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Abstract
Recent results have shown that a field non-minimally coupled to the 
electromagnetic Lagrangian can induce a violation of the Einstein equivalence 
principle. This kind of coupling is present in a very wide class of gravitation 
theories. In a cosmological context, this would break the validity of the 
cosmic distance duality relation as well as cause a time variation of the fine 
structure constant. Here, we improve constraints on this scenario by using 
four different observables: the luminosity distance of type Ia supernovae, the 
angular diameter distance of galaxy clusters, the gas mass fraction of galaxy 
clusters and the temperature of the cosmic microwave background at different 
redshifts. We consider four standard parametrizations adopted in the literature 
and show that, due to a high complementarity of the data, the errors are shrunk 
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between 20% and 40% depending on the parametrization. We also show that 
our constraints are weakly affected by the geometry considered to describe 
the galaxy clusters. In short, no violation of the Einstein equivalence principle 
is detected up to redshifts  ∼3.

Keywords: cosmology, general relativity theory modified, distance scale

(Some figures may appear in colour only in the online journal)

1.  Introduction

Modified gravity theories have appeared recently as an alternative to General Relativity (GR) 
when the last one faces some difficulties to explain some observations, as the accelerated 
expansion of the Universe, galactic velocities in galaxy clusters or rotational curves of spi-
ral galaxies. Among such new theories we can cite massive gravity theories [1], modified 
Newtonian dynamic (MOND) [2], f (R, T) theories [3], models with extra dimensions, as 
brane world models, Kaluza-Klein theories, string and loop quantum cosmology theories 
[4–6]. Nevertheless, some of these new theories naturally break the Einstein equivalence prin-
ciple (EEP), leading to observational consequences that deserve to be tested and verified.

Hees et al [7–9] have shown that a class of theories that explicitly breaks the EEP can be 
tested using recent observational data. Particularly, those theories motivated by scalar-tensor 
theories of gravity, which introduce an additional coupling between the Lagrangian of the 
usual non-gravitational matter field with a new scalar field [10–24]. In this class of theories, 
all the electromagnetic sector is affected, leading to a variation in the value of the fine structure 
constant (α = α0ζ(z), where α0 is the current value) of the quantum electrodynamics [25, 26], 
a non-conservation of the photon number and, consequently, a modification of the expres-
sion of the luminosity distance, DL(z), important for various cosmological estimates. In this 
context, the so-called cosmic distance duality relation, DL(1 + z)−2D−1

A = 1 = η, where DA 
is the angular diameter distance, as well as the Cosmic Microwave Background (CMB) radia-
tion temperature evolution law, TCMB(z) = T0(1 + z), are also affected. These variations are 
intimately and unequivocally linked (see next section).

Based on the results of [7–9], some recent papers [27–29] have also searched, using obser-
vational data, for signatures of that class of modified gravity theories which explicitly breaks 
the EEP. The authors have used angular diameter distances (ADD) of galaxy clusters obtained 
via their x-ray surface brightness jointly with observations of the Sunyaev–Zel’dovich effect 
(SZE) [30, 31], SNe Ia samples [32], CMB temperature in different redshifts, TCMB(z) [33, 34] 
and the most recent x-ray gas mass fraction (GMF) data with galaxy clusters in the redshift 
range 0.078 � z � 1.063 [35]. In the [27] it was considered ADD  +  SNe Ia sample, in [28] it 
was used ADD  +  SNe Ia  +  TCMB and in the [28], GMF  +  SNe Ia  +  TCMB. The crucial point 
in these papers is that the dependence of the SZE/x-ray technique and GMF measurements 
on possible departure from η = ζ = 1 was taken into account (see section 3 for details). The 
main result found was that no significant deviation for the EEP was verified by means of the 
electromagnetic sector, although the results do not completely rule out those models. Thus, 
additional tests are still required.

In this paper, we continue searching for deviations of the EEP by considering several 
cosmological observations and the class of models that explicitly breaks the EEP in the 
electromagnetic sector discussed in [7–9] . We consider a more complete analysis, including 
ADD  +  GMF  +  SNe Ia  +  TCMB data. However, in our analyses the GMF measurements are 
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used by using two methods: in the method I we use GMF measurements obtained separately 
via x-ray and SZE observations for a same galaxy cluster and in the method II the x-ray GMF 
observations of galaxy clusters are used jointly with SNe Ia data. Therefore, it is important to 
emphasize that we not only combine previous tests but add one more: the method I. As result, 
this more comprehensive analysis due to a larger data set allowed us to decrease the errors 
roughly by 20% to 40% depending on the adopted functional form for the deviation. Once 
more we show that no significant deviation of the EEP is verified.

This paper is organized as follows: section  2 we briefly revise the cosmological equa-
tions for a class of scalar-tensor theories based on [8]. The consequences for cosmological 
measurements are presented in section  3. The cosmological data are in section  4, and the 
analises and results in section 5. We finish with a conclusion in section 6.

2.  Scalar-tensor theories coupled to electromagnetic sector

A specific class of modified gravity theories characterized by a universal non-minimal cou-
pling between an extra scalar field Φ to gravity was studied recently by Hees et al [7–9]. In 
such scalar-tensor theories the standard matter Lagrangian Li and the scalar field Φ are repre-
sented by the action:

S =

∫
d4x

√
−g

[
fi(Φ)Li(gµν ,Ψi) +

1
2κ

(
ΦR − ω(Φ)

Φ
(∂σΦ)

2 − V(Φ)

)]
,

� (1)
where R is the Ricci scalar for the metric gµν with determinant g, κ = 8πG, where G is the 
gravitational constant, V(Φ) is the scalar-field potential, fi(Φ) and ω(Φ) are arbitrary func-
tions of Φ. Li is the matter Lagrangian for the non-gravitational fields Ψi, where for a mat-
ter content consisting of a perfect fluid, for instance, we have LMat(gµν ,ΨMat), where ΨMat  
stands for the field describing the perfect fluid. For the electromagnetic radiation we have 
LEM(gµν ,ΨEM), where ΨEM = Aµ stands for the 4-vector potential. From the extremization 
of the action (1) follows the Einstein field equations [8]:

Rµν − 1
2

gµνR = κ
fi(Φ)
Φ

Ti
µν +

1
Φ
[∇µ∇ν − gµν�]Φ +

ω(Φ)

Φ2

[
∂µΦ∂νΦ− 1

2
gµν(∂αΦ)2

]
− gµν

V(Φ)

2Φ
,

� (2)

where the stress-energy tensor is given by Ti
µν = (−2/

√
−g)δ(

√
−gLi)/δgµν. It is clear that 

the cases fi(Φ) �= 1 and/or Φ �= 1 will represent the break of EEP, while the limit Φ → 1, 
fi(Φ) → 1, ω(Φ) = 0 and V(Φ) = 0 corresponds to the standard framework, for some matter 
Lagrangian. The case ω(Φ) = constant  and fi(Φ) = 1 stands for the Brans–Dicke theory [24]. 
The dilaton [10] and pressuron theory [36] also follows from that action.

In order to study just the break of EEP due to a coupling of a single scalar field Φ with 
the electromagnetic sector of theory, which is motivated by the first term of the action (1) 
or the first term on the right side of (2), we just need to consider the usual electromagnetic 
Lagrangian coupled to Φ through fi(Φ). In which follows we will present the main results in 
the case where the electromagnetic field is the only matter field present into the action (1), 
although it is not a significant source of curvature (photons are just test particles non-mini-
mally coupled to Φ). In the vacuum the Lagrangian is [9]

LEM(gµν , Aµ) = −1
4

FµνFµν ,� (3)

R F L Holanda et alClass. Quantum Grav. 34 (2017) 195003
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with Fµν = ∂µAν − ∂νAµ and we will consider a coupling fi(Φ) = fEM(Φ). Variation of the 
action with respect to the 4-potential Aµ gives the modified Maxwell equations

∇ν ( fEM(Φ)Fµν) = 0.� (4)

Following the standard procedure in GR [37, 38], we expand the 4-potential as 

Aµ = �
{(

bµ + εcµ + O(ε2)
)
expiθ/ε

}
 and use the Lorenz gauge which leads to the usual 

null-geodesic at leading order. The next order of the modified Maxwell equations is given by

kν∇νb = −1
2

b∇νkν − 1
2

bkν∂ν ln fEM(Φ)� (5)

kν∇νhµ =
1
2

kµhν∂ν ln fEM(Φ)� (6)

where b is the amplitude of bµ = bhµ, hµ is the polarisation vector and kµ ≡ ∂µθ. The conser-
vation law of the number of photons is written as

∇ν

(
b2kν

)
= −b2kν∂ν ln fEM(Φ).� (7)

The wave vector in the flat FRW metric in spherical coordinate is 
kµ = (k0, kr, 0, 0) = (−k0, k0/a(t), 0, 0) and it can be showed that the quantity 
K = b(t, r)ra(t)

√
fEM(Φ(t))  is constant along a geodesic.

The flux of energy comes from the T0i component of the energy momentum tensor and is 
given by

F0 =
∣∣a0b2k0kr

∣∣ = k2
r b2

a2
0

=
k2

r K2

r2
0a4

0fEM(Φ0)
=

C
r2

0a4
0fEM(Φ0)

� (8)

where C is a constant. The emitted flux is

Fe =
C

r2
e a4

e fEM(Φe)
� (9)

where the index e refers to the emitted signal. The angular integral of this defines the luminos-
ity Le

Le =
4πC

a2
e fEM(Φe)

.� (10)

Finally, the expression for the distance of luminosity is

DL =

(
Le

4πF0

)1/2

=
a0

ae
a0r0

√
fEM(Φ0)

fEM(Φe)
= c(1 + z)

√
fEM(Φ0)

fEM(Φ(z))

∫ z

0

dz
H(z)

.

� (11)
Such expression clearly shows that DL is slightly modified for a non-minimal coupling fEM 
between the electromagnetic Lagrangian and an extra scalar field.

On the other hand, the angular diameter distance DA is a purely geometric quantity that is 
the same as in ordinary electromagnetism

DA(z) =
c

(1 + z)

∫ z

0

dz′

H(z′)
.� (12)

R F L Holanda et alClass. Quantum Grav. 34 (2017) 195003
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By comparing with (11) we have:

DL(z)
DA(z)(1 + z)2 =

√
fEM(Φ0)

fEM(Φ(z))
≡ η(z),� (13)

where we have defined the parameter η(z) related to fEM(Φ(z)) for convenience, when 
η(z) = 1, the above relation is also known as the cosmic distance duality relation (CDDR). 
The CDDR is a relation between angular diameter and luminosity distances for a given red-
shift, z, namely, DLD−1

A (1 + z)−2 = 1. This equation is an astronomical consequence deduced 
from the reciprocity theorem when photons follow null geodesics, the geodesic deviation 
equation is valid and the number of photons is conserved. It plays an essential role in cos-
mological observations and in the last years it has been tested by several authors in different 
cosmological context [39–44] (see table I in [45] for recent results).

As commented earlier, the kind of coupling explored in this paper leads to a variation in the 
value of the fine structure constant, α = α0ζ(z), violations of the cosmic distance duality rela-
tion, DL(1 + z)−2D−1

A = η(z), as well as a modification in the CMB temperature evolution 
law, TCMB(z) = T0(1 + z)1−τ , and these possible variations are intimately and unequivocally 
linked. As shown in [7] (see their equations  (12) and (34)), if one parametrizes a possible 
departure from the CDDR validity with a η(z) term, the consequent deviation in the CMB 
temperature evolution law and the temporal evolution of the fine structure constant have to be 
described by

∆α

α
= ζ(z)− 1 = η2(z)− 1� (14)

and

T(z) = T0(1 + z)[0.88 + 0.12η2(z)].� (15)

Deviation from such relations will have several consequences on cosmological observa-
bles, as modifications of angular diameter distances of galaxy clusters obtained via their x-ray 
and SZE observations, the gas mass fraction of galaxy clusters and the CMB temperature 
evolution law. Thus we have a robust method to test the break of the equivalence principle in 
the electromagnetic sector.

In this work, in order to better explore possible break of EEP, we consider four widely used 
parametrizations for the η(z) function:

	 •	P1: η(z) = 1 + η0z
	 •	P2: η(z) = 1 + η0z/(1 + z)
	 •	P3: η(z) = (1 + z)η0

	 •	P4: η(z) = 1 + η0 ln(1 + z)

where η0 is the parameter to be constrained and the limit η0 = 0 (or η(z) = 1) corresponds to 
no violation of the EEP.

3.  Consequences for cosmological measurements

In the following sections, we discuss the consequences of the EEP breaking on cosmological 
measurements and explain the basic equations used in our analyses.

R F L Holanda et alClass. Quantum Grav. 34 (2017) 195003
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3.1.  Angular diameter distance of galaxy clusters

The angular diameter distance of galaxy clusters can be obtained from their Sunyaev–
Zel’dovich effect (SZE) [46] and x-ray observations [31, 47]. In this point, it is important to 
discuss the key points of this technique. The SZE is a small distortion of the CMB spectrum, 
due to the inverse Compton scattering of the CMB photons passing through a population of 
hot electrons in intra-cluster medium. The temperature decrement in Rayleigh–Jeans portion 
of CMB radiation spectrum that crosses the center of the cluster is given by8

∆T0 ≡ T0f (ν, Te)
σTkBTe

mec2 ne0
√
πθcDAg (β/2) ,

� (16)
with

g(α) ≡ Γ [3α− 1/2]
Γ [3α]

,
� (17)

where Γ(α) is the gamma function, θc is the cluster core angular size, ne0 is the central elec-
tronic density of the intra-cluster medium, kB the Boltzmann constant, Te is the electronic 
temperature, T0 = 2.728 K is the present-day temperature of the CMB, f (ν, Te) accounts for 
frequency shift and relativistic corrections [49], and me the electron mass. The Thompson 
cross section, σT, can be written in terms of the fine structure constant (α = e2/c�) as [50]

σT =
8π�2

3m2
ec2 α

2,� (18)

where e is the electronic charge, c is the speed of light and � is the reduced Planck constant.
On the other hand, the x-ray emission is due to thermal bremsstrahlung and the central 

surface brightness is given by [51]

SX0 ≡ D2
AΛe

D2
L4
√
π

n2
e0θcDA g(β),� (19)

which clearly depends on the CDDR [51]. The term Λe is the central x-ray cooling func-
tion of the intra-cluster medium [52]. Thus, the angular diameter distance of a galaxy clus-
ter can be found by eliminating ne0 in the equations  (16) and (19), taking the validity of 
the CDDR and considering the constancy of α. However, if one considers α = α0ζ(z) and 
DLD−1

A (1 + z)−2 = η(z) �= 1, a more general result appears [51, 53]

DA(z) =

[
∆T0

2

SX0

(
mec2

kBTe

)2 g (β)
g(β/2)2 θc

]
×

[
Λeζ

3(z)

4π3/2f (ν, Te)2 (T0)
2
σT

2 (1 + z)4

1
ζ4(z)η(z)2

]
.

� (20)
The observational quantity in the above equation is

D data
A (z) =

[
∆T0

2

SX0

(
mec2

kBTe

)2 g (β)
g(β/2)2 θc

]
×

[
Λe

4π3/2f (ν, Te)2 (T0)
2
σT

2 (1 + z)4

]
.

�

(21)

So, the currently measured quantity is D data
A (z) = DA(z) η2(z)ζ(z), where DA(z) is the true 

angular diameter distance. In this way, by considering the large class of theories proposed by 
[7, 9] where the relation (14) is valid, we have access to [27]

8 For simplicity, we assume the spherical β-model to the galaxy clusters [48], where the electron density of the hot 

intra-cluster gas has a profile of the form: ne(r) = ne0

[
1 +

(
r
rc

)
2
]−3β/2

.

R F L Holanda et alClass. Quantum Grav. 34 (2017) 195003
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DL

(1 + z)2Ddata
A (z)

= η−3(z).� (22)

By using the equation above, we define the distance modulus of a galaxy cluster (GC) data as

µGC(η, z) = 5 log[η−3(z)Ddata
A (z)(1 + z)2] + 25.� (23)

Thus, if we have SNe Ia distance modulus measurements, µ(z), at identical redshifts of galaxy 
clusters, we can put observational constraints on the η parameter.

3.2.  Gas mass fraction of galaxy clusters

Here, we can put limits on η(z) from two methods:

3.2.1.  Method I.  The gas mass fraction is defined as [54]

fgas =
Mgas

Mtot
,� (24)

where Mtot is the total mass and Mgas is the gas mass obtained by integrating the gas density 
model, for instance, the spherical β-model. Under the hydrostatic equilibrium, isothermality 
and the spherical β-model assumptions, the Mtot within a R radius is given by [55]

Mtot(< R) =
3βkBTe

µmGmH

[
R3

(r2
c + R2)

]
,� (25)

where µm and mH are, respectively, the total mean molecular weight and the proton mass, G is 
the gravitational constant and rc is the cluster core radius. On the other hand, the Mgas within 
a volume V is obtained by

Mgas(< V) =
8πne0mHr3

c

(1 + X)
IM(y,β),� (26)

where

IM(R/rc,β) ≡
∫ R/rc

0
(1 + x2)−

3β
2 x2dx,� (27)

x = r/rc and X is the hydrogen abundance. In this way, the gas mass fraction of a galaxy 
cluster is

fgas =
8πm2

HµmGne0

3(1 + X)βkBTG

[
(r5

c + r3
c R2)

R3

]
IM(

R
rc

,β).� (28)

The quantity ne0 in the above equation can be determined from two different kinds of observa-
tions: x-rays surface brightness and the Sunyaev–Zeldovich effect.

By Using SZE observations, the central electron density can be expressed as [56]

nSZE
e0 =

∆T0 mec2Γ( 3
2β)

f(ν,Te)TCMBσT kBTeDAπ1/2Γ( 3
2β − 1

2 ) θc
.� (29)

From the equation (18), one may show that the current gas mass fraction measurements via 
SZE depend on α as [57]

R F L Holanda et alClass. Quantum Grav. 34 (2017) 195003
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f obs
SZE ∝ α−2,� (30)

or still, if α = α0ζ(z),

f th
SZE ∝ [ζ(z)]−2.� (31)

On the other hand, from x-ray observations, the bolometric luminosity is given by [52]

Lx =

(
2πkBTe

3me

) 1
2 24e6

3�mec3 gB(Te)
2

(1 + X)
4πne0

∫ R

0

(
1 +

r2

r2
c

)−3β

r2dr.

� (32)
Defining

IL(R/rc,β) ≡
∫ R/rc

0
(1 + x2)−3βx2dx,� (33)

we obtain the equation for the bolometric luminosity

Lx =

(
2πkBTe

3me

) 1
2 24e6

3�mec3 gB(Te)
2

(1 + X)
4πn2

e0r3
c IL(R/rc,β),� (34)

which can be rewritten in terms of α as

Lx = α3
(

2πkBTe

3me

) 1
2 24�2

3me
gB(Te)

2
(1 + X)

4πn2
e0D2

Aθ
2
c rcIL(R/rc,β),� (35)

where DA is the angular diameter distance, ne is the electronic density of gas, gB is the 
Gaunt factor which takes into account the corrections due quantum and relativistic effects of 
Bremsstrahlung emission. However, the quantity Lx, the total x-ray energy per second leaving 
the galaxy cluster, is not an observable. The quantity observable is the x-ray flux

Fx = Lx/4πD2
L,� (36)

where DL is the luminosity distance. Thus, as one may see from equations  (35) and (36), 
ne0 is ∝ α−3/2DL/DA. Therefore, if α = α0ζ(z) and the cosmic distance duality relation is 
DL(1 + z)−2/DA = η(z), the gas mass fraction measurements extracted from x-ray data are 
affected by a possible departure of α0 and η(z) = 1, such as [57, 58]

f th
x−ray ∝ [ζ(z)]−3/2η(z).� (37)

As discussed in [57], current f obs
x−ray and f obs

SZE  measurements have been obtained by assuming 
ζ(z) = 1 and η(z) = 1. However, if α varies over the cosmic time, the real gas mass fraction 
from x-ray ( f th

x−ray) and SZE ( f th
SZE) observations should be related with the current observa-

tions by

f th
x−ray = ζ(z)−3/2η(z) f obs

x−ray,� (38)

f th
SZE = ζ(z)−2f obs

SZE.� (39)

In this way, as one would expect, fgas measurements from both techniques have to agree with 
each other since they are measuring the very same quantity ( f th

x−ray = f th
SZE). Thus, the expres-

sion relating current x-ray and SZE gas mass fraction observations is given by:

f obs
SZE = ζ(z)1/2η(z) f obs

x−ray.� (40)

R F L Holanda et alClass. Quantum Grav. 34 (2017) 195003
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Therefore, by using equation (14) [7, 9], we have access to

f obs
SZE(z) = η(z)2f obs

x−ray.� (41)

If one has f obs
SZE  and f obs

x−ray for the same galaxy cluster it is possible to impose limits on η(z).

3.2.2.  Method II.  Since galaxy clusters are the largest virialized objects in the Universe, one 
may expect that their cluster baryon fraction is a faithful representation of the cosmological 
average baryon fraction Ωb/ΩM , in which Ωb and ΩM  are, respectively, the fractional mass 
density of baryons and all matter. Thus, x-ray observations of galaxy clusters can be used to 
constrain cosmological parameters if one assumes that fgas is the same at all z [54]. For this 
context, x-ray gas mass fraction observations of galaxy clusters are used to constrain cosmo-
logical parameters from an expression [59–61] that depends on the CDDR, such as [62]:

f obs
x−ray(z) = N

[
D∗

LD∗1/2
A

DLD1/2
A

]
,� (42)

where the symbol * denotes the quantities from a fiducial cosmological model (usually a flat 
ΛCDM model where η = 1) that are used in the observations and the normalization factor 
N carries all the information about the matter content in the cluster. In the [62], the authors 
showed that this quantity is affected by a possible departure from η = 1 and the equation (42) 
must be rewritten as

f obs
x−ray(z) = N

[
η1/2(z)D∗3/2

L

D3/2
L

]
,� (43)

where the η(z) parameter appears after using DLD−1
A (1 + z)−2 = η(z).

However, as discussed earlier, the [57] showed that the gas mass fraction measurements 
extracted from x-ray data are also affected by a possible departure of ζ(z) = 1, such as

f th
x−ray ∝ [ζ(z)]−3/2� (44)

or, by considering the equation (14),

f th
x−ray ∝ η(z)−3.� (45)

In this context, the quantity f obs
x−ray may still deviate from its true value by a factor η−3, which 

does not have a counterpart on the right side of the equation (43). Then, this expression has to 
be modified to [29]

f obs
x−ray(z) = N

[
η7/2(z)D∗3/2

L

D3/2
L

]
.� (46)

Finally, the luminosity distance of a galaxy cluster can be obtained from its gas mass fraction 
by

DL = η7/3(z)D∗
L[N/f obs

x−ray(z)]
2/3,� (47)

and so, its distance modulus is

µGC(η, z) = 5 log[η7/3(z)DL∗[N/f obs
x−ray(z)]

2/3] + 25.� (48)

Again, if we have SNe Ia distance module measurements, µ(z), at identical redshifts of galaxy 
clusters, we can put observational constraints on the η(z) parameter.
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3.3.  CMB temperature evolution law

The last and more simple modified equation is the CMB temperature evolution law TCMB(z). 
According to the [7, 9], the standard CMB temperature evolution law, TCMB(z) = T0(1 + z), 
has been modified to

TCMB(z) = T0(1 + z)
[
1 + 0.12η(z)2] ,� (49)

if one considers violations of the cosmic distance duality relation such as DL(1 + z)−2D−1
A =  

η(z).

4.  Cosmological data

In our analysis, we use the following data set:

	 •	29 x-ray and SZE gas mass fraction measurements as given in [56] (see figure  2(a)). 
Actually, the sample consists of 38 massive galaxy clusters spanning redshifts from 0.14 
up to 0.89. In order to perform a realistic model for the cluster gas distribution, the gas 
density was modeled with the non-isothermal double β-model that generalizes the single 
β-model profile. An important aspect concerning the galaxy cluster sample shown in 
figure  1(c) is that some objects are not well described by the hydrostatic equilibrium 
model (see table  6 in [31]). They are: Abell 665, ZW 3146, RX J1347.5-1145, MS 
1358.4  +  6245, Abell 1835, MACS J1423  +  2404, Abell 1914, Abell 2163, Abell 2204. 
By excluding these objects from our sample, we end up with a subsample of 29 galaxy 
clusters. Moreover, it is worth mentioning that the shape parameters of the gas density 
model (θc and β) were obtained from a joint analysis of the x-ray and SZE data, which 
makes the SZE gas mass fraction not independent9. However, simulations have shown 
that the values of θc and β computed separately by SZE and x-ray observations agree at 
1σ level within a radius r2500, the same used in the La Roque et al [56] observations.

	 •	Two samples of angular diameter distance of galaxy clusters obtained via their 
SZE  +  x-ray observations. These samples are different from each other by the 

Figure 1.  In figure (a) we plot the 580 distance moduli (black squares) of SNe Ia [32], 
29 (red circle) and 25 (open circle) distance moduli of galaxy clusters from [30, 31], 
respectively. In figure (b) we plot the 40 gas mass fraction (GMF) data [35].

9 In all data with SZE observations used in our analysis the frequency used to obtain the SZE signal in galaxy clus-
ters sample considered was 30 GHz, in this band the effect on the SZE from a variation of TCMB is completely negli-
gible [65]. Therefore, we do not consider a modified CMB temperature evolution law in the galaxy cluster data.
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assumptions used to describe the clusters (see figure 1(a)). The first one corresponds to 
29 angular diameter distances of galaxy clusters compiled by [31]. The 29 galaxy clusters 
here are identical to those in the previous item, where the gas density was also modeled 
with the non-isothermal double β-model. The second one is that presented by the [30], 
where the x-ray surface brightness was described by an elliptical isothermal β-model. In 
this case, the galaxy clusters are distributed over the redshift interval 0.023 � z � 0.784. 
It is critical to consider different assumptions on the galaxy clusters morphology since 
the distance depends on the hypotheses considered. In both samples, we have added a 
conservative 12% of systematic error (see table 3 in [31]).

	 •	The most recent x-ray mass fraction measurements of 40 galaxy clusters in redshift range 
0.078 � z � 1.063 from the [35] (see figure 1(b)). These authors measured the gas mass 
fraction in spherical shells at radii near r2500

10, rather than integrated at all radii (<r2500) 
as in previous works. The effect of this is to significantly reduce the corresponding theor
etical uncertainty in the gas depletion from hydrodynamic simulations (see figure 6 in 
their paper and also [63, 64]).

	 •	The Union2.1 compilation SNe Ia sample [32] formed by 580 SNe Ia data in the redshift 
range 0.015 � z � 1.4 (see figure 1(a)), fitted using SALT2 [66]. All analysis and cuts 
were developed in a blind manner, i.e. with the cosmology hidden. In this point it is 
important to detail our methodology: we need SNe Ia and galaxy clusters at identical red-
shifts. Thus, for each galaxy cluster, we select SNe Ia with redshifts obeying the criterion 
|zGC − zSNe| � 0.005 and calculate the following weighted average for the SNe Ia data:

µ̄ =
∑
(µi/σ

2
µi)∑

1/σ2
µi

,σ2
µ̄ = 1∑

1/σ2
µi

.� (50)

		 Then, we end up with 40, 29 and 25 µ̄i and σ2
µ̄i

 measurements when the sample from [35, 
31] and [30] is considered, respectively. Following [32] we added quadratically a 0.15 
systematic error to each SNe Ia distance modulus error.

	 •	The TCMB(z) sample is composed by 36 points (see figure  2(b)). The data at low redshifts 
are from SZE observations [33] and at high redshifts from observations of spectral lines 
[34]. In total, this represents 36 observations of the CMB temperature at redshifts between 
0 and 2.5. We also use the estimation of the current CMB temperature T0 = 2.725 ± 0.002 
K [67] from the CMB spectrum as estimated from the COBE satellite.

10 This radius is the one within which the mean cluster density is 2500 times the critical density of the Universe at 
the cluster’s redshift.

Figure 2.  In figure  (a) we plot the 29 GMF from [56]. In figure  (b) we plot the 36 
TCMB(z) data [33, 34].
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Figure 3.  Likelihood curves for the parametrizations P1, P2, P3 and P4, each row 
corresponds to a different parametrization. By considering the left panels, the solid 
green, black, blue and yellow lines correspond to analyses by using separately 
GC1  +  SNe Ia data, GC2  +  SNe Ia data, f obs

SZE/f obs
x−ray data and TCMB(z) in equation (51), 

respectively. On the other hand, by considering the right panels, the solid green, red, 
blue and yellow lines correspond to analyses by using GC1  +  SNe Ia data, GC3  +  SNe 
Ia data, fSZE/fx−ray data, and TCMB(z), respectively. In all panels, the dashed area are the 
results of the joint analysis by using these data set.
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5.  Analises and results

We evaluate our statistical analysis by defining the likelihood distribution function, L ∝ e−χ2/2, 
where

χ2 =
40∑

i=1

(µ̄1(zi)− µGC1(η, zi))
2

σ2
obs

+
29∑

i=1

(µ̄2(zi)− µGC2(η, zi))
2

σ2
obs

+
25∑

i=1

(µ̄3(zi)− µGC3(η, zi))
2

σ2
obs

+
29∑

i=1

(η(z)2 − f obs
SZE/f obs

x−ray)
2

σ2
obs

+
38∑

i=1

[T(zi)− Ti,obs]
2

σ2
Ti,obs

,

�

(51)

with GC1, GC2 and GC3 corresponding to samples from gas mass fraction [35], ADD [31] 
and ADD [30], respectively, and σ2

obs = σ2
µ̄ + σ2

µGC for each sample and T(z) given by equa-
tion (49). The distance modulus µ̄1(i), µ̄2(i) and µ̄3(i) correspond to weighted averages from 
the SNe Ia data for each i-galaxy cluster in samples present in [30, 31, 35] (see equation (50)). 
In our analysis, the normalization factor N in equation (23) is taken as a nuisance parameter 
so that we marginalize over it. The EEP breaking is sought for allowing deviations from η = 1 
for parametrizations as (P1)–(P4), if η0 = 0 the standard limit (with no interaction) for the 
electromagnetic sector is recovered.

The results for the parametrizations (P1), (P2), (P3) and (P4) are plotted in figure 3, each 
row depicting a different parametrization. The left panels show the results with the ADD 
data of Bonamente et al [31], while the right panels the ADD data of de Filippis et al [30]. 
By considering the left panels, the solid green, black, blue and yellow lines correspond to 
analyses by using separately GC1  +  SNe Ia data, GC2  +  SNe Ia data, f obs

SZE/f obs
x−ray data and 

TCMB(z) in equation (51), respectively. The dashed area are the results of the joint analysis by 
using these data set. On the other hand, by considering the right panels, the solid green, red, 
blue and yellow lines correspond to analyses by using GC1  +  SNe Ia data, GC3  +  SNe Ia 
data, fSZE/fx−ray data, and TCMB(z), respectively. Again, the dashed area are the results of the 
joint analysis. As one may see from black and red lines, the results of the analyses by using 
ADD  +  SNe Ia data do not depend strongly on the galaxy cluster sample used.

In table 1, we put our 1σ results from the joint analyses for the four parametrizations and 
several η0 values already present in literature which consider correctly possible variations of 
α and η in their analyses. For completeness we also added the case η(z) = η0 (P0), in this case 
the standard limit (with no interaction) in the electromagnetic sector is recovered for η0 = 0. 
As one may see, our results are in full agreement with each other and with the previous ones 
regardless the galaxy cluster observations and η(z) functions used. Moreover, our analysis pre-
sents most restrictive results and no significant break of EEP by means of the electromagnetic 
sector was verified.

6.  Conclusions

The amount and quality of data gathered by cosmologists in the last decades allowed the 
establishment of a standard cosmological model, dubbed the flat ΛCDM model. Along with it, 
these data also provide a myriad of opportunities to check the consistency of the cosmological 
framework and test for ideas beyond the standard model. One of the fundamental hypotheses 
of the cosmological framework is the validity of the Einstein equivalence principle (EEP). 
As it was recently shown in [7], a possible breakdown of the equivalence principle in the 
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electromagnetic sector can demonstrate distinct signatures, for instance, deformations of the 
cosmic distance duality relation (CDDR) and a time variation of the fine structure constant.

In this paper, we have looked for possible deviations of the CDDR and a time-depend-
ency of the fine structure constant as a test of the equivalence principle using four differ-
ent observables at low and intermediate redshifts. The high complementarity of the samples 
due to their different degeneracies allowed us to improve constraints on the deviations of the 
CDDR between 20 and 40%, depending on the parametrization adopted. The results point 
to a complete agreement with the validity of the EEP, which should be obeyed within a few 
percent regardless the considered parametrization. Future and ongoing surveys in different 
wavelengths will provide even more stringent tests to the EEP soon.
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