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In this paper we study a double-path junction formed by a ferromagnetic and a superconductor lead. 
The first path connects the superconductor and ferromagnet directly while the second path connects 
these metals through a quantum dot. The whole system works as an Aharonov–Bohm interferometer 
allowing the study of the interference between these two paths under the presence of spin imbalance 
and Andreev bound states. We considered the effect of Fano interference on the electronic transmittance 
through the quantum dot and observed two regimes of conduction depending on the strength of the 
direct coupling. For the weak coupling regime, the transmittance presented the usual four resonances 
due to the Andreev bound states whereas for the strong coupling regime the profile was inverted 
and resonances became anti-resonances. However, even in the strong coupling regime it was possible 
to observe a central resonance due to the interference between the Andreev bound states. We have 
also studied the signatures of Fano interference on the average occupation within the quantum dot. 
The spin accumulation was analyzed and how it depends on the direct coupling and an external 
magnetic field applied to the system. The results obtained may be used in a possible experimental 
implementation of this system in order to probe spin related effects in ferromagnetic superconductor 
nanostructures.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction

The relation between charge and spin degrees of freedom may 
be easily exploited in ferromagnetic/superconductor (F/S) nanos-
tructures [1–13] The ferromagnetism breaks the spin symmetry 
while superconductivity breaks the electron-hole symmetry. In a 
superconductor the Cooper pairs, responsible for the supercon-
ducting features, have the same energy separated from the excited 
states by an energy gap. When electrons from a ferromagnetic con-
ductor are injected into a superconductor with energies smaller 
than the superconductor gap, the charge transference is still pos-
sible by means of Andreev reflection mechanism [2,14]. In this 
process, an electron of spin ↑ (↓) and energy E is reflected as 
a hole of spin ↓ (↑) and energy −E; as a result, a Cooper pair 
is formed into the superconductor whose electrons are aligned in 
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the singlet state. This mechanism allows one to control the flux of 
electrons by means of ferromagnet polarization and external po-
tentials. This feature was used by Y. Zhu et al. [15] to write a spin 
in a quantum dot (QD) coupled to a ferromagnet and a supercon-
ductor. The authors showed that the spin within the QD may be 
changed by varying the bias and gate voltages even under the pres-
ence of electronic correlations.

Here we consider a generalization of the F-QD-S system by 
considering a second path for the electrons by assuming a direct 
coupling between F and S . A schematic diagram of the system 
is illustrated in Fig. 1. The ferromagnetic lead is assumed to be 
biased by an electrical potential, V , while the superconductor is 
kept grounded. The coupling between the leads and the QD is as-
sumed to be the same, td , and the direct coupling between F and 
S is determined by the parameter tsf . The whole system presents a 
ring geometry working as an Aharonov–Bohm interferometer [16]
(ABI). This kind of geometry has been extensively discussed in 
the literature, however, systems involving the presence of a su-
perconductor lead have been given little attention. In this respect, 
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Ref. [17] discusses the spin accumulation and spin polarized cur-
rent for a normal metal and a superconductor coupled to the ABI. 
The spin accumulation is a result of a spin-orbit coupling assumed 
to occur within the QD. The Fano interference, expected to occur in 
ABIs, was addressed by Z. Yu et al. [18] also for normal metal and a 
superconductor coupled to the ring. The authors discussed the evo-
lution of the transmittance from a resonance to an antiresonance 
due to the variation of the Fano factor. It is worth mentioning that 
in both works the electronic correlations within the QD were con-
sidered to be absent.

Fig. 1. Schematic diagram of the nanostructure considered in this report. The ferro-
magnetic lead (F) and the superconductor lead (S) are coupled by a quantum dot 
(QD) described by a single level εd whose position can be changed by a gate volt-
age V g . The ferromagnetic lead (F) is also coupled directly to the superconductor 
lead (S). Notice that the ferromagnetic lead is biased by an electric voltage V while 
the superconductor is kept grounded. The couplings among all elements of the sys-
tem are described by the intensities tsf and td . The whole system presents a ring 
geometry where the electrons of both paths interfere when hitting the supercon-
ductor. A magnetic flux φ piercing the ring is also considered and enters as a phase 
difference between the two paths taken by the electrons.
In contrast with these previous works, in this paper we con-
sider the effect of the electronic correlations as well as the spin 
polarization provided by the ferromagnetic lead. The interplay 
among Andreev reflection, spin imbalance and the path interfer-
ence, gives rise to a different pattern for the transmittance with a 
central resonance. In addition, we also verify if the spin writing ef-
fect, discussed in Ref. [15], is still present within the QD under the 
presence of the path interference and the magnetic flux through 
the ring.

This paper is organized as follows: in Sec. 2 we present the 
model for the system displayed in Fig. 2 and the physical quantities 
are determined by using the formalism of non-equilibrium Green’s 
functions [19]. In Sec. 3 the results are presented and discussed. 
A summary and the main conclusions are presented in Sec. 4. An 
appendix is included with the mathematical details of the calcula-
tions.

2. Model and formulation

The system illustrated in Fig. 1 is described by the following 
Hamiltonian:

Ĥ =
∑
kσ

(εk − sgn(σ )h − μ f )ĉ†
kσ ĉkσ

+
∑
kσ

(εk − μs)ĉ†
kσ ĉkσ +

∑
k

[�∗
s ĉ†

k↑ĉ†
−k↓ + H.c.]

+
∑

(εd − eV g)d̂
†
σ d̂σ + Un̂d↑n̂d↓
σ

Fig. 2. Andreev transmittance (T AR ) as a function of the quantum dot energy (ε) for different values of �, the lead-lead coupling strength and gate voltages. In Figs. (g) to 
(i) some transmittance profiles are shown for eV g = −0.35. It is evident from these profiles the evolution of resonances to anti-resonances as � increases. Fixed parameters: 
eV = 0.30, � f = 0.001, �s = 0.01, P = 0.5, U = 0.86, φ = 0 and kB T = 0.1. All parameters are given in gap superconductor units. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)
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+
∑
kσ

[tdĉ†
kσ d̂σ + H.c.] +

∑
kσ

[tdeiφd̂†
σ ĉkσ + H.c.]

+
∑
kqσ

[t f sĉ†
kσ ĉqσ + H.c.]. (1)

The ferromagnetic lead is modeled by a Stoner mean-field 
model [20] in the first line of Eq. (1). The spin up (down) band 
is shifted by the mean-field +h (−h) and the chemical potential 
μF is fixed by the bias V , applied in F . Notice that it is used a 
free electron dispersion εk = h̄2k2/2m is used. The superconduc-
tor is modeled by a BCS model [21] with �s being the mean-field 
pair potential, assumed as a constant for simplicity. The QD is de-
scribed by a Hubbard dot [see Eqs. (A.4) to (A.9) from Appendix A] 
with U being the intensity of the electronic correlation. The spin 
degenerated level εd is aligned to the superconductor chemical po-
tential (μs) which is set to zero as the ground. The position of εd
may be controlled by means of a gate voltage, V g , applied directly 
to the QD. The first sum in the fourth line describes the tunnel-
ing process between the ferromagnetic lead and the QD while the 
second sum describes the tunneling between the QD and the su-
perconductor lead. The phase φ appearing in this term takes into 
account the presence of a magnetic flux through the ring formed 
by the two paths taken by the electrons from the ferromagnetic 
lead to the superconductor lead. The last term describes the direct 
tunneling between the leads.

By using non-equilibrium Green’s function method [19] it is 
possible to cast all the physical quantities in terms of the re-
tarded/advanced Green’s functions, Gr/a , and the “lesser” Green’s 
function, G< . These Green’s functions present the following struc-
ture,

Gr/a,<(ε) =

⎡
⎢⎢⎢⎣

Gr/a,<

f f (ε) Gr/a,<

f d (ε) Gr/a,<

f s (ε)

Gr/a,<

df (ε) Gr/a,<

dd (ε) Gr/a,<

ds (ε)

Gr/a,<

sf (ε) Gr/a,<

sd (ε) Gr/a,<
ss (ε)

⎤
⎥⎥⎥⎦ (2)

where the indexes f , d and s correspond to the ferromagnetic lead, 
quantum dot and superconductor lead subspaces. Each matrix ele-
ment of Eq. (2) is itself a 4 × 4 matrix in the Nambu space [22,23]. 
In fact, in order to take both ferromagnetism and superconductivity 
on an equal footing, it is necessary to work within a space com-
posed by a tensor product between spin and electron-hole states.

The electrical current may be expressed as follows:

I = 4e

h

∫
T AR(ε)( f f − f̄ f ) dε, (3)

where f f = f (ε − eV ) and f̄ f = f (ε + eV ) are the electron 
and hole Fermi functions, respectively, for the ferromagnetic lead. 
These Fermi functions depend on the bias potential, eV , applied to 
the ferromagnet electrode. The expression for T AR(ε) is given in 
Appendix A.

The average occupation number (in the QD) is determined by 
the expression:

nd↑(↓) =
∫

[G<
dd(ε,nd↑,nd↓)]11(33) dε, (4)

where G<
dd is the “lesser” QD Green’s function. Notice that the in-

dexes 11(33) means taking the matrix element 11(33) of the 4 × 4
matrix corresponding to the spin up (down) electron. This Green’s 
function may be calculated by taking the QD Green’s function from 
the general Keldysh equation G< = Grgr−1g<ga−1Ga , with g< be-
ing the “lesser” Green’s function for the system when the QD is 
decoupled from the leads. In Appendix A, the expressions for g<

and gr/a are shown. It is worth noting that G<
dd is dependent on 

nd↑ and nd↓ which means that the Eq. (4) must be solved in a 
self-consistent way.
The Andreev transmittance and the occupation number are 
studied in terms of the coupling strengths between the QD and 
leads, �η = 2πDη(εF )|tη|2, with η = s, f . It is assumed that the 
normal density of states, Dη(εF ), solved at the Fermi level, is 
the same for the ferromagnet and superconductor leads. The di-
rect coupling between ferromagnetic and superconductor leads is 
modeled by the dimensionless parameter, � = π |tsf |Dη(εF ). In ad-
dition to the coupling parameters, we also define the transport 
polarization, P , as follows:

P = � f ↑ − � f ↓
� f ↑ + � f ↓

, (5)

where � f ↑(↓) = � f (1 ± σ P ) is the coupling strength per spin such 
that � f = (� f ↑ + � f ↓)/2.

By using above definitions, we study the transmittance and av-
erage occupation number with �η , � and P taken as independent 
parameters.

3. Results and discussion

In this section we present the results for transmittance and spin 
occupation within the quantum dot. All the parameters are scaled 
by the superconductor gap which is the natural energy scale for 
this system.

3.1. Fano signatures in the transmittance curves

The nanodevice illustrated in Fig. 2 is constituted by a quantum 
dot (QD) and a direct coupling between the leads. This coupling is 
characterized by the dimensionless parameter, �. In this section, 
the role of the direct coupling in the transmittance through the 
nanodevice is addressed. The direct coupling gives rise to the in-
terference between the two paths taken by the electrons either by 
a direct tunneling between the leads or through the QD. This kind 
of interference is well-known as the Fano effect and has been ex-
tensively studied in previous works [16,24]. In the present context, 
the superconductor introduces an additional interference channel 
between electron and hole states, which gives rise to a different 
Fano profile as compared to the one appearing in nanostructures 
made with normal metals. These states appear as two resonances 
located in symmetric positions at ±ε. In Fig. 2 some transmittance 
curves are shown for different values of the lead-lead coupling, �, 
and the gate voltage, V g , applied to the QD.

In Fig. 2(a) displays the transmittance for � = 0. The transmit-
tance achieves its maximum value for eV g = 0, where the QD level 
is aligned to the superconductor chemical potential, being strongly 
suppressed as eV g is increased to values close to the superconduc-
tor gap. For � = 0.3, the Andreev transport is improved and the 
resonances may be observed for all values of ε, this is illustrated 
in Fig. 2(b). For eV g > 0, two additional peaks appear in the curves 
due to the intradot electronic correlations. These resonances are lo-
cated for ε = ±(eV g + U ) where U is the strength of the intradot 
interaction. The resonances appear as a result of the construc-
tive interference between the electron and hole states for different 
spins due to the finite spin polarization (P = 0.5). When � is in-
creased from zero, an additional interference channel appears due 
to the different paths taken by the electron and holes and there-
fore the conditions of maximum of the transmittance change. This 
is observed for � = 0.6 in which the transmittance curves exhibit 
an intermediate profile for all values of eV g , as shown in Fig. 2(c). 
We can see that there is a mixture of resonance and antiresonance 
due to the Fano interference. As the lead-lead coupling is further 
increased, the resonances are replaced by anti-resonances at the 
same values of ε, as is illustrated in Figs. 2(d), 2(e) and 2(f).

The physics occurring in the superconductor gap scale is ruled 
by the Fano interference as � increases. However, within the en-
ergy scale fixed by �s , the interference between electron-hole 
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Fig. 3. Average occupation for spins up and down as functions of the gate voltage. In Figs. (a) to (e) the occupation number was determined for different values of coupling 
constant � with a fixed phase factor φ = 0. In Figs. (f) to (j) the curves were calculated by using a fixed coupling constant � = 1.50 for different values of φ. The 
dotted-black curve represents the spin-down electrons while the red-solid curve corresponds to the spin-up electrons. Fixed parameters: eV = 0.30, � f = 0.001, �s = 0.01, 
P = 0.5, U = 0.86 and kB T = 0.1. All parameters are given in gap superconductor units.
states introduces an additional pattern into the T AR curves. This 
may be observed by comparing Figs. 2(g), 2(h) and 2(i), where the 
transmittance for eV g = −0.35 is shown for the range −0.05 < ε <

+0.05. For � = 0, the Andreev bound states appear as two equidis-
tant resonances, black curve in Fig. 2(g). As � is set to 0.3, these 
resonances are smoothed but the Andreev pattern is still evident. 
For � > 0.3, the path interference becomes dominant and the two 
peaks are converted into two anti-resonances at the same values 
of ε. This effect is expected from the Fano interference but, in this 
case, a non-expected central resonance appears at ε = 0. This be-
havior remains for all values of � as shown in Figs. 2(h) and 2(i). 
This new central resonance is a result of the combination of the 
Fano effect and the Andreev bound states. It is worth noting that 
this resonance is preserved even under the presence of electronic 
correlations and spin polarization of the ferromagnetic lead.

3.2. Fano signatures in the occupation number

The electron’s spin in a QD coupled to ferromagnetic and su-
perconductor leads can be controlled by means of a gate voltage. 
In fact, the ferromagnet injects spin up and spin down electrons at 
different rates into the QD while the superconductor collects such 
electrons at the same rate. As a result, there is a spin accumulation 
within the QD which is dependent on the gate and bias voltages. 
Such effect may be interesting in devices exploring spintronic prop-
erties. In order to implement such nanostructure in experiments, 
one may use a Scanning Tunneling Microscopy (STM) in which an 
adatom is adsorbed in a superconductor metal host while a ferro-
magnetic STM tip may be used to inject the electrons into the host. 
In a realistic experiment, the STM tip may be coupled directly to 
the superconductor and the geometry of the system reduced to the 
one studied in this work. Thus, in this section we consider the oc-
cupation number within the QD as a function of the gate voltage, 
V g , and the coupling parameter, �.

In Fig. 3, the average occupation, ndσ , for spins up and down, 
are shown for a fixed bias voltage, eV = +0.30, applied to the 
ferromagnetic lead. Since the ferromagnet polarization was set to 
P = 0.5, spin up electrons were injected into the QD at higher 
rates than spin down electrons. Notice that both spin up and 
spin down curves present a three step feature due to the elec-
tronic correlations within the QD. In fact, the electronic correla-
tions raise the spin degeneracy and the bare QD levels are split 
into two levels located at εd and εd + U . The position of the 
bare QD level is determined by the value of the gate voltage ap-
plied to the QD. As the gate voltage is reduced from its maximum 
value (eV g = +�), the first level is pulled down until it is to be 
aligned to the ferromagnet chemical potential, set by the bias volt-
age to μ f = +0.30, where the first step appears in the occupation 
number. In this case, the occupation number is equal to unity on 
average. As the gate voltage is further reduced, a second step ap-
pears for eV g = −(μ f − U ) ≈ −0.56. At this point, the second 
level aligns to the ferromagnet chemical potential and the occu-
pation number jumps to 2 electrons on average. Superimposed on 
this pattern, there are two Andreev resonances located to eV g = 0
and eV g = −0.86, which produce a fluctuation in the occupa-
tion number. This behavior manifests either as anti-resonances in 
Fig. 3(a)–(b) or resonances in Fig. 3(d)–(e).

The dependence of the occupation number on � is illus-
trated in Figs. 3(a) to 3(e). For � = 0 the difference between nd↑
and nd↓ is maximum at the antiresonances located in eV g = 0
and eV g = −0.86. For � = 0.25 and � = 0.50, illustrated by 
Figs. 3(b) and 3(c), respectively, the Fano interference appears in 
the occupation curves being stronger for nd↓ curves (dotted black 
curves). These curves exhibit an intermediate behavior between 
anti-resonance and resonance and the difference between the oc-
cupation number occurs for some intermediate values of eV g . At 
the same points, at which Fig. 3(a) show a well localized anti-
resonance, in Figs. 3(b) and 3(c) the occupations present the same 
value. For � > 1, as shown in Figs. 3(d) and 3(e), the pattern is 
inverted and the anti-resonances are completely converted into 
resonances at the same points as Fig. 3(a). However, the spin up 
occupation still remains higher than the spin down occupation.

We also considered the possibility of a transversal magnetic 
flux through the ring formed by the two paths taken by the elec-
trons. The magnetic flux enters as a phase difference φ, taken as 
the independent parameter. The average occupations were deter-
mined for some values of φ, as illustrated in Figs. 3(f) to 3(j). It has 
been used the same set of parameters as in Fig. 3(e). For φ = π/2, 
the spin accumulation is inverted in the second and fourth plateau, 
as shown in Fig. 3(g). As φ is further increased, the spin accumu-
lation starts to be reduced and, for φ = π , the occupation curves 
coincide for most values of eV g , as shown in Fig. 3(h). The Andreev 
reflection resonances are also dependent on φ being almost sup-
pressed for φ = 3π/2 as illustrated in Fig. 3(i). Finally, for φ = 2π , 
the same pattern as φ = 0 is recovered again as may be observed 
in Fig. 3(j). These results show that the spin accumulation within 
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the QD is strongly dependent on the magnetic flux and, in order 
to implement such a device, it is necessary either to eliminate any 
magnetic field effects from the system or to have the control of 
the magnetic flux.

4. Conclusions

The Fano interference and spin accumulation in the system il-
lustrated in Fig. 1 were addressed in this work. The Fano effect 
was shown to present a different pattern in comparison to conven-
tional systems due to the interplay with the Andreev bound states. 
In fact, it was possible to observe a central resonance at ε = 0 in 
the transmittance curves even for a strong coupling between the 
leads and under the presence of electronic correlations within the 
QD. The spin accumulation at the QD was also studied since the 
F-QD-S system allows one to write a spin by using a combined set 
of electrical potentials. Such an effect is interesting for spintronic
applications. Here we have analyzed the influence of a direct cou-
pling and a transversal magnetic flux through the system on the 
QD average spin. The results show that the direct coupling and the 
magnetic flux can modify the spin accumulation within the QD. For 
moderate values of �, as shown in Figs. 3(b) and 3(c), the pres-
ence of the direct coupling can favor the spin accumulation since 
the spin up and spin down populations are different in a wider 
range of gate voltages. The magnetic flux can also be used to help 
in the spin accumulation by varying its flux in a proper value.

The condition for subgap current (� > U ) is not common to 
be found in experimental setups involving a QD coupled to a su-
perconductor. However, as pointed out by I. Weymann & P. Trocha 
in Ref. [25], there are some superconductors [26,27] with energy 
gap as large as milli-electron volts while the charging energy may 
be reduced to values smaller than the superconductor gap. In this 
way, the experimental verification of the results presented in this 
work may be done with the current technology.
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Appendix A. Green’s function expressions

The transmittance, T AR , appearing in Eq. (3) is given by,

T AR = Re{Tr[Qe�GrQh(gr−1 − ga−1)Ga]}, (A.1)

where “Re” stands for the real part of the complex expression be-
tween {· · · } while “Tr” stands for the trace of the matricial product. 
The matrices Qe and Qh are the charge matrices for electrons and 
holes, respectively. These are written as follows:

Qe,h =
⎡
⎣qe,h 0 0

0 0 0
0 0 0

⎤
⎦ (A.2)

where each matrix element in Eq. (A.2) is itself a 4 × 4 matrix in 
Nambu space. This is a result of the tensor product of electron-hole 
and spin spaces. In fact, the matrices qe and qh are written as 
qe,h = ±(1/2)τ0 ⊗ (τ0 ± τ3) where τi , with i = 1, 2, 3, are the Pauli 
matrices and τ0 is the identity matrix. The coupling matrix � is 
written as

� =

⎡
⎢⎢⎣

0 T f d T f s

T†
f d 0 T†

ds

T†
f s Tsd 0

⎤
⎥⎥⎦ , (A.3)

where each matrix element is a 4 × 4 matrix, Tαβ = tαβqe + t∗
αβqh

with α, β = s, f , d.
The retarded/advanced Green’s functions appearing in the 
transmittance equation are determined by Dyson’s equation

Gr/a = {g(r/a)−1 − �}−1 (A.4)

with � being given by Eq. (A.3).
The Green’s functions g(r/a) have the following form,

g(r/a) =
⎡
⎢⎣

g(r/a)

f f 0 0

0 g(r/a)

dd 0
0 0 g(r/a)

ss

⎤
⎥⎦ , (A.5)

where each matrix element of Eq. (A.5) is given by g(r/a)

f f =
∓(i�/t f s)P, with P being the polarization matrix, P = (1 + P )qe −
(1 − P )qh; g(r/a)

ss = ∓(i�s/t f s)� where the matrix � is defined as

� = 
(ε)

⎡
⎢⎢⎣

1 �/ε 0 0
�/ε 1 0 0

0 0 1 �/ε
0 0 �/ε 1

⎤
⎥⎥⎦ ,

with 
(ε) = |ε|ϑ(ε − |�|)√
ε2 − �2

− iεϑ(� − |ε|)√
�2 − ε2

being the modified den-

sity of states with the imaginary term — for ε < � — accounting 
for the Andreev bound states.

The Green’s function g(r/a)

dd corresponds to the QD contribu-
tion under the presence of Coulomb correlations. We have used 
the Hubbard-I approximation to treat the electronic correlations 
within the QD. This approximation is valid in the weak-coupling 
regime [28,29] which is obtained the limit U/� 	 1. In fact, the 
values U = 0.85 and � = 0.001 lead to a ratio U/� ∼ 850, which 
is a safe limit for the validity of this approximation. The ferromag-
net polarization reduces the spin fluctuations within the QD which 
also helps the applicability of this approximation [30–32].

Explicitly, gdd reads

g(r/a)

dd =

⎡
⎢⎢⎢⎢⎣

gr/a
ee,↑↑ 0 0 0

0 gr/a
hh,↓↓ 0 0

0 0 gr/a
ee,↓↓ 0

0 0 0 gr/a
hh,↑↑

⎤
⎥⎥⎥⎥⎦ , (A.6)

where gr/a
ee,σσ and gr/a

hh,σσ are the electron and hole matrix ele-
ments, respectively, whose expression is given by:

gr/a
ee,σσ = 1 − 〈n̂σ̄ 〉

ε − ζ ± i0
+ 〈n̂σ̄ 〉

ε − (ζ + U ) ± i0
, (A.7)

and

gr/a
hh,σσ = 1 − 〈n̂σ̄ 〉

ε + ζ ± i0
+ 〈n̂σ̄ 〉

ε + (ζ + U ) ± i0
, (A.8)

in which σ =↑, ↓ stands for the spin component and σ̄ stands for 
the opposite of σ ; ζ = εd − eV g with εd being the bare QD level 
and V g is the gate voltage. Notice that Eqs. (A.7) and (A.8) are 
dependent on the average occupation n̂σ on the QD.

Finally, the lesser g< Green’s function is given by the expression

g< =
⎡
⎣g<

f f 0 0
0 0 0
0 0 g<

ss

⎤
⎦ (A.9)

with g<
αα = Fα(ga

αα −gr
αα) with Fα = fαqe − f̄αqh is the Fermi ma-

trix with fα = f (ε − eVα) and f̄α = f (ε + eVα) being the electron 
and hole Fermi distributions for the lead α = f , s.
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