive a binary effective nonlinear Schrodinger equation ? with components in
different reduced dimensions, the first component in one dimension and the sec-
ond in two dimensions as appropriate to represent a cigar-shaped BEC coupled

to a disk-shaped BEC.

2 In Appendix A and more widely in reference [25], we present effective reduced equations
for the study of a binary Bose-Einstein condensate, where the confining potentials of the two
BEC components have distinct asymmetry so that the components belong to different space
dimensions.



BEC with Dipolar Interaction

The experimental observation of a dipolar Bose-Einstein condensation (BEC)
of 52Cr |11], 1Dy [12] and '®Er |13] atoms with large magnetic moments has
opened up new avenues of research into cold atoms, in a quest for novel and
interesting features related to anisotropic long-range dipolar interaction. Polar
molecules, with much larger (electric) dipole moments, are also being considered
[14] for BEC experiments. The experimental realization of these BECs with
a long-range dipolar interaction allows the study of new atomic systems with
variable short-range interaction and many distinct features [33-37]. Among the
interesting features of a dipolar trapped BEC, one can mention its peculiar shape
[38-41], anisotropic soliton, vortex soliton |26, 42, 43| vortex lattice |44], as well
as super-fluid soliton [45] states. The atomic interaction in a dilute BEC of alkali-
metal and other types of atoms (with negligible dipole moments) is represented
by an S-wave (short-range) contact (delta-function) potential. However, the non-
local anisotropic long-range dipolar interaction acts in all partial waves and is
attractive in certain directions and repulsive in others. The energy V,,; due to the
dipole-dipole interaction, of two dipoles oriented with an extra applied electric
field along the z direction, has the following form |20, 46]:

~ Cuyg1 —3cos®0

C drw R3 ’
where R is the vector joining the two dipoles, the coupling constant is Cyy = i,
for particles having a permanent magnetic dipole moment ji, 1 is the permeability

of vacuum, and 6 is the angle made by the vector R with the polarization z
direction (Fig. 3.1).

Vaa(R) R=r-7r, (3.1)

27
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Figure 3.1: Intuitive picture for two particles interacting via the dipole-dipole
interaction in a external applied field along the z direction. Here R corresponds
to vector joining the two dipoles and 6 is the angle made by the vector R with
the polarization z direction.

This dipolar potential has two notable features: first is the rather complicated
angular dependence, to exhibit the anisotropic character. The second character-
istic is the inverse-cube dependence on the separation showing the long-range of
this interaction, in contrast to the usual short-range interaction for nondipolar
BEC. This anisotropic nature is described in Figs. 3.2 (a) and (b). The Fig.
3.2 (a) was produced! in order to illustrate the experimental results in dipolar
BEC [11], where the contact interaction is reduced with respect to the long-range
dipole-dipole interaction, and the anisotropy of the dipolar interaction manifests
itself in an elongation of the condensate along the magnetization direction giving
in a change for the condensate aspect ratio [11]. In the same form, biconcave
profile density could arise in disk shaped dipolar gases because to dipole-dipole
repulsion along the radial direction drives the atoms to a peripheral region. These
red-blood-cell-like biconcave profiles, such as Fig 3.2 (b), have been found in a
previous paper related with the single-component case [35]. These characteristics
are a manifestation of the dipolar interaction, and here we emphasize that this
type of features have been found in our results. The biconcave profile density
was found in our study of binary dipolar BEC near the stability (chapter 6), and
also evidence for the change in the condensate aspect ratio was found in chapter
7 studying an untrapped dipolar droplet bound in a trapped nondipolar BEC.

To include these effects of dipole-dipole interaction, it is convenient to intro-
duce an additional dipolar nonlinearity

Fua(r,t) = / Vaa(R)[ob(r, 1) 2dr. (3.2)

L The picture 3.2 (a) was obtained from the homepage of research group of Tilman Pfau et.
al.: News From The Lab: A quantum ferrofluid, 2007. http://www.pi5.uni-stuttgart.de/en/
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Figure 3.2: Tllustrative picture of the dipolar effects. (a) From top to bottom:
the (isotropic) contact interaction (symbolized by the grey “sphere”) is reduced
with respect to the long-range dipole-dipole interaction. The anisotropy of the
dipolar interaction manifests itself in an elongation of the condensate along the
magnetization direction giving in a change for the condensate aspect ratio (color
experimental images on the left)[11]. (b) The red-blood-cell like biconcave profile
as a manifestation of the dipolar interaction in disk-shaped condensate. Most of
the atoms leave the central region of the disk because of dipolar repulsion in the
plane [35].

Now one just needs to introduce this dipolar contribution to the mean-field po-
tential in the Gross-Pitaevskii (GP) equation:

4Amh?

m

2
Zh%lﬁ(l} t) = [ - ;_mv2 + Uemt(r) + CLN|1/J(I‘, t)‘Q + Fdd(r7 t)} 1/1(1‘, t)? (33)

with m, a and N the mass, scattering length, and number of atoms, respectively
and normalization [ |¢(r,t)]*dr = 1. The external potential Ugy(r) is:

1
Uewt(r) = g (x2 +y? + /\222) , (3.4)
where A = w,/w, the angular frequencies of trap are w, = w, = w and w,

corresponding to axial symmetry. In some circumstances, it is convenient to
define a measure to quantify the strength of dipolar interaction, using the dipole
moment and the mass m of the atom, we can define the following length:

-2
pofi>m
=0 3.5
4dd = Jornz (8:5)
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Table 3.1: Dipolar quantities for some atoms and molecules. For the molecular
species, the values are taken from [46]. The parameter 45 determines if the
contribution of dipolar interaction can be negligible or is necessary to include the
dipolar effects.

Species Dipole moment Aqd £dd
8TRb 1.0 up 0.7 ag 0.007
%2(Cr 6.0 up 15 ay 0.15
168y 7.0 pup 66 ag 0.66
164Dy 10.0 pp 131 qq 1.31
ND; 1.5 D 3.6 x103a, 36
HCN 3.0D 2.4 x10%a, 240

this length measures the strength of the dipole-dipole interaction and its experi-
mental value in case of atoms of 52Cr is a44(Cr) = 15a0 [11, 33, 34, 47|, where ag is
the Bohr radius 2. Using this value is possible to calculate the strength of dipolar
interaction for other elements. We have, for example, that in case of ®Er:

,2 N
Ho Hpr MEr HEr mer
Cde(ET) = # = 15@0 X (MCT) Mo = 66@0, (36)

in same form, we used a44(Dy) = 131ay as value for the strength of dipolar inter-
action of %*Dy. To compare the dipolar and contact interactions, the ration of
the strength of the dipolar interaction to the s-wave scattering length is expressed

by
adqd

Edd = 7, (37)
associating the relative strength of the dipolar and contact interactions. This
parameter €44 determines the physical properties of the system establishing if the
contribution of dipolar interaction can be negligible or if is necessary to include the
dipolar effects. In Table 3.1 we have some typical values of the dipolar quantities
for different types of atoms and molecules |46], showing that both atoms with
larger magnetic dipole moments (i ~ 10up) and polar molecules, with much
larger electric dipole moments (1D ~ 3.3 x 1073° C' - m), have an important
contribution of dipolar interaction and any theory needs a way to include this
interaction in order to describe suitably its physical characteristics.

On other hand, we can defined the oscillator length [, by

h
lO - %7 (38)

2From experimental measures for °2Cr we have that its magnetic dipole moment is fi = 65,
where pp is the Bohr magneton [11, 33].
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where w is an angular frequency generally associated with the trap frequencies.
The length scale a4q, and [y could be used to transform Eq. (3.3) into the following
dimensionless form:

.0 1
i e.0) = [ = 59 4 U)o+ gl OF + g [ VR (') P’ o, ),
(3.9)
where g = 4maN, 940 = 3Nagyq, and
1 —3cos?f
Ua(R) = —m (3.10)

is the simpler form of the dipolar interaction. In Eq. (3.9) we use an oscillator
unit, this means: length is expressed in units of the oscillator length [y, energy in
units of the oscillator energy hw, density |¢|? in units of [;*, and time in units of
to = w™!. Here the dimensionless trapping potential U, (r), for axial symmetry,
has the form:

1
Upnt(r) = 5 (® + 3> + X227, (3.11)

here the parameter A\ determines the anisotropy of trap, i.e, A < 1 for cigar-
shaped and A > 1 for systems with disk-shape symmetry. This GP equation
(3.9) is an integro-differential equation, which usually complicates the numerical
solution procedure. The evaluation of the dipolar integral term in this equation in
coordinate space is not straightforward due to the divergence at short distances.
However, this has been tackled by evaluating the dipolar term in the momen-
tum (k) space. The integral can be simplified in Fourier space by means of the
following convolution theorem 3:

/Udd(r — 1), ) dr’ = FH{F[Uaal (k) FI[1%] (k) }(r), (3.12)

where F[] and F~'{} are the Fourier transform (FT) and inverse F'T, respectively.
The FT of the dipole potential is known analytically, and has the form [46]:

Uak) = 2T (3’“3 - 1) | (3.13)

3 \ k2

In this form, the divergence of the dipolar term at short distances has been
handled by treating this term in momentum (k) space. The FT of density [¢|?
is evaluated numerically by means of a standard fast FT (FFT) algorithm. A
simpler form for the dipolar integral in (Fourier) momentum space Eq. (3.12)
arises from the following convolution integral:

/dr/Udd(R)n(r’) :/%e_ik'rUdd(k)n(k), (3.14)

3 In Appendix B we present the procedure to include the dipolar term in our numerical
solutions using the convolution theorem as in reference [46].



32 Chapter 3. BEC with Dipolar Interaction

Figure 3.3: Intuitive picture for the stability of a disk-shaped dipolar BEC in
an axially-symmetric setting with a strong harmonic trap in the axial directions.
With the dipoles oriented along the strong confinement axis, the main effect of
the dipole-dipole interaction is repulsive and as a peculiarity, in dipolar BEC, it
is only stable for the number of atoms below a critical value.

with n(r,t) = |[¢(r,t)|?, where the FT is defined by

A(k) = / drB(r)e™™, B(r) = ! = / dkA(k)e *, (3.15)

(2m)*

Previously, there have been studies of stability for nondipolar Bose gas [48—
52|, however the stability of a dipolar BEC depends not only on its scattering
length or number of particles, but also on the trap geometry [11, 46, 47, 53,
54| more strongly that the nondipolar case. The dipolar interaction can shift
from repulsive to attractive for different configurations of traps, a disk-shaped
trap gives a repulsive dipolar interaction and the dipolar BEC is more stable,
whereas a cigar-shaped trap yields an attractive dipolar interaction and hence
favors a collapse instability. In the disk configuration, the dipolar interaction is
highly repulsive, as parallel dipoles arranged in a plane with the dipole moment
perpendicular to the plane repel each other (Fig. 3.3). In contrast, a cigar-shaped
trap yields an attractive dipolar interaction, as the dipoles lie along the same line,
corresponding with the direction of magnetization (z axis). The dipoles attract
each other, which may favor a collapse (Fig. 3.4).

In this thesis we perform numerical simulation of the 3D GP equation (3.9)
using the split-step Crank-Nicolson method [21-23]. The dipolar integral Eq.
(3.12), involving the FT of density multiplied by the FT of dipolar interaction,
is evaluated using the convolution theorem (3.12). The inverse FT is evaluated
by means of a standard FFT algorithm. The FFT algorithm is carried out in
Cartesian coordinates and hence the GP equation is solved in three dimensions
irrespective of the symmetry of the trapping potential. Using the GP Eq. (3.3) in
chapter 4 we study the properties of the statics and dynamics of the cigar-shaped
bright solitons for repulsive short-range interaction in a dipolar BEC.
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Figure 3.4: Tllustrative picture for the stability of a cigar-shaped dipolar BEC
in an axially-symmetric setting with a strong harmonic trap in the transverse
radial direction. With the dipoles oriented along the weak confinement axis, the
dipole-dipole interaction is essentially attractive, which leads to an instability of
the dipolar BEC.

We show a system that is formed under very general conditions and could
be of greater experimental interest. In chapter 5 we study the static and dy-
namic properties of a disk-shaped dipolar BEC for large scattering length using
a beyond-mean-field model [45, 55], to show the sensitivity of the result to the
universal behavior of the dipolar condensate under a strong-coupling regime. In
chapter 6, we numerically solve two coupled Gross-Pitaevskii equations for the
binary dipolar BEC [28]. Finally, in chapter 7 we study some properties which
are of great interest, such as how all the features and properties of a trapped
dipolar BEC would manifest in a 3D quasi-free untrapped dipolar BEC bound to
a trapped nondipolar BEC by attractive inter-species contact interaction [29].






Bright Soliton on Dipolar BEC

A bright soliton is a self-reinforcing solitary wave that maintains its shape,
while traveling at constant speed, due to a cancellation of nonlinearity and dis-
persive effects. Previously, there have been theoretical studies of solitons in
nondipolar Bose-Einstein condensate (BEC) [56-62] and more recently we have
demonstrated the creation of bright solitons in Fermi gases! with two-components
spin-balanced by means of the self-repulsive nonlinearity in combination with the
harmonic trapping potential acting in one or two transverse directions [18]. Ex-
perimentally, bright solitons and soliton trains were created in a BEC of 7Li
[32, 63] and ®Rb atoms [64] by turning the atomic attractive interaction from
repulsive using a Feshbach resonance [65] and releasing the BEC to be axially
free. The controllable short-range interaction with the exotic dipolar interaction
makes the dipolar BEC an interesting system for soliton generation in the cigar
configuration due to added dipolar attraction and a challenging system for theoret-
ical investigation [66] to study the interplay between the dipolar and short-range
interactions.

We study cigar—shaped (one—dimensional) bright solitons for repulsive short
range interaction in a dipolar BEC free to move along the axial direction and
trapped in the radial direction, using the three-dimensional (3D) Gross-Pitaevskii
(GP) equation, and study their statics and dynamics. The present one-dimensional
(1D) solitons can be formed under very general conditions and hence, are of

! In Fermi gases, with balanced spin-up and spin-down components, self-localized ground
states (i. e., bright solitons) may be achieved by making the repulsion between the spin com-
ponents accordingly modulated in one or two directions, and the application of the ordinary
external trapping potential in the other direction(s), see reference [18].

35
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greater experimental interest. For a conventional BEC without dipole moment,
bright solitons appear only for attractive atomic interaction [57, 64]. Here phase
plots showing the stability of the solitons for different dipolar and short-range
interactions are obtained. Also we study breathing oscillation and collision of
two bright solitons as well as the statics and dynamics of the bright solitons using
a Gaussian variational approach.

4.1 Analytical Consideration

There have been prior studies of solitons in cigar-shaped dipolar BEC using
a reduced quasi-1D simple model |67, 68|. As there is no collapse in 1D (models
with cubic nonlinearity as in this case), such studies predict solitons for attractive
interaction for an arbitrarily large number of atoms. But nondipolar BEC bright
solitons [61] in 3D are stable up to a critical number of atoms, beyond which
the system collapses. The same is found to be true for a dipolar BEC. We
reported these critical numbers for dipolar BEC solitons in figure 4.1. We study
the bright solitons in a dipolar BEC [11, 33, 34, 47] of N atoms, using the following
dimensionless GP equation, similar with Eq. (3.9) in chapter 3, with an potential
trap equal zero along the z direction

Z,8¢((917;, b _ { —%VQ + %2 + 4dmaN|p(r, t)|?
+ 3addN/Udd(r—r')|gb(r',t)\2dr’ o(r,t), (4.1)

where ¢ = v/—1, the normalization is

/]¢(r,t)]2dr =1, (4.2)

and a is the atomic scattering length. Here the length a4y and Ug(r — r’) are
measures of the dipolar interaction defined in Eqs. (3.5) and (3.10) of chapter 3
respectly. The trap p?/2 acts in the radial p = (z,y) direction only. In Eq.(4.1)
we use oscillator units, where a unit of length is the oscillator length, defined in
Eq. (3.8), taken as [ = 1um and a unit of time is taken as ¢y =1 ms. Lagrangian
density of Eq. (4.1) for bright solitons is [69]

1 2
L=2(606 —6 06) + Vo + 216 + 2man|gl*
4 gaddN|gb|2 / Unalr — ) o', ) 2dr’.  (4.3)

where 0; denotes time derivative and ¢* correspond with the complex conjugate
to the wave function ¢. It is straightforward to verify that Eq. 4.1 is the Euler-
Lagrange equations for the Lagrangian density 4.3, we can find this equation by
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deriving for ¢*

d(0C\ oC
dt (a«ﬁ*) “a 4

using Eq. (4.3) in Eq. (4.4), we have the following expression for the dynamics
of a bright soliton in dipolar BEC

s00(rt) — { = 300(0) + 32V (TO + B o(e,0) +AmaN 160
+ 30uNé(r, 1) / Ua(r —)lo(’, 1)’} =0, (4.5)
using [Vo[* = (V¢*)(Ve) = V(¢*V¢) — ¢*V?¢ we have
Do(e.) = [~V %2+47raN|¢(r,t)|2

+ SaddN/Udd(r—r’)|¢(r',t)|2dr’ o(r,t), (4.6)

where the last mathematical expression corresponds with the dynamics equation
for a bright soliton in dipolar BEC: Eq. (4.1).

4.1.1 Variational Approximation

For a variational study we use the following Gaussian ansatz [70]:

—3/4 2 2,
o(r,t) = T exp (—2—wﬁ " 02 +iap” + 16z ) ) (4.7)

where w, and w, are time-dependent widths and o and  are time-dependent
phases. Using the last ansatz of Eq. (4.7) into the Lagrangian density Eq. (4.3),
we can obtain the effective Lagrangian L = [ Ldr (per particle):

| 1 :
L= [[5006 — o 00)+ 5IVoF + 167 + 2manlgf!

3
+ SauNlop / Unalr — )6, ) 2dr’] dr,  (4.8)
that we choose to divide into five integrals
L:L1+L2+L3+L4+L5 (49)

where each integral can be solved independently to obtain

L= 5 [@os -0 a0

_ 4 2
L = = - [aﬁ(ﬁwzﬂﬁ'ﬁ (ﬁw?’)} = wld+ -w?B,  (4.10)
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1
L = 5 [ IVe(r.0Pdr
1

1 1
— * _ 2 2 2,2
L = §/(w )(V6) dr = 20%7 + 7 + Pul+ g (@1
1 2 2
Ly = 5 [»p |¢(x, 1)[" dr,
1—3/2 ) PR 1,
Ly = 2wﬁwz/p exp <_w_,2) — w_g) dr = 5 Wp (4.12)
L, = 27mN/|¢(r,t)|4 dr,
21 2aN 207 222 N
L4 = il 1 (IQ exp (—% - %) dr = 2 ) (413)
w,w3 S w3 \/wang

and finally the fifth integral can be simplified in Fourier space by means of con-
volution theorem, as is showing in Appendix B, to obtain

Ls = ;addN/ [/Udd(r—r/)\qﬁ(r/,t)]er/} |6(r, t)|?dr,

CdeN (—1)
Ly = K), 414
where
1+ 2k% — 3Kk3d tanh(v/1 — K2
flry = TR g < MV 2 4y
1— k2 m Wy
at once the effective Lagrangian Eq. (4.8) has the form
I = 2 - 1 2/8+222 2ﬁ2+1 L_I_L 2 +g (416)
= w,a+ sz wLo" + Wy 5\ w2 T op? +w, dip, (4-
o z
with
N(ldd 1 |: a :|
g i - —= _— K , 4.17
dip \/% wng agd f( ) ( )

In the cigar shape, the dipolar interaction becomes attractive and contributes neg-
atively in &gip. We used the Euler-Lagrange equations for parameters w,, w,, a,
and (3 to obtain the following equations for each one

d (0L oL
% (a_(]j) - 8_% - 07 q; = [wp7w27a75]’ (418>
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this means, using the Eq. (4.16) into Eq. (4.18) we obtain the following expres-
sions for the widths

oL 1 1 N
—— = 2w,i + 4w, — — - — 2a — =0, (4.19
ow, Wyt + 4wy w? +w, \/%wng 2a — agq 9(x)] o ( )
where
2 — Tk? — 4k + 9k1d(k)
9(k) = e : (4.20)
now for w, we found
oL : N
= w,f + 2w, 5% — — a—agq h(k)| =0, 4.21
with
1+ 10x% — 2x* — 9k2d(k)
(k) = 1 2P : (4.22)
and for parameters « and [ we have
d (OL oL .
E(%) —%:wp—pra:[)’ (423)
d (0L oL .
4 @) - 55 = - 2 =0, (4.24)
from equations 4.23 and 4.24 we can write
w R T S
P P p
and
B_wz L= 1 /. w? (4.26)
2w, 2w, w2 w, )’ '

now with the substitution of @ and § in Eqs. (4.19) and (4.21) we obtained a
new form by the equations of the widths

N
w,+w,=—+——\[2a—a k)|, 4.27
= i T 20 0 905) (.27
1 2N
W, l[a — agq h(K)], (4.28)

- 4=
w? 27rw§w§
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Equations (4.27) and (4.28) determine the dynamics of bright solitons. The sta-
tionary widths are obtained from these equations by setting w, = w, = 0. If p is
the chemical potential with which the stationary wave function ¢(r,t) propagates
in time, it means

H(r, 1) ~ exp(—ipt)p(x), (4.20)

then from equation of a bright soliton in dipolar BEC Eq. (4.1) multiplying by
¢*(r) and integrating we found the following expression to chemical potential

0

u= [ |5ITe -+ GlowP + araviot)
+ 3addN/Udd(r—r’)|¢(r’)]2\¢(r)]2dr' dr, (4.30)

where the variation of the kinetic energy term was carried out by performing
an interaction by parts. In this form the variational estimate for the stationary
chemical potential pu is given by

1 1w
LT W 4.31
2w§+4w2+ 2 + 2 Caip ( )

z

M:

in similar form, the energy for this system can be written as [1]:

B [[5IVomP + Lo + 2raniotol

+ gaddN/Udd(r—r’)|gz5(r’)|2|¢(r)|2dr' dr, (4.32)

using the ansatz of Eq. (4.7) and (4.29) we get the following equation

E 1 1 w?
N tae v o (4.33)
P z

corresponding with the expression for energy per particle in the stationary state
with the variational approximation. From Eqgs. (4.30) and (4.32) is straightfor-
ward to verify the thermodynamic relation p = 0E/ON to calculate the chemical
potential from the energy of the stationary state.

4.2 Numerical Results

We perform a 3D numerical simulation in Cartesian (x,y and z) variables
employing imaginary and real-time propagation with the Crank-Nicolson method
using Fortran programs provided in reference [21]. The dipolar interaction is
evaluated by the usual fast Fourier transformation [46]. The accuracy of the
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Figure 4.1: Stability phase plot for variational (v) and numerical (n) results
showing the critical number (Ng;;) of atoms versus scattering length (a) for BEC
with different strengths of dipolar interaction (a4q). The two arrows at a = agq
show the limit of the region in which a soliton can appear. In dipolar BEC, bright
solitons can appear for repulsive contact interaction, the yellow horizontal lines
(right side) denote this region of stability inaccessible for nondipolar BECs.

numerical simulation was tested by varying the size of space and time steps and
the total number of space and time steps. For bright solitons the system must be
attractive. In the absence of dipole moment (aq4q = 0), attraction corresponds to
a < 0. For agq > 0, the dipolar interaction in Eq. (4.1) contributes attractively
in the cigar shape, which can compensate for the atomic short-range repulsion,
thus forming bright solitons for a > 0. From a variational study Eq. (4.28), we
choose [a — aggh(k)] = 0 while one must have N — co. Then from Eq. (4.27),
as N — oo, one must have [2a — agqg(k)] = 0. These two conditions can be
simultaneously satisfied as k — 0 for a weakly bound soliton of infinite extension
along the axial direction while h(x = 0) = g(k = 0)/2 = 1. Consequently, bright
solitons are allowed for —oo < a < agq and for N below a critical number (Ne;)
of atoms, as Eq. (4.27) and Eq. (4.28) only permit solutions for N < Ni.

4.2.1 Stable State

As discussed previously, this system collapses for N > N.i. These results
are illustrated in Fig. 4.1 , where we show Ny versus a for agq = 15a¢ (°*Cr
atom), and 100ag, for bright solitons from numerical and variational calculation.
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Figure 4.2: A sectional view of the three-dimensional (3D) contour plot of density
for a (a) bright (agq = 15a¢ and a = 0.5 nm) and (b) vortex (aqsq = 100ag, a = 4
nm, [ = 1) solitons of N = 1000 atoms. The lengths z, y and z are in units
of lp(= 1pm) and the density on the contour is 0.001. Both of these solitons
correspond to a repulsive region (a > 0) inaccessible to nondipolar BEC.

The value agq = 100ay is considered to simulate a possible dipolar BEC of dipolar
atoms (or molecules) of larger dipole moment, such as 4Dy [12, 71|, or '%Er [13],
which can be considered for BEC experiment. The unstable, attractive region of
collapse (N > Ngit,a < aqq), stable soliton formation (N < Neug, a < agqq) and
the repulsive region of expansion (a > agqq) are clearly shown in figure 4.1 where
we found a new region of stability for a > 0 (yellow horizontal lines right side of

Fig. 4.1 ) inaccessible for the nondipolar BECs.

In our numerical simulation we shall consider dipolar BEC with agq > a > 0,
domain of soliton controlled by dipolar interaction and unreachable for a normal
BEC with a4y = 0. To illustrate the shape of the quasi-1D soliton, in figure 4.2
(a) we show a section of the 3D contour plot of density of a bright soliton of
1000 atoms for a = 0.5 nm, and agg = 15a¢9 = 0.7938 nm. In similar form, we
suggest a cigar-shaped vortex soliton for repulsive short-range interaction, this
means a bright soliton of (quantized) unit angular momentum in a dipolar BEC
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Table 4.1: Numerical (n) and variational (v) chemical potential u, root-mean-
square sizes (z), (p), and number of atoms N for a soliton before collision at t = 0
that is equivalent to Fig. 4.2 (a), and a soliton after the dynamic simulation at
t =11.22 ms corresponding to Fig. 4.4. These results are showing the quasi-elastic
nature of collision.

bright (v) bright (n) bright (n)
t 0 0 11.22 ms
i 0.9815 0.9822 0.9877
(z) 6.0973 6.0958 6.0805
(p) 0.9935 0.9924 0.9625
N 1000 1000 1000

with a > 0 inaccessible to nondipolar BEC. Without dipolar interaction, for usual
BEC, solitons with intrinsic vorticity trapped in the cigar-shaped potential were
considered by Salasnich et. al. [72]. Vortex states of higher angular momentum
(I > 1) are unstable and decay into multiple vortices of angular momentum A. To
obtain a quantized vortex of angular momentum [A,[ = 1, around axial 2 axis,
one has to introduce a phase (equal to the azimuthal angle) in the wave function
[73]. This procedure introduces a centrifugal term [?/2p* in the GP equation
for a vortex and we adopt this method to find a vortex soliton. In Fig. 4.2 (b)
we show a section of the 3D contour plot of the density of a vortex soliton for
N = 1000,a = 4 nm, and agy = 100ag = 5.2917 nm, which clearly exhibits the
vortex core along the z axis.

4.2.2 Collision dynamics

Beginning with the initial soliton created by imaginary-time propagation we
can obtain a subsequent dynamic generated by real-time propagation. In this
form we now investigate the collision between two bright solitons of figure 4.2
(a). Two such solitons, prepared by imaginary-time propagation, are placed at
z = £25.6 um at ¢ = 0 and are then advanced by real-time propagation of Eq.
(4.1) with N = 2000. Each soliton is attributed a velocity of about 10 mm/s
towards center z = 0 by including a phase factor exp(ivz) with v a constant
in the initial wave function. The real-time simulation is terminated when the
solitons reach z = F25.6 uym at ¢ = 11.22 ms. There is no exchange of atoms
between solitons during collision. To quantitatively compare the solitons before
(t = 0) and after (¢ = 11.22 ms) collision, we show in Table 4.1 the numerical
and variational results of chemical potential, rms sizes, and number of atoms of
the initial and final solitons, to be in good agreement with each other.



44 Chapter 4. Bright Soliton on Dipolar BEC

Figure 4.3: Contour plot of density |¢(z,0, z,t)|? of two colliding bright solitons
of figure 4.2 (a) each one with N = 1000 atoms, aqq = 15a¢ and @ = 0.5 nm, and
with relative velocity 1 cm/s, before (0, 1.87 and 3.74 ms), during (5.61 ms) and
after (7.48, 9.35 and 11.22 ms) collision.
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Figure 4.4: A sectional view of the 3D contour plot of density for a bright soliton
at time ¢ = 11.22 ms after the collision considered in figure 4.3. The lengths z, y
and z are in units of [o(= 1um) and the density on the contour is 0.001. The
result agrees with the figure 4.2 (a) before the collision. The similarity of plots
for the initial state with the final state after collision demonstrates the elastic
nature of the collision.

The collision dynamics are illustrated in figure 4.3 for bright solitons, where
we show snapshots of contour plots of density |¢(z,0,z,¢)|? at different times
before (0, 1.87 ms, 3.74 ms), during (5.61 ms) and after (7.48 ms, 9.35 ms, 11.22
ms) collision. The solitons come towards each other, interact at z = 0 and then
separate and come out practically unchanged.

The quasi-elastic collision at such a large relative velocity of 1 ¢cm/s demon-
strates the solitonic nature and robustness of the bright soliton 2. To illustrate
the quasi-elastic nature of collision, we show in figure 4.4 the 3D contour density
plot of the final states at time ¢ = 11.22 ms after the collision illustrated in figure
4.3 for bright solitons. The similarity of plots in figures 4.4, for the final states
after collision, with the initial states in figures 4.2 (a) demonstrates the elastic
nature of the collision.

The quasi-elastic collision at high velocity is insensitive to the initial phase of
the solitons. At low velocity (~0), the interaction is sensitive to the initial phase.
Two solitons placed side-by-side at rest along the z direction of opposite phase
repel, whereas two of the same phase attract and form a stable bound soliton
molecule [57]. The dynamics of the formation of the soliton molecule from two
equal-phase solitons of Fig. 4.2 (a) is shown in Fig. 4.5, where we plot the contour
plot of 1D density d(z,t) = 27 [ p dpl¢(r,t)|* versus time ¢ and z.

2 Video clips of the collision dynamics for bright solitons of figure 4.3 are also prepared and
contained at http://www.youtube.com/watch?v—ds2CzZqN9M4
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Figure 4.5: Dynamics of soliton pair formation from the contour plot of 1D density
d(z,t) = 2m [ p dp|¢(r,t)|* versus time of two bright solitons of Fig. 4.2 (a) each
one with N = 1000 atoms, agy = 15a9, a = 0.5 nm and the same phase. Both
solitons are placed side by side at rest (¢ = 0) with low velocity (~ 0), due to
dipolar attraction some time afterwards, the solitons come close, coalesce and
oscillate forming a stable bound soliton molecule.

(@)

t=400

(b)

Figure 4.6: Three-dimensional contour plots of densities |¢(r,t)|? for (a) two
initial bright solitons placed side by side at rest at ¢ = 0 and (b) a soliton
molecule formed from these two equal-phase bright solitons at ¢ = 400 ms during
collision. Both solitons with N = 1000 atoms, agq = 15ag, a = 0.5 nm and the
same phase such as in Fig. 4.5 at low velocity.
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The initial positions of the bright solitons are +17.6 ym. Due to dipolar at-
traction the solitons come close, coalesce and oscillate forming a stable bound
soliton molecule [57] ?. In this case the two bright solitons in Fig. 4.5, after for-
mation, the soliton molecule breaks into two solitons, and then forms a molecule,
thus oscillating between a molecule and two-soliton phases. This is illustrated in
Figs. 4.6 (a) and (b) where we exhibit the 3D contour plots of the two interacting
bright solitons of Fig. 4.5 at t = 0 and 400 ms, before and during collision at low
velocity respectively.

In summary, all of our variational results for bright solitons are in good agree-
ment with the numerical results, and a very important point is that for this
system, distinguished by the dipolar interaction, we found new results which are
inaccessible for a normal BEC with ayz; = 0 and could be created realized in a
laboratory with current technology.

3 Video clips of the molecule formation dynamics of figure 4.5 are also prepared for bright
solitons and contained at http://www.youtube.com/watch?v—tnnFOnbilgs



Universality of a Dipolar Condensate at
Unitarity

The properties of a uniform dilute interacting (Bose or Fermi) atomic quan-
tum gas interacting by an S-wave contact interaction at zero temperature is
determined by two scales: the atomic scattering length a and density n. As
a — 0o at unitarity (strong-coupling regime), the first scale is not of concern;
the observables of the gas are solely determined by density and the gas exhibits a
universal behavior. Bulk chemical potential i of the unitary gas is proportional
to the only available energy scale, Fermi energy (or the chemical potential of the
noninteracting gas)

h?
EF = %(67{'271)2/3 (51)
so that

where ¢ is a universal parameter and m is the mass of an atom [45, 74 79).
Similarly, the energy per particle E of the unitary gas is proportional to the
energy per particle E(= 3Er/5) of the noninteracting gas.|76, 77|. The Fermi
energy is a physically meaningful quantity for the Fermi gas, but the same can
also be used as an energy scale for the Bose gas |75, 79]. The Bose and Fermi gases
should behave similarly at unitarity. Consequently, £ should be the same for the
Bose and Fermi gases. The parameter £ relating the energy of the noninteracting
and unitary gases, has been “measured” experimentally from a study at or near
unitarity of the density |74, 80|, or of ground-state energy, of a trapped Fermi

49
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gas. But a similar experiment is more difficult for a Bose-Einstein condensate
(BEC) due to a large probability of three-body loss by molecule formation at or
near unitarity, which is the threshold for molecule formation [79].

In the weak-coupling limit an'/? < 1 (cml/3 is a dimensionless quantity), the
mean-field Gross-Pitaevskii (GP) equation gives a good description of a trapped
BEC. In the strong-coupling regime (an'/? > 1) the GP equation highly overesti-
mates the atomic contact interaction and leads to unphysical results. Experimen-
tal activities to access the strong-coupling regime of a BEC, to test the beyond
mean-field corrections [81], and to extract the parameter ¢ from these studies have
just begun |79]. Although unitarity is also the threshold for molecule formation in
a two-component (spin up and down) Fermi gas, the probability of formation of
diatomic molecules is highly suppressed in this case due to Pauli repulsion among
spin-parallel fermions in the three-fermion system and hence is not of concern

[74].

Lately, BECs of 52Cr [11, 33|, %Dy [12, 71| and %8Er [13] with large dipo-
lar interaction have been observed and studied. The inter-atomic interaction now
has two components: an S-wave contact interaction and an anisotropic long-range
dipolar interaction. This allows one to study the dipolar BEC with a variable
contact interaction [12, 33| using a Feshbach resonance [65]. The intrinsically
anisotropic dipolar BEC [34, 82] has many distinct features [11, 26, 33]. The sta-
bility of a dipolar BEC depends not only on the scattering length, but also on the
trap geometry [33]. A disk-shaped trap leads to a repulsive dipolar interaction
and the dipolar BEC is more stable, whereas a cigar-shaped trap yields an at-
tractive dipolar interaction and hence favors instability towards collapse [33, 40].

In this chapter we study the static and dynamic properties of a disk-shaped
dipolar BEC for large scattering length using a beyond-mean-field model [45, 55]
for the BEC-unitarity crossover. We consider the strong-coupling limit of the
contact interaction only and not the same limit of dipolar interaction. In the
weak-coupling limit, this crossover model reduces to the GP equation and the
Lee-Huang-Yang (LHY) correction [83|, so away from the strong-coupling regime
our results will not be sensitive to £, whereas in the strong-coupling regime of large
scattering length it reduces to the universal result at unitarity, where the LHY
correction will yield an unphysical divergent result. We use the fact that in the
disk configuration, the dipolar interaction is highly repulsive, as parallel dipoles
arranged in a plane with the dipole moment perpendicular to the plane repel each
other |11, 33|. The strongly repulsive dipolar interaction should reduce three-
body loss by molecule formation in the strong-coupling regime, as the rate of the
reaction 3A — Ay + A should be suppressed in this setting with A representing
a dipolar atom and A, a molecule. Also, as both the contact and long-range
dipolar interactions contribute to molecule formation, the threshold for molecule
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formation will be displaced from unitarity, especially in strongly dipolar BECs,
thus creating a new scenario of experiment with a dipolar BEC in the strong-
coupling regime to determine the parameter &. As unitarity will not be the
threshold for molecule formation and three-body loss will be reduced in a disk-
shaped dipolar BEC, experiments close to the strong-coupling regime will be
easier to perform in this set up.

5.1 Analytical Formulation

5.1.1 General Dipolar Gross-Pitaevskii Equation

We consider a dipolar BEC of N atoms, using the next dimensionless GP
equation, similar with Eq. (3.9) in chapter 3, where a bulk chemical potential
is the nonlinear term [33]:

0¢(r,t) { \%&

) BT = — 7 + Uext(r) + ﬂ(a, N) + Fdd(adda N) ¢(r7 t)? (53)

with ¢ = /=1, density n = N|¢[?, normalization [ |¢(r)|*dr = 1, atomic scatter-
ing length a and the dipolar nonlinearity given by

Fdd(add, N) = SaddN/Udd(R)]¢(r',t)\2dr’, (54)

where the length a4 measures the strength of dipolar interaction, r = {z,y, z},
and R =r —r’. Here Uy(R) represents the dipole-dipole interaccion defined in
Eq. (3.10) of chapter 3. Moreover, for a disk-shaped dipolar BEC

1
Uert(r) = §($2 + %+ A2, (5.5)

is the harmonic trap with A > 1 the trap anisotropy.

In Eq. (5.3) the r and ¢ dependence of i and Fy, are not explicitly shown.
The length is measured in units of [y = \/h/mw, where w is the harmonic angular
frequency in x or y directions, and time ¢ in units of ¢, = w™!. For weak coupling
the bulk chemical potential i has the normal form to GP equation:

f(a,n) = 4mran, (5.6)

at unitarity, the bulk chemical potential of Eq. (5.3) is independent of @ and is
[75]:

fin) = SE(6w*n)?P (5.7)

proportional to the Fermi energy.
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5.1.2 BEC-Unitarity Crossover

Lee, Huang, and Yang (LHY) [83] obtained the leading terms of the beyond-
mean-field expression for energy of a uniform Bose gas from which the following
expression for the bulk chemical potential can be obtained [84]:

fi(a, N) = 4wan [1 + oca3/2\/ﬁ] , (5.8)

where a = 32/(3y/7). The lowest order term in this expansion is the GP result
Eq.(5.6). However, the expression of Eq.(5.8), although giving the leading cor-
rection for larger an'/3, diverges in the strong-coupling regime, and hence has
only limited validity along the BEC-unitarity crossover. In addition to studying
the system in the weak-coupling limit Eq.(5.6) and unitarity Eq.(5.7), we also
consider the system along the full BEC-unitarity crossover from weak to strong
coupling, as the parameter an'/? is increased. For this purpose we consider the
following minimal crossover model for the bulk chemical potential consistent with
weak and strong couplings [27]

fila,n) = 4mn®? f(x), (5.9)
X+ (1+v)ax®?
= 5.10
f(X) 1+ VO[XS/Q + (1 + V)7X5/27 ( )
where
32
x=an'? a= a i(67r2)2/3 , (5.11)

37 v 8m
and v is the only free parameter in this expression. The parameters « and v
are determined by the constraints that expression Eq.(5.9) be consistent with the
LHY correction Eq.(5.8) as well as the unitarity limit Eq.(5.7). The expression of
Eq. (5.9) is weakly sensitive to v and a smooth interpolation between the weak
and strong-coupling regimes is obtained for any small v. In this study we use
v = 1. This value of v was used |85 successfully in a study of °Li, BEC in the
BEC-unitarity crossover.

The crossover model Eq.(5.9) yields the hydrodynamic equations of the dipo-
lar BEC at zero temperature, which enables one to study collective dynamical
properties of the system in the full crossover from weak-coupling to unitarity
|45, 55]. Equations (5.3) and (5.9) should be considered as a generalization of the
GP equation with beyond mean-field corrections to properly include the effect of
interaction for large positive scattering length. The saturation of the interaction
at unitarity is properly taken care of in the crossover model Eq.(5.9). As an
application we shall study here the properties of a disk-shaped dipolar BEC in
the strong-coupling regime to show the sensitivity of the result to the universal
parameter £.
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5.1.3 Variational Approximation at Unitarity

At unitarity, the dipolar mean-field equations (5.3), (5.5), and (5.7) can be
conveniently solved by a time-dependent Lagrangian variational approach. This
can be used to study physical properties of the dipolar BEC at unitarity such as
the size and chemical potential. This is done by reducing Eq. (5.3) to a system
of second order nonlinear ordinary differential equations involving the variational
parameters. The Lagrangian density of Eq. (5.3) is given by [26]

L= L(606°— ¢ ) + 5 IVOP + 507 + NP

35 3
+ <2m%mmwfwmwfwm—wmeﬂ (5.12)
where 0; denotes time derivative. Recalling that n = N|¢|?, it can be straightfor-
wardly verified that Eqs. (5.3) and (5.7) are the Euler-Lagrange [24]. To develop
the variational approximation, we consider the following Gaussian ansatz for the
wave function |26]

_3 2 2
T 2 1% z . .
o(r;1) = wrw, P {_ﬁ 2uw? Hidp 1522] 7 (5:13)
pz P z

where the time-dependent variational parameters w, and w, are the radial and
axial widths and ¢ and ( are the chirps. The Lagrangian density can be calculated
by substituting the wave function Eq.(5.13) in Eq. (5.12). Then the effective
Lagrangian (L = [ £dr) becomes

1 : N 1/1 1
L=-= <2w§6 + wﬁﬁ) + = (— + e + 4w’s® + 2w252)

2 2 2w
1 Nadd f( ) 9C
+ = (2w? + Nw?) — , (5.14)
4 ( p ) NG wng wg/3w§/3
where
3/5
C =X 2¢(6r2N)?/3 5.15
L (6n* M), (5.15)
1+2x2  3k? tanh ' (/1 — K2
Flw) = - W1-#) (5.16)

1 — K2 (1—52)%

and k = w,/w, is the ratio of the radial to axial widths of the BEC. The corre-
sponding Euler-Lagrange equations

d (OL oL
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governing the evolution of the widths w, and w, yield

1 aga Ng(R) 12C

0 =— — 5.18
Wo - Wp wi 21 wiw, i w2 Pwi/? (>152)
. 1 QAdd 2N 12C
w, + A"w w3 o wﬁwz (k) + wg/?,w;;/:a ( )
where
2 — Tr? —4k*  9k* tanh (V1 — K2)
= 5.19
g(k) 1 - 1) , (5.19a)
14+ 10x% —2x*  9x% tanh ™' (v/1 — K2
(k) = + 10k — k% 9k” tanh™ ( 5 K ) (5.190)
(1 — K ) (1 — [{2>§

Equations (5.18a) and (5.18b) provide the dynamics of the evolution of radial
and axial widths, respectively. The widths for a stationary state can be obtained

by setting @, = 0 and w, = 0 in Eqgs. (5.18a) and (5.18b). The chemical
potential p with which the stationary wave function propagates in time, e.g.

o(r,t) ~ exp(—iut)o(r), is given by

uzl(l + = >—|—i(2w§+)\2wg)—

2 2
2\w; 2w

2Nadd f(/i) 5) 9C
V2r wiw, 3 wz/?’wﬁ/?) ’

(5.20)

in this variational approximation.

5.2 Numerical Calculation

We perform numerical simulation of the 3D GP equation (5.3) using the split-
step Crank-Nicolson method described in reference [21]. In this algorithm we
used space step 0.1, time step 0.002 and employed upto 512 space discretization
points in each Cartesian direction. We performed an error analysis of the results
for chemical potential and rms sizes and found that the maximum numerical error
of the results reported here is less than 0.5 %.

5.2.1 Experimental Considerations

From experimental realization of dipolar BECs with 52Cr , Dy and '®Er,
effects of stronger dipolar interaction can be studied. In the actual experiment on
164Dy a dipolar BEC of 15000 atoms in a fully anisotropic trap with frequencies
{fu, fur [} = {380,500, 1570} Hz was obtained [12]. For %Dy, an estimate for
the scattering length is a &~ 100ay, and for the magnetic moment an estimate is
it = 10pup where pp is the Bohr magneton, consequently, aqy ~ 131ay with ag the
Bohr radius |12].
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Table 5.1: Theoretical result and experimental evaluation of the parameter § =
(¢ —1) for the Bose and Fermi gases. Most accurate theoretical and experimental
estimates converge to a value of 3 very close to —0.6 corresponding to £ ~ 0.4.

p=(E-1)
Fermi, Theory Astrakharchik et al.[76] —0.58
Carlson et al. [77] —0.58
Perali et al. [86] —0.545

Fermi, Expt (°Li) Bartenstein et al. [80] —0.737012

Navon et al. |87]  —0.59(1)
Luo and Thomas [88] ~ —0.6

Fermi, Expt (1K) Stewart ef al. [78] —0.5470%
Bose, Theory Diederix et al. [75] —0.54
Lee et al. [49] —0.34
Analysis, Expt (°Liy) [80] Adhikari [85] < 0.6
Bose, Expt ("Li) Navon et al. [79] > —0.56(8)

In this chapter, to simulate an experiment with %Dy, we use the frequencies
{fu: fys [} = {436,436, 1570} Hz, so that A = 3.601, where we take a geometrical
mean of the frequencies in x and y directions to generate an axially-symmetric
BEC. The length scale employed here, for angular frequency w = 27 x 436 Hz, is
lo =0.376 pm.

Next we summarize the different theoretical and experimental estimates of
¢ obtained so far for bosons and fermions. Often the parameter ¢ is written as
¢ = (143) and different estimates of 3 are given in Table 5.1, where the variational
calculations of reference [49| for bosons is upper bound and the experimental
result of reference [79] for Li is a lower bound. Yet another estimate of & can
be obtained from a consideration of Fermi superfluid in the BEC side of the
Bardeen-Cooper-Schrieffer-BEC (BCS-BEC) crossover.

Here we reconsider an analysis |85] of the experiment [80] on ®Li in the BEC
side of BEC-unitarity crossover. The molecular BEC of ®Li, was then studied
with Egs. (5.3), (5.9), and (5.10) but using the constant &0 (672)%/3/(27), where
mol is the universal parameter of reference [85], in place of £(672)%3/(87) con-
sidered here. This implies that for a comparison of the two studies we should
take & = 4&,0. The analysis of reference [85] yielded &0 & 0.4, so that £ ~ 1.6
corresponding to § ~ 0.6. In that analysis [85] it was assumed that a,, = 0.6ay,
with a,, the molecular scattering length, which implies that the bosonic molecular
unitarity of ®Li, was achieved for the same strength of atomic interaction as the
fermionic unitarity of SLi. Actually, the bosonic molecular unitarity should be
achieved at a different value of interaction and into the BEC side of the BCS-
BEC crossover, where the system is less repulsive. This would lead to a smaller
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value of the parameter £ ({ < 1.6) and 5. Hence the analysis of reference [85]
gives an upper bound. A more quantitative analysis of an accurate experiment
with precise information about molecule-molecule scattering length in molecular
unitarity of a molecular BEC of fermionic atoms can reveal the correct value of
¢. From the results reported in Table 5.1, most accurate theoretical |76, 77| and
experimental [87, 88| estimates for a Fermi gas converge to a value of £ very close
to 0.4. In the present study we will mostly consider ¢ ~ 0.4. In addition, we also
illustrate the sensitivity on our results by varying &.

5.2.2 Disk-shaped dipolar condensate

We study a disk-shaped dipolar BEC of 15000 '**Dy atoms with azq = 130a,
as in the experiment of Lu et al. |12].

Figure 5.1: Radial density along the z axis |®(z,y = 0)|* = [ dz|¢(z,y =0, 2)|?
of a %Dy BEC with agq = 130ag, N = 15000, (a) anisotropy trap A = 3.6 and
¢ = 04 for a = 100ay, 200ag, 1000ay and at unitarity using Eq.(5.7), the GP
limit Eq.(5.6) and the crossover model Eq.(5.9) with v = 1. (b) The same for
A =10, a = 500ag and & = 0.2,0.4,0.6 using the crossover model Eq.(5.9) and

the unitarity Eq.(5.7) for £ = 0.4.
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Figure 5.2: Radial density along the z axis |®(z,y = 0)|* = [ dz|¢(z,y =0, 2)|?
of a %Dy BEC with agq = 130ap, N = 15000 and (a) A = 10 for different &.
(b) The same for £ = 0.4, and two values of A = 3.6 and 10. All calculated at
unitarity Eq.(5.7) for a dipolar BEC of a4y = 130ag (DBEC), and a4q = 0 (BEC).

The parameter £ can be extracted from the observables of the dipolar BEC
in the strong-coupling regime where the observables would be sensitive to this
parameter. In the weak-coupling region, the results would be insensitive to this
parameter. For this purpose, in this section, in addition to the numerical study at
unitarity, we also present a complete numerical study of the dipolar BEC in the
strong-coupling regime for scattering length a > 100aq using the crossover model
Eq.(5.9). Note that a ~ 100a, is the typical experimental value of the scattering
length for a dipolar BEC.

In Figs. 5.1 and 5.2, we plot the radial density of the BEC along the x axis
|®(z,y = 0)|* obtained by integrating out the z dependence of density:

2ay)? = [ dloley. )P (521

In figure 5.1 (a) we show the result for a = 100a using the GP model Eq.(5.6)
and at unitarity Eq.(5.7) in addition to the results for a = 100ay, 200aq, and
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Figure 5.3: The numerical rms sizes (x), (z), and chemical potential p of the
dipolar BEC with N = 15000, aqq = 130a¢,{ = 04,v = 1,A = 3.6 versus
akp using the crossover model Eq.(5.9), the Lee-Huang-Yang (LHY) correction

Eq.(5.8) as well as at unitarity Eq.(5.7) (arrow).

1000aq using the BEC-unitarity crossover model Eq.(5.9) with £ = 0.4 and v = 1.
For small a, the density from the crossover model Eq.(5.9) is in agreement with
the GP model Eq.(5.6) and hence practically independent of the parameter &,
whereas for large a it approximates the unitarity limit Eq.(5.7) with the increase
of a. In Fig. 5.1 (b) we plot the radial density for a = 500q, for different & using
the crossover model Eq.(5.9). The result at unitarity Eq.(5.7) for £ = 0.4 is also
shown, and is possible to see that for & = 0.4 the crossover model yields density
in agreement with that at unitarity. Also we find that the density is sensitive to
the parameter £ for a = 500aq as can be seen from Fig. 5.1 (b) comparing the
results for £ =0.2,0.4 and 0.6.

The sensitivity of the density on & at unitarity is illustrated in Fig. 5.2 (a),
where we show the radial density for £ = 0.3,0.4,0.5 and 1.6. Finally, in Fig.
5.2 (b) we show the density at unitarity for nondipolar and dipolar BECs for two
values of the trap asymmetry A = 3.6 and 10. The difference between the two
densities is more pronounced for A = 10, where the dipolar repulsion is stronger.
In Fig. 5.3 we plot the rms sizes (z), (z), and the chemical potential u of the
dipolar BEC for ¢ = 0.4, and a4q = 130ag as calculated using crossover model
Eq.(5.9) and the LHY correction Eq.(5.8) versus the dimensionless parameter
kra, where kp is the Fermi wave vector in a harmonic trap defined ' such as in

! The Fermi wave vector kp for a ideal gas in the harmonic potential is kr = pg /h =
(48N)Y/6 /ay,. Here aj, = r/h/mwn, denotes the harmonic oscillator length for the geometrical
average of the three trapping frequencies wy, = (wWywyw.)'/3 [74].
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reference [74]. One can find from Fig. 5.3 how these quantities — (), (z), p —
approach their values at unitarity as a increases. With the increase of a these
quantities saturate rapidly to their respective values at unitarity. The use of the
LHY correction Eq. (5.8), in place of the crossover model Eq.(5.9), will lead to
divergent [45] results at unitarity. Even for a = 1000a the LHY correction leads
to sizes much larger than the crossover model and also much larger than the value
at unitarity as can be seen in Fig. 5.3. In Fig. 5.4 (a), we plot the numerical
Eq.(5.7) and variational (v) results for (z), (z), and p versus aq4q at unitarity,
which shows that the results are weakly sensitive to a variation of ag4y. In Fig.
5.4 (b) we plot (z), (z), and p versus £ at unitarity, which shows that the results
are sensitive to a variation of £. Finally, in Fig. 5.4 (c) we plot (x), (z), and u
versus A at unitarity showing the strong sensitivity of the results to a variation
of \. From Figs. 5.4 (a), (b), (c) we see that the variational results are in good
agreement with the numerical ones.

In a recent experiment, Navon et al. |[79] were able to make measurements for
densities of a very dilute BEC of 7Li for a = 2150 aq and extract the parameter
¢ from a theoretical analysis using the LHY correction [83, 84]. The very dilute
BEC prepared in a weak trap, allowed them to experiment with large a = 2150 ay.
However because of the low density, the BEC remained away from the strong-
coupling regime even for a = 2150ag and was studied by the LHY correction,
rather than a full crossover model as in the present study. In this regime the
densities are weakly sensitive to the parameter £ and only an upper limit £ < 0.6
could be obtained from that study [79]. However, with the present scheme using
a disk-shaped dipolar BEC, one could perform an experiment much closer to
the strong-coupling regime where the densities are more sensitive to ¢ and thus
extract a more accurate value of this parameter. In contrast to the experiment of
Navon et al. [79], in the present study a much stronger trap is employed, and for
a much smaller value of scattering length a = 500 ag, the system is much closer
to the strong-coupling regime, as can be seen from Fig. 5.1 (b), where an analysis
using the LHY correction Eq.(5.8) as in reference [79] would not be appropriate.

In summary, using the BEC-unitarity crossover model Eq.(5.9) we studied the
properties of a disk-shaped dipolar BEC in the strong-coupling regime. We find
that the density profiles are sensitive to the universal parameter £ in this regime
and a study of density should yield an information about this parameter. We
also find that the radial densities are sensitive to the parameter £ in the strong-
coupling regime and hence a study of density is expected to yield information
about this parameter. Furthermore to extract the parameter £ it is not necessary
to study the system at unitarity. The density profile of the BEC is sensitive to
the parameter £ for the contact interaction lying between the weak-coupling GP
and strong-coupling unitarity limits, so that a study in this regime should reveal
information about this parameter.
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Figure 5.4: The numerical (n) and variational (v) results for rms sizes (z), (z)
and chemical potential p of the dipolar BEC at unitarity with N = 15000, (a)
¢ = 0.4 and A = 10 versus agq, (b) agqg = 130ag, and A = 3.6 versus &, (c)
agqa = 130ap, and £ = 0.4 versus A. For all cases numerical (n) corresponds to
Eq.(5.7).



Binary Dipolar BEC

The experimental realization of a dipolar Bose-Einstein condensate (BEC)
with a anisotropic long-range dipolar interaction allows the study of new atomic
systems with interactions beyond short-range interaction, used for description
of the atomic interaction in a BECs of alkali-metal atoms, and also has many
distinct features that can be experimentally modified. To enhance the effect
of the anisotropic dipolar interaction in most theoretical studies, the contact
interaction could be set equal to zero. We know that in systems of 2Cr atoms,
the strength of the repulsive contact interaction is much stronger than that of
the dipolar interaction. However, dipolar BECs of atoms such as 9Dy with
much larger dipolar interaction can show effects of anisotropic nonlocal dipolar
interaction without switching off the contact interaction. Now with available
dipolar BECs of different species of atoms, there is the possibility to investigate a
binary mixture of two dipolar BECs of two types of dipolar interactions acting on
each species, e.g., intra- and inter-species, superposed on intra- and inter-species
contact interactions, thus creating a much richer platform to study the effect of
dipolar interaction.

In this chapter, we consider binary dipolar BECs composed of ®*Dy and ®2Cr
atoms as well as %Dy and '®Er atoms. With all the dipole moments aligned
along the z axis, the net dipolar interaction is attractive in a cigar shape along the
z axis and repulsive in a disk shape confined in the x —y plane, as parallel dipoles
in a chain along the z axis attract, and those confined in the x — y plane repeal,
each other. Consequently, the binary dipolar BEC with dipoles polarized along
the z axis is more stable in the disk shape confined in the x — y plane than the
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cigar shape along the z axis which is vulnerable to collapse, and therefore we shall
consider only such a disk-shaped binary dipolar BEC in this study. However, even
such a disk-shaped binary dipolar BEC is found to be unstable due to collapse
instability for dipolar interaction above a critical value controlled by the number
of atoms. This is consistent with the similar conclusion that a single-component
dipolar BEC for any anisotropic trap collapses above a critical value of dipolar
interaction [35, 69].

We study the limits of stability of binary dipolar disk-shaped BECs formed
of 1%Er and '**Dy atoms and of *>Cr and '*Dy atoms and present the results in
terms of stability phase plots which should aid in the experimental preparation
and study of binary dipolar BECs. Of all the atomic interactions, the inter- and
intra-species dipolar interactions controlled by the known dipole moments of the
two species will be considered known. The contact interactions governed by the
approximately known intra-species scattering lengths will also be taken as fixed
parameters in this study. We then study the stability of the binary mixture by
varying the number of atoms in each species and the yet unknown inter-species
scattering length aq,. For small values of a5, the dipolar binary BEC prefers a
mixed configuration and with the augmentation of the inter-species repulsion the
system moves into a demixed configuration.

During this process of mixing-demixing, distinct biconcave red-blood-cell-like
and Saturn-ring-like shapes are found in the densities of the two components just
below the line of stability of the binary dipolar BEC for a certain value of inter-
species scattering length. The biconcave structure due to dipolar interaction has
previously been studied in detail for BEC with single-component dipolar [36, 89].
The Saturn-ring-like density distribution has never been observed in a single-
component dipolar BEC. To enhance the dipolar effect, in these previous studies
the repulsive contact interaction was set to zero, whereas in the present study
we set all the intra- and inter-species repulsive contact interactions to their large
experimental values and yet obtain these special structures because of the larger
values of dipole interactions appropriate for 4Dy and '®®*Er atoms.

6.1 Mean-field model for the binary dipolar BEC

We consider a general two-species dipolar BEC with inter- and intra-species
dipolar and contact interactions with the mass, number of atoms, magnetic mo-
ment, scattering length denoted by mj, N;, i1;,a;,7 = 1,2, respectively. The
angular frequencies for the axially-symmetric trap along x, y and z directions are

taken as w) = wz(,j) = wj and w, = \jw;. The intra- and inter-species interactions
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for two atoms at positions r and r’ are taken as

_9 2
Lo s dmh*a;
V}(R) = 471_] Uwa(R) + - ! I(R), (6.1)
j
T 2rh%a
Via(R) = SR U (R) + = EO(R), (6.2)

where R = r — 1/, g is the permeability of free space, Ugy(R) represents the
dipole-dipole interaccion defined in Eq. (3.10), mg = myma/(my + ms) is the
reduced mass of the two species of atoms and aq, the interspecies scattering
length. Here 6(R) is the delta function used to define the contact interaction in
Eq. (1.5). With these interactions, the coupled Gross-Pitaevskii (GP) equations
for the binary dipolar BEC can be written as [46]

9bu(r.t 72 4rh?
2t >:[_ZEW+mw+nhmmmmwF
=2 , ,  2mh?
+ Nlluzul/Udd(R)|¢1(I‘,t)|2dI‘ + a12No| o (1, )
T Mg
b N [ )0, e, (63
 Oar, ¢ Ui Sl
lh ¢28(t ) — |:_2_7’nQV2+U2(r)+ Mo a2N2|¢2(r7t)’2

2mh?
a12N1|¢1 (x, t)[?

1o fi
+ NQ 2/Udd(R)|¢2(I‘,,t)|2dI‘/—|—

4 mp
s NI [ Ry 0. ), (6.4)

where i = /—1,
[ it P =1 (6.5)

1
Sm? (5 + M), (6.6)

Uj(r) = 5

are the normalization and the harmonic trap for each component (j = 1,2) re-
spectively with p? = 22 4+ 32, To compare the dipolar and contact interactions,
the intra- and inter-species dipolar interactions will be expressed in terms of the
length scales aé{d) and aéf), respectively, defined by

fofi _ 3_h2a(j) Pofifle 3_7”12@(12) (6.7)
4dr m; 4dr my '



64 Chapter 6. Binary Dipolar BEC

The mass of the corresponding species m; has been used to define the intra-species
dipolar scale a(J) To define the inter-species dipolar scale agl;), we have used the
mass my of the ﬁrst species. We express the strengths of the dipolar interactions
in Egs. (6.3) and (6.4) by these length scales and transform these equations into
the following dimensionless form:

2
991(r, >:[ = Y i) gl +gdd/Udd< ) (x', 1) dr’

ot 2 2
+ gialéal + gus” / Uaa(R)| oo (x' 1)’ | 1 (x. ), (6.8)
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gi12 = 16112]\72, g21 = 1(112N1,
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g = 3Naah, gi =3Niay;. (6.10)

In Egs. (6.8) and (6.9), length is expressed in units of oscillator length for the
first species ly = \/h/mw;, energy in units of oscillator energy hw;, density |¢;|?

in units of I;®, and time in units of to = w; .

6.2 Same species of atoms in isotropic trap

To test the model and the numerical routine, we consider a simple binary dipo-
lar BEC of the same species of atoms without contact interaction in a spherically-
symmetric trap. However, the two components are considered to be oppositely
polarized along z and —z directions, respectively. In this model, first considered
by Goral and Santos [53],

m; =m, wj =w, Mg =m, =1, \j =1,

a¥) = —al? = a44, a; = a1, = 0. (6.11)

Consequently, in Eqgs. (6.8) and (6.9)

g; = gi2 =0, go(lZI) = 3N,a44, 90(1112) = —3Naa4q, gc(ill) = —3N1a4q4. (6.12)
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Using n = Ni/N, ¢ = 3ageN, with N = N; + Ny, we can write Eqs. (6.8) and
(6.9) as in reference [53]:

B S LA I e} S PR CRE)

a% [—V;+7"2—2+<{(1—n>v2(r)—nv1(r)}]¢2, (6.14)

where
Vi) = [ Va®lo,() P, G =1.2 (6.15)

For a fixed fraction of atoms on the first component 7, the system is stable up to
a critical value of net dipolar interaction nonlinearity (, e.g. for ¢ < (., beyond
which the system becomes unstable.

Figure 6.1: The maximum allowed value of net intra-species dipolar nonlinear-
ity (o(= 3Neraqq) versus fraction of atoms of the first component n (= N;/N)
for a binary dipolar BEC of oppositely polarized dipolar gases in a spherically
symmetric trap compared with the findings of Goral and Santos [53].

The stability of the binary system can be expressed in terms of a ( — 7 phase
diagram. This stability phase diagram for this binary dipolar condensate of the
same species of atoms, but of oppositely polarized dipolar moments, in a spher-
ically symmetric trap is shown in Fig. 6.1 in agreement with Géral and Santos
[53]. Independent of the composition of the system governed by the parameter 7,
the system is unstable beyond a critical value of the total number of atoms N.
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6.3 Different species of atoms in disk trap

We consider two different binary systems of dipolar BECs, %®Er-'6*Dy and
52Cr-164Dy mixtures, using the coupled set of GP equations (6.8) and (6.9).

Binary '®Er-'Dy mixture:

First, we consider the '®Er-'%*Dy mixture. In this case we take BEC number
1 as 'Er and BEC number 2 as Dy with parameters

fi = Tup, jiz = 10up, al) = 66ao, a'}) = 131a, (6.16)

with ag the Bohr radius and pp the Bohr magneton. From Eq. (6.7), is possible

to calculate the parameter a%) as follows

(12) Mo fif Ty o fi2

ay; = -, 6.17
dd 127t h2 ,al ( )

so, for binary %®Er-164Dy sistem the inter-species dipolar interaction is
agf) = 94ay. Without accurate experimental estimates [12, 13| of the intra-species

scattering lengths, we use a; = 110ay. The angular frequencies of the axial trap
for %Dy are taken as wy = 27 x 243 Hz, Ay = V10 ~ 3.1623, compared with
experimental frequencies (12| {f., f,, f-} = {205,195,760} Hz with trap aspect
ratio A = 3.8. We take m,, = 1, corresponding to w; = 27 x 240 Hz, \; = /10.
The unit of length in this study is iy = y/h/(miw;) =~ 0.5 pm and the unit of
time to = w; ' &~ 0.663 ms.

Binary *’Cr-'%Dy mixture:

In this case, taking the condensate number 1 as 52Cr and number 2 as %Dy,
the parameters are:

fiy = 6, i = 10up, al) = 15a0, a'l) = 131aq, a2 = 25a. (6.18)

We take a; = 110ag, which approximates their experimental estimates [12, 33, 90].
The angular frequencies of the axial trap for the first dipolar BEC are taken as

wi = 21 x 195 Hz, \; = V10 ~ 3.1623, compared with the experimental frequen-
cies [90] { fa, fy, -} = {150,150, A f,,} Hz with trap aspect ratio A < 10. We take
m,, = 1, corresponding to ws = 27 x 110 Hz, Ay = v/10. The unit of length in this
calculation is ly = \/h/(miw;) ~ 1 ym and the unit of time ¢y, = w; * ~ 0.816 ms.
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Figure 6.2: Stability phase plot showing the critical number N,.(Dy) of %Dy
atoms in the 2Cr-'%Dy and 8Er-1%Dy binary mixtures versus inter-species
scattering length ayo for (a) 10000 and (b) 1000 *2Cr or '®Fr atoms, respectively.
The system is stable below the respective lines. The shaded dark areas illustrate
the domains where biconcave density profiles appear.

6.3.1 Stability phase plot

By solving the coupled set of GP equations (6.8) and (6.9) for the binary
mixture of dipolar BECs we find that the system becomes unstable above a certain
number of atoms with the total dipolar interaction beyond a limiting value, which
concurs with a similar conclusion [35] regarding a single-component dipolar BEC.
To perform a systematic study of the stability of the binary dipolar BEC, we solve
Eqgs. (6.8) and (6.9) with the above parameters, fixing the number of atoms in
the first species (**Cr or '®Er) and searching for the critical number of atoms
(Ng,) of second species (1%Dy) beyond which the system becomes unstable for
different values of inter-species scattering length aqs.



68 Chapter 6. Binary Dipolar BEC

If the binary mixture has a smaller number of atoms of the first species (*2Cr or
168Kr), it can accommodate a larger number of atoms of the second species (154Dy)
while the limiting value of the total dipolar interaction is reached maintaining all
other parameters fixed. We present the results of our study in stability phase
plots in Fig. 6.2. We show the critical number of 4Dy atoms N, (Dy) versus ai,
for Fig. 6.2 (a) 10000, and Fig. 6.2 (b) 1000 atoms of *Cr or '®*Er in binary %2Cr-
164Dy and '%®Er-1%*Dy mixtures, respectively. The system is stable below both
lines of Fig. 6.2 and unstable above. The system may have distinct structures of
density in the shaded regions in this figure. This region is similar to the darker
region of reference 35|, where the density of a single-component dipolar BEC has
a biconcave shape. Stability phase plots of Fig. 6.2 could be relevant for planning
future experiments on binary dipolar BECs.

At lower values of a9, the contact repulsion reduces and the system becomes
more vulnerable to collapse for a larger number of atoms due to dipolar interaction
and hence can accommodate only a small number of 4Dy atoms as can be seen
in Fig. 6.2. We shall see below that biconcave and Saturn-ring-like shapes in the
density of the components of the binary dipolar BEC may appear in the shaded
region in Fig. 6.2.

6.3.2 Mixing, demixing, and structure formation

Next we study in detail the density of the two species of atoms in the binary
dipolar BEC to look for mixing (overlapping phases of two components), demixing
(separated phases) and distinct structure formation in the shaded regions of the
phase plots shown in Fig. 6.2. For low values of a5 the inter-atomic contact
repulsion between the two species is small and one has a mixed configuration.
As ayo is increased the inter-species contact repulsion increases and for a large
enough value of a5 one can have demixing of the two species. In the demixed
configuration one of the species occupies the central region and the other the
external region. To illustrate this phenomenon, we plot (in Fig. 6.3) the reduced
2D density in the radial direction |®(z,y = 0)|* = [dz|¢(z,y = 0, 2)|* versus z
under different situations in case of the binary '®*Er-'4Dy mixture. The present
structures were obtained by using imaginary time propagation of the coupled
mean-field equations with Gaussian profiles for the initial densities®.

The mixing-demixing is illustrated in Figs. 6.3 (a), (b), and (c) for 10000
168y and 20000 '%*Dy atoms, respectively, for a;o = 110ay, 125a, and 130aq. In
Fig. 6.3 (a) we have a mixed (overlapping) configuration and with the increase

! We started with the Gaussian profiles of the linear oscillator states and increased the
dipolar and nondipolar nonlinearities in small steps during numerical simulation until the final
nonlinearities were reached. In this fashion the structure in density in the shaded regions of
phase plots in Fig. 6.2 were obtained.
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Figure 6.3: Two-dimensional radial density along the x axis |®;(z,y =
[ dz|¢;j(x,y = 0,2)]* of the binary '®Er-'“Dy BEC, for (a) N(Er)
N(Dy) = 20000, and a1s = 110a; (b) N(Er) — 10000, N(Dy) — 20000,
ajs = 125ap; (¢) N(Er) — 1000, N(Dy) — 20000, and ajs = 130ao; (d) N(Er) —
10000, N(Dy) — 500, and aj5 = 160ag. For the trap parameters of this study the
length scale is lo(= 0.5um).
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of inter-species contact repulsion, in Fig. 6.3 (c) we have a demixed (separated)
configuration of the two species. In Fig. 6.3 (b), for a2 = 125a9 we have a
partially demixed configuration. In the demixed configuration in Fig. 6.3 (c),
20000 '%“Dy atoms have a larger contribution to energy of the system and the
164Dy atoms expel the %®Er atoms from the central region due to inter-species
repulsion. The opposite phenomenon is also possible for a larger number of '%*Er
atoms, in which case the '®Er atoms can expel the %Dy atoms from the central
region. Such a situation is illustrated in Fig. 6.3 (d) with 10000 ®®Er atoms and
500 54Dy atoms and with a5 = 160ay. In this case '®Er atoms have a larger
contribution to the energy of the system and expel the '*Dy atoms from the
center.

A careful examination of the transition from the partially mixed configuration
of Fig. 6.3 (b) to the demixed configuration of Fig. 6.3 (¢) reveals an interesting
feature. To study this, we consider the 3D profile of the density |¢;(z,y, 2)|? of
the two species for the cases depicted in Figs. 6.3 (b) and (c¢). For this purpose,
in Figs. 6.4 (a) and (b) we plot the 3D contours of '®Er and '®*Dy BEC profiles
for the parameters of Fig. 6.3 (b). The same plots for the parameters of Fig. 6.3
(¢) are illustrated in Figs. 6.4 (¢) and (d). The density |¢(x,y, 2)|? on the surface
of these plots is 0.0005l,°. Parameter values of [y = 0.5 ym, and N(Er) = 10000,
and N(Dy) = 20000 lead to atom densities on contour of 40 ym~=3 for '*Er and
of 80 pm~3 for %*Dy. The maxima of atom densities in the interior of the BECs
of Figs. 6.4 (a) — (d) are, respectively, 800 ym=3, 1160 ym=3, 460 ym=3, and
1000 pum~3. In Figs. 6.4 (a) and (b) the ®Er and 1®*Dy BECs have Saturn-ring-
like and red-blood-cell-like biconcave profiles, respectively. The biconcave profile
is a manifestation of the dipolar interaction: the net dipolar repulsion in disk
shaped '%*Dy drives the dysprosium atoms to a peripheral region thus creating
the biconcave shape. The biconcave profile has been found in previous papers
related with the single-component case [35]. The Saturn-ring-like %®*Er profile
in Fig. 6.4 (a) is a manifestation of the inter-species dipolar interaction: the
biconcave density distribution of the %Dy species with a density minimum at
the center, due to inter-species repulsion, expels one part of the 8Er BEC to
the central region of lower density and another part to the peripheral region, also
of lower density, thus creating the Saturn-ring-like profile. Such a profile is not
possible in a single-component dipolar BEC, or in a binary BEC without dipolar
interaction.

With a further increase of inter-species contact repulsion (a;s = 130ag) the
contact repulsions dominate over the dipolar interactions and hence play a major
role thus creating a simpler situation of demixing, shown in Fig. 6.3 (c) and Figs.
6.4 (c) and (d), where the net inter-species repulsion is so strong that all ®*Er
atoms are driven to the peripheral region in the form of a ring with the dominant
164Dy atoms occupying the central region. The ring-like structure in Fig. 6.4 (a)
as opposed to a shell-like demixed configuration is a consequence of the dipolar
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Figure 6.4: Three-dimensional contour plot of the (a) ®*Fr and (b) 54Dy densities
|p;(x,y, 2)|* of the ®Er-1%Dy binary BEC of Fig. 6.3 (b) for a;o = 125a0. The
same for the (c) '%Er and (d) '*Dy densities of the binary BEC of Fig. 6.3 (c)
for a;o = 130ay. Density on contour = 0.0005, and N(Er) = 10000, N(Dy) =
20000. The lengths x,y and z are in units of [o(= 0.5um). See text for actual
values of density inside and on the surface of the plots.



72 Chapter 6. Binary Dipolar BEC

Figure 6.5: Contour plot of 2D densities |®;(z, 2)]* = [dy|d;(x,y, z)[* of the
binary '*Er-'¢4Dy BEC for N(Er) — 10000, N(Dy) — 20000 with a;; = 1254,
for (a) %Er, (b) %Dy, and with a1 = 130a, for (c) '®Er, and (d) '**Dy. The
lengths are expressed in units of lo(= 0.5 um) and the 2D density in units of ;2.

interaction: a pure inter-species contact repulsion would have led to a hollow
shell-like configuration for 8Er surrounding a compact disk-shaped %Dy core.
The dipolar interaction is attractive in the z direction and this transforms the
shell-like configuration into a ring. Such transition from a shell-like configuration
to a ring with the increase of dipolar interaction has been demonstrated in a
single-component dipolar BEC in a shell-like trap [91]. From Figs. 6.3 we find
that for a binary dipolar BEC composed of 10000 %®Er atoms and 20000 %Dy
atoms the transition from a mixed to a demixed configuration occurs at around
a1p = 120ag. We verified that a similar transition also takes place in a binary
dipolar BEC for 10000 %8Er atoms and a reduced number of ®*Dy atoms also
at a1p =~ 120ay. Nevertheless, the biconcave structure in the density of 94Dy
is obtained for a small shaded region below the stability line in Fig. 6.2 (a)
with a large number of %Dy atoms. As in the single component case [35], the
binary dipolar BEC possessing a biconcave shaped density in the %Dy BEC
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Figure 6.6: Two-dimensional radial density along the z axis |®;(x,y = 0)]> =
[dz|¢j(z,y = 0,2)|* of the binary *Cr-'*Dy BEC for (a) ai2 = 70aq, (b) a2 =
80ag. In these cases N(Cr) — 10000, N(Dy) — 60000. The lengths =,y and z are

in units of [y(= 1um).

in the shaded region in Fig. 6.2 (a) is usually transient and instability appears
after crossing the stability lines in Fig. 6.2. In the case of a single-component
dipolar BEC a conveniently chosen initial density could be necessary for obtaining
a density with a biconcave structure. In imaginary-time propagation the initial
density should be chosen as a Gaussian with widths slightly larger than the actual
widths of the desired state.

To gain further insight into the density distributions in Figs. 6.4 (a) — (d)
we plot in Figs. 6.5 (a) — (d) contour plots of the asymmetric 2D densities
|®(z,2)]> = [dy|g(z,y,2)|* of the binary '®*Er-'%*Dy mixtures for parameters
corresponding to Figs. 6.4 (a) — (d), respectively. For the double and single
special structures in density in the x — z plane in Figs. 6.5 (a) and (b) we have
that a minimum in density along the x direction coincides with a maximum in
density in the z direction thus creating a called saddle point, which appears as a
clear manifestation of the dipolar interaction [54]. Such a density distribution is
not possible in the absence of dipolar interaction and to the best of our knowledge
has not been demonstrated even in the single-component dipolar BEC.
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In Fig. 6.5 (a), for a;z = 125a9, we have two saddle points on the z axis in
the density of '®Er and one saddle point in the density of %*Dy. Similarly, for
a2 = 130ag, we have a single saddle point only in the density of ®*Er and none in
164Dy, These saddle points have curvatures consistent with saddle-shaped dipolar
interaction |54| with negative curvature along the direction of magnetization ( z
axis) and positive curvature orthogonal to it (x axis).

With this study of the binary '®Er-1%Dy BEC, we also considered a detailed
investigation of the binary *?Cr-*Dy BEC. Similar mixing, demixing, and struc-
ture formation are also found in this second case, although the quantitative results
and estimates are different. We only report here the studies on the interesting
structure formation in the binary *?Cr-'Dy BEC. Indeed we find that one can
obtain a biconcave shaped condensate in this case. In Figs. 6.6 (a) and (b) we
plot the linear density in the x — y plane along the z direction |®(x,y = 0)|?,
as in Fig. 6.3, for a binary mixture of 10000 *>Cr atoms and 60000 Dy atoms
for a;o = 70ap and 80ay, respectively. Fig. 6.6 (a) illustrates a case similar to
Fig. 6.3 (b), denoting a transition from a mixed state to a demixed state. For
a12 < 60ag, we have a fully mixed configuration of the two condensates as in Fig.
6.3 (a). For ajs = 70ay a biconcave shape appears in the density of *Cr. For
aip > THag, a completely demixed configuration appears as illustrated in Fig. 6.6
(b) for a = 80ay, where the ®2Cr atoms are expelled from the central region which
is therefore occupied solely by 4Dy atoms.

In Figs. 6.7 (a) and (b) we show the 3D contour of the densities |¢(x,y, 2)|? of
the ®2Cr and '%*Dy BECs corresponding to the parameters of Fig. 6.6 (a) with the
density 0.0005[,° on contour. This corresponds to the number of densities on the
contour of 5 pm =3 and 30 um~2 in *?Cr and 4Dy, respectively, for [y = 1 um. The
2Cr BEC shows a pronounced biconcave shape which is a direct manifestation
of the dipolar interaction. However, we could not find a biconcave shape in the
density of the %Dy BEC, as in the case of a binary dipolar *Er-1%*Dy mixture,
possibly because the inter-species dipole interaction in the °2Cr-'‘Dy system is
much weaker than in the binary '®Er-'4Dy system and is therefore unable to
create the biconcave shaped density in the presence of dominating large contact
repulsions acting on 64Dy,

The much larger dipole interactions in Dy might be responsible for the
biconcave shaped density in Fig. 6.4 (b). Even in the single-component case,
the biconcave profile of the density appears for certain values of the trap aspect
ratio [35], and it is also possible that for other values of trap aspect ratio the
biconcave profile might appear in the density of 1**Dy in the present binary 2Cr-
164Dy mixture. However, the dipolar interaction leaves its signature in a different
fashion as can be seen in Figs. 6.7 (¢) and (d), where we plot the same densities
as in Figs. 6.7 (a) and (b) but now with the density 0.0025/;° on the contour.
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Figure 6.7: Three-dimensional contour plot of the (a) ®Cr and (b) ®Dy densities
|p;(x,y, 2)|? of the binary BEC for a;a = 70ag with the cut-off density on contour
of 0.0005. The same densities of (c) *2Cr and (d) *Dy with the cut-off density
on contour of 0.0025. In all cases N(Cr) = 10000, N(Dy) = 60000. The lengths

x,y and z are in units of lo(= 1um).
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This corresponds to a number of the densities on the contour of 25 um=3 and 150
um~3 in 22Cr and 4Dy, respectively, for lp = 1 um.

The Figs. 6.7 (¢) and (d) thus show the structure in the interior of the
BECs illustrated in Figs. 6.7 (a) and (b). Along the radial direction in the
x-y plane, we find in Figs. 6.7 (¢) and (d) that the maximum density of one
component is accompanied by the minimum density of the other component due
to interspecies contact repulsion and the density of one component may have
several local maxima. The global maxima in the densities of Figs. 6.7 (c¢) and
(d) are 0.00641,> and 0.013l,°, respectively, corresponding to a number of the

densities of 64 ym™2 and 780 pum~3 for *?Cr and '%‘Dy.

Figure 6.8: Two-dimensional radial density along the z axis |®;(z,y = 0)]* =
[ dz|¢j(x,y = 0,2)]* of the binary '®*Er-1%Dy BEC of N(Er) = 1000, N(Dy) =
50000, for (a) a;o = 110ay. Three-dimensional contour plot of the (b) ®*Er and
(c) %Dy density |¢;(z,y, 2)|? of the binary BEC of (a). Density on 3D contour

— 0.0025. The lengths x,y and z are in units of Io(= 0.5um).
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We study the distinct structure of the densities of binary dipolar BECs with a
smaller number of 1%Er atoms in the shaded region of Fig. 6.2 (b). In particular
we consider the partially mixed configuration with a3 = 110ag, N(Er) = 1000,
N(Dy) = 50000. For this binary ®®*Er-1%Dy BEC, in Fig. 6.8 (a), we illustrate
the 2D radial density along the z axis

B,y = 0) = /dz|¢(x,y:o,z)\2. (6.19)

In Figs. 6.8 (b) and (c) the contour plots of the corresponding 3D densities of
18Er and %Dy are shown with a cut-off density 0.0025/;* on the contour. The
maximum densities inside the *Er and %Dy BECs are 0.014/;* and 0.00381;°?,
respectively. In this case a biconcave shape has appeared in the density profile
of the 1Er BEC in Fig. 6.8 (b). A Saturn-anel-like profile in the density of
the %Dy BEC is shown in Fig. 6.8 (¢). The central high-density region of the
164Dy BEC has expelled the ®Er BEC from the central region, thus creating a
biconcave shape in the density. If we compare Figs. 6.4 (a) and (b) with Figs. 6.8
(b) and (c¢), we find that the roles of %Dy and '*Er BECs have interchanged.
In Fig. 6.4 (a), the 1Er BEC has a Saturn-anel-like profile, whereas, in Fig. 6.8
(c), the Dy BEC has a similar profile.

Finally, we emphasize that these type of profiles, where the contact interaction
is diminished with respect to the long range interaction, are a consequence of the
anisotropic nature in dipole-dipole interaction, and with this purpose we study
carefully the binary system for the cases depicted in Fig. 6.3 (b), without dipolar
interaction, this means for agd) = aé? = agj) = 0. In Fig. 6.9 (a) is illustrated
the reduced 2D density in the radial direction for the binary '®*Er-1%4Dy mixture
for 10000 '®®*Er and 20000 %Dy atoms, corresponding with Fig. 6.3 (b) for
a1z = 125ay without dipolar interaction. The Fig. 6.9 (a) reveals a new demixed
configuration, showing that without dipolar interaction the partially demixed
structure of Fig. 6.3 (b) disappears. In Figs. 6.9 (b) and (c) we plot the 3D
contours of %Er and Dy BEC profiles for the parameters of Fig. 6.9 (a).
The density |¢(x,y, z)[* on the surface of these plots is 0.0005/;%. In this case
without dipolar interaction the special structures, that previously we showed in
Figs. 6.4 (a) and (b), of Saturn-ring-like and red-blood-cell-like biconcave profiles
disappears and we have just a demixed configuration. It is important to emphasize
that with current technology, these structures for dipolar BECs could be created
in the laboratory and our theoretical results verified.
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Figure 6.9: Binary '®Er-1%Dy BEC of N(Er) = 10000, N (Dy) = 20000, for a5 =
125a¢ without dipolar interaction aétl) = aﬁl) = agf) = 0. (a) Two-dimensional
radial density along the z axis |®;(z,y = 0)|* = [dz|¢;(z,y = 0,z)[>. Three-
dimensional contour plot of the (b) Er and (c¢) Dy density |¢;(z,y,2)[* of
the binary BEC of (a). Density on 3D contour = 0.0005. The lengths z,y and z
are in units of [y(= 0.5um). This case without dipolar interaction reveals a new
demixed configuration showing that the partially demixed structure of Fig. 6.3
(b) and the special structures that previously we showed in Figs. 6.4 (a) and (b)
of Saturn-ring-like and red-blood-cell-like biconcave profiles disappears.

5



Bound Dipolar Droplet in a Trapped
Condensate

An untrapped three-dimensional (3D) Bose-Einstein Condensate (BEC) with
attractive interaction does not exist in nature due to collapse instability [15].
However, the collapse of an untrapped BEC can be avoided due to interspecies
contact interaction in a binary mixture with a trapped BEC. The shape of such
a stable droplet bound in a trapped BEC is controlled by the inter —species in-
teractions, whereas that of a trapped BEC is determined by the underlying trap.
Here we consider such a dipolar droplet bound in a trapped nondipolar BEC.
The effect of the underlying atomic interaction, especially the anisotropic dipolar
interaction, will easily manifest itself in such a dipolar droplet. These droplets
will be termed quasi-free as they can easily move around inside the larger trapped
BEC responsible for their binding. By taking the trapped BEC to be nondipolar,
one can easily study the effect of intra-species dipolar interaction on the quasi-free
droplet in the absence of any inter-species dipolar interaction.

Dipolar BECs are immediately distinguishable from those with purely contact
interactions by their strong shape and stability dependence [35, 38-41] on trap-
ping geometry. Here, we are proposing a new way to trap a dipolar BEC in the
form of a quasi-free dipolar droplet, using an attractive inter-species mean-field
potential, which introduces a unique trapping geometry that results in further
interesting shape and stability characteristics of dipolar BECs. We study the
statics and dynamics of a quasi-free dipolar droplet using numerical solutions
and variational approximations of a mean-field model [28, 37, 92]. For this pur-

79
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pose we consider a binary mixture of nondipolar 8"Rb ! and dipolar '%*Dy where
the trapped nondipolar 3Rb BEC could be in a cigar- or disk-shape. The dipole
moments of the *Dy atoms are considered polarized along the axial z direction.
Among the available dipolar BECs [12, 13, 90|, *Dy atoms have the largest
(magnetic) dipolar interaction strength |46, 71]. The existence of stable 3D 14Dy
droplets is illustrated by stability plots of the number of atoms of the two species
and the inter-species scattering length.

For a fixed number N(Rb) of ¥ Rb atoms the dipolar droplet could be bound
below a critical number N(Dy) of %Dy atoms between two limiting values of
inter-species attraction. If the inter-species attraction is too small, the '®*Dy
atoms in the droplet cannot be bound, and for a very large inter-species attraction
the droplet is destroyed by collapse instability. Usually, the dipolar droplet has
the same shape as the trap acting on the nondipolar BEC. However, for a large
number of 194Dy atoms, as the inter-species attraction approaches the level of
collapse instability, the dipolar droplet is always cigar shaped even if the external
trap is disk shaped and eventually the dipolar droplet collapses on the axial z
direction from the cylindrical configuration. For a small number of atoms, the
dipolar droplet collapses to the center maintaining its shape rather than moving
along the z axis.

In this chapter the variational approximation to the sizes and chemical po-
tentials of the stationary droplets is compared with the numerical solution of the
mean-field model. The numerical study of the breathing oscillation of the stable
dipolar droplet is found to be in reasonable agreement with a time-dependent
variational model calculation. We also demonstrate a viable experimental way of
creating a Dy droplet bound in a trapped 8’"Rb BEC, e.g., by slowly removing
the trap on a trapped binary '%Dy-8"Rb mixture, while the trapped %Dy BEC
evolves into a quasi-free droplet.

7.1 Mean-field model for a quasi-free dipolar droplet

We consider a binary BEC, where one of the species is dipolar and the other
nondipolar, interacting via inter- and intra-species interactions with the mass,
number of atoms, magnetic dipole moment, and scattering length for the two
species 7 = 1,2, denoted by m;, N;, [, a;, respectively. The first species
(*"Rb) is taken to be nondipolar (i1 = 0) and trapped while the second species
(*64Dy) is dipolar (fia # 0) and polarized along the axial z direction. The angular
frequencies for the axially-symmetric trap on 8’Rb along the z, y and z directions
are taken as w, = w, = w; and w, = A\jw;. The inter (Vi) and intra-species (V)

'We have taken 87Rb as a typical example, because Rubidium was the first element to be
Bose condensed, and is still most commonly used species for ultracold boson experiments.
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interactions for two atoms at positions r and r’ are taken as

. 27Th2(112 . 47Th2al

Via(R) = T2G(R), K(R) = C(R), (1)
Va(R) = “27’;‘3 Usu(R) + 4”5“25@{), (7.2)

where R = r — 1/, Ug(R) represents the dipole-dipole interaccion defined in
Eq. (3.10), 6(R) is the delta function used to define the contact interaction in
Eq. (1.5), po is the permeability of free space, mpg is the reduced mass of the
two species of atoms and ajs is the interspecies scattering length. With these
interactions, the coupled Gross-Pitaevskii (GP) equations for the binary BEC
can be written as [28]

_9¢1(r, 1) G L Arh”
zh—lat = [— o V?+ §m1wf(P2 + A2%) + - a1 N1 (r, t)[?
2w h?
+ a12N2|¢2(r,t)|2} P1(r,t), (7.3)
mg
L Opo(r,t) R _,  Amh? ,  2mh? 5
ZhT = |:— 2m2v + Mo a2N2|¢2(rvt)| + mp CL12N1|¢1(I',75)|

=2
F N U)ol 0P ar oatr ), (7.)
where i = /=1, p?* = 2% +y? and

/dr (0, O = 1, (7.5)

is the normalization for each component (j = 1,2). To compare the dipolar
and contact interactions, we define the length a4y (wich measures the strength of
dipolar interaction) in terms of the second species

[ofi5MM2
127h?
We express the strength of the dipolar interaction in Eq. (7.4) by this length
scale and transform Eqs. (7.3) and (7.4) into the following dimensionless form

[28]:

(gq = (7.6)

01 (r,t \VZEE |

Z% - [_ 2 + §(p2 + A12%) + g1l |* + 912’%\2} o1(r, 1), (7.7)
O¢o(r,t V2
Z% - [_"’“27 + ga|oal* + g lon|?

+ gdd/Udd(R)|¢2(r’,t)|2dr'} Go(r,t), (7.8)



82 Chapter 7. Bound Dipolar Droplet in a Trapped Condensate

where
my
Mg = —, g1 = 4ma1 Ny, go = 4mwasNomo,
ma
2mm, 2mmy
J12 = a12Na, go1 = a12N1, gaa = 3N2agqamia. (7.9)
mpg mg

In Eqgs. (7.7) and (7.8), length is expressed in units of oscillator length of the
first species lo = \/i/mywi, energy in units of oscillator energy hws, density |¢;|?

in units of 153, and time in units of ¢, = w;'. Now, we propose the following

Lagrangian density for a binary BEC of Eq. (7.7) and (7.8)
E = £1 -+ £2 -+ £12, (710)

where the intra and interspecies Lagrangian density is
£ = 3 [Ny (61 005 — 6} 0:00) + NalVon (. 1)
NP+ 23261 (0, D + Ny il (x, DI, (7.11)
£ = 3[iNa (62 0163 — 63 00n) + Mz Mol Vn(r, O

2
N.
+ N2 ga¢a(r, t)ﬂ + 729(1«1/Udd(R)|¢2(1"at)|2|¢2(rat)|2d1“'a (7.12)

Lis = Nigia|¢n (r,)[*|a(r, 1) [, (7.13)
where 0; denotes time derivative. It is straightforward to verify that Eqgs. 7.7 and
7.8 are the Euler-Lagrange equations for the Lagrangian density 7.10. We find
the equation for each component by deriving for ¢}

4 64 _ Ok 0, (7.14)
dt d¢% efod

For example, deriving for ¢35 in Eq. (7.14), and using Eq. (7.10), we have for the
second dipolar BEC

= 5{ V2 00+ g Nag = {(V95) (V)] + 22 alon(r, O on(r. )}

+%N28t¢2 — N1 gi2|1|*¢2 — N> gdd/Udd(R) |pa(r', t)|2dr po(r, t) = 0,(7.15)
using ‘nglz = (VQb*)(VQb) = V(¢*V¢) — ¢*V2¢ and N1 gi2 = N2 go21 We have
i0i62(r.1) = | = T2V + goln(r D + g6 (r.1)

+gdd/Udd(R) ]gbg(r',t)\er’] ¢o(r, 1), (7.16)

_ mia
2

finally, the last mathematical expression corresponds to dynamics equation for
second BEC: Eq. (7.8).
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7.2 Numerical Results

7.2.1 Stable States

We solve Egs. (7.7) and (7.8) with a split-step Crank-Nicolson discretization
scheme described in reference |21| using a space step of 0.1 and the time step
0.001. The contribution of the dipolar interaction is calculated in momentum
space by Fourier transformation [53]. For both species of atoms 8’Rb and 64Dy
we take the intra-species scattering length as a; = 110ag, and the strength of
dipolar interaction as agq = 131ag [12, 15]. The yet unknown inter-species scat-
tering length a5 is taken as a variable. The variation of a5 can be achieved
experimentally by the Feshbach resonance technique [65]. We consider the angu-
lar frequency wy; = 27 x 115 Hz, so that the length scale Iy = \/h/mijw; = 1 pm
and time scale t) = w; ' = 1.38 ms.

We find that a quasi-free ***Dy droplet is achievable for a moderately attrac-
tive inter-species attraction (negative aj3) and at appropriate numbers of atoms
of the two species N; and N,. We illustrate the domain of existence of a sta-
ble %Dy droplet in the stability plots of Figs. 7.1 (a), (b) and (c) for N(Rb)
= 2000, 10000 and 50000, and for A\ = 4 (disk-shaped trap) and 0.25 (cigar-shaped
trap). We consider cigar- and disk-shaped 1Dy droplets in this study, where the
effect of dipolar interaction is expected to be more prominent, and not spherically
symmetric ones where the effect of dipolar interaction is expected to be minimal
[33, 46].

In all the plots of Figs. 7.1, for a fixed N(Rb), the 1®Dy droplet can be
bound for a maximum N (Dy). This maximum N(Dy) increases with N(Rb), all
other parameters remaining fixed. For a fixed N(Rb), the disk-shaped trap can
accommodate a larger maximum number of *Dy atoms than the cigar-shaped
trap. For N(Dy) smaller than this maximum number, the 1®/Dy droplet can be
bound for |a;2| between two limiting values. For |a;»| above the upper limit, there
is too much inter-species attraction on the '®*Dy droplet leading to its collapse.
For |ajs| below the lower limit, there is not enough attraction and the 54Dy
droplet cannot be bound.

The lower limit of |a;3| is small and tends to zero as N(Rb) tends to infinity.
For fixed values of N(Rb) and N(Dy) and for small |a;2| near the lower limit, the
disk-shaped configuration is favored and it can bind the %*Dy droplet for smaller
values of |ajs|. However, for a fixed N(Rb) and large |a;2| near the upper limit,
the disk-shaped configuration is favored only for a large N(Dy) allowing a 64Dy
droplet for larger |a;2|, whereas the cigar-shaped configuration is favored for a
small N(Dy), because it allows a '*Dy droplet for larger |a;s].
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Figure 7.1: Stability phase plot showing the interspecies scattering length |as]
versus the number N (Dy) of 4Dy atoms. Here is showing the domain of stable
164Dy droplet in a binary 8"Rb—'%4Dy mixture for: (a) N(Rb) = 2000, (b) N(Rb)
= 10000, and (¢) N(Rb) = 50000, all for A = 0.25 (red) and A\ = 4 (blue). The
intra-species scattering lengths are taken as a; = ay = 110ag and the strength of
dipolar interaction for Dy is agq = 131ay.
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7.2.2 Analytic Variational Solution

Using Eq. (7.10), the effective Lagrangian (L = [ £dr) has the form

L= / e { > [iNi(6,0.65 = 63010,) + Nygylos ()1

J

+ NV (x)? + misNo| Voo (02 + Ny (7 + A322) x [ (0)]? |
+ Mg [ drlon(®)Ploa(e) + Soaa [ [ Uaa(R)oa(a')Plonto) P
(7.17)

Convenient analytic variational approximation to Eqs. (7.7) and (7.8) can be
obtained with the following ansatz for the wave functions [24, 53, 69]:

T—3/4 2 52

= ———€exXp | — P
Wpjn/ Wzj

6,(r, 1) +icyp + zﬂjz?] (7.18)

2

T 5.2
2ij Qij

where r = {p, 2} , p = {z,y}, w,; and w,; are the widths and «; and j; are
additional variational parameters. In this form, the effective Lagrangian for the
binary system Eq. (7.17) is

2
L:Z%<2w2-dj+w2‘ﬁ.j)+& L—i——l + dw? af + 2w 57
= 2 Pl = 2 |wl 2w} P z

N2m12 1 1 Nl U)g
+— E + 5 + dwlas + 2wk 8 | + > w + )\le
N12a1 N22m12

CN1Ns
+ + az —a K)|+ 575179
27rw§1wzl 27rw§2w22[ 2~ daaf ()] 2AB1/2

w 2w?,

(7.19)

with

atan(v k% — 1)

K2 —1

1+ 2k% — 3Kk2d
K:wPQ’ Flr) = + 2K k*d(K)

Wayo 1 — K2

, d(k) = : (7.20)

where A = w?, +w?), B = w2, +w?y and C' = 4ayomy /(y/mmg). In these equa-
tions the overhead dot denotes time derivative. The Euler-Lagrange variational
equations for the widths of the effective Lagrangian (7.17), obtained in the usual
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fashion [24], are:

1 1 2N16L1 CNprl

; = — 7.21
Tt = gt g T B (721
.. 1 1 2Na CNyw,
W+ AMway = — + S AR A (7.22)

miz  Nomaa[2a2 — agag(K)]  CNiwp

Uy = 7.23
m 2Nomyalas — agah(k CNyw,
W, — 12 2V 12]as aah (k)] n 1Wz2 (7.24)

3 2 ,,2 3/2

2Tk — 4k 4 9kMd(K)

1+ 10k? — 2k* — 9K%d(k)
g(K’) - (1 _ /12)2 ) = .

h(k) = L

(7.25)

The solution of the time-dependent Eqgs. (7.21) — (7.24) gives the dynamics of
the variational approximation. If p; is the chemical potential with which the
stationary wave function propagates in time, e.g. ¢;(r,t) ~ exp(—iy;t)p;(r),
then the variational estimate for p; is:

1 1 1 1 9 ’U}2 2N1a1 CN2
=S +=—|+z N2 7.26
=5 LU%I * QwEJ T3 [wpl A } * 2mW? W oA (7.26)
mia| 1 1 ] 2Nomyy CN,
= —|— as — @ K|+ ———. 7.27
" 2 [w§2 203, 27Tw32wz2[ 2 = aaaf ()] 2AB/? (7.27)
The energy of the system is given by
N1 1 1 N1 2 2w21 N2m12 1 1
P="1|— 4 _— |+t N2 B
2 [wzl * QwEJ 3 [wpl AT T g,
Nia Nymo [as — agaf (k)] + CNiNz (7.28)
2w W 2MW W2 S 2ABY? '

The widths of the stationary state can be obtained from the solution of Eqs. (7.21)
— (7.24) setting the time derivatives of the widths equal to zero. This procedure
is equivalent to a minimization of the energy (7.28), provided the stationary
state is stable and corresponds to a energy minimum. In Figs. 7.2 we illustrate
the numerical and variational results for the chemical potentials and root-mean-
square (rms) sizes (z) and (z) of the trapped ¥"Rb BEC of 10000 atoms and of the
bound %Dy droplet versus N(Dy) for (a) A =4 and (b) 0.25. Considering that
the 54Dy droplet may not have a Gaussian shape as assumed in the variational
approximation, the agreement between the numerical and variational results is
quite satisfactory. The existence of the quasi-free 4Dy droplet can be studied
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Figure 7.2: Variational (v) and numerical (n) results for chemical potential p; and
rms sizes (1), (21) for the trapped 8’Rb BEC of 10000 atoms and o, (3), (22) for
the bound %Dy droplet versus the number of '®'Dy atoms for (a) A = 4 and (b)
A = 0.25. The inter-species scattering length is a1 = —30ay. The numerical and
variational results of chemical potential and rms sizes of disk- and cigar-shaped
to be in good agreement with each other.

qualitatively by a minimization of the energy Eq. (7.28). However, the widths of
the 8"Rb BEC for a fixed N(Rb) do not vary much as N(Dy) or a;, are altered.
Hence for a qualitative understanding of the existence of a stable 54Dy droplet for
a fixed N(Rb), we can make a further approximation of the system energy (7.28)
and take the widths of the trapped 8"Rb BEC to be the same as the widths of the
8TRb BEC in the absence of %Dy atoms under otherwise identical conditions.
The widths of the %Dy droplet so obtained (approx) for N(Rb) = 50000 are
compared in Table 7.1 for several values of a3, N(Dy), and A with the widths
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Table 7.1: Root-mean-square sizes of the binary 8"Rb-1%*Dy system of 50000
8"Rb atoms from variational approximation (7.21) — (7.24) (var). The values

(approx) corresponds to an approximate energy minimization taking the widths
of the trapped 8"Rb BEC to be fixed.

az N(Dy) A (z)  (z)  (x2)  (22)
approx  -40ag 1000 4 2.7597 0.7106 1.0755 0.4847
var -40ayg 1000 4 2.7475 0.7091 1.0703 0.4834
approx  -80ag 1000 0.25 2.2780 8.9525 0.6468 2.5799
var -80ay 1000 0.25 2.2549 8.8558 0.6378 2.5525
approx  -60ag 500 4 27597 0.7106 0.8478 0.3768
var -60aq 500 4 2.7492 0.7090 0.8443 0.3757

approx -100ag 100 0.25 2.2780 8.9525 0.6384 1.5803
var -100ay 100 0.25 22752 8.9392 0.6373 1.5779

obtained from exact energy minimization (var), setting the time derivatives of
the widths equal to zero in Eqs. (7.21) — (7.24). We find in Table 7.1 that the
sizes of the 8"Rb for a fixed N(Rb) remain reasonably constant with respect to
the variation of N(Dy) and a2 and that the approximate energy minimization
with fixed widths for the ¥Rb BEC leads to a good approximation of the widths
of the %Dy droplet. In the numerical solution of the binary GP equations (7.7)
and (7.8) we also verified that the shape and size of the trapped 8"Rb BEC are
fairly independent of the presence or absence of the 4Dy droplet. Hence in the
study of the shape, size and dynamics of the dipolar '**Dy droplet bound in the
trapped 8"Rb BEC, the trapped BEC will only have a passive role and we shall
highlight only the shape, size and dynamics of the %*Dy droplet in the following.

7.2.3 Dipolar droplet close to the instability

We consider the shape of a stable Dy droplet in the stability plots of Figs.
7.1 and study its change as collapse instability is approached. In Fig. 7.3 (a) we
show the isodensity contour plot (density |¢;(r)[?) of a disk-shaped (A = 4) 8"Rb
BEC of 10000 atoms and that of the bound %Dy droplet in Figs. 7.3 (b) for
N(Dy) — 1000 (a;2 = —30ay), (c) for N(Dy) — 1000 (a12 = —80ay), and in (d) for
N(Dy) = 4000 (a;2 = —30ag). The isodensity of the 3Rb BEC is practically the
same in all three cases. Of the isodensities of the 1®4Dy droplet, the one in Fig.
7.3 (b) is the deepest inside the stability region and furthest away from collapse
instability. The parameters of Figs. 7.3 (c¢) and (d) are close to the region of
collapse instability. Of these two, Fig. 7.3 (c¢) corresponds to a medium number
of %Dy atoms and Fig. 7.3 (d) to a large number. Independent of the initial
shape, a 4Dy droplet with a medium number of '®*Dy atoms always collapses
towards the center with shrinking size.
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Figure 7.3: The density contour plot |¢;(z,y, 2)|* of (a) a disk-shaped (A = 4)
8"Rb BEC of 10000 atoms and that of the bound '%*Dy droplet of (b) 1000 atoms
(a12 = —30ay), (c) 1000 atoms (a;z = —80ay), (d) 4000 atoms (a2 = —30ayg).
The isodensity contour of the 8Rb BEC is practically the same in all three cases.
In all cases the density on the contour is 0.001/,°, length is measured in units of
lo (= 1 um), the intra-species scattering lengths are taken as a; = ag = 110ag

and the strength of dipolar interaction for Dy is a4q = 131ay.

However, a %Dy droplet containing a large number of atoms, independent of
the associated trap symmetry, always first takes a cigar shape and then collapses
on the axial z direction. A strong dipolar interaction prohibits a collapse to
center of a large '“Dy droplet and favors a cigar shape. In Figs. 7.3 the trap
is disk-shaped. The medium-sized 94Dy droplet of Fig. 7.3 (c) collapses to the
center, but maintains its disk shape due to lower net dipolar interaction. The
large '%*Dy droplet in Fig. 7.3 (d) has changed from the supporting disk-shaped
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Figure 7.4: Three-dimensional contour plot of densities |¢;(z,y,2)[* for (a) a
cigar-shaped (A = 0.25) Rb BEC of 10000 atoms and that of the bound 64Dy
droplet of (b) 1000 atoms (a12 = —30ay), (c) 1000 atoms (a;s = —65a0), (d) 3000
atoms (a9 = —30ap). The isodensity contour of the 8Rb BEC is practically the
same in all three cases. The density on the contour in all cases is 0.001/;* and

length is measured in units of Iy (= 1 pm).

trap to a cigar shape. If the attraction is further increased (by increasing |ajs|)
the %Dy droplet of Fig. 7.3 (d) would collapse from the cigar shape on the axial
z direction. In Fig. 7.4 (a) we illustrate the isodensity contour of a cigar-shaped
(A = 0.25) 8Rb BEC of 10000 atoms and the same of the %Dy droplet are
shown in Figs. 7.4 (b) for N(Dy) = 1000 (a12 = —30ay), (¢) for N(Dy) = 1000
(a12 = —65ag), and in (d) for N(Dy) — 3000 (a;2 = —30ag). The density of the
8Rb BEC is virtually the same in all three cases. Of the three '®/Dy droplets,
the one in Fig. 7.4 (b) is deepest inside the stability region and furthest away
from collapse instability. The parameters for Figs. 7.4 (¢) and (d) are close to the
region of collapse instability. In all cases the %Dy droplet maintains the cigar
shape of the accompanying trap acting on the Rb BEC. The size of the %Dy
droplet in Fig. 7.4 (b) is larger than that of Fig. 7.4 (¢) with the same number
of atoms due to a strong inter-species attraction acting on the latter. The %Dy
droplet of Fig. 7.4 (d) is larger than those in Figs. 7.4 (b) and (c) due to its
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Figure 7.5: Three-dimensional contour plot of densities |¢;(z,vy, 2)|* for a (a)
disk-shaped 8’Rb BEC and that of the (b) bound %Dy droplet with agq = 131aq.
Lower panel the same plot without dipolar interaction (c¢) disk-shaped 8"Rb BEC
and that of the (d) bound %Dy droplet for azg = 0. Without dipolar interaction
the special structures showing a change for the condensate aspect disappears.
In all cases, the density on the contour is 0.001[;°, the inter-species scattering
length is a;o = —30ay, a disk-shaped (A = 4) of N(Rb) — 10000 atoms, the bound

droplet of N(Dy) = 4000 atoms and length is measured in units of Iy (= 1 pm).

higher number of %Dy atoms. Here, we emphasize the result of Fig. 7.3 (d)
where the dipolar interaction, manifests itself in an elongation of the condensate
along the magnetization direction giving in a change for the condensate aspect
ratio. These type of profiles, are a consequence of the anisotropic nature in
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Figure 7.6: The rms sizes (a) (p) and (b) (r) from numerical simulation (num) and
variational approximation (var) during breathing oscillation initiated by a;s —
1.01 X apo versus time in units of to (— 1.38 ms) of a %Dy droplet of 100 atoms
bound in a trapped 8"Rb BEC of 2000 atoms for a;5 = —50 and \ = 4.

dipole-dipole interaction such as in reference [11] where the contact interaction is
diminished with respect to the long range interaction. In this point, we study the
binary system for the case depicted in Fig. 7.3 (d) without dipolar interaction,
this means for agg = 0. In Figs. 7.5 is illustrated the 3D contours of disk-shaped
(A = 4) 8"Rb and the bound droplet of **Dy BEC profiles for 10000 3"Rb and
4000 '*Dy atoms with a;3 = —30ao. The Figs. 7.5 (a) and (b) corresponding
to parameters of Fig. 7.3 (d). We plot the same case in Figs. 7.5 (¢) and (d)
without dipolar interaction (agg = 0). The density |¢(z,y, 2)|* on the surface of
these plots is O.OOllO_?’. It is important to emphasize that in the case without
dipolar interaction the special structures that previously showed, in Fig. 7.5 (b),
a change for the condensate aspect disappears and we have just a disk-shape
symmetry for the BEC in Fig. 7.5 (d).

7.2.4 Dynamics Results

We investigate the dynamics of a bound %Dy droplet in a trapped 8"Rb BEC.
First, to test the present scheme we consider a small 1%*Dy droplet of 100 atoms
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Figure 7.7: The rms sizes (a) (z) and (b) (x) from numerical simulation (num)
and variational approximation (var) during breathing oscillation initiated by the
sudden change ajo — 1.01 X a5 versus time in units of ¢, (= 1.38 ms) of a 64Dy
droplet of 1000 atoms bound in a trapped 8"Rb BEC of 10000 atoms for a;; = —50
and A = 0.25.

bound in a disk-shaped (A = 4) ’Rb BEC of 2000 atoms with a;o = —50a,. This
corresponds to the stable region of Fig. 7.1 (a). In real-time evolution of the
system, the scattering length a,5 is suddenly changed to 1.01 X a1, thus starting
the breathing oscillation. In Figs. 7.6 we show the resultant oscillation of the
rms sizes (a) (p) and (b) (r) during time evolution as obtained from numerical
solution of Egs. (7.7) and (7.8) and variational approximation (7.21) — (7.24).
After obtaining a satisfactory results on the dynamics with a small system, we
proceed to a larger system of greater experimental interest: a stable Dy droplet
of 1000 atoms bound in a cigar-shaped (A = 0.25) Rb BEC of 10000 atoms with
a;2 = —50ag, which corresponds to the stable region of Fig. 7.1 (b). In real-
time evolution of the system, the scattering length a5 is again suddenly changed
to 1.01 x a2 thus starting the breathing oscillation. In Figs. 7.7 we show the
resultant oscillation of the rms sizes (a) (z) and (b) (z) during time evolution
as obtained from a numerical solution of Eqgs. (7.7) and (7.8) and variational
approximation (7.21) — (7.24). The agreement between the numerical simulation
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and variational approximation in both cases of breathing oscillation illustrated in
Figs. 7.6 and 7.7 for disk- and cigar-shapes is quite satisfactory considering:

e During oscillation the bound '®*Dy droplet might have a density distribu-
tion different from the Gaussian distribution assumed in the variational
approximation.

e The large nonlinearity in the 8Rb BEC will also make its density distribu-
tion non-Gaussian.

The stable oscillation under small perturbation as shown in Figs. 7.6 and 7.7
confirms the dynamical stability of the 54Dy droplet for both disk and cigar type
environments.

7.2.5 Experimental Path

The present quasi-free dipolar droplet is not just of theoretical interest, but
can be realized experimentally by initially preparing a binary 8"Rb-'Dy mixture
where both components are harmonically trapped. The trap on '**Dy can then
be ramped to zero exponentially during a few milliseconds. The %Dy cloud will
initially expand and finally form the quasi-free %Dy droplet. To numerically
illustrate the viability of this procedure, we consider an initial 8’Rb-'6*Dy binary
mixture with the following parameters: N(Rb) = 10000, N(Dy