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Abstract

BCH codes over arbitrary finite commutative rings with identity are devived inwerms
of their locator vector. The derivation is based on the factorization of x* - | over the
unit ring of an appropriate cxtension of the finite ring. We present an efficient, decoding
procedure, based on the modificd Berlekamp-Masscy algorithm, for these codes. The
code construction and the decoding procedures are very similar to the BCH codes over
finite integer rings.  © 1999 Elsevier Science Inc. All rights reserved.
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1. Introduction

Linear codes over rings have recently raised a great interest for their new
role in algebraic coding theory and for their successful application in combined
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coding and modulation. A paper by Hammons et al. [1], has shown that certain
binary nonlinear codes can be viewed, through a Gray mapping, as linear codes
over the ring Z,. Gerénimo et al. [2] have further shown the existence of a class
of linear codes over the ring Z; X Zﬁ". k > 2, from which new binary non-
linear codes may be constructed. Note that this class of linear codes belongs to
the class of concatenated codes.

Early work by Shankar [3] extended the notion of BCH codes over GF(p) to
classes of codes over finite rings Z,,, with m a positive integer. Recently In-
terlando, et al. [4] have proposed a decoding procedure based on the modified
Berlekamp-Massey algorithm for these codes, defined over integer residue
rings Z,, where g is a power of a prime p. Since the Berlekamp-Massey al-
gorithm takes a sequence of elements from a field and finds the shortest linear
recurrence (or linear feedback shift register) that can generate this sequence,
Sloane and Reeds [5] extended the algorithm to the case when the elements of
the sequence are integers modulo m. where m is an arbitrary integer with
known prime decomposition.

Having the ring Z; x Z4™* as the main motivation for the construction of
linear codes, and in particular of cyclic codes, we present a construction
technique of BCH codes over finite commutative rings with identity and a
decoding algorithm for these codes. The construction technique is addressed, in
this paper. from the point of view of specifying a cyclic subgroup of the group
of units of an extension ring of finitc rings. The cac of the preblem is the
actorization of x* — 1 over the group of units of the appropriate extension
ring. The decoding algorithm consists of four major steps: (1) calculation of the
syndromes, (2) calculation of the elementary symmetric functions by a modi-
fied Berlekamp-Massey algorithm, (3) calculation of the error-location num-
bers. and (4) calculation of the error magnitudes.

This paper is organized as follows. Sections 2 and 3 describe the construc-
tion of BCH codes over local finite rings and over arbitrary finite rings, re-
spectively. In Section 4, the decoding procedure for BCH codes defined over
local finite rings. which is akin to the decoding procedure for BCH codes de-
fined over an integer residue ring Z,. is presented. We close this scction by
presenting some examples of the proposed decoding algorithm. Finally. in
Section 5 the concluding remarks are drawn.

2. BCH Codes over local finite rings

In this section we describe a construction technique of BCH codes over local
finite rings which is very similar to the one proposed by Shankar over Z,, [3].
This construction requires working on Galois extension rings, where some
properties of the Galois extension ficlds are lost. First, we review the key
properties of Galois extension rings. which serve to chacacterize BCH codes.
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Throughout this section 4 denotes a local finite commutative ring with
identity, with maximal ideal .# and residue field i = 4/.# = GF(p™), for
some prime p, m a positive integer, and 4[x] denotes the ring of polynomials in
the variable x over 4. The natural projection Alx] — K] is denoted by g,
where p{a(x)) = @(x). Thus, the natural ring morphism 4 — K is simply the
restriction of 4 to the constant polynomials. We employ the usual terminology
for poiyuointals, Le., monic, degree, etc. (see page 252 of [6)).

Definition 2.1. Let f(x) be a polynomial in Ax]. We say th..

e f(x)isaunit if there is a polynomial g(x) € A[x]. g(x) # 0, with f(x)g(x) = 1.

e f(x) # 0 is a zero divivor if there is a polynomial g(x) € 4lx], g{x) # 0, with
f(x)glx) =0.

e f(x) is regular if f(x) is not a zero divisor.

o f(x) is irreducible if f(x) is not & umt and whencver f(x) = g(x)h(x), then
g(x) or A(x) is a unit.

Let £(x) be a monic polynomial of degree /# such that u(/f(x)) is irreducible
over K (by Theorem XIIL7 of [6]. f(x) is irreducible over A). Let Alxl/{(f(x))
denote the set of residue classes of polynomials in x over 4 modulo a poly-
nomial f(x). This ring, denoted by R, is a commutative local ring with identity,
whose maximal ideal is * 7, = .4,/ (f(x)). where #, = (4. f(x)) and residue
field

R AN/ (Fx)y Ax] (d)- 4]

A R AT R T))

whose order is p™. The elements of R which are zero divisors form an additive
abelian group and consist of those polynomials of degree 4 — | (or less) whose
coefficients are all zero divisors in 4. By Theorem XIHi.2 of [6]. any element in
R having at least one coefficient that is a unit in 4 is 2 unit in R. Now, let R* be
the multiplicative group of units of R and let ] be the multiplicative group of
;. It follows that R* is an abelian group, and therefore it can be expressed as a
direct product of cyclic groups [6]. Here, we call attention to the fact that in
rings care must be taken regarding zero divisors. That said, we are interested in
the cyclic subgroup of R*, denoted by G,. whose elements are the roots of x* ~ |

for some positive integer s. The Theorem 2.1., which follows directly from [6].

Theorem XVIIL.2, provides the order of the subgroup uf interest.

K

Theorem 2.1, There is only one maximal cyclic subgroup of R* having order
relatively prime to p. This cyclic subgroup has order p™ — 1.

Denote by G, ihe cyclic subgroup of order s = p™ — I in R* which has as
elements all the roots of x* — 1. Next we report, without proof. two theorems
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from [7] that will serve as the'Lasiks for the construction of G.. These theorems
indivate 4 method for generating this cyclic subgroup.

Theorem 2.2. Suppose that x generates a subgroup of order s (divisor of p™ — 1)
in R*. Then x* — 1 can be fuctored as * — 1 = (x — 2)(x ~ %) ... (x — 2) if and
only if' 3 has order s in K3.

Any polynomial /#(x) which is a divisor of x* — I can be factored uniquely
over []. It follows from Theorem 2.2 that the factorization of A{x) over G, is
also unique. This is stated in the following corollary.

Corollary 2.1. 4 polynomial h(x), which divides x* - \ and has cocfficients in A,
can he factored over Gy as h(x) = (x — %% )(x ~ 2. .. (x -~ 2) if and only if h{x)
can be factored as h(x) = (x ~ 2 )(x =~ ¥7) ... (x - %) over the field |y,

The next theorem is useful in obtaining the generator of G.. iz follows di-
rectly from [6], Theorem XVIIL2, that d is a power of p.

Theorem 2.3. Suppose % generates a cyelic subgroup of order s {divisor of p™ .- 1)
in 18y. Then x generates a cyelic subgroup of order sd in R*, where d is an integer
greater than or equal to | and ¥ generates the cxvelic subgroup G, of R°.

Definition 2.2. A shortened BCH code % (n.y) of length #n < s over A has parity-
cieck matrix

R I Zn]

2 2 2

B K BT

H= M
2 .2 2t
H B o %, 4

for some ¢t > I, where 5 = (2. %,....%.) is the locator rector. consisting of
distinct elements of G,. The code % {n. ). with u == s, will be called a BCH code.
In this case, 5 is unique up to permutation of coordinates.

Thus. a codeword ¢ = (c1.¢s.....c,) € A" is in “{n.y) il and only if it sat-
isfies the following purity-check equations over R

L
Yo =0, 1=1.2...2 )
it

For [ 2 1. eachi parity-check equation in Eq. (2) trunslates into h equations
over the ring 4.

A parity-check matrix /' with elements over .4 can be obtained by replacing
cach element of / by the corresponding column vector of length 4 over A. It is
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possible to obtain an estimate of ¢ (minimum Hamming distance) directly from
the parity-check matrix.

Lemma 2.1 [7}. Ler x be an 2lement of G, of order s. Then the differcnces 2l - o
are units i R i O ) # I <s - 1. B
Theorem 2.4. The mininsum Hamming distance of a BCH code 6 (n.n) sutisfies
dz2r+ 1.

Proof. Suppose ¢ is 4 nonzero codewaind in %(a. ) such that wy(e) <2t Then
¢H" = 0. Deleting # — 2t columns of the matrix H corresponding to zeros of
the codeword, it follows that the new matrix H’ is Vandermonde. By Lemma
2.1. it follows that the determinant is a unit in R, Thus, the only possibility for ¢
is the all-zero codeword. O

Example 2.1, The ring 4 = Z»{i] = {0.1.i. 1 + i} is a commutative local ring
with identity. where the maximal ideal is . # = {0.1 + i} and the residue field is
W= d/ = Zs Let pe stly] — Za]x] be the natural pmju.uon The pelyno-
mial flx)=r"+x+1¢ .1[. | is such that #(f(x}) = x* +x+ 1 is irreducible
over Z»>. By Theorem XIIL7 of [6]. f(x) is irreducible over 4. Form the ring
R = Al]/{f(x))y and ihe sesidue field 3 = K[+1/(d (1)), whase order is
2% = 8. By Theorem 2.1. R has only one maximal cyclic subgroup. whose order
is 2 — 1 = 7. which we denote by G- But the element x such that f'(x) = 0 has
order 7 in R". Hence. the clemenis of Gy are L z..... 2%, ‘Letting 5 be
# == (Loa....9"). then if ¢ = | we have a BCH code %(7.5). By Theorem 2.4,
this code has minimum Hamming distunce ai least 3.

2.1. BCH Caodes as cvelic codes

In this section we show thai by choosing a particuler ordering
n={(%..... ) the encoding of BCH codes becomes very simple. In addition
to that, we refine our estimates of the minimum Hamming distance.

Recalling the definition of BCH code: ¢ = {¢j.ca..... ¢,;) is a codeword iff
et =0for L= 12000 20 where i = (2. %, %,) is ait arbitrary but
fixed ordering of the clements of G,. Although changing from one such or-
dering to another caanot affect the error correcting capabilitics of the code on a
memoryless channel. nevertheless there is a ~Sest”™ ordering for the purpose of
implementation. This ordering is to set %, = 2!, where 2 is a primitive elment
of G,. Thus, taking s = wand y = (L2 2. ... %'°1). where 2 is a generator of
G,. the matrix # in Eq. (1) defines a BCH code that has a generator polyne-
mial. Theorem 2.3 helps to determine the generaior of G, and from Corollary
2.1, it follows that the distinct elements in the sequence

R AT NN e U
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where ¢ = p™, are all the roots of M;(x), the minimal polynomial of «' over 4,
where « is a primitive elenient in G,.. Therefore, M;(x) can be constructed in a
very similar way to m;(x), the minimal polynomial of %' over I. As a conse-
quence, we have a cyclic code, that is, a code for which every cyclic shift
(Cks Chte v s s Cnat2€0:C1s ..+ o k-1 ) F @ codeword is also a codeword.

The important step in this construction is the factorization of the polyno-
mial ¥” - 1 over R". Once the cyclic subgroup G,, of order n such that » divides
p™ — 1, is known, the construction is reduced to the problem of properly
choosing the elements of this group to be the roots of the generator polynomial
g(x). Note that this polynomial is a factor of x* — 1.

Definition 2.3. Let « be a primitive element of G,. Then, a cyclic BCH code
defined over the ring 4 is a cyclic code of length »n generated by a mirumai
degree polynomial g(x) (over 4) whose roots are 2**'.a"*2 ... ¢"*¥_ for some
b=20 andr > 1. ie,

g(x) = km{M(x). Ma(x). ... . My{x)},

where M;(x). 1<i< 2, is the minimal polynomial of 2™/ over 4.

In this case. the locator vector is given by n = (o, a1, .. »fo-Dik+1y gnd
the parity-check matrix H is given by

1 ,!Iw{ x:(lw-!} e a!ml)(hfwl)
1 :(Ivv‘y-Z ’.!2”“ b3 I 1(::«1)1»«&»:)

U AU Q2R gin-Dhe20

The lowerbound on the minimum distance, derived in Theorem 2.5, applies
to any cyclic code. The BCH codes are a class of cyclic codes whose generator
polynomials are chosen such that the minimum distance is guaranteed by this
bound.

Theorem 2.5 (Generalization of [8, Theorem 9.1]). Le:i g(x) be the generator
- polyromial of a cyclic code over A, with length n=s, and let **', 0%, . .., 2+ be
the roots of g(x) in G,, where 2 has order n. The mivimun: Hamming distance of
the code is greater than the levgest number of consecusive integers meculo n in the

set E = {ey,ex...eni}.

Proof. Let mo.mg 4 1.....mg+dy - 2 denote the largest set of consecutive
integers moduls n in the set £. A ,veolic code with roots o, o2, .., o-¢ is the
null space of the matrix
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o (@)p - (@)
1 a (ae:)z eee (r‘:‘;""'
H =
1o (a4 )2 O )””'
Now, if no linear combination of 4, — 1 columns of the matrix

i oo '('1’"!&)2 .- {fmy’“
§ gt (fmr»!)z v (g )n*l
Hy =

, 2 -
1 grotda—2 (‘xnmnfu—l}- . (xmu\h&w-?)"l

is zero, then clearly no linear combination of &, ~ 1 columns of H is zero, and
by Corollary 3.1 of [8]. it follows that this code has minimum distance dy or
greaier. Matrix F, has the requisite property. This can be seen by examining
the determinant of any set of dy ~ 1 of its columns

() (“my’r (;(wu)idn '

(zmu *")il (_xmm l)i: . (a'"u“’)’-’er—‘

(fh,wiy.—»!)i: (1'"" nﬁ.~2)i3 s (2!”{)-'7'14!”'"2)1‘4’ :j

In what follows, we show that the determinant of the matrix A> is nonsingnlar,
i.e., it is a unit in R. Note that the determinant of the matrix H, is given by

det(Hg) = g(m;lj, o betfg 1) det(ﬂ;) (3)
where the matrix H; is given by
] 1 e 1
2ht 2’ - PO

2

H=| @) @ (2% 1)’
(_(xjt)lh—z (m,':)‘&,-vz . (IM"‘)‘A'-‘Z
The determinant of A3 is Vandermonde and it is given by
det(th) = [[(« - =) ‘ @
7
Thus, matrix H, is nonsingular if and only if Eq. (3) is a unit in R or
equivalently if and only if Eq. (4) is a unit in R. By Lemma 2.1. it follows that
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the determinant in Eq. (4) is a unit in R. Hence, no combination of ¢, — 1 or
fewer columns of # is lincarly dependent. By Covoliury 3.1 of 18], the code,
which is the null space of 4. has minimum Hamming distance at least . O

Example 2.2. Referring to, E\.lmple 2.1, if % is a root of g(x). then
2(x) = Mi{x) = (x — 2){x — 2 ){x — »*). Hence. the polynomial g(x) generates
a BCH code of length 7 over Zali] mth minimum Hamming distance at least 3.

3. BCH Codes over arbitrary finite rings

Let 4 be a finite commutative ring with identity. By ike Structure Theorem
for Finite Commutative Rings. Theorem VL2 of [6], the ring .f decomposes (up
to the order of product) uniquely as a dircet product (sum) of local rings, i.e..
there exists an isomorphism ¢ detined by

p:A— Ay xdsx - xd,

a— Ppla) = (P lap.dsla)..... ([,,.(u)).
where i A — A, =A/P". i=1.2..... L are the canonicai homomorphisms,
P. i=12.....r are the maximal id. .xls of d-and m s the smallest positive

integer such that () | P" = 0.

Theorem 3.1. Using the previous notations, the application
@0 Al] — Ayfx] < Aol % ox T

defined by pla(x)) = (plalx}). pstalx))... .. plalx))), where alxy = ay +arx
+ooetax € AR wnd @ la(n)) = Plan) + dlavF o dlax. i= L
2.....r is an isomorphism.

Proof. Clearly. ¢ is an injective homomorphism. For the surjective homo-
morphism. let z(v) be the polynomial g(x) = (gi{v). g(x).....g.(x)

e Ailx] x Aafx] x oo x A fx). where gV =d -y v +dx e 4,~[\'!
i=L2.....rn Smcc ¢ is an xsonmrphsm. there exivty  olx) = wn
+a X+ -+ an" € Afx]. where ) = (a).at.. ... ) i=0.1L2 " such

that ¢(a(x)) = g(x). Hence. ¢ is an isa.\morphl.sm. E!

Let us specify a monic polynomial in .4[x] in terms of the irreducible poly-
nomials in A;fx]. i = 1.2.....r. Let .#, be maximal ideals of the local rings 4;
and ¥, = 4,/.#; be the residue fields, for all i=1.2..... -. From Theorem
XIIL7 of [6]. if gi(x) in . !,{\] is a monic polynomial such lhd! g (x) is irre-
ducible in I¢,[x]. then g;(x) is irreducible in A,{x]. forall i=1.2..... r.
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Theorem 3.2. Using the previous notations, if gi(x) are monic polynomials of
degree h such that {gi(x)) are irreducible for all i = 1.2,--- v, then the mapping

Al Al Al

WA} — (& (Y)) (gv(\)) {g,{\'))

defined by
Plalx}) = (p{aix)) + {gi(0)..... ¢ lalx)) + (g(x])

is a suriestive homomorphism whose kernel is {f(x)). where f(x) = ¢ ' (g(x))
< Alx] is @ monic polynomial of degree h over the ring A w 11/1 the polynomial
&%) = (g1, g2x). .. g (%)) € Aifx] x Aafx] x -+ x A

Proof. Clearly ¢ is 2 homomorphism. For the surjectiveness. let i(x) be such
that

A M Al
M oy T X )
Thus. we have that h(x) = (& \') +{(@(¥))e- o h(x) + (g(x))), where

=\
hi(x) + (g{x)) € 43}/ {g(x)}. i =1.2.---.r. Since ¢ is surjective, there exists
a{x) € Alx} such that

pla(x)) = (plalx)p.... @ {a(x))) = (Mlxy..... h(x)).
Therel'ore. Ylaix)) = hix), ie, ¥ is sujective. It is “clear now that
(f(x)} C Ker(th). Otherwise
o({x)) = (@(x).82(0). .. &(2)) = (0, {1 (0)). 02 (). ... (£ (X))
Therefore. o,(f(x)) = g{x} for all i = 1. 2.....r. Considering h{x) € Ker(y),
i.e.,
Ylh(x)) = (@, (h(x)) + (@ x)). .. p(A(x)) + {g:(x))) =
it follows that ¢,(#(x)) = a,(\)g,( \') with a{ \') edly], i=1.....r. Considering

ie., ¢;(h(x)) = a,«(.r). i= 1.2 ..... r. Tnerdon «p,(i:(r )= :p,(bf v))m,\, (x)) =
o(blx) f(x).i = L2.....r. Thus, @(h(x))= (e, (h(x)}. @:LA{x))..... 0 (h(x))) =
o(b(x)f(x)). Since :p is m;ccuve hix} = Ax)f (&) ie. h(x) € {f(x)). Hence,
Ker() = (f(x)). O

Remark 3.1. It follows from Theorem 3.4.1 of {9] and Theorem 3.2 that the
mapping

oo AN Al Al Afx]

7T BT ) R P A P )
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defined by
Y (h(x) + () = (@1 (h(x)) +{&1(%).... . 0, (A(x)) + (g:(x))).

where A(x) € Alx], is an isomorphism.

Example 3.1. Let 4 be the ring Zs|i] = {a + bi: a:b € Zs}. We have that Zsli] is
isomorphic to Zs x Zs. Now, it can easily be shown that the polynomials x* + 2
and x* + 3 are monic and irreducible over the ring Zs. By Theorem 3.2, the
polynomial x* + i is monic over the ring Zs[i] and Zsli)[x]/(x* + i) is isomorphic
to Zs[x}/ (¥ + 2) x Zs[x]/{x* + 3).

The next theorem., Theorem XVIIL1 of [6], is fundamental in the decom-
position of the polynomial x* — | into linear factors over the ring R*. This
theorem asserts that for each element x € R* there exists a unique element
B=(B.ps.... B)ER; xRy x--- xR;.

Theovem 3.3. Let R=Ry xRax--- xRy, where R, i=1.2..... ¥, are local
commutative rings. Then R* iz the direct product {sum) of groups
R* =Ry xRy x---xR;].

Considering & = Alx]/{f (x)). R; == 4,[x]/{g:(x)).- #, as the maximal ideals of
Ai W, = A,/ ;= GF(p"} as the residuc fields of 4; and g, : 4;[x] — Kx]

the natural projections, for all i=12....r, we have that
T = (M gidx)) F{eilx)) are the maximal ideals of R; and
K = [“]/ g,(t)) - A ‘ (Ai/ //) Y] (p{n,h)
T T &)y T T e;(t)) gl ~ "

where & = deg(f), are the residue fields, for all i = 1,2,.--,r. Using the is-
omorphism ¢. we have that the direct product of codes over 4; is isomorphic to
a code over 4 and the minimum distance is min;(d;), where d; is the minimum
distance of the ith code aver 4;. i = 1.2.....r[10}

Theorem 3.4 indicates the condition under which x* — 1 can be factored over R*.

Theorem 3.4 B] The polynomial x* - 1 can be factored over the multiplicative
groip Roasc — 1= (x—a2)(x—2)...0x— o) if and only if B; has order s in
Ki. where  ged(s.p) =1, i=12.---.r, and x  corresponds 1o
B= B bz ) By Theorem 3.3.

Proof. Suppose that the polynomial x' — 1 can be factored over R* as
¥-l=(@-a)(x—o)...(x~2). Then x~1 can be factored over
R;. s' = L. oorasx — 1= (v~ﬁ,)(v—li‘) «(x —~ fi}). Now, it follows from
Theorem 22 thdt B has order s in . i = L.2....,r. Reciprocally, suppose

.....

that f; has order s in K. i=12..... r. Thus, from Theorem 2.2, ¥~ 1
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can be factored uniquely over R} s x*—1=(x—B)x—0%)...0x—f).
Taking x € R” as the inverse image of the element B=(8,.%....,8,)
ER}xRyx---xR (exists by Theorem 3.3), we have that
Hel=x—a)x—o2)-(x=u). O

Let H, . denote the cyclic subgroup of R* generated by-, i.c.. /.. contains all
the roois of x* — | provided the conditions of Theorera 3.4 are met. A BCH
code ¥ over 4 can be cbtained as the direct product of BCH codes 4; over 4;,
i=1,2,...,r, and the lowerbound on the minimum distance of the code % s
min;(d;), where ¢. is the minimum distance of the ith code %; over A
i=1,2,...,r[10]. To construct a cyclic BCH code over R*. we need to choose
certain elements of H,,, n = s, as the roots of the gencrator pulynomial g(x) of
the code. The BCH bound for this case is established by Theorcint 2.5 where the
local ring is replaced by an arbitrary finite ring and G, by H,,. So that,
ot o2, ... a%+ are all the roots of g(x} in H,,, we construct g(x) as

(t) !m{Mvi(x) M., (x) . 1’r‘&(x)}7 -

where M;(x} is the minimal polynomial of 2%, i = 1,2,---,n -- k. Theorem 3.5
provides us with a method for constructing M;(x), the minimal polynomial of &
over A. The proof is very similar to the one in [3]. For the sake of completeness
we repeat the proof here.

Theorem 3.5. Let Mj(x) be the minimial polynomial of o over A where x generates
Hyp. Then M;(x) = I'L es, (¥ = 2), where S; is all distinct elements of the sequence
{(@)": m=TI.,q}, forall O<s,§h—- land qi=p% i=12,... .h—1}

Proof. Let M(x) be the projection of Mj(x) over the field K; and M‘”(‘c} the
minimal poiynomlal of of over K[, for all i=1,2,....r. Clearly, M,(t) is
divisible by M ,i=1,2,....n Thus. among 111 _foots of M;{x) are the
distinct eiemems of the sequence ol i, od% ... %% (ith projection). Hence,
Mix) has, among its roots, distinct elemems of the sequence
o wt %, i §=1,2,....r. Thus, any element y of the form
7= (a’}"‘ isa root of M;{(x), 1<i<r, 0<s<h~ 1. Now, choose any £ such
that 1 <k <rand k # i. Then, we know that 7 in ;. a root of 3;(x) in K,
implics that (*v)"‘ is a root of Mj(x) (which has coefficients in GF(gy)), for all
1=01,. ~ 1. Hence, 7% = (a:f)"“’z is a root of M;(x). Proceeding in this
manner, we can show that M;(x) recessarily has as roots all distinct members of
S;. However, since M;(x) is the minimal polynomial of & over 4 and that all
distinct elements of S; exhausts all the roots of M;(x) it fellows that
Mi(x) = [Lies,(x—4). O .

Example 3.2. Let us construct 1 BCH code of length 24 with minimum
Hamming distance at least 5 over 4 =Zs[i]. The element a=a +1



RO A de dAndiade, R Patazzo Jr. | Linear Aigebra and its Applications 286 ( 1999) 6985

=1 (f,.f2) generates Hyay. where f; =1+ ;; are primitive elements of
R:. i= 1.2, respectively. Let 2*.%%. 2% 2" be speuificd as roots of g(v}. Then,
Mj(x) has as roots all distinct elements in the set S; = {2*.2™}: Ms(x) has as
roots all distinct elements in the set S5 = {x. 2°}: Ms{¥) has as root the element
25: and M;(x) has as roots all distinct elements in the set Sy = {%’.2'!}. Thus,
the polynomial g(x) = lem{M;{x). Ms(x). Ma(x).M7(x)} is given by
2(x) = (¥ — 2)(x — 2 (v — £°¥x — 2®)(x — 2")(x ~ 2'")(x — ™) generates a cy-
clic BCH code of length 24 over 4 with minimum distance at least 5.

4. Decoding procedure

Interlando ct al. [4] proposed a decoding procedure based on the modified
Berlekamp-Massey algorithm for BCH codes defined over integer resid:ie rings
Z,. where ¢ is a power of a prime p. We remark that with analogous proofs this
decoding procedure also applies to the BCH codes over arbitrary local finite
commutative ring with identity.

In this section, we present a decoding algorithm for % (n.n). based on the
modified Berlekamp-Massey algorithm, that corrects all errors up to Ham-
ming weight ¢. i.c.. whose minimum Hamming distance is greater than or equal
to 2t + 1.

We first establish some notation. Let R denote the ring defincd in Section 2

and x be a primitive element of G,. Lei e = (¢1.ca..... ¢,) be the transmitted
codeword and b = (by.bs.....b," be the received vector. The error vector is
given by e={(¢.en.... e, =b-~¢. Given a locator vector
T T I %) = (AL o), over {5, we define the syadrome values s;

of an error vector € = (¢;.¢2.....¢,) in the standard way
!

1=y b 130,

gt

When ¢ € % (n.y) is the transmitted codeword. the first 2r syndrome values s,
can be determined from the received vector b, as follows:

" i
"
si=Y epl=y bl =122
it 13

The proposed decoding algorithm consists of four major steps:

Step 1: Calculation of the syndrome s = (s5;.52.....5y) from the received
veetor:

Step 2: Calculation of the elementary symmetric functions 4y.05..... o,
frem the syndrome vector s:

Step 3: Calculation of tle error-focation numbers x;.x:.....x, from
[ TSN [11%9
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Step 4: Calculation of the error magnitudes 1y,3,....y, from x; and s,

Now. each step of the decoding procedure is analysed. There is no need to
comment on Step | since the calculation of syndromes is straightforward.

The set of possible errorlccation numbers consists of the elements
... o1, The clementary symmetric functions ay.61..... o, (where v denotcs
the number of errors introduced by the channel) are defined as the coefficients
of the polynomial

(x—x)x~x2) ... r—x) =+ 4+ X + o

In Step 2. the calculation of the elementary symmetric functions is equiva-
lent to finding a solution 6y.06:.....0,. with minimum possible v. to the fol-
lowing set of linear recurrent equations vver R

Sjve FSj@ F s a0 + 856, =0, j=12,....2 -y, (3)

where s1.52.. .. .53 are the components of the syndrome vector. A fast solution
to the system of linear equations in Eq. (5) is provided by the modified Be-
rlekamp-Massey algorithm, [4], that holds for commutative rings with identity.
We call attenticn to the fact that in rings care must be taken regarding zero
divisors, multiple solutions of the system of linear equations. and also with an
inversionless implementation of the original Berlekamp-Massey algorithm.
The algorithm is iterative, in the sense that the following » — /, equations
(called power sums)

ia}

(m (CH
S0y + Sp6) et s,6, =0

(] . {ny i
Sy-10y 8 20) ke b Sy, a6y = 0

(nh (LH {)
51,16y + 51,60+ 50, =0

are satisfied with /, as smail as possible and ¢ = 1. The polynomial
6(x) = 6" + 6{"x + -+ + 6}"'x" represents the solution at the nth stage. The
nth  discrepancy  will  be  denoted by d, and defined by
d, = S,,,,.m‘g” -+ s,,o“,") +eee 48, ;.;-1“0",::).

The modified Berlekamp-Massey algorithm for commutative rings with
identity is formulated as [4]: The inputs to the algorithm are the syndromes
S1.82....,53 which belong to R. The output of ithe algorithm is a set of values
o;, 1<i<v. such that the Eq.(5) hold with minimum . Let
a"Mxy=1.l,4=0.d =1 and ¢"(x) =1, ly=0. dy =5 be the set of
initial conditions to start the algorithm as in [8]. Thus. we have the following
steps:

I.n —~ 0,
2. If d, =0, then 6Pz} = a"(x) and [, | «~ I, and 10 g0 5:
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3. If d, #0, then find an m < » — | such that d, — 34, = 0 has a solution in y
and m — I, has the largest value. Then, ¢"*Vs) «— '™ (x) — 3" "6'™ (x)
and l,.; «— max{/,,/, +n-m};

4, If 1. = max{/,,n + 1 ~ I} then go to 5, else searsh for a sofution D"+ (x)
with minimum degree / in the range max{l,,n+ | — [,} <I{},., such that
o' (x) defined by D**"(x) ~ a"”(x) = x"""g'™(x) is a solution for the first
m power sums, d» = —d,, with 63" a zero divisor in R. If such a solution
is found, 6""*V(x) « D'"*V(x)and l,,; — &

5. I n(2 =1 then dpey — Spez+ S0ty 440+ Sn+:—ln..0‘)::“;

6. n — n+1;if n <2t go to 2; else stop.

The coefficients 6\, ¢5",...,0{ satisfy Eq. (5). The basic:difference be-
tween the modified Berlekamp~Massey algorithm and the original one lies in
the fact that the nhodified algorithm allows updating a minimal polynomial
solation ¢'*{x) (at the nth step) from a previous solution ¢ (x), whose dis-
crepancy can even be a noninvertible elemeat in the commutative ring under
consideration. This process does not necessarily lead to a minimal solution
a'**(x) (at the (n + 1)th stage). So, Step 4. calculated at Step 3, is checked to
be a minimal solution. This search consists of finding a polynomial ¢ (x),
satisfying certain conditions, and which is a solution for the first m power sums.
Since the number ¢f nolynamials ¢™(x) 1 be checked is not too large, Step 4
does not essentially increasc the complexivy, since the number of polynomials
6™ (x) to be checked is not large.

In Step 3. the calculation of error location nunibers over rings requires one
more step than over fields, because in R the solution to Eq. (5) is generally not
unique and the reciprocal of the polynomial ¢*(z) (output by the modified
Berlekamp-Massey algorithm), namely p(z), may not be the right error locator
polynomial

(z—x)z—x2)...(z~x),

where x; = o% (j is an integer in the range 1 <j < such that &; indicates the

position of the error in the codeword) are the correct error-location numbers, v

is the number of errors, and x is the generator of G,. Thus, the procedure for

the calculation of the correct error-location numbers [4] is given by

o Compute the roots of p(z) (the reciprocal of ¢®(2)), say, z;.2,.... 2.

e Amongthex; = a%, j=1,2,...,n, select those x;’s such that x; — z; are zero
divisors in R. The selected x;’s will be the correct error-location numbers and
k;. j=1,2,....n, indicates the position of the error in the codeword.

in Stry 4, the calculation of the error magnitudes is based on Forney’s
method [11], where the error magnitudes y;,1s,. .., ¥ are obtained through

v~i
. T 7iSv~ N
‘,,:,Zg__g__a.:; i=h2.y (6)
t0 O
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and the coefficierits o;; are recursively defined by
Gji = G; + Xj0j;-1. i=01...,v~1

starting with 6o = 6,9 = 1. Here, the critical part is to prove that the denom-
inator in Eq. (6) is always invertible or, in other words, that it is a unit in R.
From [11] we have that the denominator in Eq. (6) is a product

y=1
'
X H (X,' —x})v

i=1i#)

where each factor has the form o — ¥ with 0<i.j<n~1 and i#j The
factors (x; — x;) are of the form (!t — %), and from Lemnia 2.1, they are al-
ways units in the ring R.

Example 4.1. Let 4 be a (I157) BCH code over Z[i] generated by
g(x)=x3+x*+x>+x+1. The ring R is given by R=2Z,[i]/(x* +x+1),
where f(x) = x* + x + 1 is irreducible over Z»; Gis is the cyclic subgroup of R*
which contains all the roots of x'* — 1; « is a primitive element of G5 and
n=(1,%2,...,a%) = (af, 2%, ... 2%). By inspection, x,a%, 2®,a%,af, 2", &
and a'* are roots of g(x). Therefore, dnin(%¢) = 5. Hence, this code has an error
correction capability equal to ¢ = 2. Let H be the parity-check matrix. Assume
that the all-zero codeword ¢ = (000000000000000) is transmitted through the
channel and the error pattern is e = (0i0000000000010). Therefore the received
vector is then given by b=c+e and the syndrome vector is given by
s = bHT = (2 + 28, 2% + 2", 2% + o, 2% + 7). By the modified Berlekamp—
Massey algorithm we obtain that s¥(z) = 1 + 22z 4 222, The roots of
p(2) = 22 + al?z + 2" (the reciprocal of ¢/¥(z)) are z; = 2 and z» = «**. Among
the elements 2°=1lx2%....2"% x; =2 and x2=2% are such that
¥y — 21 = X2 ~ 23 = 0 (zero divisors in R). Therefore, x; and x» are the correct
error-location and k; = | and k14 = 13 indicate that two errors have occured,
one in position 2, and the other in position 14, in the codeword. The correct
elementary symmetric functions o; and ¢» are obtained from
(x=x1)(x = x2) = X% + (¥} +X2)x +x1%2 = ¥* + 61X + 63, Thus, 67 = 2% and
63 = 2'. Finally, Forney's method [11]}, applied to s, oy and g2, gives
6y =01 +x1000 =22 +2=0a® and 63 = 61 + X203 = 2* + ¢'* = 2. Thus,
by Eq. (6), we obtain that y; =i and y» = 1. Therefore, the error pattern is
given by @ = (0i0000000000010).

Example «.2. Referring to Example 3.1, if % is a (4, I)-code over Zs generated
by gi(x) = 2 + 3x + x* with minimum Hamming distance equal to 3 and if 62 is
a {4,1)-code over Zs generated by gi(x) = | +x +x°>+x* with minimum
Hamming distance equal to 4, the code % ~ % x %, over Zs has minimum
Hamming distance equal to 3. Let ¢; be a codeword of %, and ¢; be a codeword
of 6. Let ¢; and ¢» be given by ¢; = (2,3,1,0) and ¢; = (1,1, 1, 1). The direct
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product of ¢; and ¢x leads to ¢ x e = ({2.1). (3. ). (1. . (0, 1)). By the
isomorphism  between  Zs[i{v]/{x* +i) and the  direct  product
ZsIv]/ (v +2) x Zs[x}/(x* +3)  the corresponding codeword in % s
e=(4+4i.2+3i.1.3+0). In a similar way we obtain the remaining
codewords of . The decoding procedure for code = is as follows. Given the
received vector r = 1y < i, look up the closest value of each component of r to
the corresponding elements of Zsli][x]/ (x> + i). Once thex are known. use the
isomorphism to find the corresponding 2-tuple associated wiiit caci compo-
nent of r. Now. we know ry and ra. Therefore. decode ry by using the modified
Berlekamp-Massey algorithm for ;. obtaining ¢} and decode r> by using the
modified Berlckamp-Massey algorithm for %.. obtaining ¢5. Thus, the
transmitted codeword is ¢ = ¢} - ¢5.

5. Conclusion

In this paper we presented construction and decoding procedures for BCH
codes over finite commutative rings. These procedures followed essentially the
same lines as the ones for BCH covdes over integer residuc rings 7, where g is a
power of a prime. The construction and the decoding procedures for a BCH
code of length # over a finite commutative ring is based on the factorization of
x* — 1 over the subgroup of units of an extension ring. Once this is accom-
plished the procedure is analogous to that for the coustruction of BCH codes
over irteger residue rings Z,,. The decoding procedure is based on the modified
Berlekamp-Massey algorithm. The complexity of the proposed decoding al-
gorithm is essentially the same as that for BCH codes over iufeger: residue
rings. however. with ene more search for the corract roots of the error-locator
polynomia:, -
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