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Resumo

A integrabilidade da hierarquia de Korteweg de-Vries modificada supersimétrica com
N =1 (smKdV) na presenca de defeitos é investigada através da construgao de sua
transformacao de Bécklund supersimétrica. A construcao de tal transformacao é
realizada usando essencialmente dois métodos: a abordagem da matriz de defeito
e empregando o operador de recursao. Primeiramente, empregamos a matriz de
defeitos associada a hierarquia, que é a mesma para o modelo sinh-Gordon super-
simétrico (sshG). O método é geral e vélido para todos os fluxos da hierarquia e como
exemplo derivamos explicitamente as equacoes de Backlund para os primeiros fluxos,
sao eles ty, t3 e t5. Em segundo lugar, o operador de recursao relacionando tempos
consecutivos é derivado e mostrados que ele relaciona também as transformacao de
Backlund. Finalmente, esta transformagao de Backlund supersimétrica é empregada
para introduzir defeitos do tipo I para a hierarquia supersimétrica mKdV. Outros
aspectos de integrabilidade sao considerados, através da construgao das quantidades

conservadas modificadas, derivadas da matriz de defeito.

Palavras Chaves: Hierarquias integraveis; transformacoes de Bécklund; defeitos

integraveis; smKdV.

Areas do conhecimento: Fisica Matematica; Teorias de campos integraveis.
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Abstract

The integrability of the A/ = 1 supersymmetric modified Korteweg de-Vries (smKdV)
hierarchy in the presence of defects is investigated through the construction of its
super Béacklund transformation. The construction of such transformation is per-
formed by essentially using two methods: the Backlund-defect matrix approach and
the by employing the recursion operator. Firstly, we employ the defect matrix as-
sociated to the hierarchy which turns out to be the same for the supersymmetric
sinh-Gordon (sshG) model. The method is general for all flows and as an example
we derive explicitly the Backlund equations in components for the first few flows of
the hierarchy, namely t;, t3 and t5. Secondly, the recursion operator relating con-
secutive time flows is derived and shown to relate their Backlund transformations.
Finally, this super Backlund transformation is employed to introduce type I defects
for the supersymmetric mKdV hierarchy. Further integrability aspects by consider-

ing modified conserved quantities are derived from the defect matrix.

Keywords: Integrable hierarchies; Backlund transformations; integrable defects;
smKdV.

Areas: Mathematical physics; Integrable field theories.
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Chapter 1
Introduction

The study of two-dimensional integrable models is an important and beautiful
branch of research in physics. Such systems are described by partial nonlinear differ-
ential equations possessing soliton solutions. These solutions are nonlinear localized
waves which preserve their profile and velocity during propagation, even after the
interaction with another soliton. This is a novel feature having several applications
such as describing waves in shallow waters [1] and in blood pressure [2], signal prop-
agation in optical fibres [3], and so on. The stability of these solutions are directly
associated with the existence of an infinite number of conserved quantities ensuring
the integrability of the model.

Besides, the mathematical structure involved in the formulation and classification
of such systems is an interesting topic to explore. In this context an integrable
hierarchy is constituted of a set of integrable models. In such a way that equations
already known could be studied within the same formalism, this is the case of the
sinh-Gordon and mKdV equations, which belongs to the mKdV hierarchy.

The construction of an integrable hierarchy is based on the zero curvature condi-
tion in order to guarantee the integrability. This set of time evolution equations (or
integrable hierarchy) has in commom the spatial component of the Lax pair, varying
only the time component, such property enables the systematic construction of an
integrable hyerarchy.

Hence from this commom structure, the equations pertaining to the same hierar-
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chy are related by the so called recursion operator. Basically, applying this operator
in some equation gives us the consecutive corresponding time evolution equation.

An attractive topic to study is the introduction of special impurities or defects
within two-dimensional integrable models that preserves the integrability properties.
Integrable defects, as they are known, were introduced originally in [4, 5], as a set of
internal boundary conditions derived from a Lagrangian density located at certain
spatial position connecting two types of solutions.

The presence of these special defects has been studied in several models, including
sine(h)-Gordon [4], affine Toda field theories [5], the non-linear Schrédinger, and
other non-relativistic field theories [6, 7]. These models were studied using the
Lagrangian formalism and it was noticed that in order to repair the momentum
conservation the defect equations correspond to frozen Béacklund transformations
(BT) [8] and then preserve the momentum of the original bulk theory after including
some defect contributions. In the Lax approach, which will be used in this thesis, the
total integrability is ensured by the existence of the defect matrix that will generate
an infinity set of defect contributions for each conserved charge.

This kind of defect is then named type-I if the fields on either side of it only
interact with each other at the defect location. It is called type-II if they interact
through additional degrees of freedom associated to the defect itself which only exist
at the defect point [9, 11].

Several other interesting issues have been studied for these types of integrable
defects, among which the following are worth mentioning: the computation of the
higher order modified conserved quantities and their involutivity [12, 13, 14], quan-
tum description [15, 16, 17, 18, 19, 20, 21, 22, 23|, fermionic [24, 25, 26] and super-
symmetric extensions [27, 28, 29, 30, 31].

The main purpose of this thesis is to propose an extension of the framework
of integrable defects for the supersymmetric modified Korteweg-de Vries (smKdV)
hierarchy through the construction of the associated super Backlund transforma-
tion, by using the Lax approach. In refs. [32, 33|, authors have shown that the
smKdV and the super sinh-Gordon (sshG) equations belong to the same integrable
hierarchy based on the 5Al(2, 1) affine super Lie algebra. On the other hand, it was
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shown in ref. [34] that the spatial part of the bosonic Backlund transformation for
the mKdV hierarchy is universal within the entire hierarchy. Using this fact, it was
proposed in ref. [35] that the associated defect-gauge matrix is also universal and
provides the corresponding Bécklund equations for the entire hierarchy. Therefore,
it is quite natural to expect that such property will be preserved for the supersym-
metric extension in the sense that the super sinh-Gordon and other models within
the hierarchy will share the same defect matrix.

The presence of type I and type II integrable defects in the N' = 1 sshG model
has been already investigated in [27, 30, 31], through the Lagrangian formalism
and the Lax approach, where the associated modified conserved charges was derived
directly from the corresponding defect matrices.

The main goal of this thesis is the extension of the results obtained in [27, 30, 31]
for the super sinh-Gordon to the entire smKdV hierachy. This includes the system-
atic construction of the different time components of the Backlund transformations
and modified conservation laws. Our results are derived from the invariance under
gauge transformations of the algebraic zero curvature representation.

This thesis is organized as follows:

In the chapter 2 we summarise the necessary ingredients to construct an inte-
grable and a superintegrable hierarchies. In particular, we consider the supersym-
metric mKdV hierarchy.

In the chapter 3, we will derive the type-I defect matrix for the sshG model then
we construct the super Backlund transformation for the smKdV hierarchy by assum-
ing the universality of the defect matrix within the hierarchy. The key observation
is that the zero curvature representation is invariant under gauge transformation
connecting two different field configurations of the same model. This provides a
general framework from where the Backlund transformations for the various flows
can be derived. Explicit examples are worked out for the first three flows, namely
t1, t3 and t5.

In the chapter 4 we will propose an alternative construction of these super
Backlund transformations by employing a recursion operator.

In the chapter 5 we will generate an infinite number of conserved charges. Those
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are conserved with respect to all flows and in particular, we explicitly verify the
conservation of the simplest two charges with respect to the first three flows, namely
ty, t3 and t5.

In the chapter 6 we will investigate the introduction of the defect, which requires
a modification of the charges in order to ensure its conservation. Again explicit
examples are given for ¢, t3 and 5.

In the chapter 7 we will extend the results in the chapter 6 to compute higher
order of modified conserved charges, this is accomplished systematically assuming
the defect matrix to be responsible for the transition from one side to the other of
the defect.

The chapter 8 contains some conclusions and comments on future directions
to investigate. The explicit representation of the gl(2,1) superalgebra, and some
technical computations as well as long expressions for the defect matrix and super

Backlund transformations are contained in appendices A to F.




Chapter 2

Systematic construction of
integrable and superintegrable

hierarchies

In this chapter we introduce the main ingredients to systematically construct an
integrable hierarchy, as well as the changes that appear when we consider a superin-
tegrable hierarchy. Moreover, we consider the modified Korteweg de Vries (mKdV)

hierarchy and its supersymmetric extension (smKdV), as examples.

2.1 Integrable hierarchies

The construction of an integrable hierarchy from the zero curvature condition de-
pends on three important ingredients: a Kac-Moody algebra (é\), a grading operator
(Q), and a constant element (E).

The algebra G is obtained from a Lie algebra (G) by introducing the spectral

parameter A. Thus, if T" is a generator of G the generators of G will be given by
T = \"T, Teg. (2.1)

The grading operator ) decomposes the affine Lie algebra (Kac-Moody algebra)
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in graded subspaces as follows,

G=> gm. (2.2)

ne”L

In addition, we assume that
[Qﬁ(”)} =nG", [QA("%@(’”)] e Gorm, (2.3)

where n is the degree of the subspace G according to (). Therefore, the parameter
A is associated with the degree of the generator.

Finally, the constant element F* induces another decomposition into the affine
algebra

G = K(E)® M(E) (2.4)

where K(E) = {z € G/lz, E] = 0} is the kernel of E and M(E) = {z € G/|z E] #
0} is the image.

Then, considering the zero curvature condition,

[&U + Ax, (9,5]\, + AtN] - O, (25)

-~

where, A, and A;, are the Lax pair that belong to a Kac-Moody algebra (G) and
tn represents the time flow of an integrable equation.
Thus, as the Lax pairs belong to the Kac-Moody algebra they can also be de-

composed into kernel and image so we can define the Lax pair as

A, =E+ A (2.6)
Ay = DWW £ DW= 4 pW 4 pO (2.7)

where Ay € QA 0 ¢ M(F) and it depends on the fields of the theory, and D™ ¢ Q\ (m)
Now, substituting (2.6) and (2.7) in (2.5) we get

[0, + E+ Ao, 0y + DN + DW=V 4 4+ DO+ DO] =q. (2.8)

*For simplicity we will assume that E € _C'j(l).
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The decomposition of the above equation into graded subspaces yields to the

following system

(N+1): [E,D™M] =0,

(N) : 0, D™ + [Ag, DM + [E, DV =0,
(1) 0.DW + [Ag, DV] + [E, D] =0,
(0) : 9.0 + [Ag, D] — 9, Ay = 0. (2.9)

It is important to note that each D®) can be decomposed as (2.4), such that
D® = ¢, DF + b, D). (2.10)

Then, we have a system with N +2 equations, each one in its respective subspace.
This set of equations (2.9) can be recursively solved, starting with the highest grade
equation until the lowest one, which corresponds to the equation of motion for the
field in Ay.

In particular, the construction of the mKdV hierarchy is based on the G= ;\Z(Q)
affine Lie algebra, the grading operator is @) = 2d + %hgo)
is E=EY + EY.

The generators are {h(™, EL E(n)} and from (2.3) we get,

and the constant element

Q@ EL) = (2n+ B, [Q,h™] = 2nh™. (2.11)
Then the algebra can be splitted in even and odd subspaces, respectively,

G . {pmy,
G {E™, B (2.12)

«

Besides, from the commutation relations we can verify that
K(E) ={ED + EVVY, M(B) = {0, B — B0V (2.13)
Since 4y € G € M(E) we get that

Ay = u(z, ty)h® (2.14)
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where u(z,ty) is the field of the theory.
For N = 3 we get

(0. + E + Ay, 0y, + D + D@ + DU + DO] = 0. (2.15)

From the fisrt equation in the system (2.9) we obtain that D®) € K(FE) and each

D®) is decomposed as follows

DB — 6L3(E(1) + E(fo)[)’ D@ — bgh(l), DO — boh(o),
DY = 4y (EQ + EY)) + ¢, (B© — EY). (2.16)

By solving the system (2.15) we get the so called mKdV equation,

40,u = O2u — 6ud,u. (2.17)

2.2 Supersymmetric integrable hierarchies

In this section we extend the construction of the integrable hierarchy to the su-
persymmetric case. Whereas in the last section we dealt with a Lie algebra, now
we consider a super Lie algebra Q\, which has bosonic and fermionic generators.
Therefore, the Lax operators change by including semi-integer grades related to the

fermionic generators, as follows

Ay = E+ Ay + Ay, (2.18)
Ay = DWW 4 DW=V 4 DU/ 4 DO (2.19)

where 4y € GO € M(E), Aijp € G2 e M(E) and their respective components
are the bosonic and fermionic fields of the theory and D) ¢ QA (m) Tn addition, the

zero curvature equation becomes,

[0: + E + Ay + Avy2, 0y + D™ + DV 44 DU/ 4 DO = 0. (2.20)




Chapter 2. Systematic construction of integrable and superintegrable
hierarchies 9

The decomposition of the equation (2.20) into graded subspaces yields the fol-

lowing system

(N+1): [E DEVN)} —0,
(N+1/2): [E,DN"V2] 4[4, DM] =0,

(N) : 8, D™ + [Ag, DM + [E,DV=V] + [A; o, DN =,

(1) : 9, DY + [Ag, DV] + [E, D] + [A; 2, DI/?] =0,

(1/2): 0, D 1 [Ag, DY) + [Arjg, DO] = 9y Arjp = 0,

(0) : 0, D + [4y, D] — 0, Ay = 0. (2.21)

Now, we can recursively solve these equations and by substituting in the equation
for (1/2) grade we get ,

K 0D = [ DI, o] + DV, Ao (2.22)
M: O Ayyy=0,DY) (2.23)

and (0)
K: 8yAg=0,D. (2.24)

The equations (2.23) and (2.24) are the equations of motion for the bosonic fields

in Ay and the fermionic in A; /5. The next section is dedicated to the supersymmetric
mKdV hierarchy.

2.2.1 The supersymmetric mKdV hierarchy

We consider the affine super Lie algebra sl (2,1), with the principal gradation @ =
2d + %hgo) and the bosonic generators {hq, hy, E+,, }, and the fermionic generators

{E+as: Ei(ai4as) }- Moreover, the model is described by using the following combi-
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nations

F1(2n+3/2) - (E(n+1/2) _ E(n+1)) + (E(n+1) . E(n+1/2))’

altasg g —a1—Q2 —Q2
FED = (B, — BG4+ (BUEYD - B,
QPR = (BW,, + BOYD) 1 (BN 4 BT,
GEmP = (B + EOY) + (B, + EUSY),
KV = g0t o),

Ké?n—i—l) o 2H§n+1/2)
M1(2n+1) . E(n-l-l) E(n)

—Q] a1 )

MP = 2™, (2.25)

Now we can set the constant element as E = K + K® in such a way that the

generators are decomposed as follows,
il B
My, — {M2(2n), M1(2n+1)}7 Mjer = {G(Q +2)’ GéQ +2)}7

ICbos _ {K§2n+1)’ K§2n+l)}7 ’Cfer = {F(2n+ 5) F(2n+ )} ' (226)

Besides that Ay = u(z, t)M2 , Arjg = Vi(z, )Gy G| where u is the bosonic
field and ®) is the fermionic field.

The first equatlon in the system (2.21) shows us that D ) e K(E), then if we
consider that D ) e Kpos we have N = 2n + 1. Now, it is possible to expand each
term D by using the generators in eq. (2.26), as follows

n+3 n n
DE? +2) :72n+3F(2 +3) +52n+sG<2 +2)

D](\?n—i_l) 2n+1K(2n+1) + b2n+1K(2n+1) + 62n+1M(2n+1)7

(2n+ ) 2n+ 2n+35
DN 2n+1F< 2>+62n+1G( )
DY = dy, M,

n— 271—%
Dl(i )_PYZn 1F( )+52n—%Gg )7

D](\?n—l) _ a2n_1K£2n 1) + bgn_1K2(2n_1) + CQn_1M1(2n_1),
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(2n—%)

2n—3 2n—3
Dy = O‘znngz( 2 + ﬁan%Gg 2)>
DE\?nim = d2n—2M2(2n72)7

p& =VgF1(%) +5%G§%)7

DY = a kM + b K + MY,

D = O%F2(%) +5%G$%)

DY = do M. (2.27)
where {am, bm, ¢, dm } and {Qm, By Ym, Om + are functionals of the fields u and .

Substituting such parameterization in eq. (2.21), one can recursively solve for
all D™ m =0,--- N. Starting from the equation of degree N + 1,

K1Y + K5, i K2 by K7D 4 o M) = 0 (2:28)

We obtain, after using the matrix representation in the appendix A, that cg,41 =
0. Now substituting this result in the next equation in (2.21), i.e, the equation for
N +1/2, we get
Vi -
% = 7¢(a2n+1 + b2n+1)- (229)

From the equation for N we find that as, 1, bs,41 are constants and

52n+

don = Uz i1+ Vithog, 1. (2.30)
Proceeding in this way until the equation for N — 2, we get

(N =1/2): 9pag,41 — uBy,i1 + Vithdy, =0
OofPon i1 — Uy, 1+ 205, 1 =0 (2.31)
(N =1): Doy — 26301+ 2Vihy, 1 =0 (2.32)
(N =3/2) 1 OuYop1 — ubp,_1 + Vitheay 1 =0
0rp1 = Wop_1 + 20,3 — Vith(azu 1 +b2u 1) =0 (2.33)
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(N — 2) : Gxa%_l + 2uco,—1 — 2\/2&,62,1_% =0
a$b2n—1 + 2\/51/_}6271,—% =0
DpCan_1 — 2don_g + 2uan_1 + 2V itha,, s = 0. (2.34)

>
The subsequent equations are all similar to the above set, in the sense that the
equations for even grade will be similar to (2.32), the odd will be similar to the
set in (2.34). For the semi-integer degree equations the following combinations are
allowed if (N — 1 — even) then it corresponds to the set (2.31) and if the grade can
be written as (N — 3 — odd) it seems like (2.33).
Then for a specific n € Z, these results are resumed in the following way,

’L —
Cont+1 = O, B2n+§ - 7w<a2n+l + 62n+1)7
Qon+1 = constant boni1 = constant

don, = Ul2p41 + \/E&azwr%

g3 — Wyys_j + Vithdani1-j = 0 (odd j)
OoBonys_j = Ugyys_;+209,,1 ;=0 (odd j)
Opdopi1—j — 2Con—j + 2\/5&’72%%7]' =0 (odd j)
8x72n+g—j - U52n+g_j + \/Z@ZC%H—]‘ =0 (even j)
Dol 3 j = UVony3_j+ 20pn 1 5 — Vit(agns1—j +bani1-j) =0 (even j)
OpQont1—j + 2uCopi1—j — 2\/5&52%%—]' =0 (even j)
Opbony1-5 + 2\/%&527&%—]‘ =0 (even j)
OpCony1—j — 2dop—j + 2uaon11-j + 2\/;15042%%7]' =0 (even j) (2.35)

where j =1,...,2n.
As we observed in (2.22)-(2.24) the grade equation (1/2) in (2.21) yields

Opay = uffy — Vidy, (2.36)
_ 1
at2n+117/} = Z (amﬂé - UO(%) s (237)

Oyt = Dy, (2.38)
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Therefore the problem is to recursively solve the set of equations (2.35) varying

J, and after finding their respective coefficients together with (2.36) we obtain from
(2.38) and (2.37) the time evolution of the fields u, ¢ in a super integrable model.

The index n fixes one superintegrable equation among the infinite equations within

the hierarchy. Hereafter, we consider some examples.

n=20

For n = 0 we get from (2.35) that a; and b; are constant and

Vi

B = U(ar + by).

2

d() = u—i—\/;zZozl/g

From (2.36)-(2.38)

1

atlw = aﬂclﬁ_—.uaéa

7

)
opu = axu—l—\/%a%ax@.

By choosing a1 = 0 the equations for n = 0 are

atﬂz = aﬂﬂﬁ?

n=1

O, u = Oy u.

(2.39)
(2.40)

(2.41)
(2.42)

(2.43)

(2.44)

For n = 1 we obtain from (2.35) that az and b3 are constant and the following set

of equations,

dy = uas + @ag, ﬁg

Dyars — ufs + Vidhdy

&,ﬁg — uas + 25%

Oydy — 21 + 2\/5157%

aﬂ% - uég + \/%@Ecl

83;5% —uys + 26% — \/;1/_}(@1 +by)

o o o O O

2

Y (ag + bs)

(7=1)
(7=1)
(7=1)
(1=2)
(1=2)




Chapter 2. Systematic construction of integrable and superintegrable

hierarchies 14
Dpa1 + 2ucy — 2ViPBy = 0 (j=2)
Quby +2Vi0By = 0 (j=2)
Dy — 2do + 2uay + 2Viay = 0 (j=2) (2.45)
In addition, with (2.36), namely
Dpy = ufly — Vid, (2.46)
We get the following solution,
73 —\/;uw
03 —g N
c1 %amu
m o= 5 (i00.0 - )
B1 %aﬂ - %u%
b= 0,0
a1 % (u&pzﬁ — zzaxu)
dy %afu — %u3 + %ud—}aﬂz (2.47)

where we chose az = by = 1 and a5 = 0. Now, substituting these results in (2.37)-

(2.38) we find the AV = 1 supersymmetric mKdV equation

40, u = 8§u — 6u?0,u + 310, (u&,}&) ,

4@31; = 831/_1 — 3ul, (uz/_J) )

where setting the fermions to zero we recover the mKdV equation (2.17).
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Moreover, we can find the explicit solution for the Lax component A,, = D®) +
DG/ 4 D@ 4 pB/2) 4 pM) 4 DA/2) 1 DO namely

ap —I—)\1/2a1/2 +)\U+)\3/2 a4 — A M+ +)\1/2I/+ +)\\/ETZ
Ay = —Xa_ — \? —ag + A 2ay g — M+ X2 A2+ a4 22 |
N2 — xv_ + 22 g — N 20+ Wi 2M/2qy o + 2X3/2
(2.50)
where
1 - - R
a = 7 (a};u —2u® + 3iuwaxw) , aj/p = —%w&pw,
1 R Vi,
a+ = 5 (_a’ru + u? + Zwa’rw) ) Vy = 7(@@ + wu)a (251)
Vi _ - _
n=2

And for n = 2 the set of equations in (2.35) and the equation (2.36) we have

=0, fy=vid,
dy =u+ \/Mag
dpas — ufy + Vihdy =0 (j=1)
0,85 — uag + 207 =0 (7=1)
Dydy — 2¢3 + 2Vithyz = 0 (j=1)
0yy1 — udr + Vithes = 0 (j=2)
0,07 —uvz + 285 — Vig(as + bs) = (7=2)
Duay + 2ucy — 2V By = (j=2)

Dby + 2V B = (i=2)
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Dus — 2ds + 2uaz + 2Vias = 0 (j=2)
Opavs — ufls + Vithdy = 0 (j=5)
OufBs — urs + 205 =0 (7=3)
Dy — 261 + 2Vithys = 0 (j=3)
8:,;7% — u5% +Vihe; =0 (7=4)
0,03 — wys + 261 — Vi(ar +b1) =0 (7=4)
D1 + 2ucy — 2Vify =0 (7=4)
0:b + 2V 51 = 0 (i=4)
Ducr — 2dg + 2uay + 2Vihay =0 (7=4)

Dpars — ufls + Vithdy = 0

The solution of this system is given by

N
T = —7U¢
Vi -
1
c3 = §azu
1, - -
a = 3 (zwﬁxw — u2)
Vi Vi o-
Z — —
b3 = —§¢8z1/1
Vi _
as = & (u@xw — ¢8zu)
= Lo, Llsi30
dy = 483,1@ 2u + 4u1p8xw
0y = %; (3udyuth — 02 + 3u?0,0)

(2.52)
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1,5 3 i R A P
c = gﬁmu — —u“0,u + 58361“703361/) + Z—lm/@m@b
Vs = % (3u3¢ uf)Q@Z_) — 0Puap + 8xu0x1/_))
o= Sut et (0) — 0.+ SO0 — 0003
b= w00 + 000N — LUO%
Vi 2 7 2027 , Loa7 1 T
ﬁ% = 3 3utth — 3udPurp — (O,u)* — 2uP0%) + 5@1[) — §U8z’u8aﬂ/)
Vi 2 7 39 .7 793 37 2.7 792
ap = E(élu Oputh) — 4u” 0, — YOu + w0y — O,uds) + 0,00; u)
VI U P cugoni— Phutgo,d + oy
dy = 168xu+ 8“ U osu 8u(&gu) + 160“” )1 uSPO) + uwﬁ P
g
= 2.
b D02 (2.53)
where a5 = b; = 1 and ay = 0. Finally, the equations of motion provided by

(2.37)-(2.38) are
160, u = 02u—10(9,u)* — 40u(0,u)(9%u) — 10u*(02u) + 30u*(D,u)
+5i0,00, (u0?)) + 51000, (u0>1) — 4u0yt) + Opud*) + 2udyp),  (2.54)

160,10 = 020 — 5udy(ud) + 20,udph + O2up) + 1060, (u*)) — 10(0yu) 0y (Opur)).
(2.55)

The corresponding Lax component A, = D® 4 DO/ ... 4 DO ig explicitly
given in the appendix B.

Notice that these equations seem to be related, since their structure is the same.
In fact, due to the symmetries of these equations we can relate two consecutive
equations of a hierarchy through the recursion operator.

It is known that for the bosonic mKdV hierarchy the equations of motion can

be obtained from a recursion operator R by

1
Ou =R Ou = ( -D? —u? — 9,uDtu Ou (2.56)
4 Otont1

Otons Otont1
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where D = 0, and D! its inverse [37]. The supersymmetric case will be considered
in the chapter 4.
Moreover, we verified that the equations of motion for all members of the hier-

archy are invariant under the following supersymmetric transformations,

1

du=—iedp, 6 7
1

where € is a Grassmannian parameter.
Note that the Lax component A, = EM + A, + Ay /5 does not depend on the

index n, and will be the same for the entire hierarchy, and it is given by

A2 4y -1 Vi

A, = i\ A2y | ViN2g | (2.58)

\/E)\I/Z,& \/ZTZ 2/\1/2

Now, it is worth pointing out that the negative integrable hierarchy can be also

constructed by considering the following zero curvature condition,

[am + E(l) + AO + A1/27 at_M + D(*M) + D(*MJFl/Z) 4+ D(*l) + D(*l/Q)} = 0.
(2.59)

The solutions are in general non-local, however, for the simplest case of N =
—M = —1, we find that the Lax component A, , = DY 4 D(=1/2) g

)\71/2 _)\71 62¢> —)\71/2\/;7706(1)

A, = _e2 A—1/2 —ie? : (2.60)

Vie ® NTV2\/iqpe? 2\"1/2
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Together with (2.58) and the parametrization u = —0,¢ we get the following

equations of motion from the zero curvature condition

Oy ,0,¢ = 2sinh2¢ + 2itptpsinh ¢, (2.61a)
0,0 = 21cosha, (2.61b)
0,0 = 21 cosh o. (2.61c¢)

These are the equations of motion of the A/ = 1 sshG (supersymmetric sinh-
Gordon) model in the light-cone coordinates (z,t_;) [31, 33].

2.3 Soliton Solutions

Another interesting feature of an integrable hierarchy is that its solutions have an
universal structure and can be systematically obtained by the dressing method.
Here, we only show these solutions for mKdV and super mKdV hierarchies.

For the mKdV hierarchy the soliton solutions can be written as

1
¢1—sol = ln(l_'_pl)
—pP1

Do sol n (1 + bip1 + bapa + 0412?)1172,01/)2)
1— blpl - bzp2 -+ Oélgbleppo
¢37 l In (1 + Rl - R2 + R3 + 0612R1R2 + a13R1R3 + 0623R2R3 + Oé123R1R2R3)
S0 1-— Rl - RQ - R3 + CY12R1R2 + 0413R1R3 + 0623R2R3 — a123R1R2R3

(2.62)

where p; = exp (2k;x + 2k7""'t) and R; = a;p;, j = 1,2,3.
In order to satisfy the respective evolution equation within the hierarchy we have,

(kl—kg)Q (@—kg)? <k1—k3)2
a = 7 a — 7 a - 5 5 7
2 ky + ko % ko + ks 13 ki + ks

Q123 = (Q120r13(e93. (2’63)

These are the solutions for all equations in the mKdV hierarchy.
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Now, considering the smKdV hierarchy the one-soliton solution is given by,

1+ - 1 1
P1-sa = In ( P1> ; P1—sol = €P1 ( + ) (2.64)

I—p I+p1 1—p

where € is a fermionic parameter.

In the next chapter we will discuss an useful method to obtain solutions for
nonlinear equations, namely Bécklund transformation as well as we will constructed
systematically BT for the smKdV hierarchy.




Chapter 3

Construction of the super
Backlund transformations for the
smKdV hierarchy

In this chapter we will derive a systematic method to generate the super-Backlund
transformations (sBT) for all members of the smKdV hierarchy. The method is
based on the gauge invariance of the zero curvature condition. First of all, we
will obtain the so called defect matrix associated to the super sinh-Gordon (sshG)
model (which is the n = —1 member of the hierarchy), and then we use this result
to construct the sBT for the two first flows, namely, n = 1 (smKdV) equation, and

for the n = 2 super-equation.

3.1 Backlund transformations

Bécklund transformation (BT) is a set of partial differential equations that relates
two different solutions of a nonlinear partial differential equation. In particular, the
equations in this set have a lower order than the original equation of motion.

The Béacklund transformations for the sinh-Gordon equation are one of the most

21
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well-known in literature [8] and is defined as

0.(61—62) = —ysinh(on + ), (3.1)
at71(¢1 + sz) = w2 sinh(¢1 — qbg) (32)

where w is the Backlund parameter.

The compatibility between these equations provides that ¢; and ¢, satisfy the
sinh-Gordon equation 0,0;_,¢; = 2sinh2¢;, i = 1,2. Thus Béacklund transforma-
tion relates two different solutions of a nonlinear equation. This property is useful
to generate solutions of nonlinear equations from an already known solution. For
example, substituting the trivial solution ¢; = 0 in (3.1) and (3.2) we obtain for ¢,
the 1-soliton solution (2.62), namely

1 4
2 = In ( ki p1> ; p1 = exp (—Jc + w’t_ ) (3.3)

L—m

where we identify the Béacklund condition k; = =

This procedure can be repeated several times yielding the multi-soliton solutions.
Besides that, BT are important to describe integrable models in the presence of
defects, as we will see in the chapter 6.

The supersymmetric extension of the BT for the N/ = 1 supersymmetric sinh-
Gordon (sshG) model was introduced in [40]. In this case the super Bécklund

transformations are given by,

0.0 = —ysinh(6,) — - sinh (¢ ) fuis, (3.4)
b= %cosh ( ) fi. (3.5)
0.1y = cosh <¢+) b, (3.6)
Or s — wsinh(¢) + iwsinh (¢2 ) fub, (3.7)

1y = 2w cosh ((b ) f1, (3.8)
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9 fi = = cosh (-‘) v, (3.9)

where we define ¢ = ¢y £ ¢o, V1 = Uy £ s, Py = 1y £y and f; is an auxiliary
fermionic field.
In the next section we will show how to obtain the Backlund transformation for

super sinh-Gordon via gauge transformation.

3.2 Obtaining the K matrix for the sshG equation

At the end of the chapter 2 we saw that the A/ = 1 sshG equation can be derived

from the zero curvature equation,
[ail: + Aa:7 at,I + Atfl] - 07 (310)

where the temporal part of the Lax is given in (2.60) and we write the spatial part

in terms of 0,¢

A, = )\ A2 49,0 \/D“W . (3.11)

ViX2g o Vi 2\

Now, the construction of the BT is based on the gauge invariance of the zero

curvature equation. We consider a different solution for (3.10) as,

AP = KADK™ -9, KK™' (3.12)
AY = KAVKT -9, KK (3.13)

where Agf 2—1 represents the Lax connections depending on the respective fields ¢y, ¥,

and 1), K is a matrix that connects two different field configurations and satisfies

0, K = KAY — AYK, (3.14)
o K =KADY — AP K. (3.15)
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Let us consider the following ansatz for the A-expansion of the K matrix,
Kij = Tij + )\_1/277ij + )\I/QI{Z‘]‘, (316)

with 7;;,7,;, and k;; being the entries of 3 x 3 graded matrices. First of all, by
considering the A-expansion in order to solve the differential equations (3.14) and
(3.15), we find that the A*%2 and A*! terms lead to

Tio = K1g = K13 = K3 = 0, R11 = Ra22 = (11, K33 = C33, (317)
and

T — T2 = \/; (122 K31 — K23 1;1) ) (3-18)
Ti3 + Kog = Vi (&2 K33 — K11 @1) ) (3.19)
K31+ T32 = Vi (1/_11 K33 — K11 @/_)2) ) (3.20)
where ¢;; denotes arbitrary constants®. Analogously, for the degrees A73/2 and A\ !

we get
To1 = o1 = M2z = 131 = 0, Toa = m1e*”™, N33 = bss, (3.21)

and the following constraints

et —Tpe = \/56_% (s T + e U2 1s32), (3.22)
T €B5) Ly = Ve (s €T — mphpeF), (3.23)
Tos €0 s = Vi %(7711 ¢16¢T— — 133 ¢2€_¢7_)- (3.24)
Notice that after suitable parameterizations, the constraints (3.19), (3.20), (3.23)

and (3.24) could reproduce the Bécklund equations (3.5) and (3.8) respectively, by
introducing properly the auxiliary field f;. The other Béacklund equations will be
derived from the differential equations coming from the degrees A’ and A\*'/2, which
are fully presented in appendix C. Now, considering the equations involving 7,
(C.40) and 19 (C.43), namely,

Opi1 = —M110:0—, OpMaa = N220,P—. (3.25)

*In what follows we will denote all the constants with Latin letters.
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For the constraint in (3.21), we find the simple solution 7;; = by; e ®~ and
22 = b e’

Now, by setting 733 = b3z = —by; and ¢33 = ¢q1, we get from (3.19) and (3.20)
that

T3 + T32 = —(Ka3 + Ka1). (3.26)

From the eqs (C.28), (C.32), (C.48) and (C.49), involving both sides of the
relation (3.26), we find that

8“(713 -+ 7'32) = O, 8t71(523 + H31> = O (327)

Then, we will consider the simple solution when the components satisfy that

T32 — —T13, and K93 — —K31- USiIlg
mi=bue ?", and 13 = —bi, (3.28)

eqn. (3.24) gives

, )

mae O ) 4y = Vibye E (Y1 + 1), (3.29)

Introducing the auxiliary field fi,

1 _ _
fi= ﬂsech(%>w+ = %sech(%)pb_, (3.30)
we find that eqn. (3.29) becomes
(pp—¢_) (b —0o) . o_
Tog€ 2 + n13€ 2 = 2\/;(.01)11 cosh 7 f1~ (331)
After making the choice

M3 = T3e”* (3.32)

with
¢

T23 = \/Ewbne_%fl. (333)
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In the same way, by taking eq (3.18)—(3.23) we obtain

2Vi ey . oy _
T13 = —70116 2+f17 731 = —\/Eane 2+fb Tj32 = T31 €¢+7 K23 = T13 € ¢+7
(3.34)
and
jwb _
T11 = T2 — on SQCh(%)fﬂ/J_ . (335)

From the eqs (C.20) and (C.23), we also have
2(0,m11) = \/;(7}13 + Tos)thy — \/5152(731 + 132)

2
= I Gy — ) = 0
= 0, (3.36)

where we have used for 7,3 and 7132 eqns. (3.32) and (3.34) respectively.

Similarly, from (C.27) and (C.29) we obtain 0; 71 = 0 733 = 0,733 = 0.
Therefore, it is suitable to set 711 = a1 and 733 = ass.

Now, let us consider the eqs (C.34), (C.37), (C.51), and (C.52) involving deriva-

tives of the elements 711, 199, K11, and Kog,

1 . o - -
0,0 = P [/4321 — Mg — icn1Peth + \/27131?1 - \/2%713}
11
1 % . rdiN L -
e ()1 -
o (K21 — M12) —sinh { 25 )1 fie (3.37)
1 ) . (64 —0_) . (p4—0_)
O p- = bis [77126_¢+ — k€% — b oty + Vimgthe 7 — Vityrge 2
11
1
= —(m2e” " — kpe®t), (3.38)
b1
and egs (C.35), (C.41), (C.47) and (C.53) for 115 and Ky respectively,
Oez = Ma(0xhy) + 2b11sinh ¢, (3.39)
Ovkor = —HKo1(0py) — 2b11sinh ¢, (3.40)
21 _
B s = —2cie% sinhé_ — 21 b+ ginh (%) I (3.41)

21 _
Oy ko1 = 2cpie %+ sinhg_ + Zn e~ %+ sinh <%>f1¢_ . (3.42)
w
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By introducing the following parameterizations,

by = 0, (3.43)

M2 = bia e+, ko1 = bige” %t big = ——

the eqs (3.37), (3.41) and (3.42) become exactly the Bécklund equations for the
bosonic field ¢, namely,

0,0 = wi sinh ¢, — Z smh (%) fs (3.44)
O,_,¢. = w?sinh¢_ + iwsinh (%) fi_ . (3.45)

Since by; = 0, we also find that the set of elements {711, Tog, To3, 731, 711, M3, M22, M32, 1133 }
completely vanish and then do not contribute at all to the K matrix.

Finally, if we consider equation (C.31) involving the element 733, we obtain

_ - (-9 (64-¢)
Oi_,T31 = —HKz1 — T3€ (@4to-) \/277@2 (6 T te 2 /121),
(pp+o_)

+ \/57331/1167 2

0 = 6_% —%011(1 +e )f1 + \/56_%_ (733¢1 - 5121/)2) , (3.46)

from where we conclude that 733 = 25121.
Therefore, we have found a suitable solution for the K matrix, which can be

written in the following form [30],

\1/2 Sl IV
K = _ 2 =64 )1/2 \1/2 2\/ 7—f AL/2 (3.47)
,%f )\1/2 \_f %fl % +)\1/2

where w represents the Backlund parameter and we choose ¢1; = 1.
We have obtained the matrix that generates the type-1 Backlund transformations

for the N/ = 1 supersymmetric sinh Gordon equation (the n = —1 member of the
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smKdV hierarchy). In the next section we will use this result in order to obtain the
Béacklund transformation for the first members of the smKdV hierarchy.

In the appendix D we consider a different solution for the K matrix by includ-
ing a bosonic auxiliary field (\g) and another fermionic auxiliary field (f;). This
new solution generates the type-1I Backlund transformations for the sshG, these
transformations have the fields of the theory further addicional auxiliary fields.

Moreover, we will see that Backlund transformations describe integrable defects
and this K matrix is called defect matrix and it will be used to derive modified

conserved quantities in the chapter 7.

3.3 Backlund transformations for the smKdV hi-

erarchy

Based upon the fact that the spatial Lax operator is common to all members of the
mKdV hierarchy, it was recently shown that the spatial component of the Backlund
transformation, and consequently the associated K matrix, are also common and
henceforth universal within the entire hierarchy [34, 35]. Here, we will extend these
results to the supersymmetric mKdV hierarchy starting from the K matrix (3.47)
derived in the last section for the (n = —1 member), namely the super sinh-Gordon
equation.

The main point here is that the spatial part of the gauge transformation (3.15)
should be satisfied for all members within the hierarchy, so the x part of the Backlund
represented by (3.4), (3.5) and (3.6) is the same for all integrable equations. Remain-

ing to derive the time component of the BT, which satisfies the following equation

Oy i K = KAy, (61,91) = Ap,, ., (d2,12) K. (3.48)

This gauge condition generates the respective BT for the corresponding equation

of motion.
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n=20

For n = 0 we have that A, = A;, so the temporal part of the Backlund is

atl gb-‘r = a;r¢+7 (349)

onfi = O.f1, (3.50)
and hence,

athb_ == aqu_ (351)

Then, for n = 0 the  and ¢t components of the Backlund are the same.

n=1

The next non-trivial example is the smKdV equation (n = 1), we get by substituting
(2.50) and (3.47) in the gauge transformation (3.48),

40,6 = é {8§¢+ cosh (%*) — (9uy)?sinh (¢+>] Dy fi

!

- { @ cosh <¢ ) Op1p4 — 2sinh <¢+>82¢+} fi
+ % [2(82¢+) cosh ¢, — (9,¢,)" sinh ¢, + 1)y (9,14 ) sinh ¢+]

_g {sin <¢+) + 4 sinh® (¢+> + 3sinh® <¢+>] Uifr — — smh b
(3.52)

¢+> [285@24 - ?Z+(ax¢+)2} - i}Q sinh ¢ cosh® <¢ >( 9:9+) f1

1
40t3f1 = %COSh (7

+ S sinh <¢+) [V 0201 — 0,040,004 ] — % sinh? ¢, cosh <¢+>@b+ (3.53)

2w

Equations (3.4)—(3.6), and (3.52) and (3.53) correspond to the super-Bécklund
transformations for the smKdV. It can be easily verified that they are consistent by

cross-differentiating any of them. Notice also that by setting all the fermions to zero
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we recover the bosonic case, i.e., the Backlund transformation of the mKdV [34],

4
Opp_ = = sinh ¢, (3.54a)

4 2 2
A0, = —28§¢+ coshg, — — (Dp¢04 ) sinh ¢, — 3—6 sinh® ¢, . (3.54b)
w w w

n—2

Now, we derive the temporal part of the super-Béacklund transformation for the
n = 2 member of the hierarchy. We consider the corresponding Lax operator A;, in

such a way that the gauge condition reads

atsK = KAt5 (gblvq/;l) - Ats (¢2a 'J)Q)K (355)

By solving this condition for A;, given in appendix B, we obtain

i _ _ B _ _
5 [Co Uy +c10py + 2 Ohy + 3 04 + ¢y 8;?1#4 fi

1 L o - _ _
+t73 [e5 +ice V4 O0uthy +ic Oy + ics (V1000 — (D04 ) (D2004)) ]

168755 (b, =

. ) ) ) 1 o
—% [09 Yy 4 €10 04 + e 3§¢+] Ji+ —= [012 +1c13 1/J+5x?/f+]
w w

1 - C15
T ciafry + 10 (356)

1 _ _ _ _ _
160y, /1 = " [ 9o+ + 91 0uthy + g2 0301 + g3 0y0y + g 00y |

1 . oo 1 . . .
+t=1 (96 + 19501 0utby ] f1 + 5 [ 970+ + g3 Outhy + go O2t)y |
910 g11 ~
+F 1+ o9 Vs, (3.57)
where ¢;, 7 = 0,..,15 and g;, 7 = 0,..,11 are functions depending on ¢, and its
derivatives, and their explicit forms are given by (E.1)-(E.16) and (E.17)-(E.28),
respectively. The equations (3.4)—(3.6), and (3.56) and (3.57) correspond to the
super-Backlund transformations for the n = 2 super equation. Cross differentiating
(3.56) and (3.57) with respect to & we recover the equations of motion (2.54) and
(2.55) after using equations. (3.4)—(3.6).
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It can be also shown that the Bécklund equations (3.4)—(3.6), (3.52), (3.53),
(3.56) and (3.57), are invariant under the supersymmetry transformations (2.57) if

the auxiliary fermionic field f; transforms in the following way,

2 oy
=~ =sin (7> (3.58)

3.4 Superspace formalism

Let us now discuss the super Backlund transformations from the superfield point of
view. We start by introducing the fermionic superfield ¥(z, 6) = v/ith(z) + u(z) to
describe the supersymmetric extension of the mKdV equation [38],

Dy, U = D0 — 3(DW)D*(UDV), (3.59)

where  is a Grassmannian coordinate, D = 0y+600, is the covariant super derivative,
and we have defined Dy, = 40;,. In components, we recover equations (2.48) and
(2.49), namely,

40p,u = OPu — 6u?0,u + 30, (ud)), (3.60)
40,10 = O2p — 3udy(uab). (3.61)

Let us now define a new bosonic superfield ®(z,6) = ¢(x) — vi0y(z) [39], such
that W = —D®, or equivalently u = —0,¢. Substituting in eq (3.59), we get

Dy, ® = D°® — 2(D*®)? + 3(D®)(D*®)(D*®). (3.62)

It is well-known that the spatial part of the super Backlund transformations
for the hierarchy equations (3.4)—(3.6) can be derived from the following equations
140, 41],

4 ®
Dd_ = =‘cosh (-*)2, (3.63)
w 2
2i ®
Dy, = — i h<—+> 64
—sinh (—- ), (3.64)
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where &, = &1 + Py, and ¥ = —— f1 + 6b; is a fermionic superfield, with f; and b,
being auxiliary fermionic and bOSOIllC fields, respectively. In components, we find
- 4
b = 5 cosh (¢i>f1, (3.65)
_ ¢+
bh = —— s nh 5 (3.66)
4 21 _
0,6 = —ssinhg, + —sinh <¢—+>¢+ 1, (3.67)
w w 2
1 _
O.fi = —cosh <¢—+>¢+. (3.68)
w 2

Now, we propose the following supersymmetric extension to the “temporal” part

of the super Bécklund transformation for the smKdV (n = 1) equation in the su-

perspace,

Dy, ®_

D, %

w 2

i o

= sinh <7+) 2D°0, — (D*®,)%(D,)] %
2

_6 SiIlh3 (I)+7 (369)

_ cosh (q; ) (DD,)(D*®,)? — 2(D°0. )]

2w

i o,

S=sinh (<5) [(D*0,)(D*0,) — (D@.)(D*e. )]

12 o 12i o,

—sinh @, cosh’ (%) (D)% + 5 sinh’ &, cosh ( )(D®+)

(3.70)

By cross-differentiating eqs. (3.63) and (3.69) we find that if ®; satisfies the
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smKdV equation (3.62), then ®, also satisfies it. Explicitly, in components we get

40,6

40,1

40, f1

40,,b,

+

5 [8§¢+ cosh (%) - (az¢+) sinh (¢ )} Uy fi

@

- [ ¢ cosh <¢ ) Oytp, — 2sinh (%)Qﬁ@h} fi

2 [200260.) cosh o, — (2,6, sinh 6.+ 00,1 sinh m}
% [si (¢2+> + 4sinh® (¢+) + 3sinh® (¢+>] by fi— 22 smh b,

I

(3.71)
1 o 3

L sinh (%) [(0.04)° — 2001~ $(010:)(0,0.0)] £

% sinh ¢ [14 0704 — (0u04)(0st4)]

| (%)) ez - .0y

% [Sinh (%*) + 4sinh? <¢+) + 3sinh’ (%)] (Oups) i

% sinh® ¢ [1 — Tcosh ¢ |y, (3.72)

1 - - 1

% cosh (%) [283¢+ - ¢+(ax¢+)2] + % sinh (¢+>¢+82¢+

sinh (2) 20,0, — e sinho. cosh?® (%) (0,01,

i}—i sinh? ¢, cosh (%)%m (3.73)

% cosh <%> {(0x¢+)3 — 2030, — %(%m)(m@w)}

i}—a sinh ¢, cosh? <¢2+>f18x1/)+ + % cosh ¢y + cosh(2¢+)] Vs fL10404.
(3.74)

We note that eqs. (3.72) and (3.74) can be derived from eqs. (3.71) and (3.73),

and appear here only for consistency.
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Recursion operator for the
smKdV hierarchy

In the chapter 2 we considered the construction of a set of super integrable equa-
tions, which constitutes the smKdV hierarchy. We have observed that these equa-
tions present a similar structure which makes interesting to try to relate them. In
this chapter we will show that the connection of the equations within the smKdV
hierarchy is achieved through the recursion operator. In addition, we propose an
alternative derivation for the Béacklund transformation obtained in the previous

chapter by employing a recursion operator.

4.1 Rercursion operator for the super integrable

equations of motion

A super integrable equation is constructed by solving the system in (2.35). Since
the solution of this set of equations is similar for all n, it is expected the existence
of a connection among the time evolution equations. The recursion operator is the
mathematical object responsible for such connection and it will be constructed in
this section.

In order to see this we consider the equations in (2.35)-(2.38) for N = 2n + 1

34
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and N =2n+3
2n+1 2n+ 3
Cong1 = 0, Copy3 =0 (4.1)
aopi1 = bopy1 = 1, a2 y3 = bopyg = 1, (4.2)
By =0 By = (43)
doy, = u + z/ja%%, dopio = u + @E%wg (4.4)
Ooryp 1 — UBgy 1 + Yy, =0, Doty — Ubgyys + Vdypig =0 (4.5)
Oofony 1 — Uy, 1 + 20, 1 =0, OnBonys — Uy, 5 +209,,5 =0 (4.6)
Ordan — 2C9p1 + 21/;72n_% =0, Ordani2 — 2Cony1 + 21/;72714-% =0 (4.7)
Dpr1 2 — uPjo + hdy = 0, Dpts sz — uPsjo + hdy = 0 (4.8)
02052 — ucts o + 203/ = 0 (4.9)
Dpdy — 2¢1 + 20073/ = 0 (4.10)
Oaysja — ub3yz + ey = 0 (4.11)
Dy03/9 — uyzja — ¥(a; + by) + 2812 =0
(4.12)
Dpar — 2By jo + 2ucy =0 (4.13)
Dpby + 2¢B1 /9 = 0 (4.14)
Dpcr — 2dg + 2uay + 2oy o = 0 (4.15)
Dpat1jz — uPrjo + pdy =0 (4.16)
0t2"+115 = axﬁln — Uty /2, atgn.,_ng = a:1551/2 — Ul (4-17)
Oty U = Ondy, Ot 5 = Ordy (4.18)

Notice that until the equation (4.9) the aligned equations have the same solution,

in such a way that we can make the following useful identifications,

da

2n+3

Bs /2

; = Bi/2 ; Q52 = Q)2 (4.19)
2n+1 2n+3 2n+1 2n+3 2n+1
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The case for N = 2n + 3 has eight additional equations (4.9)-(4.16), which can
be solved in terms of the coefficients for N = 2n + 1 by the relations (4.19). Then
we will be able to relate the time evolution equations for 5,3 to the time evolution
equations for t9,1.

Starting with the equation (4.9) by using (4.19) we get

1 _
Substituting in (4.10) and (4.11)
1 _
1 s §at2n+1u + ¢73/2‘2n+3 (4.21)
1 _
iy =5 [ 40O (ud) (4.22)

Recursively solving the equations (4.12)-(4.16) we get the following coefficients,

1 - u _ 1_
ﬁl/Q 3 = Zaﬂcatznﬂqvb - Z /dx 8t2n+1(7~“/)) + —1/)(@1 + bl) o3 (4'23)
a| = /d:v u0y,, U+ = L /dx V0,04, 0 + = /dx’ u;/)/dx Dty s (u))
n+
(4.24)
1 - -1 ;- _
b, s = 3 /dac V0,0, + é/dx m/)/dx Otopir (u1)) (4.25)
do = 18$8t2n+1u — lgﬂﬁt%“(u&) — u/dx Uy, U+ = /dx )0, 8t2n+1@/)
n+
— zw /dx@t%ﬂ uw) /dﬂ? uzﬂ/dm@thH uw) +1/1041/2
(4.26)
1 - 1 - _
vl =7 [ 40080 = 0000 + 1 [ 500 [ o0, )
+3 /dx uw/daz (U, — YOy Oy, ) — /dx’ uZ/dx Dty 1 (ut))
(4.27)

Finally putting these coefficients in the equations of motion (4.17) and (4.18) we
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obtain that the t9,,3 equation of the smKdV hierarchy is given by

du Ou o O Ou O
—— =R +R , =R +R
Oton+s ' Otont1 ? Otont1 Otonts ’ Otont1 ! Otont1

(4.28)

where { Ry, R4}, { Ra, R3} are the bosonic and fermionic recursion operators, respec-

tively, and are given by

Ry =D’ — = guDu + iwﬁz) v iuQ@DD_l@ZJ + %axum—luw—w - iaﬁw-lw

- %aﬁm—lm - %aﬂm—lm—l@z + %aﬁm—lum—lu - }laﬂm—waﬂm—%,
(4.29)
S T S I o
Ry = —uyD — —u0,p — = 0,utp + —u YD u + =0, uD™ YD + =0, uD™ uyyD™ " u
2 2 4 4 2 2
- %agzm—lu n %aw@m—lum ~ iax@m—lum—lu n %(‘%@D_IU@ZD_I@ED
— 00D 0D, (4.30)

3 1 o1 TN | .
RB - —ZUd} - ZaxUD_l"vb - §ax¢D_1u + %axd]D_luwD_ld} + ZUD_le

1 _ 1 _ ' o
+ 7uD™'w?D M — SuD” gD u %um-l@mxw—w, (4.31)
Ry = 1]D)2 — 1u2 — la uD ™ty — 1u]D)_lu]D + 1u]D)_1u2ID_1u + iuD_lu@D_lzﬁD
tT g 4 40" 4 4 2
- ;lum—lz/:arm—lu + %aﬁm—luw—lu, (4.32)

where D = 9, and D! is its inverse.

In the bosonic limit, when the fermions vanish, the (4.29) corresponds to the
recursion operator obtained in [37] for mKdV equation.

We have explicitly checked that by employing equation (4.28) for n = 0 we
recover the smKdV equation (2.48), (2.49). Also it was verified that (4.28) for
n = 1, yields the t5 flow of the hierarchy (2.54), (2.55) as predicted.

In order to make the notation useful for the next section (where we will deal
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with Bécklund transformation) we will rewrite (4.28) in terms of 0,6, so

8¢ 8¢ o o d¢ O
% _Rr IR , —R IR 4.33
Otonts ! Otont1 28t2n+1 Otonts 3at2n+1 48t2n+1 ( )
where Rl = D_1R1D, RQ = D_IRQ, Rg = RgD, R4 = 7-\),4, with
Ry = 7D? = (0,0) = 26D 0,6 + 700u0 + 1 (0:0)*UD™Y + 502D 0, 6Dy

~ SO2GDG — L0007 — [0,9D 0.6V D + L0.4D0.69D 0,0

_}1 D150, 5D, (4.34)
Ry = 50,60D — 50,60, — 10260 + 1(0:0)°0D 0,6 + S026D™ D
= 202D 10,0 + Z0,UD0,0D — 10,0D " (0,6)D 0,0
+ %ammlamwlw - iazwlwammlam + 502D 0,0UD 0,0,
(4.35)
3 yRE S U S (PN SR P 1.7

+ 0607 — 20.6D710,60D 10,0 — £0,6D G0, 0D
1 _

+ Zagcw—l(am)?m—lw, (4.36)
1 2 1 2 1 2 —1 1 -1 2mn—1 1 -1

- i L PD p0,YD 0,0 + %axzm—laxqsw—laxqs + %&qﬁﬂ)_laxgzﬁz/_@_%ﬂ)

(4.37)
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4.2 Recursion operator for the Backlund trans-

formations

In this section we will extend the idea of recursion operator to generate the Backlund
transformation for smKdV hierarchy in an alternative way.
In order to construct the recursion operator for the Backlund transformations

we consider two different solutions of the equation (4.33) as

2! 1 91 ) Oy O 1 91 1) Oy

— =Ry ——— +R , =R +R , (4.38

Otonts Y Otynia > Otani Otonts 5 Otonia 4 Otont1 ( )

O 2) 02 (2) 0o s 2) 02 (2) O
—r®%2 R , _Rr® 92 g 4.39

Otonts Y Otonia > Otania Otonts 5 Otania Y Otonia ( )

where RY = R; (8,0, 926, by, Outhy, 920,) i = 1,..,4,p = 1,2. And take the

following combination of these solutions

2Wprs6- = (R +RP) G0 + (R +RY) By, 00

+ (RO —RP) 004 + (RS —RE) 01,00, (4.40)
2Wprrs- = (R +RE) 90+ (R + RY) B0

+ <RZ<SI) - RZ(S2)> at2n+1 ¢+ + <R4(11) - R4<12)> at2n+1 15-&- (441)

where we introduced the new variables ¢ = ¢1 & ¢ and 1y = 1y £ s.

At this point, we conjecture that the equations (4.40) and (4.41) correspond
to the temporal part of the super Backlund transformation for a super integrable
equation especified by n. We note that as well as the consecutive equations of motion
within the hierarchy are connected by the same recursion operator, here the same
occurs to the Backlund transformations. In order to clarify such hypothesis we will

consider next some examples.
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For n = 0 we have

2 b_ = <R§1> + R?’) D6 + (R;” + Ré”) 0,10

+ (Rﬁ” R(2)> By s + (Rg” Ré”) By, Dy, (4.42)
20,0 = (R +RP) 0,6+ (RY +RY) 0,0

+ (Rg) - R§2)) O + (RS) - Rf’) Oty (4.43)

By using (3.49)-(3.51) the equations above are

6. = 06— (0,6 Db — L(D0) + 2 0u s Dyl + 20,0 D0
+ 20,0, 00,0, + 20,0000 (4.44)

Wi = O~ 20,0.0:6 0.0 — Z(awam_ - 200 P00
060,040 — 2020,0,6., — 20,00, — 2080 0.0

(4.45)

Finally using the z-part of the Backlund transformations (3.4)-(3.6) we recovered
the equations (3.52) and (3.53), i.e the time component of the Bécklund transfor-
mantions for n = 2 (smKdV).

Next we consider the case for n = 2 and using again (3.52)-(3.53) we obtain from
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(4.40),

168,55(}5, -

+

+

3
00+ (0.0 — 200 ((026.)7 + (226,)°) — 5026 089 0.0

3
50—z (g (0x004)° — 82@) - §a§¢ ((0:0-)* + (9.0+)%)

(0 i) (030~ — 0uo- (002 +5(0.0,)°)]
(D0 + 0.0,0) [030 — 0,61 (00" +3(0,0)")]

D% — . - 5% - - _

"y (00064 + 02010,0-) + 20 (900264 + 020,02 )

15 o1 — - _

= (0:6-)" (De04)? + - (926-020- + 026020

D% — - _

S (De0- O + 0,400 (4.46)

And for the equation (4.41) we get

160,

= P~ 20 (00000 +0,:0,020.) — 20 (060l + 0,906 )

(0020, 45,020 ) [2006, — 061 (064" +3(0,0))]

> (0026 + 0,020.) (2000 — 0uo_ (20" +3(0:6,)7))

5

g 0e0-000— (6030 — D (0:0-) + 6 (D:04)")]

200 0,0. (6030 — (0.01)") — 20,0 (4080020, +3000.0,0)

2 0y Doy [3P6— — 2 ((0:6_) + (0u6r1)")]

4
D (0.0:6- 4+ 026-0.0.) — 0 (0.6 + (0.0,)°)
D a - 5

SO0 000,01 — 0.0 ((020-)" + (0264)°)

D (0-0,6- + 026.0.0,) (4.47)

Now, using the z-part of the Bécklund transformation (3.4)-(3.6) in these two

equations we end up with the corresponding Béacklund transformation for n = 3,
namely (3.56) and (3.57).
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Conserved charges for the smKdV
hierarchy

In this chapter we will explicitly construct generating functions for an infinite set of

independent conserved quantities for the smKdV hierarchy.

5.1 Conservation laws

An integrable evolution equation within the smKdV hierarchy can be formulated as

the compatibility condition of the following linear problem in the (x,ts,.1) coordi-
nates,

&cQ(x, t2n+1; /\) = —Ax(.CE, t2n+1; )\)Q(.CL', t2n+1; )\), (51)

6t2n+19(x7 t2n+1; /\) = _At2n+1 (ZE, t2n+1; )\)Q(ZE, t2n+1; /\) (52)

where Q = (Qy,Qs,eQ3)7, with ; bosonic components and ¢ is a fermionic param-

eter, and A is the spectral parameter. The compatibility of the above linear system

yields the zero curvature equation,
aIAt2n+1 - at2n-t,-1‘/4m + [Axa At2n+1] = O (53)

Now, in order to construct a generating function for the conservation laws, we
define the auxiliary functions I'y; = QQQfl and I's; = 8Qng1. Then, by considering

42
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the auxiliary problem (5.1) and (5.2), we find the following conservation equation,
Oty | Vi1 + Violor + ‘/13F31] =0, [Un + Ural'o1 + Usl's1 | (5.4)

where we have redefined V = —A, and U = —A,, ., for simplicity, and Vj;, U;; are

the matrix elements of the respective Lax pairs. The functions I's; and I's; satisfy
the following Ricatti equations,

0,La1 = Va1 + (Vag — Vi1)la1 — Via(Da1)? + VasTs1 — VisTsi Doy, (

0:1'31 = Va1 + (Vaz — Vi)Ta1 + Vaol'ar — Vigl'i sy, (

Otnai Lot = Usy + (Uno — Unp)Tay — Ura(Tar)? + UagT'sy — UpsD'si Doy, (

Otynir U31 = Usy + (Uss — Un)'s1 + Usol'oy — Urol'n sy (

Therefore, the corresponding first generating function of the conserved charges

is given by,

I = / dx [V + Vialoy 4+ Visls| = / dx [—Alﬂ + 0,0+ gy — \/El/jrzn .

) (5.9)
In order to get the explicit form for the conserved quantities, we consider the
expansion of I'y; and I'3; in powers of the spectral parameter A in such way that we

can recursively solve the Riccati equations. Let us expand I's; and I's; as follow,

Loy = Y AT2TH 0 Ty = am2ri?, (5.10)
n=—1 n=0

By substituting these expansions into the Riccati equations (5.5) and (5.6) we
find that the first coefficients are given by,

_ 1 1 - -
Fgll/Q) =1, ng) = —0,0, Féll/Z) _ §a§¢+ §(ax¢)2, Fi(’g) _ _\/;w’ (5.11)

ISy = —% 1) 026 — ié’iqﬁ - iw 0.0 0,0, TP = g@w +10,0), (5.12)
@2 _ Lo o 1oy 1g 1 s 1 4 85

000 20 + 20 0,0 (9,0 (5.1)

ryy = —%@%w + 0u1) 0up + 1 039), (5.14)
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Iy = ——82<z> 96— —p+ - <82¢) 6 — —a4¢ Dp) + — ( 0,0)° ¢

16 v
31 _
#3(0:0)" 0 — U0 — TI00 — TeI0kdg
— L0000, — S U0LT0260,0 + $0.0,0 (0,0)° — LD ORD (0,6),(5.15)
Iy = % (030 + 000,60 + 0,0026 — 0,00(0,0)° + VI — $0360,0 — ¥(0,0)"
(5.16)

By substituting the coefficients of the expansion of the auxiliary functions in eq.

(5.9), we obtain the lowest non-trivial conserved charges Il(_”/ 2), namely,
_ 1 [ - -
10 = 5 [ ar oo 0.0 - i o). (5.17)
_ 1 [~ -
Y= — / dv [20,002¢ + 026 — i) 0% , (5.18)

1 - o / e [(026) + 920 + 202006 — 2026(0.0)" — (0,9)" + 70 0,0 0%
+3it) 0,1 (0:0)° + i) 07 Dpp — ih Y] . (5.19)

Analogously, we can construct a second set of conserved quantities from the

second conservation law,
Oty |Vaz + Vorl'g + ‘/23F32] =0, [U22 + Upi T2 + U23P32} ; (5.20)

where the auxiliary fields I';s = QlQQ_1 and I'sy = 69392_1 now satisfy the Ricatti

equations

Ol12 = Vig — (Voo — Vi)T1p — Var (T12)? 4 VisDap — VasTgaT 1o, (5.21)
0.3y = Vo + (Vag — Voo )['zp + VaiI'1p — Vorl'1al'sy, (5.22)
Otgnsi 12 = Ura — (Usz — Up1)T1a — Uy (T12)? + Urslay — UsgTsolo, (5.23)
Otynir U32 = Usy + (Usz — Uno)U'sp + Usi 'z — Ui T'1als0. (5.24)
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Now, the second generating function of conserved charges reads,

I, = / [Vag + Vorl'yg + Vosl'so] = / [—)\1/2 — 0,0+ Al'g — \/;>\1/2TEF32 )

h - (5.25)
By using the expansions of I'15 and I'sy as
12 = i AT, Z AT2TG), (5.26)
we find

riy? =1, 51; — 8,0, T = o Iy = —Viy zp (5.27)
ry” = ——c% + > < 9.0, Ty = 3¢ - —ama% + 00000, (5.28)
Iy = %@& —90:0), T = %uﬁ 020 + 0.0 0,6 — O20), (5.29)

DY = L(@20)° — 406+ 10300u0 + 1026 (0.0)" — £(0:6)" — 0 0.0 0%
P00 (0,0) — 100 0.0, (5.30)
réy = % (030 — 02000 — 0,002 — 0,10(0:0)* — V036 — 00,6020 + $(0,0)*]
(5.31)

Then, by substituting the above coefficients for the expansion of the auxiliary

functions, we get the second set of non-trivial conserved quantities Ié_"/ 2)

Y

7 = _% /_ T de (026 — (0:0)* + i) 0] , (5.32)
_ 1 [ o
I = - /_ oodx (20,0 826 — 026 — i) 929] (5.33)

5= / " o [(020)* — 0% + 20%60,6 + 2080(0,0)° — (0.0)" — it 0,0 020
+3ith 01} (0,0)° — i) O30 Do p — iah D) . (5.34)

The canonical energy and momentum in the bulk theory for n = 1 member of the

hierarchy are recovered by simple combinations of the conserved quantities derived
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above, namely

P o= 17— / d [(8,0)% — it 0,9] , (5.35)
and
E — ]£—3/2) + ]2(—3/2)
1 [ —a - -
- 3 / 0z [(026)2 — (0,0)* + 20%0 0, — it OV + 3i(0,0)200,0] . (5.36)
Note that if the fermions vanish we recover the canonical momentum and energy
for the mKdV equation][6].
It is worth to point out that these two set of conserved quantities only depend
on the x-part of the Lax (V = —A,), which is commom for the entire hierarchy.
Therefore, we should expect that these charges are conserved for all flows, in fact

we will check its conservation with respect t;, t3 and ¢5 in the next section.

5.2 Inspecting the conservation

In order to verify that the conservation is valid for the entire hierarchy we take the
n =0, n =1 and n = 2 time derivatives of the charge (5.35) and (5.36).

n=20

The t; derivative of (5.35) yields

dP o -
i / dz [ 20,0026 — i), (5.37)
1 —00
and using the equations of motion (2.44), namely 9,¢ = 0,,¢, 0,0 = O;,1 we get
ar T 71400
g = [0:0) — w0 ) 2 (5.38)

Now, considering the ¢; derivative of (5.36) and after using the equations of

motion we have,

dE [1,.,., 1 P U S S 27n 7]

—o0
which vanish since we are considering sufficiently smooth decaying fields at 4oco.
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n=1

For n = 1 the time derivative of (5.35) yields by using the equations of motion
(2.48), (2.49),

ap PPN T P o
T = [50:000 ~ S0, - J(@20 + F (00750, + S0u5025 - 00k
 (5.40)

Analogously, for the canonical energy (5.36),* taking the t3 derivative and using
the equations of motion (2.48), (2.49), we obtain

dE

_ |1 5 1 6 , L 3,0 3 2092 .0\2 393
&= | 5000t (0.0 + 020 - S(0.07 (0207 - 000k

D ((2u0)" — B(320)? — 90,0 0%0) 0. + 2 0,0 BB + (0,0 G
+oo
7 " 4
- 1—6¢a§¢ + &cwc‘? b — 16 xwagdf L (5.41)

Again these terms vanish at z = +oo.

n=2

For n = 2 the time derivative of (5.35) and (5.36) yields by using the equations of
motion (2.54), (2.55) the following surface terms,

P _ [So.00 4 Laor - Looto+ Lasito - ooy
ts 8 16

~ 2(0,:0)°0%6 + 100, ( 0,003 + 2(02)? 5@@4) 20,0 260020

80,0000 - 000,502 — R0 + Loutoti - Lorind]
(050.42)

* Notice that although the charges (5.35) and (5.36) are conserved with respect to all flows,
they are interpreted as canonical momentum and canonical energy, respectively, only for the t3
model.
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and

de 24 15 g Lo o400 3 2/ 93 7 5

- CHOE0) = (0.0 — S (020) — - (0,000 + 350.0 000 + 086 056
b 00O + o (0,000 — 0000002 — (0,000

- 27( 0.0 30 926 -+ W0 (0.0 96 — ﬁ xas)?’a% LB

; s mawa‘*wwaxw( 0.6 020+ 2 (0,0)° — 2 (0,0)?(320)°

375 3 4 3 2 193,7, 3 4
= I 0.000% + 10200k + o(0k0) ) + g0l (— 6026~ 2 (0,0)
bR - 00+ 0000 + 2 0,00200,000 — k0%

- zaxwa%( 0,008 + 5 (0:6)" + = (020) ) + 20,0050

+oo

9005+ 2 (0,0) wazz/?] , (5.43)

—0o0

9 _ _
+ —(0,0)20,00%) + —
- (0.0)20,001 + =0
Here, we have explicitly used the ¢y, t3 and 5 time evolutions to show the con-
servation of the charges.
However, it was already shown in [32] that for every isospectral flow tg,,; of
the supersymmetric hierarchy, the charges derived from the spatial part of the Lax

operator ,g_m)

are conserved. This is a novel property of the integrable hierarchy,
and we will use it to consider in the chapter 7 the modified conserved quantities

after introducing a defect in the theory.




Chapter 6

Integrable defects in the smKdV
hierarchy

An interesting topic in the study of integrable system is to analyse it in the presence
of defects or impurities. Accordingly, in two dimensional integrable field theories
that discontinuity is introduced as an internal boundary condition, located at a point
in the x-axis, which connects a field theory of both sides of it. In particular, notice
that with the introduction of this kind of defect, the spatial translation invariance
is broken once we impose a restriction on the variable x, and hence it is expected a
violation of the momentum conservation. However, it was verified that to preserve
the integrability of the model, the fields of the theory at the defect point should
satisfy a kind of Bécklund transformations [4]. This introduces a defect potential
that allows us to build modified conserved quantities.

In the past few years several integrable field theories, that allow integrable de-
fects have been studied using the Lagrangian formalism, for instance sine-Gordon,
Liouville, non-linear Schérdinger and affine toda models [4, 6, 5]. The supersymmet-
ric extensions were considered in [11, 27, 28, 30, 31] for Liouville and sinh-Gordon
models.

The defects can be classified as type-I if the interaction at the defect point only
depends on the fields of the theory. And it is called type-II if they interact through

additional degrees of freedom present only at the defect point [9]. However, it is
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important to point out that the type-I super Béacklund transformations that we are
considering in this thesis should be treated as a ”partial” type-II defect, in the sense
that it contains intrinsically an auxiliary fermionic field (f;). A real type-II defect
will contain one bosonic auxiliary field and two fermionic auxiliary fields [31]. In
the appendix D we show the type-II BT obtained for the super sinh-Gordon and by
using the universality argument we can extend this result to the entire hierarchy.

Therefore, the classical integrability is guaranteed if the conditions at the defect
correspond to Backlund transformations. In the Lax approach that we are using in
this thesis the Béacklund transformations (or defect conditions) are encoded within
the defect matrix (3.47).

K(o,,®,)

q)]_ \/ q)Z
L.
X

Figure 6.1: Defect representation.

where ®; = (¢;,1;), i = 1,2, and we consider a defect at 2 = 0.

The whole system can be interpreted as a junction of two domains, each one,
satisfying the same integrable equation. This condition is assured by the K matrix
via a gauge transformation as we shown in the chapter 3.

In this chapter, we will construct the defect contributions for the momentum
and energy (obtained in the last chapter) by using the BT for n = 0, n = 1 and
n = 2 from the chapter 3. Next we will consider some Béacklund solutions and its

interaction with the defect.
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6.1 Defect contribution for the momentum

Let us start by considering the modification of the momentum, which can be written
as follows

0 +oo
P / dz [(Be61)? — i1 O] + / 0z [(0u6s)’ — 12 Oya] . (6.1)
_ 0

[e.9]

Note that the integral was splitted corresponding to a theory in 2 < 0 by (¢1, 1)
and other in the region # > 0 by (¢s,4,). The fields remain vanish at # = o0,

however in this case we still have the contributions at the defect point x = 0.

n=20

For n = 0 we have found the surface term in (5.38), however now we need to include
the contributions from the fields ¢1, ¢2, 1, and ¥, at the defect point, namely

dP

T = [0e01)” — it Dby — (0000 + 2 0], (6:2)

The equation above can be written in terms of the variables ¢. = ¢; & ¢ and
&i = 1/_11 + Q,EQ, as follows
dP

N
o [ 0,020,0_ — Lib, 0,0 — i am] (6.3)

=0

We point out that the momentum is no longer conserved, since we have field
contributions at the defect point x = 0. By using the defect conditions (3.4)—(3.6),
(3.51) and (3.50), we get

dP

d_tl = [ 4 sinh ¢, 0y, ¢+ — 2— cosh (¢ ) f18t11/1+ - — smh <¢ ) at1¢+fl1/)+} (6.4)

=0

which is a total derivative in ¢, yielding

P=P-— [wi cosh(¢y) — %COSh (¢ ) f11/1+] , (6.5)

the modified conserved momentum including a defect contribution. In the next
example we will see that for n = 1 (smKdV) this contribution is the same even the

defect contributions being so different.
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n=1

Since we have already obtained the surface term in (5.40), we have now non-zero

contributions at the defect point, namely

Zti i [26x¢183¢1 —3(0,61)" — (9261)2 + 9i(Dy 1) 20100y + 2005301021 — 90102

—20,020202 + 3(0p02)" + (02¢2) — 9i(0y02)* 120,102 — 2001020703 + 11ha 020,

=0

From egs. (2.48) and (2.49), we also have that

Do = 401,05 + 2(0:0:)° — 31 Ophi V01,
Phy = 40,1 + 30,0: 0.(0,0: Vi), i=1,2, (6.7)

and then eq. (6.6) becomes

dP

1 Y P
= (2060001 + 1(0.00)" — (020 + D0t + L0102
3

20,65 Dy — Z<0,,c¢>2)4 + ;1@5@)2 200 — gamai% (6.8)

=0
Here the canonical momentum is no longer conserved. However, we still can use
the defect conditions (3.4)—(3.6), (3.52) and (3.53), to show that this contribution
is a total t3-derivative. Again, we rewrite eq. (6.8) in terms of the variables ¢ and

Yy, as follows

dP

1
s { o P O, 04 + Oy Opy0— — 182¢ Dz + 3 ( 0z ) 0upy + 2 ( v+ ) 0u -

0Dy~ Lo+ o o + ?m&%] ,

=0

= [8t3 ( 1 coshp, — %cosh (¢ ) f11/1+> %cosh <¢ ) Oy, [1104

- (COSh2 (¢+) VO, — < Slﬂh(¢+) x¢+¢+az1/f+>

2w?

+% sinh(¢, ) cosh? (¢+) x¢+f1¢+} . (6.9)

z=0
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Then, by using eq. (3.53), we find that
4 21 1) _
P=P— [F cosh(¢y) — - cosh <7+) flzm] R (6.10)
is the modified conserved momentum, which includes defect contributions in order
dp

to preserve the original integrability, i.e. a; =0 This is the same contribution we

have obtained for n = 0.

6.2 Defect contribution for the energy

Now, the canonical energy in the presence of the defect is given by

0
E = %/ dz [(0201) = (0u01)" 4 20001 o1 — ithy Dby + 3i(0ppr) 1010511 |

1 [t — a - -
+ 1/ dz [(2¢2)% — (0ud2)* + 20,02 D2y — iths O2tbs + 3i(Dph2)*1V20,1] -
0
(6.11)
Considering only contributions at the defect as before, we get
dE
% BB, (612
where
1 5 1 6, L g3, 2 3 292 4 \2 393
E; = —8x¢i 0,¢: + —(azd%') + —(5 ¢i)” — _<am¢i) (0,00)° — (@n@') 0,9
21@
( m¢z> lpz z% (a2¢z) wz :plpz w¢z83¢ ¢z zwz + 8x¢za2¢z¢za2¢z

In order to obtain the defect contribution for the energy we take its t3-derivative

0203, i=1,2. (6.13)

and use the equations of motion to get

dE

. - i —_—
it = |00 0304 + atg 2o 0u04 + 18t33§¢+3m¢_ + %axw—atgaﬂh - %3§¢+3t3¢_

" :)?_2 (0-0ss + 91050 ) ((9:6-)° + (0:64)%) — éaizﬁ_atgz/h + éaxmatgaxz/?_

+ E8x¢—8x¢+ (1/;—8@7»;— + 7/_)+8t31/_)+) - %@Z_J—&sg@ﬁ% - éT/_)Jratgai@/_)— . (6.14)

=0
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Now, by using the Backlund equations (3.4)—(3.6), (3.52) and (3.53) we obtain

o [&3 ( 5026, sinh o, + 55 (0,6, )7 cosh g + g cosh (¢—+> stub” g i
—ismh (%)0.0 fius, —sinh (%) 20, oty ——cosh (%) 1 1821”*)
+ ﬂsmh (¢+)82¢+at3 fidy — jsmh (¢ ) md)ﬁtgfl RN
— o cosh (%) (000400, fue — 5 ik 6,0,0,+  cosh (%) 2

+ = cosh? (¢—) Sinh 65 0uoy f10h, fr — o — cosh (¢+> sinh? 6. 9y, flz/?+]
w 2

Finally using (3.53), we find that the modified conserved energy is given by

E=FE-— [ (82q§+ sinh¢, + = ( 0,6, )? cosh ¢+) + u% (6 cosh ¢y — gcosh(ngJr))

_% cosh <¢+>f182¢+ — 7, sinh <¢ ) (0004 f1O504 + 0204 f11)

+ 9 cosh (¢+> sinh?(6,) f1¢+] . (6.16)

wd =
g _
) dts 0.
Although we have calculated the defect contributions to the modified conserved
charges by considering conservation under t;, t3-derivatives, it is natural to expect
that this defect contributions are the same for all members of the integrable hierarchy

and then, they are conserved under any to,,;1-derivative. In the appendix F, we

1.e.

explicitly check this statement for the t5-derivative too.

6.3 Backlund solutions for super mKdV hierarchy

In this section we will consider some solutions for (2.44), (2.48), (2.49), (2.54) and
(2.55).
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Vacuum — one soliton solution

Starting with ¢; = 0 and ¢/; = 0 and the one soliton solution (2.64)

by = h1(1+*“>, ¢2:ep1( L ! ) (6.17)

+
L—p l+p 1=p

where p; = exp (2zk; 4 2tki"™"). The defect conditions (3.4)-(3.6), (3.50)—(3.53),
(3.56) and (3.57) are satisfied for

by = ——. (6.18)

w2
One soliton — one soliton solution

Now we will consider the scaterring of two one soliton solution by the defect, let the

solutions for the one soliton

¢ = In (M) ’ Py = €es1py ( ! + ! ) . (6.19)

I—rip1 I+mpr 1—=rip

¢ = In (M) ; Wy = €592 ( ! + ! ) (6.20)

1 =170 L+rpy 1 —12p9

where py, = exp (2xk‘2 + 2tk§”+1), ri, Si, © = 1,2 are the bosonic and fermionic delay,
respectively.
The Backlund conditons are

kiw? — 2 kiw? — 2
kz :k'l, To =1 (lw—), S92 = S1 (lw—) . (621)

k1w2 —+ 2 k‘l(,UQ + 2




Chapter 7

Modified conserved charges for the
smKdV hierarchy

In the chapter 5 we have constructed the conserved charges for the smKdV hier-
archy in the bulk theory. In particular, we have examined the conservation of the
momentum and energy with respect to the first flows of the hierarchy. Now, in this
chapter we will investigate the modified conserved quantities due to the introduction
of a defect at x = 0. We construct a set of modified conserved charges via defect

matrix.

7.1 Defect contributions from the defect matrix

In general, to compute higher order modified conserved charges we can use the defect
matrix in order to derive a generating function of the defect contributions. To do
that, let us consider the K matrix (3.47), linking two different solutions of the linear
problem (5.1), (5.2) by

0@ = koW, (7.1)

Then, considering a defect located at x = 0 we have for the first set of conserved

o6
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quantities,

0 +o0
7= [ a0 v v [ e [P 4 vird e
—00 0

(7.2)

where Vigp ) with p = 1,2 are the spatial part of the Lax for each auxiliary prob-
lem (5.1) in the region < 0 and z > 0, and I') = QP (QP)~1 and TP =
e P Q)1 are the respective auxiliary functions for each region. Taking the time

tont1-derivative of (7.2) and using the conservation equation (5.4), we get

d7Z,
dtont1

1 1 1 1 1 2 2 2 2 2

It is easy to see from (7.1) that the auxiliary fields Fézl) and Fi(fl) satisfy the
following relations,

@2  Kau+ K22F§11) + K23F:(z,11) r® _ K3 + K32F§11) + Kasrg(),ll)

Iy = ) 31 = : (7.4)
Ky + K12F§11) + K13F:(;11) Ky + K12Fé11) + K13F§11)
Besides that, we have the gauge condition (3.48), namely
O K = KAY - AP K = —KUW + UK, (7.5)

Now, substituting these relations in (7.3) and using (7.5), (5.7), (5.8), we get

dZ, Ory (Kll + K12Fgll) + K13F§’11)> (7.6)
a, | ’ .6
dtn K+ KlQFéll) + K13Fg11)

z=0

that the first generating function for the modified conserved quantities is Z; — Dy,

where
1:1 In |:]<11 ]<12]: (U K3l o ( : )
21 13+ 31 |» l I

is the defect contribution and depends on the elements of the defect matrix K, which

is common for the entire hierarchy (see section 3.3). Then using the corresponding
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coefficients of expansions of the I'y; and I's;, that we have obtained in the chapter

5, we find that the lower terms can be written as follows,

B 2% _ 9
DI = S+ S e, (7.8)
_ ) b1+ 47 3(1+42)
Dy = ;el * 1 (dhy $¢1+ax¢1)— e 00— — e iy
9
_'_J e (¢>1+¢2)’ (79)

_ ) 1 2 1
DA i 5 () 0261 + 01 0uhy + O ) fi+ — e (0001 + (:61)°]

24 3(¢14¢2) 4 &1 5(91+¢2)
I (301 Oupr + Outh1) f1 — — 1€ 201402) 9,y — — s € frr
8
+3 c e (¢>1+¢2) (710)

Analogously, we have the defect contributions for the second set of modified

conserved quantities,
_ (1) (1)
Dy = —1n [ Koo + Koy I'ly + Kosl'ss |, (7.11)

from which we explicitly find the following coefficients,

i = ije SRy A ie (61+02), (7.12)
DEY = LR 0,1 — 0y — e T Dy 4 T

. %e 261-+62) (7.13)

D, = ie T L () 0201 + O, Dadhy — O2n) — %e*"’l*@) (0261 = (9:1)’]

b @060 — D) i+ g 2O 0,0 4 LT

+ %6_3(¢1+¢2). (7.14)

We note that the defect contributions for the momentum

) ) 4 2i
Pp=D{"VP L p{D — [ coshé, — = cosh <¢ ) f1w+] , (7.15)
w w
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and for the energy
Ep = ID(*3/2) + fD(*3/2)

= [ (82¢+ sinh ¢, + = ( 0,6, )? cosh ¢+) + i6 <6 cosh ¢y — gcosh(3¢+)>
w? w 3

g oo (1) £ = o () Qe + 020, 05)

67

+-2 cosh (¢ )smh (6.) f1¢+] : (7.16)

w? z=0

can be properly recovered as linear combinations of the defect contributions D,(;m),

with m = 1/2 and m = 3/2 respectively.

For sake of compactness, we have only considered contributions for the canonical
energy and momentum, however this method can be applied systematically to ob-
tain higher modified conserved charges of the smKdV hierarchy. Furthermore, the
generalization to other supersymmetric integrable hierarchies seems to be straight-

forward, and certainly deserve further investigations.




Chapter 8

Conclusions and further

developments

In this thesis we have examined the presence of defects in the N' = 1 supersym-
metric mKdV integrable hierarchy. Starting with the algebraic structure shared by
the members (equations of motion) of the hierarchy, it was possible to systemati-
cally construct the corresponding Backlund transformations as well as the conserved
quantities and their respective defect contributions in order to ensure the integra-
bility of the whole system.

Firstly, we have studied the systematic construction of a set of nonlinear super
integrable equations of motion based on the zero curvature condition and a super
affine Lie algebra §l(2, 1). In particular, we have considered the supersymmetric
mKdV hierarchy. We have shown that these equations of motion are related by a
recursion operator that maps subsequent time flows, for instance, we have verified
that for n = 0, 1 the recursion equation (4.28) provides the smKdV equation (¢3) and
the t; flow within the super mKdV hierarchy, respectively. The Backlund recursion
operator was obtained and we have verified that it also relates two consecutive time
flows within the hierarchy.

Next, we have constructed the Backlund transformations for the supersymmetric
mKdV hierarchy based on the invariance of the zero curvature representation under

gauge transformation. Such characteristic allowed the construction of a defect-gauge
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matrix (/) connecting two different field configurations of the same integrable model
and hence generating the Backlund transformation. The virtue of the method is that
all models within the hierarchy are constructed from the zero curvature representa-
tion and consequently are all invariant under the defect-gauge transformation (3.14),
(3.48). It therefore leads to a systematic construction of Bécklund transformation
for all models within the hierarchy in a universal manner.

The classical integrability of the model is associated with the existence of a
sufficient (infinity) number of conserved charges*. We have constructed these charges
solving the Ricatti equations associated to the elements of the z-part of the Lax,
which is common to all equations. This provides a method to systematically obtain
the conserved quantities for the entire hierarchy. In particular, we have written the
energy and momentum for the smKdV as a linear combination of these charges, and
we checked its conservation under the flows ¢, t3 and t5.

Moreover, the introduction of defects in the supersymmetric mKdV hierarchy re-
quires, in order to ensure the integrability, additional contributions to the conserved
quantities which were constructed from the defect matrix in a systematic way. We
should point out that the arguments stated in this thesis are general and the modi-
fied charges are conserved with respect to all flows. To illustrate, we have explicitly
worked out examples of Backlund transformation and checked the conservation for
the first few charges under the time flows t;, t3 and t5.

The Lagrangian formalism of the AV = 1 supersymmetric mKdV model in the
presence of defects, which corresponds to the construction of the defect potentials by
preserving the momentum conservation, remains for future investigation. Further-
more, in [31] we have considered the solutions of the type-II Backlund transformation
for the NV = 1 supersymmetric sinh-Gordon model, and we expect that solutions will
have the same structure for the entire hierarchy based on the universality arguments
exposed in this thesis.

Another interesting future application of this framework would be to generalize

the construction to the super KdV hierarchy as proposed in [36] for the pure bosonic

*Here we focus in this condition however a strict treatment should consider the involution of

such charges.
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case where a Miura transformation was realized in terms of gauge transformation.




Appendix A

Representation of the si(2,1) affine

Lie superalgebra

In this paper we are considering the following representation of the gl(2,1) affine

superalgebra,
0 -\ 0 AE00 0
K§2n+1) — _)\n-{-l O O ) K§2n+1) — O )\n+% 0 ) (Al)
0 0 0 0 0 2x
0 —\" 0 A0 0
M1(2n+1) — )\n+1 O O , M2(2n) = 0 —)\n 0 ) (A2)
0 0 0 0 0 0
. 0 0 Al 1 o0 =
F1(27L+§) _ 0 0 _)\n—i—l ’ F2(2n+§) _ 0 0 ATH—% , (A3)
A\t o\t 0 D S
1 0 0 3 00 A
G$2n+§) _ 0 0 )\n—&-% ) G§2n+§) = 0 0 _)\n-i—l . (A4)
A A Q) AnFL \nty 0
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Appendix B

N =5 Lax component

The Lax component A, takes the following form,

bll b12 613

At5 = b21 622 b23 ) (Bl)

bs1 b3z | b33
where,

)\3/2
b = N2 A292

+ A2 (;( 0,9)* a1 + axwa% - wa%) (aw¢>283¢ + —Gxaﬁ(@ﬁaﬁ)Q

16@§¢¢a% 1635;@@# ($¢) (B.2)

.
+ 2L 0.0)° 90,0 — 27 0.6 G030
by = N4 (0264 (0,0 — 0.0) — (0 ¢>> + 84<z> + 0:6000 - < 0,6)°0%

(B.3)
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bis

+

+

bas =

)\1/2\/_

' Vi

= MV + (CRIIERRD +—( 0p90uth — 2(0,0)*) — 020 + 024))

(ama?w — 3(0:0)°0u) — 0;00:0) + D90 — 30,00200 — 3(0.0)*¢ + 1))

% (000 O21p — 29 020 + 2P Dph — Dl + IMap) — g 2§00, $0: 1

VT (0200, 6 — (0,0)°0.5 — (020 920)

+§ (3(0:0)" ¥ — 30,0 v — (920)°%) , (B.4)
N (<00t (0.0 — iT0.) + A (411 0,008 — (020)" — 0l

2@@4 (002020 + i(0:0) V0u) flamw% - a%waxw

L0502 - gwa;‘:’w) , (1.5)

N2 4 \20,¢ — Awwaw + A (182¢ - %(&@3 - ﬁaﬂb&&uﬁ)

85¢ - _ax¢(62¢)

N7 (30,000, + amw?w—fzza%) Ea

5

S0 S0+ 2 R0O + 2600, + 20,0008

N2+ i (00t — D) + W
/\\/_ (0200, — 0,020 — 03dh — 3(020)° 0,0 + 3(0:0)°t) — 30,0020 + O24))

>\1/2\/_ Al QJ
16

)\1/2\/5
4

020 0 Oy

(0209 — 020 0,0 — 0,0 O} + 30 920 + O,0) —

—4(83¢)% ), (B.7)
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_ _ 3/2
Af( Dot — D) + f

by =

(0200 — B,00,10 — 2(0,0)%0 + 02)

+ /\;/ (020050 — 9260u + Oy + 33z¢3§¢¢ = 3(0:0)* + 3(0:0)*0:0) — 0;0)

8
Al/Q\/_ 1/2f

/\1/2\/_
4

0p 036 0u)

(02 — 20 D,1b — 0,090 + PP 0 + I —

((0:6°0,0 — (0,620 — Bo(0.670 — L0200 ~ 120.00%00
+12(0,0)'7) (B3)

_ 3/2, /7 _ _ ; _ _ _ _
Vg — 2 ﬁ(@mw +0.0) + M (060,50 — 20 — 20,6)° D + 0°0)
)\1/2\/—

(30,0020 + 3(0.0)* — 029 + 020,00 — 0,002 + 3(0,¢)200t) — I2Y)

( 2§ Ogtp — Do O3 — 030 + 030 Op) + Op0)) — \/gé’xcb 026 0ot

- Lo0p 02 - Lo,e00 m—%aiww—gaiasamw%a R

3 (0,0)* 4, (B.9)
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Calculation of the defect matrix

The defect matrix K is directly derived by solving the differential equations,

0, K = KAV - APK, (C.1)
oK = KAD - AP K (C2)

with the Lax connections are given

MP—09 -1 Vig

Ay = —A NP4 00 | MV | (C.3)
e i | o
A 1/2 )\ 120 _\/;)\fl/% e?

A = —e2 A1/ —Vie? . (C.4)
Vige ™ VixT2pe? 2A71/2

To find a solution for the defect matrix K, we propose the following A-expansion,
Kij = iy + A2 + Ak, (C.5)

Now, considering term by term we find a set of constraints coming from the A*3/2

and A\*! terms, which we will explictly present as follows:
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AH3/2 terms :

Ki2 = K13 = kga = 0, K11 = R22. (C-6)
ML= terms :
T12 = \/;HB 1;1, (0-7)
K13 = —\/2512 &1, (0-8)
R3a = —\/ZI€12 152, (0'9)
Tin — T2 = \/; (&2 K31 — Ra3 151) ) (C.lO)
Ti3 + Koz = Vi (&2 K33 — K11 @1) ) (C.11)
g+ = Vi (151 K33 — K11 @/_)2) . (C.12)
A 3/2- terms :
Mo1 = M2z = 131 = 0, Moo = 771162(757- (6'13)
A~ terms :
(¢ —d_)
To1 = —\/5@02 N31€ = ; (C.14)
- (b4+9_)
o3 — \/;7721 ez, (C~15)
: (b4 —d_)
31 = —\/57#2 M1 € = ) (C-16)
o —é_ - _ by ¢ _ ¢
T11€°~ — Tog € = \/; 2 (7713 Pre +e 2y 7732), (C-17)
® b b
T3 €@ ) Ly = Vies (msstre™ —muatpre” 2 ), (C.18)
¢ o_ _
To3e@+797) py = \/56%(7711 e —mazibae 7). (C.19)

We have denoted ¢+ = ¢ £+ ¢o for convenience. From eqs (C.7), (C.8) we get
that 712 = 0, and from (C.14) and (C.15) that 75 = 0.
Now, we obtain a set of differential equations from the \° and A\*'/2 terms. Here

we summarize them:
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M- terms :

Oprin = —T110ub- + Vi (s — Y2731, (C.20)
OyT13 = % Ou(s — G-) + i3 + To3 — Vithy 33 + V(11 + m12) ¥y, (C.21)
OpTog = —%3z(¢+ — ¢ )+ Vi (122 1 — o m33) (C.22)
OuTor = T2 00— + Vi (To3 1 — Yo ma) (C.23)
OpT31 = —%a@(dﬁr +¢-) + Vi (33 — Yami) (C.24)
OrT32 = %@c(@% + o) — 731 — N3z + ViTss 1 — Vit (niz + T22), (C.25)
Osrss = Vilnss + 31)n — Vit (7o + mis), (C.26)
Omi = Vie T (ratie T +e Ty kg), (C.27)
O Tz = \/56%(67% Vo K3z — K11 Y1 6%)7 (C.28)
Op_ Too = \/;e%(e_% o T32 + Koz Y1 e%), (C.29)

Oy Tos = Koz +1ize” @79 — Vi(ky e T2o e ) 1
Ve T 0y 7, (C.30)

D o = —ha — Tape @) i (e T 4 e T k)
+V itz e S )7 (C.31)
Oy T30 = \/;6(25%(%33 (0 eT — e’%wg K11), (C.32)
Or_\T33 = —\/E(Klgle(m;m) + T39 e‘w)wl — \/5202(6_(4#;%) Ti3 + S Ko3).
(C.33)

A2 terms :

O ,m1 = e —9- (/1216 —Mae ¢+)+\/;e (n13¢1€ 2 +ez2 2 ¢27'31XC 34)

O 2 = Kn €¢+(€_¢’ — €¢’) + \/267(7'13 U 67— + 6_7_ Yy T32), (C.35)
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Oy Koz €97 + 75 — Vi e +mee e )
+\/%€L2¢_)¢2 733, (C.36)
Or_y 122 e (ma e % — ka1 €%%) + \/56%(7'23 (0 eF e P M32),(C.37)
Or_1M32 — T3y — figp (PO — ﬂ¢2(€(¢+;¢_) T2 + e M)
—l—\/_7'33 (G 6<¢+;¢ >, (C.38)
00 i _\/-,(77326_<¢++¢>,> N Tgle(m;m))wl
—Vitha(e” e >7713 + €(¢+;¢_)T23), (C.39)
Ou1 =11 0z¢—, (C.40)
012 M2 OpP4 + Noa — M1 — \/; (152 32 — T3 @51) ) (6-41)
D23 ?713 Ou(s — &) — Vi (amss — i) (C.42)
D2 7]22 0z, (C.43)
D32 ?732 (or + o) — Vi (V2122 — M3 1) (C.44)
D33 0- (C.45)

A2 terms -

at,l K11
31‘,_1 K21
at,l K3
at,l K31
575_1 K33
Opki1
Orkn2
Opkal

a:v Ra3

(C.46)
ke % (e? —e ) +Vie F (Kog 1 e TogeT Y2 Ka1), (C.47)
\/Ee’%(e% Vo Kiss — kg €T, (C.48)
VieT (kg e T — Ty rn), (C.49)
0, (C.50)
— K11 Oph + K1 — Tz + Vi (Ti3 1 — Yo ka1 (C.51)
Koz 0p— — ka1 + iz + Vi (Kaz 1 — o T32) (C.52)
—ka1 Opby + M1 — Moz + Vi (Tos Y1 — o 731) (C.53)
—T220,(6+ = )+ i + oy — Vithy Ty + V(s + 2191 (C.54)
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Opkz1 = —%3x(¢+ +¢_) — a2 — T + \/5733 1;1 - \/;1/_12(711 + K91), (C.55)

Opkzg = \/Z(T32 + Hgl)l/_h - \/5%52(7'13 + Kag). (C.56)




Appendix D

Type-11 defect matrix for the
mKdV hierarchy

Here we consider a different solution for the defect matrix [31]*, satisfying (C.1), as

follows,
Ky Kip | Ki3
K = Ky Ky | Ky |, (D.1)
K3 Kz | K33
where
. .
Kn = %macn e 2 fifi + A2y e 4+ A2y, (D.2)
K12 = /\_1/2b12 €(¢+_>\0)7 (D3)
K \/_ (¢+_/\O)f +A_1/2 2\/2 b (¢+_)‘0) _&f <D 4)
= —Vimocpe 2 e 2 e 2 :
13 11 1 Jmo 11 1

Ky = M/2ppe (@420 {sinh2 (%) + cosh? 7 + i cosh 7 cosh (%) flfl}(D.S)

i =, _
KQQ = §m0'611 e 2 f1f1 + A 1/2b11 €¢_ + )\1/2611 (D6)
*Note that in order to keep the notation consistent with this thesis we require that m = —2
and o = é
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Koy =

K32 =

K3 =

2/i ) 6 . )
\/%bn e [coshT 1 — sinh (%) fl}

_)\1/2\/imo' ci11 € (¢+;AO) [sinh <%>f1 + cosh 7 f1:| ) <D7)

21 - - ~ _
\/%bu 6_(¢+2A0)6_¢T [CoshTfl — sinh (%) fl}

AY2imo ey, e_<<f>+2—A0) [sinh <%> f1 + cosh f1]> (D.8)

(p+—20) ) (p4—20) ¢— ~
Vimo ey e . f1+)\_1/2\/£;b116 5 ez fi, (D.9)

2
m

—mocyy [z cosh (%) flfl + cosh 7':| + AY20y + NV, (D.10)

where the constant parameters satisfy the following relations,

mao
b11 = Tblg, b12 = maocCyy. (Dll)

It leads to the following equations,

I—(d+ — Ao)

d_6_

m Ao

= — [eéo sinh (%)fl — (6_7 + e cosh T) ng} ) (D.12)

g
(¢+—20) (¢+—20)

= \/ma(e 2 +e 2 COShT)f1

(94-20) .

+vmoe 2 sinh

(D.13)

20 2
_%\/?620 cosh (%)¢+f1, (D.14)
(%) + cosh? 7‘)}

_% ? [(6320 — % cosh 7') Ui fi+ e¥ sinh (%)%Jl}
_iFm e cosh 7 cosh (%)flfl, (D.15)
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74

Oy = mo {e_(m_“) (sinh2 (%) + cosh? 7') — e(‘ﬁ*‘“)}

P (L0t

= o
wma e_w sinh (gb—_)l/hrfl

2 2
+imo e~ (?+729) cosh 7 cosh <¢7—)f1f1,
mmo

cosh 7) vy fi

mo

(D.16)

Oh = —le @ simhg — 22 (14 € @+ cosh 7 ) sinh (%‘) fify

2
1/ mo (¢+2—/\0)

B e

_l_

co (52,

o fi = — \/%e’(hgw sinh (%)z@ + M9 cosh <¢;> fi

2
—l—%e’(m’)“)) cosh 7 cosh (%) fi

2 2

~ 1 /m

(D.17)
(D.18)

(D.19)

o_fi = 3 —<6_L20 te? coshT> (I QE [1+ e cosh 7] cosh (%)fl,(DQO)
o

2V o

o_-fi = —%\/?ezo sinh (%)1/4 + = [1+ e cosh 7] cosh (%) fi, (D.21)

20

v mo (G(M;AO) n 6_(¢+—*0)

oh = —¥
mo

—76_(¢+_)‘0) cosh 7 cosh <%> fl.

2

2 cosh 7') vy — ma cosh

(%)

(D.22)

which correspond to the type-II super-Béacklund transformation for the N = 1 sshG

model with two arbitrary parameters (o, 7).

In [31] we also have written this type-II super-Bécklund transformation in terms

of superfields.




Appendix E

Coeftficients of the Backlund

transformations for N =5 member

The coefficients ¢; in the Bécklund equations (3.56) are given by,

Co

C1

Co

C3

Cyq

Cs

Ce

Cr

— 96, cosh (%*) + (026, )" sinh (%*) +3 (%) (9,0, sinh (%*)
+(226,) (00 cosh (%) =2 (9,0, sinh (%), (B1)
920, cosh (2) — (0.64) cosh (%) + 4 (826.) (2,0, sinh (%) (B.2)
— (8%4.) cosh (%*) +2(0,6,)% sinh (%*) (E.3)
8,4 cosh (%*) , (E.4)
_2ginh (%*) (E.5)
4(0164) cosh 6y — 6 (020 (0a04)° cosh ¢, +2 (826,)sinh 6
~4(0201) (220 sinh g, + 5 (0u0) sinh o (E.6)
4 (92¢y) cosh gy — 4 (Dupy ) sinh ¢y, (E.7)
20,6 (cosh 6,),
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member 76
cs = 2sinh¢, (E.9)
e 6. 36, 564\1 12

cg = 20 cosh 5 )t 20 cosh 5 )t 80 cosh 5 (0Z04)

+ {35 sinh <%+) EELIFI (39;5*) i (5@)} (0.64)% (E.10)
cp = [70 cosh (d;* — 25 cosh < ﬁ*) + 35 cosh ( 2*)} Dth o, (E.11)
¢1 = —20sinh (%*) + 10sinh ( 2*) + 30sinh (5‘%) : (E.12)
cry = 400%¢, (cosh ¢, — cosh(3¢,)) — 20(9,¢4)* (5sinh ¢, + sinh(3¢,)) ,(E.13)
c13 = 30sinh ¢, — 10sinh(3¢.), E.14)

C14

C15

(
(

~120sinh <¢—+> + 80sinh <%) 4+ 240sinh <%) _ 60sinh (7&)
> > > >

—100 sinh <%) , (E.15)

240 sinh ¢, — 120 sinh(3¢.) + 24 sinh(5¢. ). (E.16)

And the coefficients g; in the Bécklund equations (3.57) are the following,

90

g1

92

g3

g4

gs

— [_ %(ai(bJr)Q _ ;(83¢+)<8x¢+) + g(ax¢+)4:| cosh (%)
+ |:18§¢+ - 1(a§¢+)(3m¢+)2] sinh (%» (E.17)

= |53+ 500, sinn (%) - 2020,) (@100 cosh () (B39

= %(8§¢+) sinh <¢7+) — (004 )? cosh (%), (E.19)
_ _% 6. sinh <%+> (E.20)
= cosh (%), (E.21)

= [10sinh ¢, — 5sinh(2¢.)] Oy, (E.22)
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member 77
5 35 ,

g6 = — {5 + 20 cosh ¢, + > COSh(2¢+)} (030+)(0z¢+)

— [10sinh ¢4 + 5sinh(2¢,)] ¢, — {% sinh ¢, + % sinh(2¢.) } )| (0.0(123)
o o[5S () T (5 e

- [15sinh (%) + 15sinh <5¢+)} %o, (E.24)

gs = [—15 sinh <¢7+> — 42—5 sinh <3¢%) — ?Sinh (%)] (0.04), (E.25)
g9 = 10cosh (%) — 5cosh (%) — 5cosh (%) , (E.26)
Ggio = [—120sinh ¢, — 40sinh(2¢4) + 40sinh(3¢.4) + 20sinh(4¢, )] 0¢4,(E.27)
g11 = 60cosh (%) — 40 cosh (%) —40co ( (l25+) 4+ 10co (%)

+10 cosh (9(/‘%) : (E.28)




Appendix F

Conservation of mKdV

momentum defect with respect to

Here we verify the conservation of the momentum of the mKdV with respect to ts,
namely
A 6, Loz, vo loo oy 1 5 5 2092 1 \2

= 00000k + it10.0 (Soonn vt + J@o? - T 0.0 )

- éa§¢18£¢1 - f_6¢182¢1 - %(8x¢1)28xw18§w1 + 11_5628:c¢1 aiﬂsl&lai&l

+ 25 0,002+ gamla;;wl] oo, (PD)
x=0

Using the equations of motion (2.54) and (2.55), we can write the above expres-
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sion in the following form,

;l_i == 2ax¢1 at5¢1 - %(ax¢l)6 + 1_16(6£¢1)2 + 2(6x¢1)2(8§¢1)2 - % x¢1 3§¢1
- %(aml)zamlaiwl —% o 91 0y ¢1¢1 4 + %aml D11 Ohy — 1Oy Uy
T T T Y I A (F2)

=0

In terms of the variables ¢ = ¢1 £ @9 and o = 1y & 1o, it reads

ap 1 s 5, 3 5
G = |00 0ty 4 0uby D+ 15020 826 — 150(0:6.)0e0s
L te — Lore oo, - 2 3 3, 0 2026 02

5 2, 2, O 2,2, b oaar oo o
+ 32 o §— Oup4 (0,0-)" + 323x¢— 0w+ (0704)" + 160mw78xw++ 165’x”¢+8x¢7

o1 - _ - - - _ i .- _
— ﬁaﬁﬁf Oz (0x¢—a§¢— + 8m¢+a§¢+) - Eaiwﬁi’m - 1_685¢+82w—
o1

DGO D) (0.0 B+ 06 020,) — 00T — 200

51 , - _ _ B 5
b (D 0+ 040,04) (0u04 00+ 0u6 326,) — o
51 , - _ _ _
£ (00 +0,0,0) (06 026+ 0,0, 8%0,)
51 , - _ _ _
+ 6_31 (V_ 20y + 4 02_) (Opp— D2~ + Dby D2
51

_a(

ax¢+>5ax¢f

=0
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Now using the Backlund equations (3.4)—(3.6), (3.56), (3.57), we find

dP

o [ (2 cosh (¢ ) fiiy By + sinh (¢ )atsmfm) + 2 sinh g, 0,0,
dts w w?

+ # (COSh2 <¢+) ¢+64¢+ -7 Smh ¢+8x¢+¢+a ¢+)

+ 16w 2¢+6x¢+ ( sinh ¢ ((8w¢+)3 - 5§¢+) — 4 cosh” (%) 8x¢+8§¢+)

+ LZ?L@E@/_AL (i sinh ¢, 02¢; — cosh? (¢+> (0x0+) )

Py
2

5Y)
+ 8_055 cosh? (

) sinh ¢ fiiy (3(0:04)° + 4059

_ % cosh? (qﬁ;) sinh ¢4 (Slﬂh ¢ 024 + 3 cosh® (¢+> z¢+¢+az¢+)

2 cosh?® (25 ful 020, 20 (Tcosh o, —3)

= A0 s (¢+) sinh?® ¢+3m¢+f1¢+} - (F.4)

9
w =0

Note that the first term can be written as follows,

Oy, (2 cosh ( > f1¢+) — 2cosh <¢ ) O 1y, (F.5)
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and then,

ar = [8t5 ( 4 cosh ¢, — %cosh (¢ )fler) ZCOSh <¢ >at5f1¢+
dts w w

+ g (cosh2 (¢*) Go0s — sinh 60,0, 0,8 m)

+ 160 2%@% ( sinh ¢ ((9,¢4)° — 02¢4) — 4 cosh? <¢ ) x¢+az¢+)
- (1
+ é%ﬁiiﬂr (Z sinh ¢+8§¢+ — cosh? (%) (0x¢+)2)

5 _
b e cosht® (%) sinh 6. (30260 + 402,

— 25—:6 cosh? (%) sinh ¢ (Slnh G41p 0%, + 3 cosh? (¢ ) (?x¢+@/1+8z¢+)
b ot (%) 106,020, (T osh 6, —3)

40i .
- w—; cosh? (%*) sinh® ¢, 9,4 f1¢+LO. (F.6)

By using eq. (3.57) we can write eq (F.6) as a total time (¢3) derivative, and
finally we obtain that

P=P— [wi cosh gy — % cosh <¢ ) f1¢+] ; (F.7)

is the modified conserved momentum, which includes the same defect contribution

previously derived by applying the t3 derivative.
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