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Resumo

Para extrair informacdo da estrutura em grande escala do universo, um requisi-
to importante é conectar o campo de galdxias observado a distribui¢cdo de matéria
escura. O modelo mais conhecido dessa relagao, bias linear de galaxias, perde
acurécia em escalas k ~ 0.1hMpc~!. A solugdo usual é o chamado “corte de
escalas”, que consiste em descartar dados da andlise com o fim de limitar efeitos
sistematicos.

Testamos neste trabalho uma abordagem alternativa: mantemos modos k
superiores a kmax ~ 0.1h Mpc’1 na estimativa, mas com peso estatistico reduzido.
Este tltimo é avaliado conforme a credibilidade do modelo — o nivel de incerteza
tedrica — no regime em questdo. Isso pode ser visto como um corte gradual de
escalas e pode produzir, como pretendemos mostrar, uma precisdo maior sobre
parametros cosmoldgicos para o mesmo nivel de acurdcia.

A fim de dar contexto as investigagdes acima, apresentamos também uma
introducgdo a formacgdo de estruturas em teoria de perturbagdes. Os resultados
usuais sdo baseados na dindmica de fluidos perfeitos. Descrevemos corre¢des
sobre essa teoria baseadas numa regularizacdo de seu parametro de expansdo,
o que resulta em uma teoria de campos efetivos para a formagao de estruturas.
Consideragdes adicionais permitem relacionar a distribuicdo de matéria escura ao
campo de galdxias observado, o que torna este tltimo uma sonda de importancia

em cosmologia observacional.

Palavras Chaves: Cosmologia; bias de galdxias; matéria escura; formagdo de

estruturas; estrutura de grande escala.

Areas do conhecimento: Fisica; cosmologia.
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Abstract

In order to extract information from the large-scale structure of the universe,
a major requirement is to connect the observed galaxy field to the distribution
of dark matter. The best-known model for that relationship, linear galaxy bias,
loses accuracy on scales k ~ 0.1h Mpc~1. The usual approach to that problem is
the so-called “scale cut”, and it consists of discarding data from the analysis to
prevent systematic effects.

We here test an alternative approach, keeping those k-modes higher than
kmax ~ 0.1k Mpc_1 in the estimation with reduced statistical weight. The latter is
assessed from the model’s credibility — the level of theoretical uncertainty — on the
regime in question. This may be viewed as a gradual scale cut, and it can lead, as
we aim to show, to higher precision on cosmological parameters for the same level
of estimation accuracy.

To put the above inquiries in context, we also present an overview of structure
growth in perturbation theory. The standard results are based on the perfect-fluid
dynamics. We describe corrections to that theory based on a regularization of the
expansion parameter, which leads to an effective field theory of structure growth.
Further considerations permit the connection of the matter distribution to the
observable galaxy field, making the latter a fundamental probe in observational

cosmology.

Keywords: Cosmology; galaxy bias; dark matter; structure formation; large-scale

structure.

Subject areas: Physics; cosmology.
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Chapter 1

Introduction

Large-scale structure contains key information on the universe and its constit-
uents. It can complement, and in some cases supersede, what can be gauged
from the Cosmic Microwave Background — about the sum of neutrino masses
or primordial non-Gaussianities, for example [6]. Present-day observational
programs, such as the Legacy Survey of Space and Time (LSST) [16], are expected
to probe that structure with unprecedented precision, relying chiefly on data for
galaxy clustering, gravitational lensing, and their cross-correlations. The increase
in experimental precision must be matched with an effort on the theoretical side.
This raises the need, for example, to efficiently treat data on scales for which the
available models are inaccurate, so that experimental information isn’t greatly
sub-utilized.

In this work, we consider theoretical uncertainty on galaxy clustering and
galaxy-galaxy lensing, specially in the range of non-linear scales. A simple model
permits the connection of those observables to the matter power spectrum, through
the addition of one “linear-bias” parameter per redshift bin. Predictions of this
model, however, begin to deviate significantly from the true spectra at scales near
k ~ 0.1hMpc.

A current approach to the problem — used, for example, in the Dark Energy
Survey [19] —is to discard from the analysis those higher k-modes for which the
model is deemed unreliable. This method, the “scale cut”, has the advantage of
guaranteeing the model’s high accuracy on the range of scales under analysis,
which prevents systematic effects. On the other hand, discarding data reduces the
estimation’s precision.

We study an alternative approach to the scale cut. Modes for which a model is
inaccurate can be kept in the analysis with reduced statistical weight, provided that
weight matches the level of theoretical uncertainty in that regime. The uncertainty
can be assessed in several ways — for example, from the error between the model’s
prediction and what is deemed to be the “true spectrum” in a typical scenario.

This, in our work, will be assumed to be the nonlinear-bias spectrum at one-loop

1



Chapter 1. Introduction 2

order. If theoretical uncertainty is included in the analysis in a consistent way, as
we aim to show, the maximum mode available can be typically increased from
near 0.1 Mpc ! to near 0.3h Mpc !, without adding error to the results, and still
under the linear-bias approximation. One can then use the same model to make
analyses of higher precision.

Knowledge of the relation between galaxy and matter power spectra, together
with a theory that connects the latter to cosmological models, allows those models
to be constrained. The fluctuations in the matter density can be predicted from
the fluid equations, which can be solved perturbatively in terms of a workable
expansion parameter — the “large-scale” matter overdensity. The latter is obtained
by removing from the matter field those modes for which perturbation theory is
expected to fail. This leads to an effective-field (EFT) correction to the so-called
standard perturbation theory. Further considerations permit the expression of the
galaxy overdensity in terms of the matter overdensity with a minimal number of
new parameters. This leads to a theory of galaxy bias.

To put the analyses above in context, we treat structure growth and galaxy
bias in chapters 2 and 3. They are relevant to our purpose for two reasons: (1)
our model for the galaxy power spectrum relies on linear bias, but is based on
the matter power spectrum of EFT at one-loop order; (2) what we consider the
“true” galaxy power spectrum for the assessment of theoretical uncertainty is given
by the nonlinear bias expansion up to second order in the matter overdensity.
Finally, in chapter 4, we make use of these concepts to analyze mock data of
large-scale structure whilst taking account of theoretical uncertainty. We present

our conclusions in chapter 5.



Chapter 2

Structure growth in standard perturba-

tion theory

To put the main work in context, we here review the standard approach to
structure growth through perturbation theory. The aim is to obtain the evolution
of matter-density fluctuations, (k), across cosmic time. This will be based on the
fluid equations expressed in the Newtonian regime, which is a valid approximation
on scales smaller than the Hubble radius - that is, for k > aH ~ 3-10*h Mpc_l.

The equation of motion of dark-matter particles in the gravitational field,
together with Liouville’s theorem on the conservation of phase-space density,
leads to the “collisionless Boltzmann equation” governing how the distribution
function evolves in phase space. From the latter one obtains the equations for the
density and velocity fields — the continuity and Euler equations —, which, under the
assumption of a “pressureless perfect fluid”, form a closed system. That system
can be solved order by order on the density field.

The above analysis proves inadequate for scales below k ~ 0.1# Mpc~1, on
which the overdensity approaches unity and ceases to function as an expansion
parameter. Solutions to that problem will be considered in chapter 3.

2.1 Isotropy and homogeneity

In this section, we recall a few of the standard results in background cosmology.
The large-scale isotropy and homogeneity of the universe imply the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric:

ds* = dr* — az(t)éi(].K)dxidxj (2.1)
()
g

symbol. Summation over repeated indices is adopted. We have assumed no spatial

where the scale factor, a(t), is an arbitrary function of time and J;. "’ is the Kronecker

curvature in the metric, which is in agreement with observational evidence [2].

3



Chapter 2. Structure growth in standard perturbation theory 4

The above equation is written in terms of the “comoving” coordinates xi—ie.,
such that accompany the expansion of the universe. Physical distances are then
defined as r = ax. It is also convenient to define the conformal time 1 through
adn = dt, so that the metric can be written as:

ds? = a?(1) <d17 - 55]K)dxidxj> (2.2)

The most general stress-energy tensor compatible with spatial symmetry is

that of a perfect fluid [8]. In the comoving frame, it can be written as:

T = diag (o, —P, —P,—P) (2.3)

and, in general:

T, = (o + P)U*U, — Ps), (2.4)

where P is pressure, p is the energy density, and U* = dx//ds.
The Einstein equations, given the metric and the stress-energy tensor defined
above, yield the two Friedmann equations:

2N\ 2
(g) = —873[Gp (2.5)
i 4nG
E:_T(‘D—HBP) (2.6)

where G is the gravitational constant. We denote f = df/dt.
We likewise define the Hubble parameter, H = i4/a, and its “conformal” counter-
part, H = a’/a. Here, (o)’ denotes a derivative with respect to conformal time:

f '=d f/dn. The Friedmann equations can then be put in the useful form:

H? = —Za%p (2.7)
H' = ———a*(p+3P) (2.8)

2.2 Departures from homogeneity

To study structure formation, one must consider departures from a homo-
geneous background. In perturbation theory, this is done by writing the metric as
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Suv = &uv + 08uy, where g, is the metric of the background, (2.1). We will focus
on the scalar perturbations within ég;,. In the Newtonian gauge, the perturbed
metric can be written as [8]:

ds? = a?(y) |(1+2%)dy? — (1 —2¢)8, ) dx'd] (2.9)

where ¥ and ¢ are scalar perturbations and can be thought of as gravitational
potentials.

The stress-energy tensor, in the perturbative regime, may be written as T} =
T +6T!', where T} is its background component (2.3) and 6T} is given by:

0T}/ = (8p + 0P)UMUy + (p + P)(oU Ty + U"SU,) — 6P5, — 11", (2.10)

where IT), is the anisotropic stress. It is a good approximation to ignore it after matter-
radiation equality, when neutrinos become unimportant [8]. Perturbations to the
stress-energy tensor, therefore, resolve into density and pressure perturbations, dp
and 6P.

Einstein’s equations then connect §g,, to Jp and 6 P. The absence of anisotropic
stress implies ¥ = ¢ in (2.9) [8]. As a standard result at linear order (see [8] for a
derivation), we obtain the modified Poisson equation:

/ /
V2 — 3% (cp’ + q»%) — 47Ga?ps (2.11)

where we have defined the density contrast, or overdensity, as § = dp/p.

2.3 The Newtonian regime

We will now consider the dynamics of matter under suitable approximations.
We seek, in particular, a solution for the matter overdensity é(x,77) and the matter
velocity v(x, 7) beyond linear order.

At first order in perturbations, as we have seen, Einstein’s equations yield
(2.11), which describes metric perturbations in terms of the density contrast. This
equation gives an accurate description for the field ¢ even when the overdensity
0, which acts as its source, becomes nonlinear. Indeed, a standard result of linear
perturbation theory is that the gravitational potential remains constant (thus small)

during matter domination, whereas density perturbations grow with the scale
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factor. One thus finds that the potential ¢ remains small (~ 10~%) on all scales [17].
This will allow the linear equation (2.11) to be used in the theory to be developed
below, whereas density and velocity perturbations will require a treatment at
nonlinear order.

Equation (2.11) can be further simplified by noting that the scales under study
are much smaller than the Hubble radius: k > aH ~ 3-10"*tMpc~!. Thus the
tirst term is dominant in (2.11), and the latter reduces to the Poisson equation of
Newtonian gravity [17]:

V2p = 41Ga®pé (2.12)

where, in matter domination, p and ¢ refer to the mean density and density contrast

of matter, respectively. The equation above can also be written as:

V2¢p = 4nGa®p1Qyd (2.13)

where p; is the total mean density and (), = p/p;. Hence, by noting that the first
Friedmann equation, (2.7), implies:

3 H
0t = —=—5 2.14
7= 8nG @2 @14
the Poisson equation can be put in the convenient form:
2 3 2
Vep = EQm(S’H (2.15)

Since all velocities we consider are non-relativistic, the geodesic equation of a

matter particle reduces to the Newtonian law:

i’: = _Vr(P
(2.16)
X'+ HY +Hx=-V¢
where, again, r = ax. If we define the canonical momentum as:
p = amx’ (2.17)

the equation of motion of a matter particle can be written as:

p' = a'mx' + amx"

u/
= —am <—x' +x”)
a



Chapter 2. Structure growth in standard perturbation theory 7

which, in view of (2.16), gives:

p'=—amV¢ (2.18)

2.4 Fluid equations

Equations (2.15) and (2.18) will be used in our derivation of the fluid equations.
The fluid can be conveniently described in phase space by a distribution function
f(n,x,p). For the case of collisionless dark matter, Liouville’s theorem yields the

collisionless Boltzmann equation, or Vlasov equation:
df _of . p of of
— ==+ —- = —amV¢$--— =0 2.19
dy 817+ma ax 4)8 (219)
From the above, one can study the evolution of quantities such as density and
bulk velocity at arbitrary order. These are obtained as moments of the distribution

function. We thus define the density, velocity, and the stress tensor, respectively,
as:

o) = o5 [ & flx, 1) (220)

vi(x, 1) = /d3p f—,;f(x, p.)/ /d3pf(x, p,m) (2.21)

oii(x,1) =/d3 PiPLg(x, p,y /d3pf x,p,m) —vi(x)vi(x)  (2.22)

am am

The zeroth moment of the Vlasov equation — that is, its integral over momenta
— yields, when multiplied by m:

P d¢ of
3 3 2 [ 43
O—m /dpf+m/d axl —am /dpaxlapl
8 3 9 3
a”(ap)—l—apv am /dpap (8 1f)+m/dpfax18p,

In the line above, the fourth term vanishes because the potential ¢ doesn’t
depend on the momentum. The third term can be expressed as an integral over a

boundary, which also vanishes because f(x, p, 1) is zero at infinite p. Hence we
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have:

_ 9.3 o (2
O—%(ap)erﬁ(Epv)

= 3a%d'p +a’p + a3aixi(pvi)
o .

_ r 9

=3Hp+p + axl.(pv)

Writing p = (1 + 6)g, we obtain p’ = 6’6 + (1 + 9)g, so that:

0=3H(1+8)p+5p+ (1+0) + -2 [p(1+6)0]

oxt
' P, 0
=3H(1+)+0+(1 +5)E ﬁ[v (1+49)]
Mass conservation implies p « a=3, s0 p'/p = —3H. Cancellation between the

tirst and the third terms above yields, finally, the exact continuity equation:

! J i _
4 (1+8)] =0
or:
8 +V-[(1+6)v]=0 (2.23)

Furthermore, the first moment of (2.19) —i.e., its momentum-average — gives:

i9¢ of
_ 3
0_/d’9’”a +/ P /ppaxzap]

d , y . 9 9
= — (amvl/dg‘pf) —|—? [a4p(g'1] —i—vlv]) _am/dspa_pj (Pza_;b]f)
0
+am/d3pfap] ( afj)

where the third integral in the first line has been computed by parts. As before,
the third term in the last line generates a vanishing boundary component. We are
left with:

_ 94 O [ 4 ¢ ij, i 5, 9P
O——(apv)Jr@[ap(a +vv)]+am/dpfaxi

a1
d¢p

S ) (2.24)
-7 iy 2 i 1 olol had
5 (000) + 5 apto + o)) | +atpg
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The first term above can be written as:

9 i i i
%(a‘lpv ) = a*(pv')’ + 4(pv')a’a’

= a*0’ (14 6)0' +a*pd'v' + a*6(1 4 6)0" +46(1 4 6)v'a’a’

|—CD|

:a4p[_(1+5)v ~|—(5'vl—|—(1+(5)v”~|—4 (1+6)v }

e

Once again, we use p'/p = —3H, so that:

9 . . . .
%(a‘ﬂovl) = a'p [7—[(1 +8)0' + 60 + (1 + (S)U”]

Replacing the above in (2.24), we obtain:

0=H(1+8)v + v + (14 68)0"

3 P ey (2.25)
_ ] L]
+as [(1-1-(5)((7 +o'o )] +(1+0)5,
The continuity equation, (2.23), implies:
§lot = —vii[a +6)0/] (2.26)
dx/
Hence, (2.25) can be written as:
.00 i 0
0=H(1+06)v' + (1+(5)v]a—+ (1+6)0" + = [(1+6)0]
o
+(1+ (5>8_x, .
90! 1 0 p o¢p '
— jOY i ij| L 99
= Ho' + ol = 0 (146) 7 [(1+6)0 5
90! 10 )
- i g 5 ke
= Ho' + /== 0+ [p(1+0)] 7 [p(1+5) ] toy
We have thus found the exact Euler equation:
1 .
Ul/‘ +Hv;+v-Vo, ==V — ‘—)v] (pO'l]) (2.28)

In standard perturbation theory (SPT), one makes the assumption of a “pres-

sureless perfect fluid”, which implies ¢;; = 0. This involves discounting the effect
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of non-gravitational forces on baryonic matter!

. As shown in hydrodynamic
simulations [23], it begins to cause percent-level deviations on the matter power
spectrum only at reasonably small scales, k ~ 0.2hMph~'. (The case of an
imperfect fluid will be considered in chapter 3.) With the assumption ¢;; = 0,
equations (2.23) and (2.28), together with the Poisson equation (2.15), form a closed
system.

Before proceeding to the full perturbative treatment, we will seek an under-
standing of the solutions” behavior in the linear regime. We thus decompose v
into scalar and vector parts, v = v +vg, with V x v = Oand V:-v, =0,and
define the field’s divergence 6 = V - v and vorticity w = V x v.

It can be shown that the Euler equation (2.28), together with the assumption of
a vanishing stress-tensor, implies that gravitational evolution creates no vorticity
(w = 0) provided none is initially present [5]. In the linear regime, the Euler and
the continuity equations can be written as:

5 +60=0 (2.29)

0 +HO = -V (2.30)

Together with the Poisson equation, they finally imply:

8"+ HS — g%zﬂm(a)é =0 (2.31)

In the matter-dominated regime, this has the growing-mode solution:

6(k, 1) = D(11)éo(k) (2.32)

with:

a(n)  da’
D =D —— 2.33
(17) OH(U) 0 HS(ﬂ/) ( )
In an Einstein-de Sitter universe, where (), = 1, one finds D(17) = a(#) during
matter domination.

As for the velocity field, the same pair, (2.29) and (2.30), implies:

0(k,n) = —Hfo(k,n) (2.34)

!Gravitational interactions also cause the appearance of a non-vanishing 03j in the coarse-grained
fluid equations, as will be seen in chapter 3.
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where the linear-growth factor f is defined as:

dInD
f= dina

(2.35)

2.5 Solutions in standard perturbation theory

We will now proceed to the full perturbative solution of the fluid equations
(2.23) and (2.28). For convenience, one may isolate nonlinear terms on the right-
hand side and express them in Cartesian-component form. The continuity equation
can thus be rewritten as:

8+ 6= o9 + 66 (2.36)
ox!

where we have used again § = V - v. Assuming ¢;; = 0 and taking the divergence
of the Euler equation, we obtain:

0' +HO+ V3 = —vj%G — (9;9))(9j0") (2.37)

It is the pair (2.36) and (2.37) that we wish to solve for é(x,7) and 6(x, 7).
When translated to Fourier space, the nonlinear products in the right-hand side

are transformed to convolutions. We adopt the Fourier conventions:

, 3 ,
flio = FiF0) = [ax e ™ f) = [ fhehr @

and the tilde in the notation of the Fourier-space function will be suppressed when

no ambiguity is implied. So one has, for example:
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d {” ﬁ‘s} =[xt | 27Tq) diaen o | (qu)f o)t
= [axeto [ SEhuigens [ S s e
— [ [ S @it [ et
& o s [-i%et)] oo~
[<zn>35< ><k—q—q’>]

d3 ‘T / : /
~ [ s | G [P0 =g = )] () earala)
(2.39)
where we have used v(k) = —i(k/k?)0(k)?. The equations (2.36) and (2.37) in

Fourier space can thus be expressed as:

3 3./
9000k = = [ 5l [ S e - g — )]

«(q,q')0(q)5(q")
3 ds d3q’
0'(k) + HO(k) + 5 Oun(a) 120 (k) = — | Gy / G (2P (k=g =)
x B(q,q")6(q)d(q")
(2.40)
with kernels a(k1, k) and B(k1, k) defined as:
ki-(ki+k
a(ky, k) = % (2.41)
1
1 2kiky  1kiky (ko | K (k1-k2)?
B(ki, ko) = 2(k1 + ko) 2R 2 ki (k1 k2> e (2.42)

The kernel B(k1, ky) has been symmetrized in its arguments.
It is now the pair (2.40) that we wish to solve for é(k,#) and 6(k,#), thus
providing the Fourier decomposition of the fields of interest. That system of

equations can be solved iteratively by the procedure [17]:

2Note that, indeed, F{V v} = ik -v(k) = ik - [—i(k/k?*)0(k)] = 0(k).
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(00 () + H(OU) () + S0V (k) = — [ (2P (k=g — )%
q

2 q
Blq.4") (0" V) (q) (8" V) (q)
(2.43)

That is, one invokes the solutions at nth order, 5 and 9(”), as source terms for

the equations of order 1 + 1. The complete solutions are then obtained as®:

S(k,n) =Y 6" (k1)
=1 (2.44)

b(k, ) = iewk,n)

The solutions at first order are obtained by setting the right-hand side of (2.43)

to zero, thus yielding the fields already found under the linear approximation:

8W(k, 1) = D(1)o (k)

2.45
oW (k, i) = —HfD(1)do (k) -

By analogy with the functional forms above, we will suppose that the functions
at every order can be separated into spatial and time-dependent parts, as 6") (k, ) =
60" (k)D"(n). This ansatz will prove exact only for an EdS model, for which
D(n) = a(y), but is still a good approximation in ACDM — the agreement of 6(?)
and (%), for example, is at the sub-percent level [17]. Hence:

5(k, 1) = il D" ()5 (k)

6(k, 1) = —H(n) Y_ D" (1) (k)

i=n

(2.46)

By substitution of (2.46) into (2.43), one may construct the solutions at all orders

recursively. In general, we have:

3This is known as the Neumann series method for the solution of integro-differential equations

[4].
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5" (k) = ﬁ{ [ L <><qm>}Fn<q1,...,qn><zn>3fs<D><k—qm 247)

06 = TT{ [ (52550 (00) | Gutan o ) 2P0 k=l 29

where q|§ = Zinzl ¢q;. The convolution kernels are defined iteratively as:

n-l Gm(q1,---,9m)
n;1 (2n +13)(n -1)

+ 28411, 4l 1) Grn-m(Gms1s - - - qn) ]

Pn(qlr cee M]m) = [(2” + 1)“(‘1|Trq|;+1)Fn—M(qm+lr . -rqn)

(2.49)

" Gulqi, ..., qm)
mZ_:l (2n —1—13) (n—1)

+ 2nﬁ(q|’1ﬂ,q|ﬁ1+1)Gn_m(qu,. ey qn)}

[3“(q|T/q|Z1+1)Fn—m(’Jm+1/ e qn)

Gu(qu, - qm) = 250)

with F; = Gy = 1, so that the linear solutions (2.45) are recovered.
Having arrived at d(k, 17), we may use it to calculate the power spectrum P (k).
This is defined through:

Sk, )8 (K, 7)) = (270)*6') (I + k') P(k, 1, 11") (2.51)

where P(k,7,1") depends only on the modulus k = |k| by statistical isotropy. We

thus compute the correlator [5]:

(0(k,1)0 ZDW D (k)8 (k)

- gpzﬂ ) / EE(ED (q1)...60 (450 (g1)...5V (q)))

(2.52)
Since (k) is a Gaussian field, Wick’s theorem implies that only products of
an even number of terms will be non-zero [17]. At next-to-leading order, the

correlator is then:
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(3(k)a(k"))y = (8W (k)6 (k') +2(6M) (k)@ (K)) + (6P (k)6@ (K))  (2.53)

and the next-to-leading order, or one-loop, power spectrum is:

Plfloop = Plin(k) + 2P13<k) + PZZ(k) (2.54)

The components Py3(k) and P (k) are given explicitly in terms of the linear
power spectrum and the convolution kernels as:

3
Puall) = 3Pink) [ 5l Pln(@)Falk 4, —0) (255)
d3
Poa(k) =2 | s B () ik — ) |Ex(a, , —)* (2.56)

2.6 Problems with the standard approach

A comparison of the power spectrum obtained in standard perturbation theory
with that found in simulations can be viewed in figure 2.1. (Analytical results
have been computed with the Boltzmann code CLASS-PT [14].) It is clear that the
standard approach fails at reasonably-large scales, near k = 0.1: Mpc !, where it
was expected to work well. Moreover, inclusion of higher-loop corrections doesn’t
seem to make the result closer to the expected answer.

An explanation for this behavior can be found in the magnitude of §(k), which
must be small (6§ < 1) to function as an expansion parameter. Its typical size
may be computed from its variance, and one finds that it crosses unity at kyy, ~
0.3hMpc~! [17]. Standard perturbation theory isn’t expected to work near that
point. Moreover, we took it as a starting assumption that the stress-tensor vanishes,
0ij = 0, but this is known to be false on small scales. Indeed, this assumption had
effect on the right-hand side of the Euler equation, (2.28), which in turn led to the
solutions (2.40).

Chapter 3 presents how these problems can be avoided in an effective field
theory of structure growth. The corrections to SPT are based on a modification of
the expansion parameter and on the use of the Euler equation for the imperfect
fluid.
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Figure 2.1: Matter power spectra obtained by various methods. The EFT spectrum
is computed with the technique discussed in chapter 3. It shows good agreement
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with simulations down to scales k ~ 0.3hMpc. The numerical results were

obtained from the Quijote simulations [29] at redshift zero, whereas analytical

spectra were computed with CLASS-PT [14]. Source: [24].



Chapter 3

An effective field theory of structure
growth

We here consider a solution to the problem encountered at the end of the
previous chapter. The matter overdensity can be made a suitable expansion
parameter by a procedure that filters out small-scale fluctuations, the behavior
of which one is not interested in. The “long-wavelength” overdensity, ¢, is then
guaranteed to be small on scales as small as k ~ 0.3k Mpc~!, which extends the
validity of perturbation theory.

The aim of this chapter is to construct J;(k) and determine its evolution. The
point of departure will be again the fluid equations in the Newtonian regime. One
will find, however, that the regularization procedure introduces a viscosity term
in the fluid equations — i.e., the matter fluid can no longer be considered ideal.
Viscosity expresses the effect of small scales on larger-scale dynamics. Since it
can’t be predicted from the effective theory, it has to be fitted to the data.

We then establish the analogous theory in the Lagrangian frame —i.e., in terms
of the initial coordinates of the fluid elements and their later displacement. This
often allows an expansion in terms of the overdensity field in the initial positions,
in which perturbations are smaller and more amenable to analytic treatment.

Lagrangian perturbation theory is well suited to the treatment of galaxy bias.
We study the statistical relation between galaxy and matter overdensities by means
of a simple model based on spherical collapse. This will allow the establishment of
a “galaxy-bias expansion”, i.e., the expression of the galaxy overdensity in terms of
operators of the matter overdensity. We will then be prepared for the applications
to be discussed in chapter 4.

17
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3.1 Coarse-grained equations of motion

To establish a proper expansion parameter, we will smooth the field over a
scale 1/A, with A < knr. We expect the perturbative approach to work well
in that regime. The long-wavelength component of a function g(x) is defined

through the convolution:

91(x) = [gla(®) = [ &% Wa(x = #)g(x) @)

where the filtering function W (x) is chosen as to be negligible for x > 1/A. The
convolution above thus amounts to taking the average of g(x) over a region of

size ~ 1/A. A convenient choice for Wy (x) is the Gaussian function:

A 1 kz] (32)

Wa(x) = (Ey exp {—%Azle , Wa(k) =exp [_EF

As argued in chapter 2, conservation of density in phase space implies the

Vlasov equation, (2.19), from which we derived the continuity and Euler equations:

&+ V-[(146)v]=0 (2.23)

vl +Hv;+v-Voui+ Vip =0 (2.28)

We seek the analogous equations in terms of the long-wavelength variables J;
and v;. For that purpose, we define the long-wavelength density and momentum

as:

pr = / Cpfi(x, p,1) (3.3)

p1v] = —/d3P—fl X, p,1) (3.4)

from which we define §; = p;/p — 1. One should note that the long-wavelength
velocity is defined as v; = 7r;/p;. That is, it is the particle’s momentum, not its
velocity, which is smoothed over.

By applying the filtering function to (2.23), one obtains the so-called “coarse-
grained” continuity equation, which has the same form as its original counterpart:

5; + a]' [(1 + (51)2)1’]'] =0 (3.5)
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For the Euler equation, however, product terms cause the appearance of an
additional component dependent on the small-scale variables vs and ¢s, even in
the equation for large-scale fields. The fundamental reason for this behavior is

that filtered products receive corrections':

[f8la = figi + [ngS]A‘f‘%VfZVgl‘F--- (3.6)

where the ellipsis denotes higher-derivative contributions [5]. By splitting the

velocity v and the potential ¢ into their long- and short-wavelength parts, and

considering the Taylor expansion of the former in the neighboring region of size

~ 1/A, Baumann et al [9] have been able to show that the coarse-grained Euler
equation can be written as:

/ 1

vy + Hopi + iy + vp ;0501 = _{Tlaj [Tij] A (3.7)

One notices the appearance of an effective stress-tensor [7;;] even if the original

equations were supposed to represent an ideal fluid. Up to higher-derivative

corrections, that tensor can be written as [9]:

(K)
%P0 — 29507
871G
where ¢ = 9¢°/ 0x'. Equations (3.5) and (3.7) describe large-scale matter as an

Tij = POjj + pUjU; — (3.8)

imperfect fluid, its “viscosity” arising from small-scale dynamics.

The tensor in (3.8) still depends on short-wavelength behavior, which we can’t
expect to treat under perturbation theory. We circumvent that problem by, first,
replacing T;; by its expectation value. We allow (T;;) at a point x to depend on the
value of long-wavelength fields J;(x) and v;(x), and expand it in a Taylor series
written (schematically) as [11]:

I([T7])s,

%, 0(51 +... (3.9)

<[Tij]A>5l = ([Tij]A>o +

The advantage of such a procedure is that the complicated dependence of
7!/ upon small-scale dynamics is hereby captured by parameters of the sort
9([t"]A)s/961]o, which we can measure from observations or simulated data.

Moreover, a Taylor expansion on J; and v; is allowed because those variables are

IThe product appearing in the continuity equation, (2.23), v, doesn’t generate such corrections
because the long-wavelength velocity is defined through v; = (pv);/p;. The coarse-graining of the
term vé thus gives exactly v;J;.
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guaranteed to be small on large scales (A < knp)-

At linear order, one can write the effective tensor as [11]:

C
[Tijla = p(Si(jK) + 55355]@‘51 —p %b(si(jmamvl'm
3.10
3 s 2 () o
— ZPW’ a,-vl,]- + ajvu — g(sij Om O | + ATij

The remainder ATZ']', the “stochastic term”, is that part of 7'/ which deviates
from its expectation value and is uncorrelated with long modes. It can be shown
to be much smaller than the other terms in (3.10) and thus safely neglected [11].
In the above, p is the background pressure, é is the speed of sound?, and ¢,
and ¢, s are “bulk” and “shear” viscosity parameters, named in analogy with the
corresponding terms in the Navier-Stokes equation for imperfect fluids.

An equation for the divergence velocity field can be obtained by taking the
divergence of (3.7). Its source term, which appears only in the effective theory, will
be proportional to 9’0/ [Tii]a = To. This is given by [5]:

2, 32
T =P 538251 — Lazel — —ﬁaz(?l + AJ
H 4 H
M (3.11)
=5 [558251 - %azel} +A]

where A] = 9'0/At; and &5 = &, 4 (3/4)c.

It remains to solve the equations (3.5) and (3.7) in the presence of the source
term (3.11). The small size of variables ¢;, v;, and ¢; allows one to safely apply the
recursive approach used in the previous chapter to obtain (2.43). At third order,

one has:

(k, ) = oW (k, 1) + 0@ (k, ) + 6®) (k, 1) — k2 (17)6W (K, ) + 6 (k, ;) (3.12)

where, as anticipated above, the stochastic counterterm, ¢;, can be shown to
be much smaller than the other corrections and thus safely ignored. The new
parameter c2 has the effect of both é2 and &2, which appear in (3.11) multiplying
divergence terms [5].

The term p¢25;, which, in (3.10), is added to the diagonal elements of the stress tensor, can be
regarded as an effective pressure perturbation. In the absence of viscosity (62, = &2, = 0), one has

& = 6p/(ps), which makes 2, indeed, a speed of sound.
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From the density field one can finally obtain the power spectrum. At next-to-
leading order (“one loop”), this is:

P(k) = Pyn(k) + Pao,a (k) + 2P13 a (k) — 2¢3 \K*Pyin (k) + Pjj A (k) (3.13)

The equation above looks dependent on the nonphysical cutoff A used to
normalize the theory, but that dependence is only apparent. Indeed, the quantities
Cg, A and Pjj o can be shown to have the right functional relation with A to absorb
the dependence of P» A and Pj3 o [11]. One can then formally take the cutoff to
infinity, so that:

P(k) = Pyn(k) + Poo(k) 4+ 2P13(k) — 22 1 k> Piin (k) + Pjj 00 (k) (3.14)

where P13 and P, are computed through the ordinary integrals found in chapter
2. The quantities c2 , and Pjj (k) capture the effect of small-scale physics on the
large-scale dynamics. As mentioned above, Pjj (k) has a comparatively small
size — smaller than two-loop corrections [5] — and can usually be ignored. Since
they cannot be predicted within the EFT, these parameters must be derived from

data — for example, by fitting P(k) above to a nonlinear spectrum.

3.2 Lagrangian perturbation theory

The theory in this chapter and in chapter 2 has been developed in Eulerian
coordinates. We now seek its Lagrangian counterpart — that is, in terms of the
initial coordinates of the fluid’s particles and their later displacement. This will
allow expansions to be made in terms of the initial density field, which has smaller
magnitude, thus leading to more accurate predictions.

The final position of a fluid element at time # is written in terms of the initial

position, g, and a displacement vector ¥ as:

x(q,m) =q+Y¥(q,1n) (3.15)

The equation above defines a mapping from g to x. Conservation of mass is

expressed in the relation:
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o(q)dg = p(x)dx

(3.16)
= p(x)Jd%
where volume distortion is described by the Jacobian:
4 oY,
J = dTZ = det |41 + 3, |~ dt [0 + %3] (3.17)
where ¥;; = d¥;/ ox/. Equation (3.16) can be written as:

d’g = [1+6(x Jd®

pla)d’q = [1+6(x)]p(q)Tdq (3.18)

dq = [1+6(x)]Td%
That is, one is assuming no inhomogeneity is present in the initial field. It follows
that 6(x) = 1/ — 1,50 6)(x) = — 7). Taking the divergence of the particle

equation of motion and the Poisson equation, we obtain:

d*x dx 3 2
The equation above is not yet expressed exclusively in terms of Lagrangian
variables, g and ¥(q,7), for the gradient is still taken with respect to x (that is,

V! = 9/9x"). The gradients in Eulerian and Lagrangian variables are related by:

J (K) 10
= ((Sij +‘Iji,j)

= 57 (3.20)

where the derivative in ¥; ; is taken with respect to q.
Equations (3.19) and (3.20) can finally be solved for the displacement field
¥(q,7). As in the Eulerian case, we will adopt the ansatz [10]:

Y=+ ¥@ 9@ 4 (3.21)

which induces, order by order, an expansion of the Jacobian:

j:1_|_j(1)_|_j(2)_|_j(3)_|_“. (3.22)

One notices that the matrix in (3.17), whose determinant is the Jacobian, can be
regarded as a perturbation of the identity matrix. To expand that determinant in

terms of the displacement field, we will use the following result [10]:
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det(I +€A) =1+ ek (A) +e*L(A) + EM(A) + O(eh) (3.23)
with:
K=TrA
- T4 _ZTI(AZ) (3.24)
M =detA

In the case at hand, where A;; = ¥, ;, we have:

K=Y Y
i
1
L= Y (Yii¥;,; — YY) (3.25)
iZ
M = det[‘I’i,]-]

Each term above can itself be expanded in orders of ¥, so that a final, perturbative
expansion of the Jacobian can be written as:

T=JV+70+7® 4 .

— KD 4 (K@ 4+ £@) 4 (KO £ £0) £ MOy 4 (3.26)

where:

g0 = £ = quﬁ) (3.27)

@) _ r@) 4 @) _ 2,1 W (1) (1)
TV =@ 1 _;Tili+2§j{‘f@i‘f” ‘I’i,].‘i’].,i} (3.28)

IO =L£O 1 k® 4 MO = v Y {eP) - v+ derw])
: 7]

(3.29)

3.3 Solution to the Lagrangian equations of motion

We will now proceed to the solution of the equations of motion (3.19) and (3.20)

using the perturbative expansion given in (3.26). More specifically, we seek only
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a solution for the divergence of ¥, since, by assumption, the final field has no
vorticity (section 2.3). At first order, the pair (3.19) and (3.20) gives:

d? d 3 2] ()

i +Ho o2 Qu(a)H?*| ¥, =0 (3.30)
which has the same form as the linear equation obtained in the Eulerian frame
(chapter 2). The first-order solution is then:

k
‘I"(l)(k,n) =ig

In the EdS model (Q),;, = 1) one has ¥(") o 4", so that:

s (k)D(n) (3.31)

d T( ) n‘P(”)
da a o (3.32)
g _nn=D¥
da? a2
Equation (3.19) for ¥(") thus reads:
(689 4w, 2+ D) = 227 ) (3.3

To write the equation above strictly at nth order, one needs an expansion for the
operator (51-(?) + ‘I’i,]-) -1, Up to second order it can be written as [5]:

K)

K _
(0 +¥) =8 — ¥+ ¥ ¥, (3.34)

Equation (3.33) now gives:

TG+ %) B‘I’S) + 5?}?} —~ g(j ~1) -
— ;J(l)‘Pfl)—gT( v 5w = ;j() -
Z—’jﬂ)‘fﬁ) - ;‘I’S)‘I’( )1 5¢%) = j (3.36)
Using the expressions for 7 (1) and 7%, we finally obtain:
g ¥ vy )] +5¢17 = ;‘ff) +Z ¥l —‘I’S)‘Yl(?] (3.37)

which yields an expression for the second-order divergence:
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gc@ (3.38)

2 _¢@__3 W) _¢DyM] _ _
RE=% =4 ZZ]: i e =
Equations (3.31) and (3.38), together with the assumption of no vorticity, yield
a solution for ¥ (g, 77) at second order. One can proceed to an arbitrary nth order

by recursion. In general, the solution can be written as:

R d3ﬂ' 1 35(D
00 = T [ (™00 | Latan a0 0n0 ™ -y~ g2)
(3.39)
The first-order kernel, as we found above, is Li(k) = k/ k%. The second- and

third-order kernels are:

3 k (91-42)°
L= 2~ (1 492)" (3.40)
712 ( 9145
L=2% | (‘71"12)2 1 ((41+42)'q3)2
3= 55, |1 ol B
7k 91492 91 + 92193
. (3.41)
1k . . : .
ik 1_3<‘11 ‘12) 14292 4343 0
3k 1192 119293
Having found ¥, we can now obtain the density field through:
5(k) = / &x exp|—ik - x]6(x)
:/d3xexp[—ik-x][1—|—(5(x)] —/d3qexp[—ik-q]
(3.42)

=/d3qexp[—ik-(q—|-‘l’)]—/ d3gexp[—ik-q]
— [ @qexpl-ik-g)(exp[-ik-¥(q)] - 1)

where we have used the continuity relation [1 + §(x)] d3x = d3g.
To obtain the power spectrum, we compute the correlator:
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(6(k)6(K')) = </d3qe—ik-q(e—ik-‘f’(q) —1) /d3q’ e—ik/.q/(e_ik/_‘f(q,) B 1)>
— </d3q e—lkq(e—lk‘f(q) . 1) /d31’ e—ik"(q—r) (e—ik/"f(q—r) _ 1)>

_ /d3q e—i(k+k’)-q/d3r ok 7 <(e—ik-‘1’(q) 1) (e K ¥la-n) 1)>
(3.43)
where we have defined the relative variable r = g — q’. Cosmic homogeneity
implies that the expression between angle brackets cannot depend on 4. It is a
function only of r. The first integral can thus be evaluated separately, yielding a
Dirac delta function. We have:

(6(k)s(K"))y = (270)%6p(k + K') / dre T x
o~ ik[¥(q)—¥(q)] _ ,~ik¥(q) _ ,ik¥(q—r) | 1> (3.44)

S

= (27)%p(k + k) /d3r e ikrr (pmik AT _q)

where AY(r) = ¥(q) — ¥(q — r). It follows that the power spectrum is given, to
arbitrary order, by:

P(k) = / &rexp|—ik - #]{exp[—ik- A¥] — 1) (3.45)

If we assume the displacement field, AY, to be Gaussian, the cumulant-
expansion theorem can be used to bring the expectation value into the exponential:
(explik-AY]) = exp[—1/2((k-A¥)?)]. At first order, for ACDM, one gets the
so-called Zel’dovich solution [24]:

o i |
pZel (k) = / dgiel* 1 lexp (Dz(iy)kikj /p i—ZPL(p)(eq P 1)) - 1} (3.46)

where D(#) is the same as in the Eulerian case (section 2.3).

3.4 Galaxy bias

Galaxies form in dark matter halos, which are bound structures of dark matter.
One can get an analytical understanding of the relationship between the galaxy
and dark matter density distributions — the theory of “galaxy bias” — by studying
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the statistical properties of dark matter halos. If the halo is atypically massive,
one can reasonably suppose it to have evolved independently of its neighborhood,
i.e., as an isolated system [17]. Hence the simplest model of halo formation — the
“spherical-collapse model” — considers the collapse of an isolated, spherical region.

3.4.1 The spherical-collapse model

We consider a region of mass M and density slightly higher than the mean
density in the universe. We can compute its comoving radius by considering the
radius of a homogeneous region of same mass on the present day. Its density is:

M
pm(tO) = Qmpcr = —4:7TR3/3 (3.47)
which gives the “Lagrangian radius”:
) 1/3
R = 140n"M —— 4

That is, Ry (M) is the comoving radius of a sphere of mass M in an unperturbed
universe, with density differing only slightly from the mean matter density.

We now consider the dynamics of such a region, treating it as an isolated
system. Its metric is the same as in FLRW cosmology with a changed matter
density, p;;. The Friedmann equation thus reads:

- = f?,am (3.49)
The physical radius (not the comoving one) grows proportionally to the scale
factor. This yields the equation:

¥ 4G M

r 3 4md(t)/3
) CM (3.50)

We wish to solve the above equation under the following initial conditions:

r(tini) = a(tini)Rr,  7(tini) = 4iniRr (3.51)

That is, at the initial time, t;,;, the sphere is supposed to have had the comoving
radius, Ry, and to have expanded together with the Hubble flow.
The solution is expressed parametrically as:
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!
0.5 1.0 1.5 2.0 la

Figure 3.1: Solution of equation (3.50) describing the collapse of a sphere. It
initially expands according to the Hubble flow. At the instant of “turn around”,
t = tta, expansion halts and contraction begins. Source: [17].

r= %(1 —cos6)

; (3.52)
t=—2(0 —sinf)
T

It is shown in figure 3.1. Collapse happens at t = 2t,, where ty, is the instant of
“turn around”: the sphere stops expanding and begins to contract. The parameters
tta and r¢, depend on the initial size and overdensity of the region [17]. The chief
result is: if the region had an initial overdensity, d(tin;), such that its linearly-

evolved counterpart at time ¢ exceeds the threshold

2/3
o) (1) > 6 = g (37”) / ~ 1.686 (3.53)
then it has collapsed by time ¢ [17]. By “linearly evolved”, we mean an evolution
according to the growth factor of linear theory, D(t), presented in (2.33).

We now proceed to study the statistics of collapsed regions according to the
above model. What fraction of matter has collapsed into halos of mass M by the
present day? That is the fraction which, in the unperturbed universe, exhibited a
density satisfying condition (3.53). In other words, it is the fraction of present-day
linear density field such that §(r) > J.. The rms amplitude of fluctuations of size

R} in that field is:

) = [ S bl Win(kR) (35)

where Wry (kRp) is a top-hat window of size Ry, P(q) is the linear power spectrum
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today, and M is the mass corresponding to Ry (M).
Since the overdensity is a Gaussian field, the probability density of a given
value ¢ is [17, 5]:

1 1 &
P(0|M) = ————exp |~ 55—+~ 3.55
The fraction of the density field to have collapsed is hence:
00 00 x2
P(> 6|M) :/5 d6P(6|M) :/ dx exp [_E] (3.56)
c v

with the peak height v defined as v = 6./ 0.

From this one can obtain the halo mass function, i.e, the population density of
halos of a certain mass. By definition, it involves a derivative of (3.56) with respect
to M. It is given, more precisely, by the mean number density of structures of mass
M (that is, p/ M) multiplied by the fraction that has collapsed into halos of mass
M [17]:

2
v } dlno (3.57)

__ ]2 _v
n(M) = nMZUeXp[ 2| dinM

3.4.2 Halo formation in the presence of a long-wavelength matter
field

We now seek a relationship between the halo and matter overdensities. We
expect such a relationship to exist, since the presence of a perturbation of the large-
scale matter field at some point, §;(x), moves the overdensity closer or farther
from the threshold J..

One should recall that n(M) in (3.57) is also a function of v, and therefore of
Jc through the definition v = 4./c(M). In the presence of a long-wavelength
perturbation of the matter field, the collapse threshold becomes effectively J. =
dc — 0;. The effective peak height is then:

§c_5l
(o

(3.58)

U =

We now seek (7). Since J; is assumed to be small, one can expand 7 (¥) around
7]5,—0 = v. Hence:
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o on(7) 10%n(?) ,
n(v) =av) + 8—51(51 t5 502 o +... (3.59)
from which we obtain the galaxy overdensity:
(L (L)
n L b ) b
5g) = = —1=0"6(q) + 220 (@) + 30 (g) +...  (360)

We have assumed that the halo and galaxy overdensities are the same — which,
as shown in hydrodynamic simulations, is not far from the truth [30, 7]. The

Lagrangian bias parameters are defined as:

1 i
) = LI (3.61)
! 7199
With the mass function (3.57), one obtains:
2 _
bEL) _ v . 1
¢ 3.62
p _ V(2 =3) 02
2 = 53

3.4.3 Bias in Eulerian space

The treatment above was made in Lagrangian space — that is, in terms of the
initial matter field (in the almost-unperturbed universe) rescaled according to
linear theory. To arrive at the bias expansion in Eulerian space, one considers the

continuity relation:

[146(x)]d®x = d°¢g (3.63)

which establishes mass conservation.
Assuming that the halos are comoving with matter and their number is
conserved, we can write an analogous relation between the Lagrangian and

Eulerian halo overdensities [5]:

[1 + 5 (x)} & = [1 + 5 (q)} d3q (3.64)

Using (3.63), one can then relate Eulerian halo and matter overdensities:

58 (x) = 68 (q) + 6(x)8 (g) + 6(x) (3.65)
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At second order, this yields [5]:

1 22
o7 (x) = (b7 +1) 6@ (x) + 5 (b§” + %b?’) BN E)|" =265 (x) (366)

from which we can define Eulerian bias parameters, bi(E), such that:

b(E) 2
5P (x) = b5 (x) + . [5<1>(x)} + Y5 (%) (3.67)

In the above, s? = s;;57, and s;; is the tidal field:

sij(x) = { e —5}}] (x) (3.68)

The galaxy overdensity can also receive contributions uncorrelated with the
matter field. At second order, these are described by a “stochastic” component,
€(x,77), added to the bias expansion (3.67) [24]. If the galaxy distribution is

Poissonian, it gives a contribution to the power spectrum — “shot noise” — described

by:

(e(x,me(®, 1)) = Pe()s! (x —x') (3.69)

where Pe(7) = 1/7(1), and 7i(7) is the mean galaxy density.

Equation (3.67), with an additional stochastic component, had been the aim
of this chapter. Substitution of § (1), 52 and s? obtained in effective-field theory
(see (3.12)) will yield an accurate prescription for the galaxy overdensity on scales
as small as k ~ 0.3h Mpc’l. One must recall, however, that a number of free
parameters have been introduced along the way, and that these must be fit to the
data.

In the following, the theory reviewed in this chapter and in chapter 2 will be
put to use. A simple model of galaxy bias — with one parameter, b; —, together
with the EFT’s correction to the matter overdensity at second order, will be used
to constrain cosmological models in analyses of large-scale structure.

The accuracy of the linear-bias model is limited to scales larger than k ~
0.1h Mpc‘l. Data on smaller scales can still be included in the analysis, however,
if one takes proper account of theoretical uncertainty in that regime. This will be

based on assessing the linear model’s ability to predict the galaxy power spectrum
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for k-modes higher than k ~ 0.1ZMpc~!, and then including the quantified

“theoretical uncertainty” in analyses of those scales.



Chapter 4

Theoretical uncertainty on galaxy bias

The linear-bias model for the galaxy power spectrum is adopted in present-day
observational programs, such as the Dark Energy Survey [19]. It is known to lose
accuracy, however, on scales below k ~ 0.1nMpc~!. A standard approach to that
problem, the “scale cut”, consists in discarding data on k-modes above a certain
kmax. In this chapter, we test the inclusion of those modes in the analysis with
reduced statistical weight, which is assessed with respect the model’s credibility
— i.e., the theoretical uncertainty — in that regime. As we aim to show, this can
typically raise kmax from near 0.1h Mpc’1 to near 0.2-0.3 Mpc’l, with beneficial
effects on precision.

In our likelihood analyses, the theoretical prediction for the matter power
spectra will be given by EFT at one-loop order and in the Lagrangian frame, as
obtained in chapter 3. From this, the galaxy power spectra will be computed under
the assumption of linear galaxy bias — that is, with only the b; parameter in the
bias expansion. The mock data vectors used for validation, on the other hand,
will be generated from the EFT power spectra of one loop and the galaxy-bias

expansion at second order.

4.1 Power spectra of galaxy clustering and galaxy-gal-
axy lensing

We will assume the galaxy-bias expansion at second order in the matter

overdensity. In the Lagrangian description, it can be written as:

2
o () = B () + (512 () + ba(s)(g) @)

2 =

where ¢ is the initial position of the fluid particle. As seen in chapter 3, (s())
sf].L) (s(1), and sl(].L) is the tidal field:

33
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20;0; 1
L)y — | 29
) = |5 - 325 V@) 42)

To obtain the late-time overdensity, 5g(x, T), one makes use of the continuity

relation:

[1 + 5 (q)} &g = [1+ 64(x,7)] dx (4.3)

where x is the particle’s position at time 7. The initial and final coordinates are
related by the displacement vector ¥ (g, T), so that x(7) = g + ¥(g, 7). It will also

be convenient to define:

F(q) =1+ (q) (4.4)

Multiplying (4.3) by e *"* and integrating it, we obtain the Fourier transform
of [1+ d¢(x, T)] as:

(27)36®) (k) + 6, (k, T) = /dq3 e~k g+ ¥ @0 p(g) (45)
so that:
Og(k,T) = /dq3 e*ik'[ﬁ‘l’(q,r)]p(q) _ (27T)35(D)(k)

_ /dq3 o—ikq [F(q)e—ik-'f(q,r) _ 1]

which expresses the late-time, galaxy overdensity d¢(k, T) in terms of F(q), and

(4.6)

hence of the bias expansion in the Lagrangian basis, (4.1).
The power spectrum of galaxy clustering, Pe¢(k), is defined through:

Peg (k) (27)°6p (K + k') = (3¢ (k)05 (K')) (4.7)

One can then use (4.6) and (4.4), together with the Lagrangian bias expansion (4.1),

to write the galaxy power spectrum in terms of the Lagrangian bias parameters:

ng(k) = Zzboibojpoioj(k) (4.8)
i

with O; € {1,6,62,5%, V?6} and suitable definitions of POin (k) -e.g., givenin [12].
By adopting (4.1), we are neglecting cubic, Lagrangian bias parameters entering
the one-loop P(k) through the term Pj3(k). They have been shown to be negligible
in simulations [1]. The stochastic contribution to the galaxy field will be assumed
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to be described by shot-noise and accounted for at the level of the covariance
matrix (see (4.13) below).
The galaxy-matter cross-spectrum, on the other hand, is written as:

Pgm(k) = Zbo,-Plo,-(k) (4.9)

We are interested, in fact, in the angular power spectrum of galaxy clustering
and galaxy-galaxy lensing. These can be obtained from Py, (k) and Py, (k), in the
Limber approximation [21], through:

i)l (
gg—/ qub X ) (%,z(x)) (4.10)

Cdr —/ d?c )Pgm ()%,Z(x)) (4.11)

where ¢'(x) and g'(x) at bin i are the selection functions for clustering and lensing,
respectively, and x is the comoving radial distance. Specifically, ¢'(x) is the radial
density of galaxies in the lens sample, ¢'(x) = dN?/dx, and g'(x) is the lens
efficiency of a flat cosmology, given by:

. 2
¢(x ;gmH / dz i )( )X)x(a(xl(z)_x) @12

where 1'(z) is the radial density of galaxies in the source sample, (), is the matter-
density parameter, c is the speed of light, a(x) is the expansion scale factor as a
function of x, Hy is the Hubble parameter on present day, and ®(x’(z) — x) is the
Heaviside step function [20].

We will consider only the Gaussian components of the overdensity fields. The

covariance matrix is then [18]:

. 47o
ij ki — bb
Cov CAB(El)/CCD(@)} 0200 +1)Al .

. o .
{(Ci{c(&) +6504cNy ) (Chp (£2) + 830D Np)+  (4.13)
. - .
(Clip(t1) + 616 AN ) (Che (£2) + 6x0pcNp)

Here, uppercase letters A to D represent the probes (either g, galaxy count, or x,
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lensing) and indices i to k identify the redshift bin. The parameter (); denotes
the survey area, which we will take as the full sky ()5 = 1) for simplicity. A/ is
the length of ¢ binning. The expression above implies, for example, that there is
nonzero covariance between spectra projected in different redshift bins, as well as
between different spectra (Cge and Cgy) defined in the same redshift bin.

The parameters N, are probe-specific noise terms, of which we will be con-
cerned with shot noise and shape noise. The former will be given by Né =1/ ﬁ{ ens’
where 71}, is the mean galaxy density in the ith lens bin [20]. Shape noise is
NL = 202 /7l e, Where il .. is the mean galaxy density in the ith source
bin and o is the rms shear arising from the intrinsic ellipticity of galaxies and
measurement noise [18].

As to £-binning and redshift binning, we will adopt the year-10 conventions of
LSST-DESC [16]. These prescribe 20 ¢-bins logarithmically spaced between 20 and
15000. The tomographic analysis of galaxy clustering is segmented in 10 redshift
bins on the interval 0.2 < z < 1.2, spaced by 0.1 in photo-z. Of these, we selected
two for use in the estimations': (z) = 0.26 and (z) = 0.84 (figure 4.1). The analysis
of weak lensing is performed with 5 bins in that same interval, the photo-z limits
being chosen so that each bin represents the same galaxy density. We chose bins
(z) = 0.34 and (z) = 0.86 (figure 4.2).

The lens sample satisfies the distribution dn/dz « z%exp[—(z/z)*], with zg =
0.28 and & = 0.90 and an overall normalization of 48 arcmin~2. The photo-z scatter
is 0z = 0.03(1 4 z). The source sample satisfies that same parametric distribution
with zg = 0.11 and & = 0.68, and an overall normalization of 27 arcmin~2. The
photo-z scatter is 07 = 0.05(1 + z) in this case.

4.2 Marginalization over theoretical uncertainty

We will perform likelihood analyses of angular spectra under the assumption
of some nonzero theoretical error — namely, the systematic error arising from the
use of an incomplete bias model. The exact extent of that error can’t be known with
certainty, since nonlinear-bias parameters assume uncertain values. Therefore, the
theoretical error e will be treated as a random variable with an yet-unspecified
probability distribution P(e).

! An analysis of two bins is simple enough to highlight the effects we aim to study. It also takes
account of details not present in manipulations of one single bin, as cross-correlations between
spectra at different redshifts. For future work, we recommend these tests to be extended to more
realistic conditions, such as 10 and 5 redshift bins of lens and source samples, respectively.
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Lens sample: Redshift bins selected for the estimation

————— Lens sample
Il (z)=0.26
B (z)=0.84

0.0 0.5 1.0 15 2.0 2.5 3.0
z

Figure 4.1: Redshift bins of galaxy clustering selected for analysis. The lens sample
(dashed curve) satisfies the distribution dn/dz o« z%exp|—(z/z9)*], with zy = 0.28
and & = 0.90 and an overall normalization of 48 arcmin 2.

Source sample: Redshift bins selected for the estimation

————— Source sample
Il (z)=0.34
s (z)=0.86

20.04

17.54

[arcmin—2]

= = -
~J o N o
n o un o

dN/dz

Figure 4.2: Redshift bins of galaxy lensing selected for analysis. The source sample
(dashed curve) satisfies dn/dz « z%exp[—(z/z9)*] with zg = 0.11 and &« = 0.68
and an overall normalization of 27 arcmin 2.
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In a given inference problem, let d be a set of m data points — for example, the
angular spectrum of galaxy clustering, Cfg , measured at an m number /-values.
Let t(6) be the corresponding theoretical prediction, which depends on a certain
set of parameters 0 that one wishes to infer from the data. We are then interested
in the probability of 6 given d, P(6|d). Using Bayes’s prescription, this can be
related to the probability (or “likelihood”) of d given 6 through:

L£(d]0) Porior(6)
P(d)

The denominator in the above expression is independent of 6, so it can be

P(8|d) =

(4.14)

computed from the normalization condition for the probability. After a prior on
6 has been chosen, therefore, the probability P(0|d) is fully determined by the
likelihood L(d|6).

Let r be the prediction of a complete, unknown model describing the phenom-
enon in question. For example, ¥ would be the actual angular spectrum for galaxy
clustering at certain redshift bin, whereas d would be the spectrum measured from
the observed galaxy sample. Suppose the difference d — r satisfies a Gaussian
distribution, so that:

a—nea-nm (4.15)

1
e, P2

where C; is the covariance matrix describing the probability distribution of the

P(d|r) =

error between the data and the real quantity — in our example, the data and the
real spectrum.

Suppose, now, there is a non-zero theoretical error between the prediction of
a full model, r, which is unknown, and the prediction of the incomplete model
actually used in the analysis, . The theoretical error is then e = r — ¢, and will be
taken to be a random variable. Then the probability of obtaining the data given

the theory and the error can be finally written as:

P(d|t,e)=P(d|r=t+e)
(4.16)

i oc d—t— o

1
~ Vel Tt

If one is only interested on the likelihood of the data given the prediction of an

incomplete theory, ¢(6), the probability above should be be marginalized over the
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error:

L(d|t) = /deP(d 't,e)P(e)
1 1 (4.17)
= /de P(e) exp {——(d —t—e)C;l(d—t—e)T)
Vv (27)™"(Cy 2
Suppose, now, the theoretical error satisfies a Gaussian distribution with

covariance C, and mean é. Then:

Ldt) = {—%[(d—t—e)c;l(d—t—eﬂ

! /de exp
(270)™/|Cal [Cel (4.18)

For simplicity of notation, let f = d — t. Then the term between square brackets

can be written as:

(f—e)Cd_1 (f—e)T-l—(e—e')Ce_1 (e—é)T = e(Ce_1—|—Cd_1)eT—2(eCe_1€T
+€Cd_1fT) +fcd_1fT+éCe_1 &7
(4.19)
where we have used C] = C; and C] = C,. The expression above can be cast into
a simpler form by a procedure analogous to the completing of squares. It must be
identified with:

w—a) M (u—a)' —b=uM'tu" —2uMta"+aMta' —b  (4.20)

with suitable variables u, a, b, and M and assuming MT = M. Identification of
terms between (4.19) and (4.20) yields the relations:

Mt=c;lt+c!
a=(fC;t+ec;H(Cit+C !
b=—(f-2) (Ca+C) ' (f—2)

Then (4.18) can be written as:

(4.21)
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£l = \/W/ {_%[(”—“)M‘l(u—aﬁ—b}}
W )/d” exp{‘% (= a) M <u—a>T]}

(5
W (31 W/ W'M'
~ e s o o)

with Ct = C; + C,. Hence [6]:

L(d|t) = m exp{—% [(d—t—é) ;! (d—t—é)T}} (4.22)

After the assumption of a Gaussian theoretical error has been made, only
C. and é remain to be specified for the likelihood in (4.22) to be characterized
completely. Here some liberty of choice is inevitable, and akin to the freedom
commonly found in the specification of parameter priors. We thus proceed in this
way: we stipulate two reasonable choices, from a theoretical point of view, for C,
and ¢, and then put them to the test by analysing mock data with the likelihood
(4.22). We note this procedure has the same logical basis as the ones commonly
adopted in the choice of kmayx for a scale cut [19].

Following [6], we will begin by writing the covariance matrix C, as:

Ci" = EEppor (4.23)

with pyy = 1 for all £. The function Ey, named the envelope, defines the diagonal
elements of the covariance matrix and thus the variance of the theoretical error. It
can be taken as a measure of the overall size of theoretical uncertainty at a given
mode /. The coefficients p,y, on the other hand, specify the correlation between
the theoretical error at different modes. An obvious restriction on py is that C,
must be positive-definite and symmetric, C/¢' = /.

The uncertainty on galaxy bias can be assessed through simulations. This
is analogous to the procedure adopted by [23] to assess theoretical uncertainty
on baryonic-feedback models, in this case based on a set of 13 hydrodynamic
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simulations assumed to be representative of the phenomena of interest. Likewise,
[15], for example, used LasDamas N-body simulations [22] to quantify the uncer-
tainty on the one-loop perturbative model of dark matter and galaxies. In this
work, we will use results of [7] on the relations between parameters b, and b,» and
b1. These were obtained by fitting the nonlinear bias model to a set of IllustrisTNG
simulations. The best-fit values of b, and b, are given in terms of b; as:

by = 0.24 b7 +1.12b% — 0.44b; — 0.34

(4.24)
bo = —0.28 by + 0.09

with standard deviations of

o =044, 0,=022 (4.25)

independently of b;. Since the authors of [7] quoted these relations in the Eulerian
frame, we used the appropriate transformations at second order (for example, [1])
to express them in the Lagrangian frame, which is adopted in this work. These
are:

p{F) = M) 41

E 4 1 1, w1
P = 250+ Ty

(E) _ 2,1
S 7b

s2 1

(4.26)

(0 )

! )
As to the relation between the best-fit by25 and by, which is not provided by [7],

we use a result of [30] based on BACCO N-body simulations [3] and a subhalo-

abundance matching technique for the creation of galaxy catalogs. The relation

in terms of b: .

which can be inverted to yield b

thus found is:

bo2s = 0.2298 b3 — 2.096 b3 + 0.7816 by — 0.1545 (4.27)

already in terms of Lagrangian parameters.

The authors of [30] report 100% of their by25 samples to be contained in the

best—fit 5 bbestfﬁt
V25 VLN
ian distribution, we assume it equal to two times the 3¢ range, or the 99.78%

interval [b + 8]. To interpret that range in terms of a Gauss-

confidence interval, which implies:
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Ug2y = 2.17 (4.28)

We will show this modelling choice to be sufficient for the recovery of the fiducial
cosmology in an analysis with theoretical error.

The definitions of envelope and correlation coefficients adopted in this work
will be described in section 4.3. We emphasize that the stipulations on the form of
P(e) made here will be put to the test in a standard way — by applying them to
mock data. On a logical basis, they can be considered analogous to the various
hypotheses entering the choice of the kmax of a scale cut, which are afterwards put
to the test in the same way.

4.3 Models of theoretical-error covariance

In this section we discuss in more detail the models of theoretical-error likeli-
hood adopted in this work. As already noted in section 4.2, the probability of
theoretical error will be completely specified by three elements: (i) the envelope, E,,
which controls the diagonal elements of the covariance matrix; (ii) the correlation
coefficients, p;yr, which define its non-diagonal elements; and (iii) the mean error,
¢, which enters the modified likelihood (4.22).

4.3.1 Correlation coefficients

We begin with the specification of p,y, which will have the same form irrespec-
tive of the choices of envelope and mean error. Since these coefficients determine
the correlation between theoretical errors at different /-modes —i.e., a correlation
length —, they will be determined by the typical scale of variations of the spectra in
question. This will be the scale of baryonic acoustic oscillations (BAOs) correspond-
ing to each redshift bin; Algao ~ x(zc)Akpao, with Akgao ~ 0.05h Mpc ! [6] and
z., the central redshift of the given bin. This gives Algpo ~ 50 at z. ~ 0.5.
Furthermore, we define py in terms of a well-behaved function that guarantees

C. to be positive-definite:

(0= 0)?
)= ——— 4.29
prer = exp [ AR (4.29)

We also assume no correlation between theoretical errors in different redshift

bins. This can be thought as a conservative choice, since adding such correlation
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would increase the final precision on the estimated parameters. We will show it to
be sufficient, however, for a significant gain in precision with respect to the scale
cut.

4.3.2 Envelope

As to the envelope in (4.23), we will propose two definitions. A first choice,
named Envelope 1, will be the standard deviation of the error e = d — t when (i)
d is calculated with nonlinear-bias parameters satisfying the distributions (4.24)
and (4.27), given a choice of b, and (ii) t is the corresponding best-fit model
under linear bias, i.e., with only one b; parameter per redshift bin. Our routine
for the computation of the best-fit model will be similar to that adopted in [15].
Specifically:

1. The linear-bias vector, ¢, will be fitted to the data vector, d, using all ell-bins
from 202 to a certain variable f,x. We will note the XZ statistic of the fit as a
function of that maximum value, x> (Ymax)- Typically, there is a “breaking-
point” (PP after which x rises abruptly, indicating that the linear-bias model
begins to fail. We will choose the fit of t made with an /max smaller than
/°P, that is, ¢fid = Egﬁlx — A/, for some A/. Since the specific value of the
latter is not important — provided it is larger than zero, so the theoretical
prediction is made on a valid range of scales — we accord with [15] by setting
Al = 0.02/x(zp), where x(zp) is the radial distance corresponding to the

central value of a redshift bin.

2. We will vary the data vector by varying the nonlinear-bias parameters.
These will be sampled according to the Gaussian distributions measured in
simulations and specified by (4.24), (4.27), (4.25), and (4.28). For each such
vector®, we find the best-fitting linear-bias model in ¢-bins between 20 and
Eg{;x. We then compute the error e = d — t, whose standard deviation is, by

definition, Envelope 1. For this choice of envelope, moreover, we define € as

the average e in the distribution so generated. The range of relative errors

on Cégg ) and CégK) is shown in figures 4.3 and 4.4.

A second choice of envelope will be based on a looser stipulation. The error
e = d — t will be computed in what is deemed to be a typical case of nonlinear

2The minimum / is set at 20 to accord with the LSST-DESC conventions [16].
3We found the envelope to become stable - i.e., change little with each re-evaluation — when
that computation is made with 150 samples.
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Figure 4.3: Distribution of relative errors on Cégg )
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Name Envelope Mean error
Envelope 1 | Standard deviation of e(0) = d(0) — £ Averz%g)of_ef(B) -
Envelope 2 Typical error”: (6) = Same as the envelope

() — t

Table 4.1: Definition of envelopes and mean errors. Envelope 1 is the standard
deviation of the error when parameters 6 = {by, b, by2} satisfy the Gaussian
distributions specified by (4.24), (4.25), (4.27), and (4.28). Envelope 2 is the error
when these parameters assume the central values § = {by, b, b2} given by (4.24)
and (4.27). t denotes the best-fit theoretical vector.

bias — namely, when parameters by, b.>, and by2; satisfy the central values (4.24
and 4.27) found in simulations. We call that error Envelope 2, taken as the typical
size of the uncertainty on nonlinear bias. We also consider it equal to the mean
error &. Although seemingly less well-justified than the former envelope, we will
show this proposal yields desirable results when applied to mock data.

A summary of the two definitions of envelope adopted in this work, with
the accompanying definitions of the mean error, is given on table 4.1. They are
depicted in figures 4.6 and 4.7.

The inclusion of theoretical error in the covariance matrix effectively increases
the size of error bars, allowing the estimation to be performed on higher /-modes.
This is illustrated in figure 4.5, which shows x-by-eye plots of estimations with
Envelopes 1 and 2, respectively.

The augmented covariance matrix, Ct = C; + C,, corresponding to the fiducial
cosmology and the second choice of envelope, is shown on the right-hand side of
figure 4.8, for two redshift bins. One sees the usual covariance matrix C; on the

left panel of the same figure.

4.4 Likelihood analysis

In this section, we discuss the methodology to be used in the analyses below. In
particular, we seek to establish a common frame for comparison of results obtained
with a scale cut and with theoretical error. As mock data vectors, we will use
angular spectra of galaxy clustering and galaxy-galaxy lensing at two redshift
bins, according to LSST’s prescriptions summarized in section 4.1. These spectra
will be generated in accordance with the nonlinear-bias model at one-loop order.

To perform comparisons in a range of realistic conditions of bias, we will use
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Figure 4.5: Upper and lower panels show plots of estimations with Envelopes 1
and 2, respectively. The inclusion of theoretical error increases the size of the error
bars (purple shade), allowing larger deviations between data and model vectors to
be accommodated. This is specially valid on small scales, where such deviations
become significant. In contrast, the error bars without theoretical error (yellow
shade) virtually fade for ¢ 2 200.
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Figure 4.6: Envelopes of galaxy clustering at bins 0 and 1. Definitions are given
on table 4.1.
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Figure 4.8: Left panel shows the usual cosmic covariance matrix for two redshift
bins. Right panel shows the augmented matrix Cr = C; + C., with non-diagonal
terms representing the correlation between theoretical errors on /-modes of the
same bin. We adopt the /-binning prescribed by LSST-DESC and calculate £ .,
from kmax = 0.3h Mpc_l.

three sets of data vectors differing in the strength of nonlinear bias. This is to avoid
that we misrepresent the effectiveness of one method because of an exceptionally
favorable (or unfavorable) data vector — e.g., a scale cut is expected to perform
better in cases of weak nonlinear bias. That this care must be taken is exemplified
by the results of [23], where the inclusion of theoretical error led to significant
gains in situations of moderate-to-strong baryonic feedback, but was ineffectual
(although harmless) when applied to models where these effects were particularly
weak — e.g., the MassiveBlack-II model.

For the main data vector used for testing, we choose parameter values similar
to those used to stress-test scale cuts in the Dark Energy Survey [19]. Our data

vectors are defined as:

1. Typical bias: The parameter b; has values 0.7 and 1.0 in bins 0 and 1,
respectively, which are slightly larger than usual for such redshifts (z, ~ 0.3
and z, ~ 0.8). These values (rather, their counterparts in the Eulerian frame)
are used by DES to validate scale cuts [19]. The parameter b, used in DES,
and also in this work, is interpolated from the b, — b; relation measured
from catalogs of redMagic-like galaxies [25]. b2 is computed from b; through
the co-evolution relation (in the Eulerian frame) b, = —4(b; —1)/7. The
parameter by, which is absent in the DES analysis, is computed from b,
from the best-fit value (4.27).
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(z) = 0.24 (z) = 0.86
b1 bz bSZ bvz bl b2 bsz va
Typical bias | 0.70 0.190 -0.200 -0.556 | 1.00 0.620 -0.280 -1.239
Low bias 0.70 -0.118 -0.354 -2.075|1.00 0.312 -0.434 -2.758
High bias 0.70 0498 -0.046 0963 | 1.00 0928 -0.126 0.280

Data vector

Table 4.2: Bias parameters defining the three pairs of data vectors used in the
analyses below. “Typical bias” has the same set of by, by, and b, values as the
vector used for validation in DES Year 3 [19], when translated to the Lagrangian
frame. The value of by2 is computed through (4.27), given b;. The parameters
entering “low bias” and “high bias” are obtained from the first set by applying
deviations of —0.70; and +-0.70;, respectively, where ¢; is provided in (4.25) and
(4.28).

2. High bias: All nonlinear-bias parameters (i.e., b, b2, and by2) are 0.7-c
deviated upwardly, according to the standard deviations (4.25) and (4.28).
We have checked that this results in Cégg) and CégK) nearly one standard
deviation stronger than the central spectra — that is, those computed with
the central parameters (4.24) and (4.27). This fulfills our requisite of strongly-

biased, but still realistic data vectors.

3. Low bias: All nonlinear-bias parameters are 0.7-¢c deviated downwardly.

The bias parameters defining each data vector are presented on table 4.2. We
emphasize that the “high bias” and “low bias” terminology refers to the signed
value of the bias parameters, not to their absolute values. For example, for bin 1,
the modulus |bg| is larger in the “low bias” than in the “high bias” case (table 4.2).
In this sense, both the “low bias” and “high bias” vectors can be said to represent
cases of strong nonlinear bias.

The fiducial cosmology is specified on table 4.3. We will take (), and o3 as
the only free cosmological parameters, whereas the linear bias b; at all redshift
bins will play the role of nuisance parameters. We assume uninformative priors
on both cosmological and nuisance parameters. The evolution of b, (z) within a
redshift bin will be neglected, an approximation that [19] has found satisfactory.

Implicit in the considerations below is that theoretical errors on galaxy bias are
fairly independent of the fiducial cosmology: the envelope is adjusted with mock
data set at the chosen cosmology to be later applied to data describing the actual
universe. One commonly assumes the same independence when computing the

kmax of a scale cut [26].
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Parameter | Fiducial value
Qe 0.266
QO 0.05
Q) 0
03 0.831
h 0.67
N 0.9645

Table 4.3: Fiducial cosmology. Only Q). and o3 (besides b;) are free parameters in
the estimations below, and uninformative priors are assumed.

The likelihood used in the analyses with the scale cut is Gaussian and specified
by the covariance matrix C; given in (4.13). The modified expression used in
analyses with theoretical error is that given by (4.22), where C. and & depend
on the model of theoretical error adopted. In both cases, one needs to choose

a set of eﬁf;llx for the analyses. We reduce the range of possibilities by fixing

lmax = kmaxX(zp), so that all Er(fl)ax are defined from a single choice of kmax.

The quality of results of one method depends on more than one factor: e.g.,
estimation bias, overall uncertainty, or quality of the fit. To facilitate comparisons,
we will establish a common frame: the values of kmax will be adjusted so that
both methods can recover the fiducial cosmology (). and og) with a tension near
0.3¢ in the marginalized, two-dimensional posterior. Fixing the desired tension
allows a simple criterion for the evaluation of relative effectiveness — namely, if
two estimation methods yield the same tension, the one which produces tighter
constraints will be deemed more effective. Because of the large granularity of the
¢-binning of LSST — where only 20 ¢-bins are used —, it won’t always be possible,
however, to select values of knax yielding a tension of exactly 0.30c with both
methods. In that case, we will chose a level close to 0.30c where that equality can
be approximately attained.

One may wonder why we still need to specify a kmax (or, equivalently, a set of
Kr(é)ax values) in the estimation with theoretical error. Ideally, theoretical uncertainty,
as expressed in the envelope, would rise steadily with the growth of ¢« and
become very great on scales at which the linear-bias model is known to fail,
somewhere around k = 0.2k Mpc~ . Such an envelope would lead to a smooth,
automatic suppression of modes where the model is unreliable, and one wouldn’t
have the trouble of specifying kmax. Although such a behavior is not hard to
conceptualize, we haven’t observed it in neither of the envelopes discussed in

section 4.3. Specifically, they don’t increase quickly enough with ¢, so that even ¢
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modes corresponding to k values beyond 0.31Mpc ™! have significant weight in
the statistical analysis and still contribute to estimation error. Hence, they have to
be removed by the ad hoc procedure of specifying a kmax.

To see more clearly that large k-modes still contribute to the analysis with
theoretical uncertainty, one may check the behavior of the figure of merit (FoM) of
the posterior with respect to kmax. That statistic is defined as:

FoM = ! (4.30)
\/ det[Syp/ 0fd,. 0% fi]

where S,z is the covariance matrix of the posterior, marginalized over the nuisance

(i)

parameters b, ’, and 0gq , is the fiducial value of parameter 6y, either (). or 0g. The

FoM is a measure of the estimation’s precision. We define, in addition, the figure of

bias as:

1/2

FoB = [Zﬁ:(éa - Bfid,a)s(;ﬁl(e_ﬁ — 0id,p) (4.31)
a,

which gives a measure of estimation error with respect to the overall uncertainty.

Here, 0, is the mean value of 6,.

If large k-modes didn’t contribute to the estimation, one would expect the
functions FOM (kmax) and FoB(kmax) to saturate for sufficiently-high kmax. This
would mean that the statistical weight of large k-modes was automatically sup-
pressed by the envelope, so that an increase in kmax would have no effects on either
estimation bias or the overall uncertainty. We haven’t observed this behavior with
neither of the envelopes defined in section 4.3, however. Figure 4.9 presents the
graphs of FoM (kmax ) and FoB(kmax ) in an analysis with Envelope 1, for illustration.
That they show no sign of saturation demonstrates that the envelope can’t be relied
upon to automatically suppress modes of small scales, so a kmax must be chosen in
the analysis with theoretical error as well. One can imagine the envelope growing
effectively to infinity at that point.

The necessity of fixing a kmax eliminates one of the expected advantages of the
theoretical-error method with respect to the scale cut — namely, that one wouldn’t
need to adjust the choice of kmax by running a long stream of MCMC analyses.
We will still argue, however, that at that same cost one can obtain increased
benefits — i.e., tighter constraints on cosmological parameters resulting from a
closer-to-optimal inclusion of modes in the analysis.

As regards practical implementation, we have used Velocileptors [12], in
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Figure 4.9: Figure of merit and figure of bias of an estimation with theoretical
error as functions of kmax. The curves show no sign of saturation as kmax increases
towards 2/t Mpc 1, which indicates that one can’t count on the envelope alone to
suppress large k-modes. The case above is of Envelope 1 and the typical-bias data
vector.

its RKECLEFT formulation, to compute the biased power spectra P(k) at one-
loop order in the Lagrangian description. These were projected on angular
spectra through the DESC Core Cosmology Library [13]. The evaluation of
likelihoods was based on the Monte Carlo Markov Chain sampler of Cobaya [28,
27]. It was enabled by resources supplied by the Center for Scientific Computing
(NCC/GridUNESP) of Sao Paulo State University (UNESP).

4,5 Results

Results of estimations with Envelope 1 are shown in figure 4.10. These were
obtained with mock data vectors representing the three cases of nonlinear bias
— “typical”, “high”, and “low” — defined in section 4.4. The mean-error vector
entering equation (4.22) is, in this case, computed as the actual average of the
theoretical error when nonlinear bias parameters satisfy the prescribed distribu-
tions, as noted in section 4.3.

To obtain comparable tensions on the estimated parameters, the analyses with
theoretical error (TE) and the scale cut were made with knax values of 0.3h Mpc‘1
and 0.08% Mpc !, respectively. Small tensions were then found with both methods:
0.11 with TE and 0.09 with the scale cut. With the “typical bias” data vector, one

obtains a considerable improvement of TE upon the scale cut, with a change of
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Theoretical error Scale cut
FoM | FoB | Tension | FoM | FoB | Tension
Typical bias | 2007 | 0.38 0.11 743 | 0.49 0.09
High bias | 1955 | 1.28 0.71 703 | 0.85 0.39
Low bias | 2046 | 0.64 0.28 778 | 0.31 0.02

Data vector

Table 4.4: Results with Envelope 1 and the scale cut. Estimations were made with
kmax equal to 0.3h Mpc ! and 0.08% Mpc !, respectively. TE performs significantly
better in terms of FoM for all test vectors, and yields a tension equivalent to the
scale cut’s in the analysis with “typical bias”. As for robustness — expressed in the
results with “high bias” and “low bias” —, both methods can recover the fiducial
cosmology with less than 1-¢ tension, but the scale cut has better performance.

170% in the FoM. This is due mainly to an increased precision on c3.

To test robustness, we performed analyses with other two vectors — “large” and
“low bias” — representing deviations from “typical bias”. (We recall that “high”
and “low” refer to the signed value (not the modulus) of bias parameters.) In all
cases, both methods were able to recover the fiducial parameters with less than 1c
tension. TE had slightly worse performance in this regard, as its tension rose from
0.11 to 0.71 when the “high bias” vector was given as input, whereas the tension
yielded by the scale cut rose only from 0.09 to 0.39. These results are summarized
on table 4.4.

Results obtained with Envelope 2 are shown in figure 4.11. Here, the mean-
error vector is equal to the error under typical bias conditions — that is, when
nonlinear bias parameters assume the central values (4.24) and (4.27). To obtain
comparable tensions, we have used kmax = 0.2h Mpc’1 for TE and kpax =
0.1 Mpc~! for the scale cut. We note that, due to the smaller size of Envelope 2
with respect to Envelope 1, the estimation could not be extended to the previous
limit of 0.3k Mpc~! without introducing considerable bias in the results. This
illustrates the need of choosing a kmax With some care even in estimations with
theoretical error.

In terms of relative effectiveness, the situation is similar to that seen with
Envelope 1. In the analysis with “typical bias”, the inclusion of theoretical error
led to considerable improvement in precision, with a gain of 52% in the FoM and
a smaller tension.

As for robustness, both methods — TE with Envelope 2 and the scale cut -
perform badly under “high bias”, yielding tensions higher than 1c. In the “low
bias” case, they could recover the fiducial parameters with less than 1-¢ tension,
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Figure 4.10: Results of the estimation with Envelope 1. Upper left, upper right,
and lower panels show results obtained with data vectors representing typical,
low, and high galaxy bias, respectively. Details are provided on table 4.4.
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Theoretical error Scale cut
FoM | FoB | Tension | FoM | FoB | Tension
Typical bias | 2090 | 0.73 0.26 1379 | 1.15 0.68
High bias | 1857 | 2.35 1.85 1344 | 1.94 1.37
Low bias | 2077 | 1.03 0.58 1304 | 0.56 0.16

Data vector

Table 4.5: Results with Envelope 2 and the scale cut. Estimations were made with
kmax equal to 0.2k Mpc ™! and 0.1h Mpc ™}, respectively. As with Envelope 1, TE
performs significantly better in terms of FoM for all data vectors, and yields a
tension equivalent to the scale cut’s in the analysis with the “typical bias” data
vector. In the test with the “high bias” data vector, neither of the methods can
recover the fiducial parameters with less than 1¢ tension. In the “low bias” case
they yield comparable tensions, but the scale cut shows better performance.

with the scale cut having a slightly better performance: its tension fell from 0.68 to
0.16, whereas TE’s tension rose from 0.26 to 0.58.

4.6 Conclusion

We have tested a method of handling data for which the available models are
unreliable. Two probes dependent on the galaxy overdensity have been considered:
the power spectra of galaxy clustering and galaxy-galaxy lensing. The angular
spectra have been computed in two redshift bins with the galaxy distributions
prescribed for the year 10 of LSST [16]. We have adopted the simplest model of
bias — linear bias, containing only one parameter per redshift bin — and considered
the true spectra to be given exactly by the nonlinear bias expansion at second
order and in the Lagrangian frame.

Our approach is based on the inclusion of theoretical uncertainty in the covari-
ance matrix. The task of specifying such a matrix has been simplified through
a few assumptions: that the theoretical error is Gaussian; that its non-diagonal
elements decrease according to a Gaussian law; and that there is no correlation
between theoretical errors at different redshift bins. The matrix is then determined
by two functions: the so-called “envelope”, which defines its diagonal elements,
and the correlation coefficients. Through the assumption of a Gaussian law for
their decrease, the latter are determined from a characteristic length setting the
width of the Gaussian function, which we took as equal to the BAO scale at the
given redshift bin.

We have tested two ways of specifying the envelope. “Envelope 1” is, by
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Figure 4.11: Results of the estimation with Envelope 2. Upper left, upper right,
and lower panels show results obtained with data vectors representing typical,
low, and high galaxy bias, respectively. Details are provided on table 4.5.
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definition, equal to the standard deviation of the theoretical error on power
spectra. By “theoretical error”, we mean the difference between the best-fit, linear-
bias prediction and the nonlinear bias spectrum. The standard deviation is then
computed from a set of nonlinear-bias spectra with parameter ranges consistent
with what is found in hydrodynamic simulations [30, 7].

As a second definition, we made the envelope equal to the theoretical error in a
typical scenario of galaxy bias. We took the latter to be determined by the best-fit
values of nonlinear bias parameters appearing in hydrodynamic simulations. This
is similar to recent approaches to modelling the theoretical error in the case of
baryonic feedback [23] or matter power spectra [15]. Envelope 2 was then defined
as the difference between that typical, non-linear bias spectrum and its best-fit,
linear-bias counterpart. We note that specifying a kmax is still required even in
the analysis with theoretical error, although that value is, in general, considerably
larger (2 to 3 times) than the corresponding value in the scale cut.

To compare this method with the scale cut, we performed likelihood analyses
on a set of three data vectors. The main vector, named “typical bias”, is similar to
what is used in the Dark Energy Survey, year 3, to validate scale cuts [19]. To test
robustness —i.e., the ability of one method to perform well under various realistic
conditions —, we included two other test vectors obtained from “typical bias” by
shifting the nonlinear bias parameters, by, b2, and by2, by 70% of their standard
deviations. This produced a “high bias” data vector, when all shifts were positive,
and a “low bias” vector, when they were all negative.

Aimed at a proof of concept, our analysis is simplified to some extent: other
systematic effects, such as intrinsic alignments, haven’t been included; the estima-
tion is made with only two redshift bins and two free cosmological parameters,
()c and 0g. We recommend further studies to be performed under conditions more
similar to those found in actual surveys.

We have found both envelopes to perform significantly better than the scale
cut with respect to precision on the estimated parameters. With the “typical bias”
data vector, indeed, the gains in the FoM with Envelopes 1 and 2 have been of
170% and 52%, respectively. As for robustness, although TE and the scale cut yield
comparable results, the latter’s performance is marginally better. That is, a change
in the data vector causes a larger shift in the o-tension obtained with TE than with
the scale cut. In general, however, both methods can recover fiducial parameters
with a tension smaller than 1c.

We have found the approach considered in this work to give satisfactory results
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when handling data for which one’s models are unreliable. Indeed, we note that
significant gains in precision have been attained without any change in the baseline
model - that is, still with linear galaxy bias. If robustness is deemed a priority,
then the performance with TE can be ameliorated by means of other definitions
of the envelope —e.g., as either Envelope 1 or 2, defined in this work, multiplied
by some scaling factor larger than 1. Further tests are thus recommended in this
regard.



Chapter 5

Conclusion

We have covered some of the effects of theoretical uncertainty on analyses
of large-scale structure. Our focus has been on probes dependent on the galaxy
density contrast — namely, the spectra of galaxy clustering and galaxy-galaxy
lensing. Measurements of the galaxy field yield information on the underlying
distribution of dark matter, upon which cosmological models can be constrained.

The inference from one spectrum to the other can be made through the galaxy-
bias expansion, which provides a connection between the galaxy and matter fields.
We have thus, before presenting such applications, reviewed the solution to fluid
equations in standard perturbation theory, as well as the corrections leading to an
effective field theory of structure growth.

At one-loop order, the galaxy-bias expansion is known to be accurate on scales
as small as k ~ 0.3h Mpc_l. It involves, however, at least four bias parameters.
Alternatively, analyses can be based on a simpler, one-parameter model and restrict
themselves to larger scales, with k-modes only as high as k ~ 0.1#Mpc ™. This
has the advantages of a smaller parameter space, and it is the approach adopted,
for example, in the Dark Energy Survey [19].

It is clear that, irrespective of the model informing one’s analyses, there will
be a range of scales for which it won’t accurately represent the phenomenon in
question —i.e., fluctuations of the galaxy number density. One conservative way
to deal with such limitations, the so-called scale cut, consists of simply neglecting
that part of the spectrum for which the model is unreliable. This means discarding
data on k-modes modes above a certain kmax, and it is the preferred method in
several present-day observational programs, such as the Dark Energy Survey
and the LSST [19, 16]. Although this approach guarantees the model’s accuracy
with respect to the data used in the analysis, it may unnecessarily reduce the
estimation’s precision.

In this work, we tested an alternative approach. It can be viewed as a gradual
scale cut: the k-modes included in the analysis are weighted down according to

the model’s credibility in that regime. That credibility, or the level of theoretical
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uncertainty on a certain scale, can be assessed in various ways. It is generally
dependent on the model’s ability to predict the power spectrum on given scales.
A comparison can be made, for example, between the theoretical power

spectrum based on the linear-bias model, P8¢/

, and a “true” power spectrum
taken to be given, for example, by the nonlinear bias model at one-loop order,
Pégg). When the error Pégg) (k) — Pt(gg) (k) is large, so is deemed the theoretical
uncertainty at k. That information can be included in the covariance matrix of the
analysis. As a result, the estimation can be extended to a kmax significantly higher
than the corresponding limit in the scale cut. Indeed, even if the additional modes
have reduced statistical significance — in proportion to the model’s credibility in
the regime in question —, one is still able to achieve higher precision for the same
level of estimation bias.

One inconvenient aspect of this approach is its greater complexity. Besides a
maximum k-mode, one must also specify a covariance matrix for the theoretical
error, a quantity with a large number of degrees of freedom. That problem may be
mitigated by the adoption of a few simple rules for the assessment of theoretical
error, from which the corresponding covariance matrix can be readily computed.
For some such options — namely, one based on the standard deviation of the
error and one on the error in a typical scenario —, we have compared the results
yielded by this technique with those of the more-conservative scale cut. We have
been able to achieve, in general, a higher performance in terms of figure of merit
and estimation bias. We expect these studies may be of relevance to analyses

implemented in future surveys.
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