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Photon mass and gravitational deflection
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The deflection of a massive photon by an external gravitational field is energy-dependent. Interesting
enough, any massive quantum particle, no matter what its spin is, undergoes dispersive deflection in external
gravitational fields. Exploiting the dispersive deflection of the quantized massive electromagnetic radiation by
the gravitational field of the Sun, we find an upper bound for the photon mass.
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I. INTRODUCTION

The gravitational deflection of photons in the context
higher-derivative gravity~HDG! treated as a semiclassic
model, i.e., in the approximation where the gravitational fi
is retained as a classical background while the matter fie
quantized, isenergy-dependent@1,2#. An interesting conse-
quence of this result is that gravity’s rainbows and HDG c
coexist without conflict@3#. Based on the fact that the rain
bow effect is currently undetectable, a new constraint on
value of the parameter related to the squared Ricci ten
term is found that improves the generally accepted theo
cal bound@4# by a factor of 1014 @3#. How reliable is this
result? The aforementioned constraint is of the same orde
that obtained by testing the gravitational inverse-square
in the submillimeter regime@5#. The conception of a gravity
model in which dispersive deflection may take place th
makes sense.

On the other hand, dispersive photon propagation d
not occur within the context of semiclassical general rela
ity ~GR! @6–8#. How can we reconcile these apparently co
flicting results? In other words, why can photonic dispers
deflection take place in HDG but it cannot in GR? The
sponse is directly related to the particle content of the t
theories. Indeed, HDG, in addition to the usual massl
spin-2 excitation of GR, possesses also massive spin-2
spin-0 excitations@9#. The latter are responsible for the di
persive effects. Therefore, we expect that in the framew
of GR, a massive particle, regardless of its spin, would
dergo dispersive deflection, while a massless one would
As we shall show in a future publication, this is indeed t
case@10#.

In this Brief Report, we restrict ourselves to the analy
of the energy-dependent deflection of a massive photon.
motivation is to find an upper limit for the photon mass
exploiting the dispersive deflection of the quantized mass
electromagnetic radiation by the Sun. Since the upper bo
that we have obtained is comparable with the other exis
bounds, it can be interpreted as a check of the validity
quantum field theory in the presence of external gravitatio
fields.

Natural units are used throughout. Our signature is (1,
2,2,2). The Riemann and Ricci tensors are defined,
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spectively, as Rr
lmn52]nGr

lm1]mGr
ln2Gs

lmGr
sn

1Gs
lnGr

sm andRmn5Rr
mnr .

II. DISPERSIVE GRAVITATIONAL DEFLECTION
OF QUANTIZED MASSIVE ELECTROMAGNETIC

RADIATION

We shall analyze the propagation of the massive photo
a static gravitational field treated as an external field in t
steps: finding the classical background and computing af
ward the gravitational deflection angle of the photon in t
background.

A. Classical background

As is well known, in general relativity the gravitationa
field is defined by the action

S5E A2gF2R

k2
2LMGd4x,

where k2532pG, with G being Newton’s constant an
LM is the Lagrangian density for the usual matter. In t
linear approximation, i.e.,gmn5hmn1khmn , where hmn

5diag(11,21,21,21), and in the de Donder gauge, th
field equations related to the action at hand turn out to b

hgmn52
k

2
Tmn ,

wheregmn[hmn2 1
2 hmnh andTmn is the matter tensor which

describes the physical system under consideration in spe
relativity. The general solution of the equations above fo
point massM located atr50 is

hmn~r !5
Mk

16pr
~hmn22hm0hn0!.

The corresponding metric assumes the form

gmn5hmn1
2MG

r
~hmn22hm0hn0!, ~1!

which is nothing but the linearized Schwarzschild metric.
©2004 The American Physical Society01-1
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B. Dispersive deflection

For small fluctuations around the Minkowski metrich,
the full metric can be written as

gmn~x!5hmn1khmn~x!, ~2!

wherehmn(x) is the graviton field.
Consequently, the Feynman rule for the interaction o

massive photon with a static gravitational field treated as
external field is obtained from the action for the gravitation
minimally coupled massive photon field,

S5E d4xA2gF2
BmnBmn

4
1

m2WmWm

2 G ,
whereWm is a vector field describing a spin-1 boson of ma
m andBmn[]nWm2]mWn , expanding around flat space u
ing Eq. ~2!.

Accordingly, the vertex function for the massive-phot
field–static-external-gravitational field is

Vmn~p,p8!5
k

2
hlr~k!@2hmnhlrp•p81hlrpnpm8

12~hmnplpr82hnrplpm8 2hmlpnpr8

1hmlhnrp•p8!

1m2~22hmlhnr1hmnhlr!#,

wherep(p8) denotes the momentum of the incoming~out-
going! massive photon. The momentum space gravitatio
field, hmn(k…, is defined as
al
ss
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hmn~k![E d3r e2 ik•rhmn~r !.

From Eq.~1! we promptly obtain

hmn~k!5
kM

4k2
hmn2

kM

2

hm0hn0

k2
.

The unpolarized cross section for the scattering of
massive photon for the external gravitational field may
calculated from the expression

ds

dV
5

1

~4p!2

1

3 (
r 51

3

(
r 851

3

Mrr 8
2 ,

with Mrr 85e r
m(p)e r 8

n (p8)Vmn , wheree r
m(p) ande r 8

n (p8) are
the polarization vectors for the initial and final vectori
bosons, respectively. Consequently, the cross section is g
by

ds

dV
5

2

3

G2M2

p4~12cosu!2 S 3p41
3

2
m412p2m2

12p2~p212m2!cosu1p4cos2u D ,

whereu is the scattering angle.
Now, taking into account thatds/dV5(r /sinu)udr/duu,

we come to the conclusion that
2S GM

b D 2

5
12cosu

S 21
m2

E22m2D 2

1
8

3 S 11
m2

E22m2D ~12cosu!ln~12cosu!2
2

3
~12cosu!2

, ~3!
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where E is the energy of the incident photon andb is the
impact parameter.

For small angles, Eq.~3! reduces to

uE
25

u2

S 11
m2

2~E22m2!
D 2

1S 11
m2

E22m2D u2

3
ln

u2

2

, ~4!

whereuE[4MG/b is the prediction of semiclassical gener
relativity for the deflection of photons of zero rest ma
@6–8#.

In the extreme relativistic limit,E@m, the preceding for-
mula yields

usc5uES 11
m2

2E2D , ~5!
which is the prediction of semiclassical general relativity f
the deflection of a massive photon in an external grav
tional field. This result tells us that a beam of massive p
tons with different energies passing through an exter
gravitational field gives rise to a gravity’s rainbow. It is in
teresting to note that this rainbow is made up of mass
photons, i.e., it is a gravitational rainbow of massive p
ticles.

If Eq. ~4! is correct, it must reproduce in the nonrelati
istic limit the prediction of classical general relativity for th
deflection of a massive particle which is not bound to t
Schwarzschild geometry. Performing the computation
p2!m2, we get

uC5
2MG

v2b
~11v2!, ~6!
1-2
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wherev is the speed of the incident particle, which is just t
same result as that obtained in Einstein’s geometrical the
@11–13#.

III. BOUNDING THE PHOTON MASS

Examining Eq. ~5! carefully, we see that the term
uE(m2/2E2) is nothing but the correction to the prediction
semiclassical general relativity concerning the deflection o
massless photon@6–8# due to a finite photon mass. Ther
fore, an upper limit for the photon mass may be obtain
from the expression

m<2pnA2D

uE
,

whereD is the difference between the measured deflec
angle and the calculated deflection angle related to pho
of zero rest mass andn is the frequency.

The best measurements of the deflection of radio wa
by the gravitational field of the Sun are at the level of 1
parts in 104 @14#, while the lowest frequency measuremen
used by radio astronomers are in the neighborhood of 2 G
@15#, implying m,10240 g. Of course, this upper limit is
considerably weaker than the recent upper bound from
et al. @16# but comparable to other existing bounds@17#,
which, in a sense, is a major test of our tree-level calcu
tions. On the other hand, the method we have devised is
and it exploits an interesting but otherwise unknown face
semiclassical general relativity: dispersive propagation
massive particles in external gravitational fields.

IV. DISCUSSION

The dispersive deflection we have found does not obe
course the equivalence principle. The basic reason for
violation of the equivalence principle at the tree level is t
g.
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particle’s mass: In our model, a massive particle, regard
of its spin, experiences dispersive deflection, wherea
massless one does not.

Nevertheless, despite the fact that our main concern h
is the propagation of a massive photon on a classical ba
ground, a discussion of the current efforts regarding pho
propagation within the phenomenology of quantum grav
@18# is certainly appropriate since quantum-gravity effec
which need not obey the equivalence principle, may ex
@19#.

Consider, in this vein, the new astrophysical text repor
by Jacobsonet al. @20#, where synchroton radiation emitte
by electrons circling in a magnetic field from the Cra
nebula is analyzed. The observations of the radiation fr
this nebula place a stringent constraint on the likelihood
detecting the effects of quantum gravity on electrons.
other words, any modification of the dispersion relations
the electron that might be induced by quantum grav
should be ruled out. Fortunately, Elliset al. @19# have shown
that photons may evade this synchroton radiation constr
by violating the equivalence principle: There exists a line
modification of the dispersion relation for the photon, but n
for the electron, which agrees with known constraints fro
the Crab nebula and elsewhere. The linear modification
the dispersion relation for the photon has its origin in
model of spacetime foam@21,22#. Accordingly, dispersive
photon propagation is compatible with phenomenologi
quantum gravity.

To conclude, we call attention to the fact that in the sem
classical context, dispersive photon deflection can only t
place if the photon is endowed with mass.
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