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Resumo

A distribuição Gama tem sido aplicada em pesquisas em diversas áreas do conheci-
mento, devido a sua boa flexibilidade e adaptabilidade. A distribuição Weibull desem-
penha um papel importante no controle de confiabilidade e monitoramento da qualidade.
Estes modelos têm sido amplamente utilizados para descrever o índice de capacidade de
processo (PCI) quando os dados não seguem uma distribuição normal. Sob este cenário,
os estudos atuais se concentram na estimativa dos parâmetros usando a inferência clássica.
Neste trabalho, consideramos métodos Bayesianos para estimar o PCI denominado Cpk
a partir de uma perspectiva objetiva, utilizando matching priori e priores de referência.
A inferência proposta é ampliada para uma versão generalizada da distribuição Weibull
que fornece um bom ajuste para dados mais complexos com comportamento de risco
não-monotônico. As distribuições posteriores são construídas e são propostos estimadores
Bayesianos com base na mediana para a distribuição Weibull e estimadores Bayesianos
com base na média para a distribuição Gama. Neste caso, os métodos Markov Chain
Monte Carlo são usados para obter as estimativas e, a partir de um extenso estudo de
simulação, observamos que bons resultados são observados em termos de erros médios rel-
ativos e quadráticos. A abordagem proposta também é utilizada para construir intervalos
de credibilidade adequados com baixo custo computacional e probabilidades de cobertura
precisas. É apresentada uma aplicação de dados reais que confirma que nossa abordagem
proposta tem um desempenho superior aos métodos atuais.

Palavras chave: inferência bayesiana objetiva; matching priori; prioris de referência;
distribuição Gama; distribuição Weibull; índice de capabilidade de processo Cpk.





Abstract

The Gamma distribution has been applied in research in several areas of knowledge,
due to its good flexibility and adaptability nature. The Weibull distribution plays an
important role in reliability control and quality monitoring. These models have been
widely used to describe the process capability index (PCI) when the data do not follow a
normal distribution. Under this scenario, current studies focus on parameter estimation
using classical inference. In this work, we consider Bayesian methods to estimate the PCI
denominated Cpk from an objective perspective using matching prior and reference priors.
The proposed inference is extended to a generalized version of the Weibull distribution
that provides a good fit for more complex data with non-monotonic risk behavior. The
posterior distributions are constructed and median based Bayesian estimators are pro-
posed for the Weibull distribution and mean-based Bayesian estimators for the Gamma
distribution. In this case, Markov Chain Monte Carlo methods are used to obtain the
estimates and from an extensive simulation study, we observe that good results are ob-
served in terms of mean relative and quadratic errors. The proposed approach is also
used to construct adequate credibility intervals with low computational cost and accurate
coverage probabilities. An application of real data is presented that confirms that our
proposed approach outperforms current methods.

Keywords: objective Bayesian inference; matching prior; reference priors; Gamma
distribution; Weibull distribution; Process capability index Cpk.
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Chapter

1
Introduction

The concept of statistical quality control was first introduced in the mid-1920s by
mathematician Walter Shewhart. From then on several organizations related to quality in
general emerged, such as the American Society for Quality Control (ASQC), the Brazilian
Association of Technical Standards (ABNT) and the International Standardization Orga-
nization (ISO), National Institute of Metrology Quality and Technology (INMETRO).

Later, principally with the advance of technology, industries began to fight more and
more for space in the labor market. Thus, it is clear that in all industrial sectors it is
essential to have quality in their production in order to be able to guarantee themselves
in the face of such a disputed market.

Still in the production scope, in the confection of products in general can occur failures
in their specification due to lack of monitoring. In this sense, there are two possibilities:
the first of them is related to the dissatisfaction of the clients by the lack of quality of the
product; on the other hand it can happen that the company is wasting its input during
the production to try to avoid that the client is deceived.

From this perspective we have two tools: the control chart and the process capability
indexes. These two mechanisms can contribute to the verification of the measurement
system used by the company so that we have good results in terms of the products
manufactured and whether the process is being able to generate items within the desired
specifications.

Studies through probabilistic models is one of the main challenges currently highlighted
in the field of statistical analysis. It is important to realize that with the advent and the
new discoveries connected with the advance of new technologies has made possible the
analysis through more robust models in order to be able to apply them in real life problems.

In the literature we can find several probability distributions that are generally applied
to problems related to survival study, reliability, quality control, among others. Among
them we can mention Gamma, Weibull, Exponential, Generalized Weibull (or Gamma-
Weibull), among others.

In this work we use three probabilistic models to develop the study of interest. First,
we will talk about the Gamma distribution, which is a model that has two parameters
(α, β) where α represents the shape and β denotes the scale. This model is one of the best
known in statistical analysis and commonly used in several application areas due to its
great flexibility in adjusting data in areas such as environmental analysis, clinical trials
among other real situations.

The Weibull distribution is another distribution widely used in studies related to
practical applications because this model presents a monotonous risk function, that is,
increasing or decreasing, but it can also be constant. It is worth remembering that

19
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this model has great importance because this distribution is the generalization of the
exponential model that unlike the Exponential Distribution, the Weibull Distribution
has an importance property of keeping memory, in other words, here is considered the
time already used of an equipment in relation to a new unit and without use. See some
applications of this Distribution in Teimouri et al. [56] and Ramos et al. [38].

The Generalized Weibull Distribution is also a model that has proven very useful in
the field of analysis of survival data due to its various forms presented in its risk function
such as: growing, decreasing, constant, bathtub shape and inverse bathtub. This model
also has several particular cases of distributions that can be reached from its parameters.
Some examples are: Gamma, Weibull, Exponential, Chi-square, Rayleigh. Thus, this
model can be very effective in explaining data in different fields of study see Ahsanullah
et al. [1], Raju and Srinivasan [37], Marani et al. [26] and Santos [44].

In the literature, it is easy to find results related to the process capability analysis
assuming the data come from a Normal Distribution. In the opposite direction, it does
not happen the same thing for data with Non-Normal Distribution, with that there are
very few references that approach this subject. Thus, this work aims to treat the analysis
of process capability through data from Non-Normal Distributions. For more details on
the approach to non-normal data and see Gonçalez and Herner [14].

We showed some of the capability indexes that are available in the literature, but in
the present work we have used the index called Cpk to obtain results about the capacity of
a certain process to produce items with the least possible variation. Cpk has the objective
of saying if a specific process is being viable in relation to loss, time, resources and costs
and, mainly, if it is being able to offer good manufacturing and that it meets the needs
and desires of the clientele.

In order to exemplify the present work, all the content presented is exposed as fol-
lows: In the first chapter, we present an introduction to the subject of interest where
we briefly talk about statistical quality control, the emergence of industries and the need
to produce with quality and respecting all the established standards, we also emphasize
the importance of computer technology for the development of new research applied to
real data. We also mention some important distributions that are very well known and
also widely used in studies related to the most varied types of data of interest. Finally,
in the introduction we also talk about the Cpk capability index that we use in the study
under the perspective of data originated from Non-Normal Distribution. In the second
chapter, we dedicate to the different capability indexes arranged in the literature under
the normal and non-normal approach. We defined each index and explained in a way
that stimulates the calculation of each one of them and the Cpk classification. Still in
chapter 2, we present in a general way the maximum likelihood estimator, we show each
of the distributions that we will use throughout the work and also their properties through
the moments of each one and we also graphically illustrate their functions PDF, CDF,
risk functions and survival functions. Finally, in the second chapter, we briefly review
Bayesian inference. Chapter 3, composes the first paper we developed with the objective
of estimating the Cpk index through the Gamma distribution. Chapter 4 and 5 is based
on the second paper that we developed for estimating the Cpk index using the Weibull
and the GW distributions, respectively. Finally, in chapter 6 illustrates our proposed
approach in a real data set. Finally, in chapter 7 we conclude by summarizing the present
study and also some future proposals.



Chapter

2
Background

2.1 Process Capability Indexes
Process capability indexes are employed to appraise management aspiration to raise

its earnings potential and at the same time to compete with existing company’s by focus
on plummeting the variability in the manufacturing process. Also, at the same time
produced items should meet the company’s specifications and the customer’s anticipation.
To estimate the amount of process capability of the manufacturing process, it is required
to characterize a quantitative measure of the product that justifies the performance of
the company. Sometimes the product quality can be assessed by sampling inspection
whereas it may not interpret quality specifications laid down by the company or customer’s
anticipation.To analyze quality of the product by using manufacturing technology, the
process capability analysis can be measured through various stages of the manufacturing
process including process, product design, manufacturing, and manufacturing planning;
for more details, see Statistic and Tehnike [53]. A number of process capability indices
have been proposed to determine whether the manufactured product is capable or not
and also product meets the specifications given by the company or satisfies the customer.
More literature review on process capability indexes can be checked in Kotz and Johnson
[18], Spiring et al. [51], Sappakitkamjorn and Niwitpong [45] and Yum and Kim [61] and
Piña-Monarrez et al [34]. Zhang rightly pointed out that the two most frequently process
capability indices are the Cp and Cpk.

To estimate these process capability indexes the basic assumption on quality character-
istics under study should follows normal distribution. Whereas for industrial production
which is concerned with most of quality characteristics may not follow the normal dis-
tribution or quality characteristic distribution, in these situations the process capability
indices are not accurate; for more details, see Sennaroglu and Senvar [47], Piña-Monarrez
et al. [34], Senvar and Kahraman [49, 48]. Hosseinifard et al. [16] studied the effect of
non-normal data to estimate the process capability indexes and assessed that data lead
to inaccurate results. For non-normally distributed data, a quantile approach to measure
the parametric estimation of process capability indexes were developed by Clements [9].
Hence, more researchers focused on the study of the process capability analysis for the
non-normal data, for more details refer Kashif et al [17], Panichkitkosolkul [32], Leiva et
al. [20], Senvar and Sennaroglue [50], Saha et al. [43, 42], Meng et al. [27], Mahmoud et
al [24], and Wu [60].

The PCI when used for asymmetric data is a measure that is achieved through the
percentiles of the target distribution and the appropriate specifications for the process.

21



2. Background 22

The specifications are given by the lower specification limit (LSL) and upper specification
limit (USL) and can be established according to the interest of the researcher or through
regulatory quality control agencies, as we will see in the application section. There are
several indexes available in the literature, among them, we can mention some of the
commonly used indexes in statistical quality control which are referred to as Cp, Cpk,
Cpm, Cpmk

The demands on the quality of products produced to meet consumer demand have
increased in the past decades. Quality inspections began with the purpose of verifying
the production and studying actions to improve the stages of the process aiming at a
final product with acceptable characteristics for the customers’ satisfaction. In this sense,
an important tool used in reliability analysis is linked to quantitative measurements and
aligned with manufacturing processes that are generally applied in the measurement of
reliability and are called process capability indexes.

Gonçalez and Werner [14] show in detail that problems arise when companies perform
capacity analysis assuming normality of data when in fact the correct would be to consider
data coming from non-normal models. In this way, the responsible professional may be
making wrong conclusions about the process.

Therefore, we will describe some capability indexes utilizing data from a normal dis-
tribution and also data not normally distributed.

2.1.1 Cp Index

The Cp is denominated index of potential process capability and was the first index to
be introduced in the literature. The calculation of the Cp is based on a ratio that compares
two values where the numerator is defined as the dispersion of the specification and the
denominator is established by the variation of the process. It is worth remembering that
the Cp does not take into account the location of the data, but only the width of the
process, because here it is considered that the process is always accommodated around
the average. Thus, the Cp for normally distributed data can be defined as follows

Cp =
USL− LSL

6σ
(2.1)

Where LSL and USL are the lower and upper specification limits, respectively, and σ is
defined as the process standard deviation.

In general, this index considers that for higher Cp values it means that the process
is considered capable, in contrast, for lower Cp values indicate that the process needs
improvement. However, as we know that the Cp does not consider the location of the
process, then it is not possible to assess whether this process is within or near the region
defined by the specification limits. Therefore, to obtain more reliable information it is
necessary to combine the results obtained here with another capability index, for example
use Cpk to obtain desired conclusions for the data set of interest.

2.1.2 Cpk Index

As we saw before the Cp index has some deficiencies in its accuracy, so in order to
overcome this impasse we have the Cpk which is a better index than the Cp index. The
present index is also based on the minimum between Cpl and Cpu. The minimum is also
defined from a ratio that compares the values of the distance from the process mean to
the closest specification limit (LSL or USL) in relation to the one-sided variation of the
process. Unlike the Cp this index considers the location and variation of the data. In this
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way, Cpk for data from a normal distribution is defined as

Cpk = min

(
USL− µ

3σ
,
µ− LSL

3σ

)
(2.2)

where LSL and USL are the lower and upper specification limits, respectively. µ and
σ are defined as the mean and standard deviation coming from the data. As we have
mentioned before, it is worth noting that Cpk evaluates potential capability based on the
location of the data and also on the dispersion of the process. In general for higher Cpk
values indicate that the process is being capable, already for lower Cpk values it means
that the process is flawed and needs improvements.

An important piece of information is that if Cp = Cpk is the same it means that the
process is centered around the average of the specification, but if Cp 6= Cpk then the
process is not centered around the average, i.e. the process average is not the same as the
average of the specifications given by (LSL and USL).

2.1.3 Cpm index

As an alternative to the indexes shown above, we have the Cp index, which is a
capability index that besides considering the process variation also takes into account
the distance of the process average of interest compared to the average of the nominal
specification value. Analogously to the items mentioned above, the Cpm is also given
through a ratio where the numerator is defined as the distance between the lower and
upper specification limits and the denominator is given through a radical involving the
process mean, the nominal specification mean and the variance of the target process.
Thus, the Cp can be achieved as follows

Cpm =

(
USL− LSL

6
√
σ2 + (µ− T )2

)
(2.3)

Where USL and LSL are the lower and upper specification limits, respectively; σ2 is the
variance given by the process; µ and T are the process mean and the nominal specification
mean, in that order. According to its definition, if the process has a large variability it
causes the denominator to increase, consequently the Cpm value will decrease dramatically.
Likewise, if µ and T have a considerable distance it can also influence the Cpm to decrease.
However, Cpm has advantages when compared to Cp for example, because this index
produces a good representation about the capacity of the process both for data that have
close to the nominal value and for data that are further from the nominal average. It
is worth noting that if µ = T we have Cpm = Cp for data originating from a normal
distribution.

2.1.4 Cp index for non normal distribution

When it is not possible to assume that the process data can be explained through
a normal distribution it is not viable to apply the Cp and Cpk indexes shown above.
Therefore, it is necessary to study alternative methods to be able to perform the capacity
analysis through a convenient distribution for the available data. Under this perspective
we will define two new indexes that have been developed and are available in the literature
for data that do not come from the normal distribution. These new indexes are quite
similar to the traditional indexes seen previously when assuming normality of the data.
The first index is the Cp which is calculated using a ratio where the numerator is defined
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as the width between the upper and lower specification limits and the denominator is
given by varying the 0.135 and 99.865 percentiles of the distribution of interest. Here as
in the case of normality the Cp does not take into account the location of the process with
respect to the specification limits, only its dispersion, due to the fact that in this case it
is considered that the process is always located around the nominal mean of specification.
Of this fact, the Cp is given by

Cp =
USL− LSL
F99.865 − F0.135

(2.4)

Where LSL and USL are the lower and upper specification limits; F99.865 e F0.135 are the
99.865 and 0.135 position percentiles related to the process data, respectively.

2.1.5 Cpk index for non normal distribution

According to the above writing, the Cp index may not be effective to analyze the
process, because according to its definition we do not have the idea of location. So from
this assumption, we will present another more robust index that besides considering the
variation of the process also takes into account its respective location. This index is
denominated Cpk and can be found from the minimum between two ratios that are called
Cpl and Cpu and can be calculated by:

Cpk = min

(
USL−M
Up −M

,
M − LSL
M − Lp

)
, (2.5)

where Up, Lp and M are the percentiles 99.865th, 0.135th and 50th from the Gamma
distribution, respectively, USL and LSL denote the upper and lower specification limits.
It is important to point out that the percentiles Up, Lp and M mentioned above, can be
easily computed from a function already implemented in the statistical software R.

The interpretation for the Cpk index is given by the items in non-conformity assuming
one million items produced and describe by

• If Cpk < 1, then the process is producing over 2700 items in nonconformities and
the process is considered incapable.

• If 1 ≤ Cpk ≤ 1.33, then the process is generating between 64 and 2700 non-
conforming manufacturing, and the procedure is considered acceptable.

• If Cpk ≥ 1.33, then the process reproduces a quantity below 64 nonconforming items,
hence, the process is classified as capable.

2.1.6 Cpm index for non normal distribution

As the Cpm index seen above only considers data that originate from a normal distri-
bution, so the literature provides us with another index that is also called Cpm, but more
robust, and can be used for any non-normal distribution. This index is very similar to the
Cpm index when assuming normal data. Similarly, the index here is defined by a division
where the numerator is also given by the width of the lower and upper specification limits,
while the denominator is calculated by a radical involving the 99.865 and 0.135 percentiles
of the target distribution; the process mean and the nominal mean of the specification
limits. In view of this, the Cpm can be measured as follows

Cpm =
USL− LSL

6

√[
F99.865 − F0.135

6

]2

+ (M − T )2

(2.6)
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Where USL and LSL are the upper and lower specification limits, F99.865 and F0.135 are
the 99.865 and 0.135 percentiles of the target distribution, respectively; M and T are
defined as the process median and the nominal value of the specifications in that order.

In this chapter we present three important groups of indexes that are commonly used
in the analysis of process capability using normal and non-normal data. We show the
characteristics of each of these indexes and also the way used in the calculation of each
model of index.

From the indexes presented in this chapter, it is possible to notice that the only index
that mentions both the variability given through the lower and upper specification limits
and the distance between the process data average and the specification limits in its
numerator is the Cpk index, that is, besides considering the permitted variation of the
process, the Cpk also takes into account the location of the data. In this way, the Cpk has
an advantage compared to other indexes, because in practice it is not always possible to
establish the process centered on the nominal specification mean.

In chapter 3, 4 and 5, we will use the Cpk index based on non-normal data to perform
the study that aims to estimate the Cpk for non-normal data with the support of the
Gamma, Weibull and WG distributions. In addition to Cpk we also present the indexes
Cp and Cpm, which remains as a suggestion for future studies.

It is worth pointing out that we present the interpretation for the Cpk index only
for convenience, because the same clarification is valid for the other capability indexes
presented in this chapter.

2.2 Probability Distributions
Here we will talk about the probability distributions we use in the course of the work.

We will show their respective probability density functions (PDF), cumulative density
function (CDF), survival functions and risk functions. The distributions chosen are well
known in the field of statistical analysis due to their wide applicability in different real
problems.

2.2.1 Gamma Distribution

Let X be a continuous random variable whose probability distribution is given by
the model Gamma. It probability density function and cumulative density function are
defined, respectively as

f(x |α, β) =
βα

Γ(α)
xα−1e−βx and F (x|, α, β) = 1−

∫ +∞

x

βα

Γ(α)
xα−1e−βx (2.7)

with x > 0, α > 0, β > 0 e Γ(α) is given by

Γ(α) =

∫ ∞
0

e−xxα−1dx (2.8)

and is known in mathematics as a gamma function. The mean and variance of the gamma
distribution is, respectively given by

E(X) =

∫ ∞
0

βαxαe−βx

Γ(α)
dx =

α

β
(2.9)

V ar(X) =

∫ ∞
0

βα

Γ(α)
xα+1e−βxdx− E(X)2 =

α

β2
(2.10)
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This distribution belongs to the exponential family of continuous probability distri-
butions with two parameters. In the literature, there are reparametrized version of this
model, hereafter, we will use the form given in (2.7). The Gamma distribution is an
important generalization of the exponential distribution (α = 1), assuming that α =

n

2
,

n ∈ Z and β =
1

2
one can show that the model reduces to the chi-square distribution with

n degrees of freedom.
Since the Gamma distribution is used to describe nonnegative data with positive

skewness, the model is widely used in survival and reliability analysis (see, e.g., Lawless
1982), as it is a model that is adaptable and returns, in most cases, a good adjustment for
the event of interest, for example, in the areas of engineering, meteorology, climatology,
and among other situations.

In the Figure 2.1 we can see the different forms of the PDF and CDF of the Gamma
distribution for different α and β values. Note that the PDF chart shows different shapes
according to the choice of parameters, consequently, the CDF also varies according to this
choice.
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Figure 2.1: Graph of the probability density functions for different values of α and β and
their respective cumulative density functions.

The risk functions (failure rate function) and survival function (reliability function)
for the Gamma distribution are defined, respectively by

h(x |α, β) =
βαxα−1 exp (−βx)

Γ[βx, α]
(2.11)

S(x |α, β) = 1− P (X ≤ x) =
Γ[βx, α]

Γ(α)
(2.12)

where P (X ≤ x) is the cumulative density function of (2.7) and Γ[βx, α] =
∫∞
α
mβx−1e−mdm

it is known as incomplete Gamma function.
We can see in Figure 2.2 the graphs of the risk and survival functions for some α and

β values, respectively.
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Figure 2.2: Risk function and survival function of the Gamma distribution with different
values for the parameters.

2.2.2 Weibull Distribution

Although many asymmetric models have been proposed in recent years. The most
used model is the Weibull [59] distribution, such a model arises in a reliability context
and it is used as the base for the development of new methodologies and applications in
industry. Let T be a continuous random variable whose probability distribution follows
Weibull. It is probability density function and cumulative density function are expressed,
respectively by

f(t|λ, α) = λαtα−1e−λt
α

and F (t|λ, α) = 1− e−λtα (2.13)

for all t > 0 and the quantities α > 0 and λ > 0 are the shape and the scale parameters
respectively. Here, we focus on the use of the parametrization in the form of (2.13),
however, other reparametrizations can be considered. The mean and variance of the
random variable that follows the Weibull distribution can be expressed, respectively by

E(T ) = αΓ

[
1 +

1

λ

]
and V ar(T ) = α2

[
Γ

[
1 +

1

λ

]
− Γ

[
1 +

1

λ

]2
]

(2.14)

For ∀ t, λ and α positive.
The Weibull distribution is an important generalization of the exponential distribution

(α = 1) as well as the Rayleigh distribution (λ = 2), among others. The model arises
in different areas with interesting physical interpretations [25] and its parameters can be
used to understand its hazard behavior. Due to the popularity of the Weibull distribution,
many studies have considered this model as a baseline distribution to estimate PCIs as
an alternative to the Gaussian model. The parameter estimates are usually derived under
the maximum likelihood estimators [34] and bootstrap techniques are applied to construct
confidence intervals [12, 58]. A major drawback is that the MLEs are usually biased for
small samples which may compromise the analysis, in addition, the computational cost of
bootstrap approaches are very significant due to the high number of replications as well as
the application of numerical techniques to estimates the parameters of each sub-sample.

Note that Figure 2.3 illustrates the graphs of the probability density function and
cumulative density function for the Weibull distribution for different pairs of parameters
λ and α.
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Figure 2.3: Graph of the probability density functions for different values of λ and α and
their respective cumulative density functions .

The risk functions (failure rate function) and survival function (reliability function)
for the Weibull distribution can be expressed respectively by

h(t |λ, α) =
λ

α

(x
α

)α−1

(2.15)

S(t |λ, α) = 1− P (T ≤ t) = exp

(
−
(
t

α

)λ)
(2.16)

where P (T ≤ t) is the cumulative density function of the Weibull distribution.
The Figure 2.4 represents the risk and survival functions of the Weibull distribution

with different pairs of parameters λ and α.
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Figure 2.4: Risk function and survival function of the Weibull distribution with different
values for the parameters.
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2.2.3 Generalized Weibull Distribution

Although the Weibull distribution can be used in many situations to describe asym-
metric data, it cannot be used to describe datasets with non-monotone behavior in the
hazard rate. In this case, a flexible generalization of the Weibull model can be considered
instead. Stacy [52] introduced a unified model with three-parameters that contain the
Weibull, Gamma, Lognormal, Nakagami-m, half-normal, Maxwell-Boltzmann, chi distri-
bution, among others. This model is referred to by different names such as generalized
Gamma, Gamma-Weibull, or generalized Weibull (GW) distribution. Hereafter, we will
refer to such a model as GW distribution due to its relation with the Weibull model. The
parameter estimation under the MLE was previously discussed by [15]. However, Pren-
tice [35] showed that the MLEs may not return good estimates, as well as the asymptotic
property of the confidence intervals may not be achieved even for sample sizes larger than
400. Therefore, we have generalized the Bayes estimators for the GW distribution, the
Bayesian reference posterior is used to achieve the estimates of the PCI returning precise
estimates with good coverage properties. Finally, our proposed approach is applied in a
real dataset aiming to improve the quality process and reduce losses.

Let T be a continuous random variable whose probability distribution can be explained
by the probability density function given by

f(x|φ, λ, α) =
α

Γ(φ)
λαφxαφ−1 exp (−(λx)α) , (2.17)

where t, φ, λ, α positives and Γ(φ) is the mathematical function called Gamma.
The cumulative density function of the distribution GW is given by∫ (λt)α

0

1

Γ(φ)
mφ−1e−mdm =

γ[φ, (λt)α]

Γ(φ)
(2.18)

where γ[y, x] =
∫ x

0
my−1e−mdm.

The mean and variance of the Generalized Weibull distribution can be found through
the Moment Generator function and are expressed as follows:

E(T ) =
φ+ 1

α

λΓ(φ)
and V ar(T ) =

1

λ2

{
Γ(φ+ 2

α
)

Γ(φ)
−
[

Γ(φ) + 1
α

Γ(φ)

]2
}

(2.19)

If a continuous random variable T follows a distribution GW, then its risk and survival
function are defined as:

h(t |φ, λ, α) =
αλαφtαφ−1 exp (−(λt)α)

γ[φ, (λt)α]
, (2.20)

S(t|φ, λ, α) = 1− P (T ≤ t) = 1−
∫ (λt)α

0

1

Γ(φ)
mφ−1e−mdm (2.21)

= 1− γ[φ, (λt)α]

Γ(φ)
(2.22)

where P (T ≤ t) is the cumulative density function from the GW distribution.
The Figure 2.5 illustrates some forms of the probability density function and the

cumulative density function of the GW distribution for different values of the parameters
(φ, λ, α).

The distribution GW has different forms in its risk function and can be: constant,
increasing, decreasing, bathtub (or inverse bathtub). Due to this flexibility the GW has
been commonly used to model problems in the field of reliability. There is a method to
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Figure 2.5: Graph of the probability density functions for different values of φ, λ and α
and their respective cumulative density functions.

analyze the behavior of the risk function. According to Gi and Almhana [33] we will
analyze such behaviors through the values of α and φ. If α = 1, we have the distribution
(2.7). With that, the risk function can have the following characteristics:

• increasing: if 0 < φ < 1

• Constant: if φ = 1

• decreasing: if φ > 1

If α 6= 1 and if
(1− αφ)

α(α− 1)
assume values greater than zero, then so the risk function will

take the following forms:

• bathtub: if φ > 1

• inverse bathtub: if 0 < φ < 1

In the Figure 2.6 we can observe these characteristics of the risk function and survival
function of the distribution GW with different values for the parameters (φ, λ, α).
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Figure 2.6: Risk function and survival function of the distribution GW with different
values for the parameters.

2.3 Maximum likelihood inference
Commonly in statistical analysis, when we perform a study with the objective of

making an inference about a certain phenomenon taking into consideration some degree
of confidence, we usually employ two alternative methods: frequentist or Bayesian.

In the classical method, we consider the vector of θ parameters as being an unknown
constant. We can find different procedures for the inference of parameters in the literature
such as the maximum likelihood estimator (MLE), methods of moments (MM), least
squares (LQ), L-moments, percentile, maximum product of spacing among others. See in
detail [41], [11], [4], [21]. Here we will use the concepts of maximum likelihood to obtain
the estimates from the point of view of frequency due to its good asymptotic properties.
This method is based on maximizing the likelihood function to reach the estimators for
the parameters see Casela and Berger [8].

Thus, we will show the method of maximum likelihood in a generic way for the vector
of parameters θ under a sample x observed is given by

L(θ,x) =
n∏
i=1

f(xi|θ) (2.23)

where θ = (θ1, θ2, . . . , θk) and that by hypothesis (2.23) represents all the information
about the parameter θ through the data of the experiment. Generally, from obtaining the
likelihood equation, it can often be complicated to make algebraic manipulations through
this equation, so one usually works with the logarithm of the function L(θ,x) which is
equivalent to the function given in (2.23). With this, assuming that the likelihood function
is differentiable in each of its k parameters, then we can obtain the scoring functions that
are given by the calculations

∂ log(L(θ,x))

∂θi
= 0, i=1, . . . , k. (2.24)

Solving the system involving these equations, we find the maximum likelihood estimators
for each of the θi. However, most of the time it can become an algebraically complex
task, in these cases some numerical method is commonly adopted to obtain the solution.
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It is important to note that for a small number of samples these estimators are addicted,
but while we have a considerably large sample size the estimators obtained are consis-
tent, efficient and converge to an asymptotically normal joint distribution given by the
expression

θ̂ ∼ Nk(θ, I
−1(θ)) when n −→∞ (2.25)

where I(θ) is defined with the Fisher Information Matrix k×k, whose elements Iij(θ) of
each entry are given by

Iij(θ) = −E
[

∂2

∂θi∂θj
L(θ,x))

]
, when i, j=1, . . . , k. (2.26)

Still under the hypothesis of large samples, it is possible to build the asymptotic confidence
intervals individually, i.e., for each θi with a 100(1-γ)% confidence coefficient from the
marginal distributions defined as follows

θ̂i ∼ N(θ, I−1
ii (θ)) when n −→∞ (2.27)

With respect to the estimation via the maximum likelihood method, a property of ex-
treme importance is the invariance principle of this model, i.e., given a random sample
X1, . . . , Xn taken via the variable X with PDF f(x|θ). If θ̂ is a maximum likelihood
estimator for θ, then g(θ̂) will also be a maximum likelihood estimator for g(θ).

2.4 Bayesian Inference
The information related to the parameter of interest θ plays a key role in statistics.

Since the true value of θ is unknown, our objective is to estimate such a parameter. The
distribution that describes the information related to θ before the data is observed is com-
monly known in Bayesian inference as a prior distribution π(θ). In the literature there
are different ways to construct prior distributions, our focus here will be on priors that
can be constructed with formal rules without and can be used in an objective inference
[10]. Here, we will consider the use of reference priors that were proposed by Bernardo [6]
with further development see Bernardo [7]. The class of priors is achieved by maximizing
the expected Kullback-Leibler distance between the prior distribution and the posterior
distribution, i.e., and the information achieved by the posterior distribution is not over-
shadowed by the prior. Additionally, these class of prior enjoys important properties
such as consistency and invariance under one-to-one transformations see [7]. Similarly,
let we also consider the matching prior suggested by Ramos et al. [39]. We will see its
construction in the following.

This important objective prior was introduced by Tibshirani [57] assuming that for
a prior distribution π(θ1, θ2) where the parameter of interest is θ1 and θ2 is a nuisance
parameter, the credibility interval for that parameter in has a convergence error O(n−1)
in the frequentist sense, that is,

P [θ1 < θ1−α
1 (π,X)|(θ1, θ2)] = 1− α−O(n−1). (2.28)

The class of priors that satisfies the condition above is usually referred to as matching
priors with a convergence order of O(n−1). Mukerjee and Dey [30] further discussed
necessary and sufficient conditions for this class matching priors also be a matching prior
but with a convergence of order o(n−1).

The following proposition will be used to obtain the prior distributions for the Weibull
and Generalized Weibull.
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Proposição 1 [Bernardo [7], pg 40, Theorem 14]. Let θ = (θ1, . . . , θd)
′ be a vector

of the ordered parameters of interest and consider X = (x1, . . . , xn)′ a random sample
of size n taken from a probability density function (PDF) f(·|θ). Now be P the class
that represents all a priors continuous with support in A. In addition, be I(θ) Fisher
Information Matrix. Finally, if the parameter space θj is independent of the parameter
space θ−j and the element hjj(θ) (j = 1, . . . , d) of the fisher matrix can be factored through
the form

h
1
2
jj(θ) = fj(θj)gj(θ−j)

where hjj(θ) are the inputs (j, j) of the Fisher information matrix and the vector of
parameters θ−j is defined as θ−j = (θ1, . . . , θj−1, θj+1, . . . , θd)

′. Thus, a prior reference for
the parameter θ is given by

πR =
d∏
j=1

fj(θj)

Now, consider a random sample x1, x2, . . . , xn that were observed from the PDF f(x|θ),
in this case, the likelihood function L(θ|x) =

∏n
i=1 f(xi|θ) summarizes all the information

of the parameter θ based on observed sample data. Be it π(θ) a prior defined from θ, with
the help of Bayes Theorem we combine the information about the a prior Distribution
and the likelihood function we find the a posterior Distribution of θ given x, known as
p(x|θ). This result can be explained from the equality given below

p(θ|x) =
p(θ, x)

p(x)
=
p(θ|x)p(θ)

p(x)
=
p(θ|x)p(θ)∫
p(θ, x)dθ

=
L(θ|x)π(θ)∫
L(θ|x)π(θ)dθ

It can be notice that 1/p(x) does not depend on the parameter θ and it is defined as a
normalizing constant of posterior distribution p(θ|x). Since we are using objective priors
that can be impropers, i.e.,

∫
π(θ) =∞, the posterior distributions can also be improper,

therefore, we have to prove such posteriors are proper functions to be used in Bayesian
analysis.

In the case of proper posterior, our objective is to perform the estimation of the
parameters, then, a very useful and simplified way to represent p(θ|x) is using the following
expression

p(θ|x) ∝ L(θ|x)π(θ)

There are numerous ways to summarize the information from the posterior distribu-
tion, usually, this step requires the calculation of probabilities and expectation on marginal
distributions when θ is multidimensional. Note that, usually we are not able to calculate
such integrals in an analytical way due to their complexity, in these cases, we resort to
Markov Chain Monte Carlo methods that will be presented after the construction of the
posterior distributions.





Chapter

3
Gamma Distribution

3.1 Introduction
An important non-normal distribution that has been widely considered in reliability

is the Gamma distribution. The inference for the parameter of the model are standard in
most statistical books. Under the classical approach the maximum likelihood estimator
(MLE) is usually considered due to its good properties such as consistency, efficiency and
invariant under one-to-one transformations. On the other hand, this method has two
drawbacks, the first is that the method is usually biased for small samples, and secondly
due to the mathematical form of the capability index it is very difficulty to apply the delta
method to obtain the confidence intervals of the estimates. In order to overcome these
obstacles we can apply the objective Bayesian methods. Previously, several researchers
discussed procedures to conduct Bayesian inference for the parameters of the Gamma
distribution (see Louzada and Ramos [23], Miller [28], Sun and Ye. [55] and Berger et
al. [5]). Ramos et al. [39] compared the effect of the different objective priors have in
the posterior distribution and concluded that in terms of bias, mean square error and
coverage probabilities the matching prior was the most appropriate.

Here, we consider a fully objective Bayesian analysis to estimate the Cpk measure.
Due to the complex form of the index, we obtain the posterior distribution using the
invariant property of the Markov Chain Monte Carlo (MCMC) methods. The Metropolis-
Hasting algorithm is considered to obtain the chains of the parameters as well as the Cpk.
Further, we show that the results obtained from objective inference are superior to the
ones obtained through maximum likelihood. From the obtained results, we can achieve
Bayes estimates with smaller bias and construct precise credibility intervals from the
posterior density. The proposed approach is applied to check if the control process of
powdered juice company is under control or if requires improvements to decrease losses.

The remainder of this chapter is organized as follows. Section (3.2) provides the
maximum likelihood estimates. Section (3.3) and (3.4) presents the steps to achieve the
Bayesian inference assuming an objective prior and the MCMC algorithm to sample from
the posterior distribution. In Section (3.5), we present a simulation study to illustrate
the usefullness of our proposed approach.

35
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3.2 Maximum Likelihood Estimation
The maximum likelihood function is one of the most commonly used estimation pro-

cedures in frequentist inference, the method is usually considered due to its flexibility in
construct the likelihood function, that contains all the information of θ obtained from the
data. The MLEs have important properties such as invariance, consistency, and efficiency.
Moreover, due to its asymptotic properties, we may be able to construct confidence in-
tervals for the parameters of interest. Let X1, ..., Xn a random sample of size n of the
random variable give in (2.7) then the α and β likelihood function is give by

L(α, β|x) =
βnα

[Γ(α)]n

{
n∏
i=1

xα−1
i

}
exp

{
−β

n∑
i=1

xi

}
. (3.1)

Given that the maximum likelihood of θ, θ = {(α, β);α > 0, β > 0}, which is rep-
resented by θ̂ that maximize L(α, β|x), it may be difficult to direct maximize L(·) and
as the logarithm of the likelihood function l(α, β|x) is a growing function, we have that
maximize L(α, β|x) is equivalent to maximizing its logarithm. Hence, in this case the
logarithm of the likelihood function is given by

l(α, β|x) = nα log β − n log Γ(α) + (α− 1)
n∑
i=1

log xi − β
n∑
i=1

xi. (3.2)

From
∂ logL(α, β|x)

∂α
and

∂ logL(α, β|x)

∂β
,

the score functions of α and β are given by for

∂LogL(α, β|x)

∂α
= n log(β)− nΓ′(α̂)

Γ(α̂)
+

n∑
i=1

log(xi) = 0 (3.3)

∂LogL(α, β|x)

∂β
=

nα

β̂
−

n∑
i=1

xi = 0. (3.4)

Performing some changes algebraically in (3.3) and (3.4), we find the maximum likelihood
estimators of α and β given, respectively, by

log(α̂)− ψ(α̂) = log(X)− 1

n

n∑
i=1

log(xi) (3.5)

β̂ =
α̂

X
(3.6)

where ψ(α̂) =
∂ log Γ(α)

∂α
=

Γ′(α̂)

Γ(α̂)
and X =

∑n
i=1 xi
n

.

There are situations, mainly, in the case of more complex models, the maximum
likelihood estimators does not have closed-form expressions. In this case, the maximum
likelihood estimators must be solved using numerical methods. There is also the possibility
of making some modifications to the MLE that does not have closed-form expression that
leads to estimators with the closed form [22]. Through an important result that guarantees
that if the derivatives up to the second order of the likelihood function are defined and
the Fisher information matrix is not null, then the distribution of α̂ and β̂ tends to a
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normal distribution with mean α, β and equal variance to the elements I11 and I22 of the
matrix I(α, β)−1, respectively. The Fisher information matrix is given by

I(α, β) =

 ψ′(α) − 1

β

− 1

β

α

β2

 ,
where ψ′(α̂) =

∂2 log Γ(α)

∂α2
is known as the trigamma function.

3.3 Bayesian Inference for Gamma Distribution
For the Gamma distribution, Sun and Ye [55] showed that the matching prior of order

o(n−1) when β is the parameter of interest is given by

π(α, β) ∝ αψ′(α)− 1

β
√
α

.

As discussed earlier this prior is one of the many possible objective priors for the
parameters of the Gamma distribution. On the other hand, Ramos et al. [39] showed
that the cited prior returned a posterior distribution that provided excellent posterior
estimates in terms of smaller bias and MSE. Moreover, the obtained posterior has precise
coverage probabilities for both parameters and important properties such as invariance
under one-to-one transformation, hence, we will consider such prior to performing the
inference for the Cpk index.

Through the matching prior we obtain the posterior joint distribution for α and β.

π(α, β|x) ∝ (αψ′(α)− 1)√
α

βnα−1

[Γ(α)]n

{
n∏
i=1

xα−1
i

}
exp

{
−β

n∑
i=1

xi

}
. (3.7)

The matching prior is improper and may lead to improper posterior. However, Ramos
et al. [39] proved that the posterior distribution (3.7) is proper if and only if n ≥ 2 with
n ∈ N as well as its higher moments (posterior mean, variance among others). Therefore
we can use such posterior to conduct the Bayesian inference.

By integrating (3.7) with respect to the parameter β we find the later marginal dis-
tribution for α which is given by

π(α|x) ∝ (αψ′(α)− 1)√
α

Γ(nα)

Γ(α)n

(
n
√∏n

i=1 xi∑n
i=1 xi

)nα

. (3.8)

The conditional posterior distribution for β is

π(β|α,x) ∼ Gamma

(
nα,

n∑
i=1

xi

)
. (3.9)

3.4 Markov Chain Monte Carlo method
Extracting information from the posterior distributions is usually not an easy task.

The joint posterior distribution follows an unknown model and the normalized constant is
difficult to be computed. In order to extract the information of interested we can consid-
ered the Metropolis-Hastings (MH) algorithm to sample from the posterior distribution.
The algorithm is used as follows:
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1. Select an initial value for α(1) and take j = 1 as the loop counter iteration.

2. Generate a candidate α(∗) from the proposed distribution Gamma(α(j), b);

3. Calculate the probability of acceptance given by

λ
(
α(j), α(∗)) = min

(
1,
p
(
α(∗)|x

)
p (α(j)|x)

q
(
α(j), α(∗), b

)
q (α(∗), α(j), b)

)
,

where p(·) is the marginal posterior distribution given in (3.8). Select a random
value u from the uniform distribution in the interval of (0, 1);

4. If λ
(
α(j), α(∗)) ≥ u(0, 1) then accept the new value α(j+1) = α(∗), otherwise reject it

and consider α(j+1) = α(j);

5. Generate a random value β(j+1) from the conditional posterior distribution for β
given by

β(j+1) ∼ Gamma

(
nα(j+1),

n∑
i=1

xi

)
.

6. Let
Cpu =

USL−M(α(j+1), β(j+1))

Up(α(j+1), β(j+1))−M(α(j+1), β(j+1))

Cpl =
M(α(j+1), β(j+1))− LSL

M(α(j+1), β(j+1))− Lp(α(j+1), β(j+1))
,

where Up(α
(j+1), β(j+1)), Lp(α(j+1), β(j+1)) e M(α(j+1), β(j+1)) are the percentiles given

respectively by 99.865, 0.135 e 50 obtained from the gamma distribution.

7. Compute
C

(j+1)
pk = min (Cpu, Cpl) .

8. Increase the counter from j to j+ 1. The process must be repeated until a specified
number of iterations is achieved.

It it is important to mention that when using marginal posterior distribution of α,
there is significant difficulty in calculating the ratio

p
(
α(∗)|α(t),x

)
p (α(t)|α(∗),x)

,

this impasse can be explained by the fact that p
(
α(∗)|α(t),x

)
has the terms Γ (nα) and

(Γ(α)n)−1 and depending on the values of φ and n the software may not compute such
terms. For instance, consider α = 3 and assuming that n ≥ 100, the R will not be able to
calculate such terms, returning the symbol ∞ in the first case and 0 for the second case.
This difficulty can be resolved by rewriting the way in which we calculate the probability
of acceptance, given by

λ
(
α(t), α(∗)) = min

(
1, eΩ

)
,

where Ω = log
(
p
(
α(∗)|α(t),x

))
+log

(
q
(
α(t)|α(∗)))−log

(
p
(
α(t)|α(t),x

))
−log

(
q
(
α(∗)|α(t)

))
.

This method overcome the problem, as it is easy to calculate the terms n log(Γ(α))
and log(Γ(nα)) by using the approximation

log(Γ(x)) = x log(x)− x− 1

2
log
( x

12π

)
+

1

12x
− 1

360x3
+

1

1260x5
+ . . .
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3.5 Simulation Study for Gamma Distribution
A simulation study was proposed to verify whether the posterior distribution presents

good results when compared with the classical approach in terms of the mean relative
errors (MRE) and the mean square errors (MSE), which are the two commonly used
metrics to evaluate the parameter estimators. In practice, these metrics together allows
the researcher to observe if the Bayes estimates obtained from the posterior distribution
are, in general, close to the true parameters. The metrics are computed by

MRE =
1

N

N∑
j=1

θ̂j
θ

and MSE =
N∑
j=1

(θ̂j − θ)2

N
,

where θ = Cpk and N = 10.000 is the number of estimates obtained through the posterior
means of the parameters. Additionally, the 95% coverage probability (CP95%) of the
credibility intervals are computed from the Bayesian credibility intervals (CI). Under

Table 3.1: MRE, MSE and CP from the estimates of Cpk considering different values of
n with N = 10.000 simulated samples using Classical and Bayesian inference.

θ n MLE Bayes
MRE MSE MRE MSE CP

10 1.1636 0.0439 0.9742 0.0343 0.964
20 1.1237 0.0272 1.0384 0.0185 0.953
30 1.0821 0.0168 1.0305 0.0131 0.950

α = 2, β = 0.5 40 1.0583 0.0118 1.0219 0.0099 0.951
50 1.0470 0.0088 1.0191 0.0077 0.954
60 1.0398 0.0072 1.0170 0.0064 0.952
70 1.0321 0.0060 1.0128 0.0055 0.952
80 1.0286 0.0053 1.0118 0.0049 0.947
90 1.0284 0.0047 1.0135 0.0044 0.945
100 1.0238 0.0041 1.0105 0.0039 0.948
110 1.0198 0.0037 1.0078 0.0035 0.948
120 1.0167 0.0033 1.0057 0.0031 0.951
130 1.0160 0.0031 1.0058 0.0029 0.946
140 1.0181 0.0029 1.0086 0.0028 0.948
150 1.0160 0.0027 1.0073 0.0026 0.946
10 1.0231 0.0039 0.9471 0.0097 0.950
20 1.0175 0.0023 0.9943 0.0025 0.950
30 1.0109 0.0011 1.0004 0.0011 0.953

α = 2, β = 1 40 1.0081 0.0007 1.0021 0.0007 0.950
50 1.0066 0.0005 1.0026 0.0005 0.947
60 1.0052 0.0004 1.0023 0.0004 0.948
70 1.0046 0.0004 1.0023 0.0003 0.946
80 1.0042 0.0003 1.0022 0.0003 0.950
90 1.0034 0.0003 1.0017 0.0002 0.948
100 1.0030 0.0002 1.0015 0.0002 0.945
110 1.0026 0.0002 1.0013 0.0002 0.949
120 1.0026 0.002 1.0014 0.0002 0.946
130 1.0024 0.0002 1.0012 0.0002 0.950
140 1.0021 0.0001 1.0010 0.0001 0.947
150 1.0020 0.0001 1.0011 0.0001 0.944
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this approach, the estimator is expected to return MREs and MSEs values closer to
one and zero, respectively. In addition, considering a credibility level of 95% the ranges
achieved are expected to cover the true values of the θ with a proportion of 0.95. The
simulation was done with using the R software. An implemented function to compute the
Cpk under the Bayesian approach is available in the supplemental material. Considering
n = (10, 20, 30, . . . , 150) the results were presented assuming different values of the Cpk.

Here, we considered four scenarios assuming different values for the parameters α, β,
and the specification limits USL and LSL. For scenario 1 we assume α = 2, β = 0.5,
USL = 10, and LSL = 0.5 with the true Cpk = 0.4599. In the second scenario we use
α = 2, β = 1, USL = 14.5 and LSL = 0.1 and find the real Cpk = 0.9710. Similarly, we
analyzed the third scenario with the respective values α = 1.1, β = 0.2, USL = 10 and
LSL = 0.1 given the true Cpk = 0.1992. Finally, in the fourth scenario we assume α = 7,
β = 1.2, USL = 25 and LSL = 0.01 and the real Cpk = 1.3140.

Table 3.2: MRE, MSE and Coverage Probability from the estimates of Cpk considering
different values of n with N = 10.000 simulated samples using Classical and Bayesian
inference.

θ n MLE Bayes
MRE MSE MRE MSE CP

10 1.3253 0.0299 1.0753 1.3957 0.956
20 1.1497 0.0097 1.0895 0.0079 0.952
30 1.0957 0.0055 1.0585 0.0048 0.948

α = 1.1, β = 0.2 40 1.0692 0.0037 1.0425 0.0033 0.948
50 1.0549 0.0028 1.0338 0.0026 0.951
60 1.0455 0.0023 1.0283 0.0021 0.946
70 1.0351 0.0019 1.0206 0.0018 0.948
80 1.0333 0.0016 1.0205 0.0015 0.946
90 1.0307 0.0014 1.0195 0.0014 0.948
100 1.0234 0.0012 1.0134 0.0012 0.948
110 1.0264 0.0012 1.0173 0.0011 0.945
120 1.0219 0.0011 1.0136 0.0010 0.945
130 1.0237 0.0010 1.0160 0.0009 0.947
140 1.0192 0.0009 1.0122 0.0008 0.950
150 1.0161 0.0008 1.0095 0.0008 0.947
10 0.9450 0.0100 0.8520 0.0450 0.898
20 1.0125 0.0094 0.9754 0.0096 0.960
30 1.0179 0.0092 0.9949 0.0079 0.962
40 1.0187 0.0083 1.0018 0.0070 0.953

α = 7, β = 1.2 50 1.0167 0.0067 1.0033 0.0058 0.949
60 1.0124 0.0054 1.0014 0.0049 0.946
70 1.0102 0.0043 1.0009 0.0039 0.950
80 1.0087 0.0038 1.0006 0.0035 0.950
90 1.0089 0.0034 1.0016 0.0031 0.949
100 1.0082 0.0031 1.0016 0.0028 0.948
110 1.0078 0.0028 1.0019 0.0026 0.947
120 1.0066 0.0024 1.0011 0.0023 0.950
130 1.0054 0.0023 1.0004 0.0021 0.948
140 1.0054 0.0021 1.0008 0.0020 0.946
150 1.0046 0.0019 1.0002 0.0018 0.951
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The MCMC approach was used to find the estimates a posterior distribution. To
achieve that, we considered the Metropolis-Hastings algorithm that was described in de-
tail in Section 3.4. For each simulated data we obtain two chains of size 5.500, the first
500 samples were discarded as a burn-in sample. As elements generated in the chain has
usually a dependence between, we considered the thin 5 (jump between the elements)
to decrease the autocorrelation. Further, we considered a convergence diagnostic criteria
proposed by Geweke [13] to confirm the convergences of chains generated via MCMC as-
suming a 95% confidence level. The samples produced were used to estimate the posterior
mean from the marginal distribution of Cpk. Here, we considered the posterior mean since
the posterior moments are finite for n ≥ 2 and have optimality under the Kullback-Leibler
divergence. Tables 3.1 and 3.2 present the MREs, MSEs and CP95% from the different
estimators of Cpk.

As can be seen from the results above, the results obtained from the posterior distribu-
tion using the matching prior are more precise than the ones achieved through maximum
likelihood in terms of MREs and MSEs. Under the classical approach, we were not able to
construct the confidence intervals due to the difficulty to apply the delta method. On the
other hand, we constructed the credibility intervals from the Bayesian estimates directly
from its percentiles which returned accurate results, this is expected as the matching
prior has frequentist coverage close to the nominal level. Overall, we conclude that the
posterior distribution obtained with matching prior should be used to estimate the Cpk
measure related to the Gamma distribution.





Chapter

4
Weibull distribution

4.1 Introduction
The development of new technologies provided an industrial expansion in general,

where competitive environment corroborates the need to produce high-quality products
and services. In this sense, metrics have been proposed to measure in an objective way
quality control specifications [62]. Evaluating if a process capability index (PCI) is in
accordance with the specifications play a key role for companies optimize their production
aiming to reduce eventual losses, for more details see [51]. The literature provides several
capacity indexes of the process each one with its characteristics. These indexes are used
widely to verify if generating items meet the desirable specifications by measuring the
inherent process variability. Recent studies that focus on PCI can be seen in Kots and
Johnson [18], Spiring et al [51], Sappakitkamjorn and Niwitpong [45], Yum and Kim [61],
Piña Monarrez et al [34]. Zang [63] verified that the two indexes most used in capacity
studies are part of the most varied indexes of process capacity available in the literature.

Process capability indexes were initially proposed assuming that the data is normally
distributed, i.e., the underlying process that describes the data follows a Gaussian model.
However, in many situations the data does not satisfy this condition, to overcome such
problem, modified indexes were proposed to deal with asymmetric data [47, 34, 49, 48].
Clements [9] considered the use of non-normal data in process capability calculations.
Hosseinifard et al. [16] discussed different non-normal process capability estimation meth-
ods for monitoring the capability of the leukocyte filtering process. Recent studies have
focused on a wide range of applications of PCI using asymmetric models [17, 32, 20, 47].

In the present study, we overcome such problems by considering Bayesian methods,
in this case, fully objective methods can be considered to construct posterior distribu-
tions that return precise estimates and credibility intervals. In the previous chapter we
provided an objective Bayesian inference for the Gamma distribution, using formal rules,
consider an objective prior that is minimally informative and has interesting properties,
such as invariance under one-to-one transformations and accurate credibility intervals.
From the constructed posterior distributions we derived Bayes estimators that are very
precise in terms of mean square error (MSE), mean relative error (MRE), and accurate
coverage probabilities. Although such a study has been considered for the Gamma model,
no such analysis has been derived for more applied models such as the Weibull distribu-
tion. Therefore, here we will derive Bayes estimators for PCI of the Weibull distribution
assuming objective priors, the obtained posterior distribution returned accurate results
and is recommended to be used to estimate the PCI for the considered model.

43
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This chapter is organized as follows: In Sections (4.2) discuss Bayesian methods for
the parameters of the Weibull distribution and the steps to find the Bayes estimates using
Markov Chain Monte Carlo (MCMC) methods. Section (4.3) present a simulation for
estimating the Cpk of the distribution Weibull.

4.2 Bayesian Inference for the Weibull distribution
Assuming that T1, . . . , Tn are random variables where T ∼ W (λ, α). Then the likeli-

hood function is given by

L(λ, α|t) = λnαn
n∏
i=1

tα−1
i exp

{
−λ

n∑
i=1

tαi

}
. (4.1)

As stated above the parameters are assumed as random variables and a prior must
be assigned to conduct Bayesian inference Based on the proposition 1, we will enunciate
a theorem and demonstrate a theorem with the objective of finding the priors regarding
the order of the Weibull distribution parameters. The most used prior for this model is
known as reference prior [54] and is given by

π(λ, α) ∝ 1

λα
. (4.2)

Using the prior distribution (4.2) and the information contained in the likelihood
function (4.1) we obtain the posterior distribution for λ and α that is given by

π(λ, α|t) =
(λα)n−1

c(t)

n∏
i=1

tα−1
i exp

{
−λ

n∑
i=1

tαi

}
, (4.3)

where c(t) is a normalizing constant

c(t) =

∫
A

(λα)n−1
n∏
i=1

tα−1
i exp

{
−λ

n∑
i=1

tαi

}
dθ (4.4)

and A = {(′,∞)×(′,∞)} iIt is defined as the θ support. To get reliable inference, first we
have to check whether the posterior distribution (4.3) is a proper posterior, i.e., c(t) <∞.
Ramos et al. [38] proved that for samples of size n ≥ 2 the posterior given in (4.3) is
proper, therefore, we can used such posterior to obtain Bayes estimator.

The marginal posterior distribution for α is given by

π(α| t) ∝ αn−1

n∏
i=1

tα−1
i

{
n∑
i=1

tαi

}−n
. (4.5)

The conditional posterior distribution for λ is

π(λ|α, t) ∼ Gamma

(
n,

n∑
i=1

tαi

)
, (4.6)

where the gamma distribution is defined as Gamma and its PDF is given by f(α, β|x) =
βα

Γ(α)
xα−1e−βx.
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4.2.1 MCMC methods for Weibull Distribution

The marginal distributions (4.5) and (4.6) does not have closed-form expressions.
Hence, it will be the Metropolis-Hastings (MH) algorithm to generate samples of α from
the marginal posterior distribution. To sample from the marginal distribution of λ we
can use the conditional distribution given in (4.6). Here, we considered the Gamma
distribution q(α(j)|α(∗), b) distribution as a proposal distribution to sample values of the
parameter α, where b is defined as a hyperparameter that control the convergence rate of
the algorithm. It is worth mentioning that other proposal distributions can be assumed
instead of the Gamma model. The M-H algorithm is employed as follows

1. Introduce a value α(1) to start and set a counter j = 1;

2. Create a random candidate from the proposed distribution Gamma(α(j), b);

3. Analyze the probability of acceptance defined by

∆
(
α(j), α(∗)) = min

(
1,
p
(
α(∗)|t

)
p (α(j)|t)

q
(
α(j), α(∗)|b

)
q (α(∗), α(j)|b)

)
,

where p(·) is the posterior conditional α distribution given through (4.5). Generates
a random sample from an independent u(uniform) distribution in the interval (0,1);

4. Analyze if ∆
(
α(j), α(∗)) ≥ u(0, 1) then the α(∗) value is accepted and then α(j+1) =

α(∗), but if ∆
(
α(j), α(∗)) < u(0, 1) then reject and define α(j+1) = α(j);

5. From the later conditional distribution of λ defined in (4.6) generates a random
value λ(j+1) through

λ(j+1) ∼ Gamma

(
n,

n∑
i=1

tα
(j+1)

i

)
;

6. Consider
Cpl =

USL−M(α(j+1), λ(j+1))

Up(α(j+1), λ(j+1))−M(α(j+1), λ(j+1))

Cpu =
M(α(j+1), λ(j+1))− LSL

M(α(j+1), λ(j+1))− Lp(α(j+1), λ(j+1))
,

where Up(α
(j+1), λ(j+1)), Lp(α(j+1), λ(j+1)) e M(α(j+1), λ(j+1)) are defined as the 99.865,

0.135 and 50 percentiles and are calculated from the Weibull distribution, respec-
tively;

7. Calculate
C

(j+1)
pk = min (Cpl, Cpu) ; (4.7)

8. Update the (j) counter to (j+1) and remake the steps until the chains converge.
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4.3 Simulation Study for Weibull distribution
In this section, we present the results of a simulation study aiming to evaluate the

performance of the posterior distributions for the parameters of the Weibull model. For
the comparison, three metrics were considered to evaluate the Bayes estimators, the mean
relative error (MRE) and the mean quadratic error (MSE) that are defined by

MRE(Cpk) =
1

N

N∑
i=1

Ĉpki
Cpki

and MSE(Cpk) =
N∑
i=1

(Ĉpki − Cpki)2

N
,

where N is the number of estimates from different samples. The third metric is the
coverage probability assuming 95% of confidence obtained from the credibility intervals.
From this approach, it is expected that the proposed Bayes estimators return the MREs
closer to 1 and the MSEs closer to 0. Moreover, considering a 95% confidence level, it is
expected that the proportion of estimates contained inside of the credibility intervals are
0.95. The codes were constructed using the R software (R Core Development Team) and
can be obtained upon request to the corresponding author.

The choice of a decision rule to obtain the Bayes estimates is a fundamental problem
in Bayesian statistics. Usually, this is a challenge addressed by several authors. The
most commonly used risk function in obtaining Bayes estimates is the mean square error,
considering this risk function, the Bayesian estimates achieved are the mean posterior.
Alternatively, we can consider the posterior mode which is also known as the maximum
probability a posterior (MAP) and is obtained through the loss function 0-1, while the
median a posterior is obtained considering a linear loss function. Ramos et al. [38, 40]
proved that the posterior means are not finite for some of the parameters of the Weibull
and GW distributions. Hence, we consider the posterior median as Bayesian estimators
since they are finite, these results are a direct corollary from the proof that posterior is
proper.

For the present model, three scenarios assuming different values for the parameters
and specifications were considered. The respective scenarios were considered: Scenario
1, λ = 0.5, α = 2, USL = 4, LSL = 1 returning a Cpk = 0.16; Scenario 2, λ = 0.5,
α = 2, USL = 4, LSL = 0.5 where Cpk=0.60; Scenario 3, λ = 0.5, α = 2, USL = 4,
LSL = 0.05 with Cpk = 1.0. For the simulation study, the sample sizes considered were
n = (50, 60, 70, . . . , 200) and N = 10.000 for the three scenarios.

Here, for each sample simulated we obtained the Bayes estimates for the three pa-
rameters in the case of the Weibull distribution, however, only the results for the Cpk are
presented as it is the parameter of interest to be estimated. Therefore, three chains using
the Metropolis-Hasting algorithm discussed in (4.2.1) were constructed containing 5.500
generated values, as burn-in 500 values were discarded and a thin of 5 was applied aiming
to decrease the autocorrelation between the generated values, obtaining, in the end, a
chain with 1.000 samples for Cpk. The convergence of the chains were confirmed using
the Geweke diagnosistic [13] assuming a confidence level of 95%.Figure 4.1 presents the
MRE, MSE, and the CP for the Cpk obtained from the N posterior medians.
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Figure 4.1: Simulation study for the Weibull distribution assuming different values for
the Cpk, N = 10.000 and n = 50, 60, . . . , 200.

From the Figure 4.1 above we can see that, the Bayes estimators obtained from the
sample of the reference posterior distribution (4.3) provides accurate estimates in terms
of MREs, MSEs, additionally, the coverage probability of the Cpk are close to the nominal
level, which shows that the proposed approach can return good estimates for the parameter
of interested. Further readers are recommended to consider our proposed approach to
estimate the Cpk when the Weibull distribution can be used to fit the data.

With these results obtained, we believe that the Bayesian estimators seen here, achieved
with the prior reference, should be employed in the estimation of the Cpk index calculated
from the Weibull model distribution.
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5
Generalized Weibull distribution

This chapter presents the steps for estimating the Cpk index using the generalized
Weibull distribution and is organized as follows: In section (5.1) we discuss Bayesian
inference from the GW distribution using the prior reference to construct the posteriors
and the step-by-step Bayesian estimates using (MCMC) methods. Finally, in section
(5.2) a simulation study for estimating the capability index using the GW distribution is
presented.

5.1 Bayesian Inference for the Generalized Weibull dis-
tribution

Assuming that T1, . . . , Tn are random variables T ∼ GW (φ, λ, α). Then The likelihood
function that contains the information from the data is defined as

L(φ, λ, α|t) =
αn

Γ(φ)n
λαφn

n∏
i=1

tαφ−1
i exp

{
−λα

n∑
i=1

tαi

}
. (5.1)

To conduct the Bayesian analysis a prior distribution must be assigned for the vector of
parameters (φ, λ, α). Ramos and Louzada [40] discussed different objective priors for the
GW distribution assuming different parameters of interest. Assuming that θ = (φ, λ, α)
is the ordered vector of the parameters from the GW distribution. Then, the reference
prior is given by

π(θ) ∝ 1

αλ

√
φ2ψ′(φ)2 − ψ′(φ)− 1

φ+ φ2ψ′(φ)− 1
, (5.2)

where ψ(k) = ∂
∂k

log Γ(k) = Γ′(k)
Γ(k)

is the digamma function and ψ′(k) = ∂
∂k
ψ(k) is the

trigamma function.
The joint posterior distribution of φ, λ, α using the prior reference (5.2) and the like-

lihood function (5.1) is given by

π(θ|t) =
π(φ)

d(t)

αn−1

Γ(φ)n
λnαφ−1

n∏
i=1

tαφ−1
i exp

{
−λα

n∑
i=1

tαi

}
, (5.3)

where d(t) is defined as the normalizing constant and is given by

d(t) =

∫
A

αn−1π(φ)

Γ(φ)n
λnαφ−1

n∏
i=1

tαφ−1
i exp

{
−λα

n∑
i=1

tαi

}
dθ,
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which π(φ) =

√
φ2ψ′(φ)2 − ψ′(φ)− 1

φ+ φ2ψ′(φ)− 1
and A={(0,∞) × (0,∞) × (0,∞)} is the support

for the parameter θ.
Notice that in order to carry out the Bayesian inference it is fundamental that the

posterior distribution (5.3) is a proper distribution, the concern were discussed by Ramos
and Louzada [40] that proved that the obtained posterior is proper, i.e., d(t) < ∞. It
is worth mentioning that it is possible to obtain 6 different reference priors depending
on the ordered parameters of the GW distribution, however, only the presented reference
prior returned a proper posterior.

Due to the consistent marginalization property of the reference prior, the reference
marginal posterior distribution of φ and α is given by

π(φ, α|t) ∝ αn−2π(φ)Γ(nφ)

Γ(φ)n

(
n
√∏n

i=1 t
α
i∑n

i=1 t
α
i

)nφ

. (5.4)

From the marginal posterior distribution (5.4) we find the conditional posterior dis-
tributions for α, λ and φ as follows

π(α|φ, t) ∝ αn−2

(
n
√∏n

i=1 t
α
i∑n

i=1 t
α
i

)nφ

(5.5)

π(φ|α, t) ∝ π(φ)Γ(nφ)

Γ(φ)n

(
n
√∏n

i=1 t
α
i∑n

i=1 t
α
i

)nφ

(5.6)

π(λ|φ, α, t) ∼ GW

nφ,( n∑
i=1

tαi

) 1
α

, α

 , (5.7)

where GW (φ, λ, α) is the PDF of the GW distribution (2.17).
The conditional posterior distributions given in (5.5) and (5.6) are important expres-

sion to be used with MCMC method to sample from the marginal distribution of the
parameters φ and α, respectively.

5.1.1 Markov Chain Monte Carlo Method for GW

Here, we follow similar steps as discussed for the Weibull distribution, however, a
new parameter was included to be estimated which require an additional step in the
M-H algorithm. Unlike the algorithm given in (4.2.1), here we use two proposed dis-
tributions qi

(
θ

(t)
i |θ

(∗)
i

)
to generate the values for the parameters (α, φ, λ). Firstly, we

use the auxiliary distribution defined through the Gamma distribution q(α(j)|α(∗), b1) and
q(φ(j)|φ(∗), b2) to generate random samples for the α and φ marginal distributions, respec-
tively. On the other hand, for the parameter λ we use the truncated Normal distribution
in the interval (0,∞) with mean and standard deviation given by a3 and b3 and refereed
to Nt(a3, b3). The algorithm is executed as follows:

1. Start with the initial values θ(0) = (α(0), φ(0), λ(0)) and set a counter j = 1;

2. Create a random candidate α(∗) from the proposed distribution Gamma(α(t)×b1, b1);
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3. Compute the probability of acceptance defined by

∆1

(
α(j), α(∗)) = min

(
1,
p1(α(∗)|φ(j), λ(j), t)

p1(α(j)|φ(j), λ(j), t)

q
(
α(j), α(∗), b1

)
q (α(∗), α(j), b1)

)

where p1(·) is the posterior conditional distribution defined in (5.5) and generates a
random value from a uniform distribution u in interval (0,1);

4. If ∆1

(
α(j), α(∗)) ≥ u(0, 1) then the α(∗) value is accepted andα(j+1) = α(∗), but if

∆1

(
α(j), α(∗)) < u(0, 1) then α(∗) is rejected and define α(j+1) = α(j)

5. Generate a random candidate φ(∗) from the proposed distribution Gamma(φ(t) ×
b2, b2);

6. Obtain the probability of acceptance defined by

∆2

(
φ(j), φ(∗)) = min

(
1,
p2(φ(∗)|α(j+1), λ(j), t)

p2(φ(j)|α(j+1), λ(j), t)

q
(
φ(j), φ(∗), b2

)
q (φ(∗), φ(j), b2)

)

where p2(·) is the posterior conditional distribution defined in (5.6) and generates a
random value from a uniform distribution u in interval (0,1);

7. If ∆2

(
φ(j), φ(∗)) ≥ u(0, 1) then the value φ(∗) is accepted and φ(j+1) = φ(∗), otherwise

if ∆2

(
φ(j), φ(∗)) < u(0, 1) then reject φ(∗) and define φ(j+1) = φ(j);

8. Generate a random candidate λ(∗) from the proposed distribution Nt(a3, b3);

9. Obtain the probability of acceptance defined by

∆3

(
λ(j), λ(∗)) = min

(
1,
p3(λ(∗)|α(j+1), φ(j+1), t)

p3(λ(j)|α(j+1), φ(j+1), t)

dNt
(
λ(j), a3, b3

)
dNt (λ(∗), a3, b3)

)

where p3(·) is the posterior conditional distribution give in (5.7) and generates a
random value from a uniform distribution u in interval (0,1);

10. If ∆3

(
λ(j), λ(∗)) ≥ u(0, 1) then λ(∗) is accepted and λ(j+1) = λ(∗), but if ∆3

(
λ(j), λ(∗)) <

u(0, 1) then reject λ(∗) and define λ(j+1) = λ(j);

11. Consider

Cpl =
USL−M(φ(j+1), λ(j+1), α(j+1))

Up(φ(j+1), λ(j+1), α(j+1))−M(φ(j+1), λ(j+1), α(j+1))

Cpu =
M(φ(j+1), λ(j+1), α(j+1))− LSL

M(φ(j+1), λ(j+1), α(j+1))− Lp(φ(j+1), λ(j+1), α(j+1))
,

where Up

(
φ(j+1), λ(j+1), α(j+1)

)
, Lp

(
φ(j+1), λ(j+1), α(j+1)

)
and M

(
φ(j+1), λ(j+1), α(j+1)

)
are defined as the 99.865, 0.135 and 50 percentiles, and are calculated from the gen-
eralized Weibull distribution, respectively;

12. Calculate
C

(j+1)
pk = min (Cpu, Cpl) ; (5.8)

13. Update the j counter to j+1 and repeat the steps until the converge is achieved.
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5.2 Simulation Study Generalized Weibull distribution
In this section all simulation was performed following the steps of the Gamma and

Weibull simulations presented in the previous sections. Here, we considered three sce-
narios under different specifications for the Cpk, N = 31.000 and sample sizes with
n = (50, 60, 70, . . . , 300) for the three scenarios. The first scenario, we assumed φ = 0.5,
µ = 1.5, α = 4, USL = 4 and LSL = 0.3 with Cpk=0.37. The second scenario consider
that φ = 0.5, µ = 1.5, α = 4, USL = 4 and LSL = 0.1 with Cpk = 0.82. Finally, the
third scenario assumes that φ = 0.5, µ = 1.5, α = 4, USL = 4 and LSL = 0.01 with
Cpk = 1.03.

Different from the Weibull distribution, more iterations were necessary to construct
the Bayes estimates due to the significant autocorrelation between the generated values.
Hence, during the application of the Metropolis-Hasting algorithm 31.000 iterations were
performed for the four chains in each simulated sample. The first 1.000 observations were
discarded as a burn-in sample, the thin considered was 30 to reduce the autocorrelation
between the chains. In the end, we achieve 1.000 proposed values of the marginal pos-
terior distributions. The convergence of the chains was also confirmed using the Geweke
diagnostic assuming a confidence level of 95%. Figure 5.1 provides the MREs, MSEs,
achieved from the posterior medians and the coverage probabilities obtained from the
credibility intervals with 95% credibility level.
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Figure 5.1: Simulation study for the Generalized Weibull distribution assuming different
values for the Cpk, N = 10.000 and n = 50, 60, . . . , 300.

As shown in Figure 5.1, we observed the reference posterior distribution (5.3) obtained
for the generalized model also provides accurate estimates in terms of MREs, MSEs, as
well as the coverage probability of the Cpk are close to the nominal level, proving that our
approach provides good estimates for the Cpk parameter. From these results, we conclude
that the proposed Bayes estimators obtained from the reference priors should be used
to estimate the process capability index calculated from asymmetric model such as GW
distribution.

Observe that in chapter 3, we performed a comparison between the classical method
and the Bayesian method using the Gamma distribution, but in chapter 4 and in the
present chapter, we did not do this, because the objective in these chapters was to develop
work with fully Bayesian results, without the use of comparisons from other methods.



Chapter

6
Application

Over time technologies have played an extremely important role in all areas of knowl-
edge. In general, one of its main functions today is to make work easier, more productive,
and especially, to generate quality products that meet the wishes and needs of customers.

In this perspective, thinking about industries related manufacture in general, they
are always prone to have failures in their manufacturing stages and at the end of the
process, the generated products may not meet the specifications. In this sense, there are
two possibilities: the customer ends up receiving a product that does not match their
expectations or there is the possibility that the company is having losses due to lack of
control manufacturing process. Another concern is related to the losses of customers due
to the discontent of low quality of the products.

In this section, the interest is to verify if the proposing methodology can discriminate a
process that is capable of producing units that meet the expectations of the consumers and
company. Hence, we considered two data sets that describe the process of filling powdered
juice bags with a desirable number of grams. The data is related to two different flavors,
grape and strawberry, which were extracted from a study conducted by Molina [29] where
the objective was to analyze using the Cpk index if the process is adequate with respect to
the production tolerances. Table 6.1 presents 30 items with the weight of the juice packs
(in grams) computed with an accuracy of three decimal number containing two different
flavors, referred to as juice I and juice II. Further, in Figure 6.1 we present the control
chart for both flavors assuming that LSL = 18 and USL = 22, such limits are considered
due to the Institute of Metrology, Quality and Technology (INMETRO), that correspond
to the regulatory agency in Brazil.

Table 6.1: Data set related to 30 packages of strawberry and grape juice

Juice I
21.001 20.635 21.732 21.333 20.857 20.587 21.784 21.088 20.997 21.100
22.155 21.116 20.707 20.413 20.822 20.883 20.930 20.908 20.897 20.486
20.935 21.867 20.814 20.795 21.520 20.537 21.438 20.621 20.975 20.919
Juice II
22.572 21.376 20.768 21.833 19.970 21.583 21.813 22.025 20.892 20.241
21.816 21.232 21.730 20.529 21.435 21.106 20.519 21.263 20.684 21.233
19.624 21.150 20.962 21.024 20.316 21.942 21.495 20.819 20.973 21.115

It can be seen from the data in Table 6.1 and Figure 6.1 that the process is not centered
around its mean, in fact, the bags are receiving around 1 gram then it should be. More
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importantly, there are values that out of the limits which indicate that the process is not
adequate with respect to the production tolerances. After, identifying the problems in
the productions that lead us to remove the 11-th value of Juice I and the 1-th and 8-th
units of Juice II, we moved to estimate the Cpk index related to the process.

Using the obtained data, we performed the Kolmogorov-Smirnov (KS) test to inves-
tigate whether the data can be described by the Normal, Gamma, Weibull, and GW
distributions. In all cases, the returned p-values were greater than 0.05 which assuming
a 95% confidence level the data set can be described by these models. Note that the KS
cannot be used to discriminate between the models, in this case, we need to consider dis-
crimination methods such as the Akaike [2] information criterion (AIC) computed through
AIC= −2l(θ;x) + 2k and Bayesian information criterion (BIC) introduced by Schwarz
[46] and given by BIC= −2l(θ;x) + k log(n), where k is the number of parameters to be
fitted and θ is the estimates of parameters assuming the different models. Among the
selected models, the best is the one that provides the minimum values of those criteria.
The estimation of the Cpk using the normal distribution was conducted by the standard
MLE with confidence intervals estimated by bootstrap, as no objective Bayesian analysis
was presented for this model. In the case of the Gamma distribution, we considered the
same approach as discussed by Almeida et al. [3] which conducts an objective Bayesian
analysis using the Gamma model. The inference using the Weibull and the GW is the
same as discussed in the previous sections of the current work. Table 6.2 presents the
estimated Cpk its respective 95% confidence/credibility intervals with estimated AIC and
BIC for the different models.

Table 6.2: Estimates and 95% credibility intervals for the Cpk with its respective AIC and
BIC.

Juice I Juice II
Model Cpk CI95% AIC BIC Cpk CI95% AIC BIC
Normal 0.895 (0.688; 1.245) 30.13 32.86 0.553 (0.397; 0.800) 52.17 54.83
Gamma 0.849 (0.594; 1.125) 29.90 32.64 0.513 (0.323; 0.710) 52.52 55.18
Weibull 0.995 (0.751; 1.229) 39.28 42.01 0.765 (0.543; 0.967) 50.46 53.12
GW 0.928 (0.414; 1.419) 35.69 39.80 0.723 (0.320; 1.007) 52.58 56.58
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Figure 6.1: Control Chart for the Juice data set.
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From the observed results, we notice that even removing the items that were out of
the specification limits, the Gamma distribution returned better results for Juice I as
returned smaller AIC and BIC values. In this case, the Cpk = 0.849 which is smaller
than one. On the other hand, the credibility intervals contain values higher than one and,
therefore, we cannot affirm that the process is not adequate with respect to the production
tolerances. Now, for Juice II, we observed that the Weibull distribution returned a better
fit when compared with its competitors, which justifies our proposed methodology. Here,
the Cpk = 0.765 which is also smaller than one, however, the credibility intervals does
contain values higher than one and, therefore, the process is not adequate with respect to
the production tolerances.

A possible explanation for this might be that, in many cases, food companies are un-
able to adjust the filling machines according to the required specifications by the control
standards, in this case, they consider the option of filling their products using the average
range and the upper specification limit in order to not suffer penalties from the IPEM
or INMETRO, which are the corresponding regulatory agencies in Brazil. This fact con-
tributes to the occurrence of asymmetric data and leading to the waste of a significant
amount of products. This led to significant losses for the company in financial aspects
which should be strongly improved.





Chapter

7
Final Considerations and Future

Proposals

Process capability indexes usually assumes that the random process that generates the
data follows a Gaussian model. However, in many situations the presence of asymmetric
data is observe. In the proposed study, we considered the Weibull and Generalized Weibull
distribution as asymmetric models to estimate the Cpk capability Index. The development
of improved inferential procedures plays an important role in estimating PCI. Here, the
parameters are assumed as random variables and are estimated from the Bayesian point of
view. We proposed a Bayesian analysis through the gamma distribution together with an
objective prior, called previous by matching prior that can return us a Bayesian estimator
with good properties in terms of the mean relative errors, the mean square errors, and
credibility intervals for the parameters and process capability index. For Weibull and
WG we considered the objective reference priors to obtain posterior distributions with
important properties, such as invariance under one-to-one transformation, consistency
marginalization, and consistency sample properties. Hence, we provided an important
review of the objective Bayesian methods and applied them successfully to estimate the
PCI. As the posterior distributions do not have closed-form expressions, we considered
Markov Chain Monte Carlo methods to sample from the posterior distributions, more
specifically, the Metropolis-Hasting algorithms are derived for both models to estimate
the Cpk.

A simulation study was presented to estimate the indexes assuming different values.
For Gamma distribution we use posterior mean using the matching prior indicates better
performance than the obtained with maximum likelihood estimator in terms of MREs
and MSEs. For the Weibull and WG distributions we used Bayesian estimators based on
a posterior medians that returned excellent results also in terms of MREs and MSEs. Ad-
ditionally, the proposed posterior distributions achieved good results in terms of coverage
probabilities obtained from the credibility intervals. The proposed approach allows us to
estimate such intervals in a fast way with good precision, avoiding the need for resampling
techniques that depend on maximization procedure methods and usually carried a high
computational cost. A real dataset that describes the filling bags in a Brazilian company
is present. We observed that the company has adopted a policy to include an additional
gram of juice powder to avoid receive sanctions from the regulatory agency. From the
tolerance limits, it can be noticed that the process is not adequate with respect to the
production tolerances. After removing the damaged units and attesting that the samples
were within the limits we computed the Cpk assuming that the data follows a Gaussian
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model as well as the proposed asymmetric models. The discrimination methods showed
that the random process that generates the data is not symmetric and the Weibull and
Gamma distributions were the best models to describe the data, the adjusted Cpk showed
that the estimates values under objective Bayesian analysis were smaller than 1.00 which
indicates that the process is still not adequate with respect to the production tolerances
and improvements in the process should be considered to decrease financial losses.

There is a large number of possible extensions of this current work. For example, the
presence of covariates that may affect the quality of the product can be considered from
a Bayesian perspective. In this case, new priors needs to be defined to take into account
the additional parameters in the model. The development and comparison with other
generalizations of the Weibull distribution should further be considered.
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