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“Bias in Science and Philosophy, like any other kind of prejudice, is indicative of immaturity

and always to the detriment of truth at last.”

Ibn Sina, 980 to 1037, Persia.
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had to face the hostility of human society besides the very challenge of making Science.
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Resumo

Nesta tese, nós investigamos os efeitos de reação de radiação devido ao spin na dinâmica de

um sistema binário de corpos compactos usando uma abordagem de teoria efetiva de campos.

Focamos no estágio de espiral da evolução do sistema binário que, por sua vez, provê uma hierar-

quia de escalas propícia à implementação de uma abordagem perturbativa, tal como a expansão

pós-newtoniana. Fazemos uso de um formalismo próprio para investigar efeitos dissipativos.

Provemos uma extensão desse formalismo para incluir graus de liberdade de spin. Com isso, em

uma abordagem de teoria efetiva de campos, calculamos as acelerações de reação de radiação

devido a efeitos de spin-órbita e spin-spin, em primeira ordem. Apresentamos, pela primeira vez,

a contribuição de spin na reação de radiação devido ao tamanho finito dos corpos compactos.

Também investigamos como os spins de tais corpos são afetados pela reação de radiação, na

ordem pós-newtoniana de interesse. Por fim, realizamos um teste de consistência - relacionando

a potência total radiada com a perda de energia induzida pelas forças dissipativas - assegurando,

assim, a validade dos nossos resultados.

Palavras-chave: Teoria Efetiva de Campos, Ondas Gravitacionais, Spin, Reação de Radi-

ação.
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Abstract

In this thesis, we investigate the radiation reaction effects due to spin on the dynamics of

binary compact bodies, using an effective field theory framework. We focus on the inspiral phase

of the binary’s evolution, which provides a hierarchy of scales that invites us to implement a

perturbative approach such as the Post-Newtonian expansion. We use a formalism suitable to

incorporate dissipative effects, providing an extension to include spin degrees of freedom. We

use this extension of the effective field theory framework to compute the radiation reaction

accelerations due to spin-orbit and spin-spin effects at leading order. We present, for the first

time, the spin contribution to radiation reaction due to finite size effects. We also investigate

how the spin evolution of the compact bodies is affected by the radiation reaction, at the order

of interest. Finally, we perform a consistency test - relating the total radiated power to energy

loss induced by the non-conservative forces - ensuring the validity of our results.

Keywords: Effective Field Theory, Gravitational Waves, Spin, Radiation Reaction.
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Introduction

The successful detections of gravitational waves have encouraged precise descriptions of the

dynamics of binary compact objects in order to probe the nature of the sources and to test gravity

deep in the non-linear regime. The gravitational waves detected by LIGO [1] were generated by

binary systems of merging black holes in the distant universe. To develop accurate theoretical

models and predictions for such systems, it is necessary to know their evolution under dissipative

effects to high accuracy. The work presented in this thesis entails the study of radiation reaction

effects in the evolution of spinning binary systems using effective theory methods.

The heroic experimental achievement by the LIGO collaboration gives us confidence in the

validity of Einstein’s theory of gravity and, at the same time, it opens a new window onto the

cosmos, coined “gravitational wave astronomy”. Prior to the detections, the existence of gravita-

tional waves was strongly suggested by Taylor and Hulse in the 70’s and 80’s, who observed for

the first time a binary system composed of a pulsar and a neutron star orbiting a common centre

of mass. The pulsar provided a clock which allows us to infer the relevant orbital parameters

and masses from observations. Later on, Taylor and Weisberg [2] found that the orbit of the

pulsar was slowly shrinking over time. This observation was then associated with the release of

energy in the form of gravitational waves. The discovery of the so called Hulse-Taylor binary

was awarded the nobel prize in 1993.

Gravitational waves bring a new era in Astronomy, revealing information about the Universe

that cannot be observed through other ways. Since gravitational waves interact very weakly

with matter, they can penetrate dust clouds and other barriers that would absorb or scatter

light. Therefore, it is possible to see into the centre of dense systems, such as the cores of

supernovae or the Galactic Centre, as well as further back in time, since the early universe

was opaque to light prior to recombination. Furthermore, being produced by coherent mass

movements, gravitational waves can also provide information about the internal structure of

massive objects. This is in sharp contrast to electromagnetic radiation, which usually carries

incoherent surface information. In particular, gravitational waves are extremely important to the
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study of black holes, since it is the only way we can directly observe them, all other information

about them is indirect coming from their effects on the surrounding environment. To obtain all

the information gravitational waves can provide, large investiments have been made on ground-

based detectors such as LIGO/Advanced LIGO [3] in USA and VIRGO/Advanced VIRGO [4]

in Italy. The planned KAGRA [5] in Japan, IndIGO [6] in India, ET [7] and the space-based

eLISA [8] will be operational in the future in order to observe the universe in a more precise

and broader way.

In this thesis we will focus on binary compact objects in view of their primordial importance

to observational astronomy. The majority of stars is found in binary - or in multiple - sys-

tems [9]. The lifecycle of binary systems consists of three main stages: inspiral, merger and

ringdown. We will concentrate here on the inspiral phase, where velocities are up to a small

fraction of the speed of light. This allows us to introduce a perturbative expansion for phys-

ical observables in terms of the relative velocity. The two body problem has been extensively

covered in the literature over many decades. Since the development of General Relativity, the

non-linearites of the field equations make finding a close analytic solution an almost impossible

task. Therefore, one approach is to solve the equations numerically [10–13]. However, due to

the computational limitations, this is only suitable for the last stages of the dynamics, including

merger and ringdown. In turn, this only covers a small fraction of all the cycles that we expect

to observe with ground- and space-based detectors. For the inspiral phase, on the other hand,

we rely on analytic approximations such as the post-Newtonian (PN) expansion [14–18]. This

is the regime we focus on in here, albeit using a novel formalism borrowed from the realms of

Particle Physics.

Here we will work within the Effective Field Theory (EFT) framework originally proposed

by Goldberger and Rothstein in the context of non-spinning gravitationally bound extended

objects. Due to its similitudes with EFTs for heavy quarks in Quantum Chromodynamics

(QCD) [19–21], the EFT approach was coined Non-Relativistic General Relativity (NRGR).

Even though Feynman diagrams and other tools that originated in Quantum Field Theory

(QFT) will appear throughout this thesis, our work will be confined to the classical level. QFT

techniques have been applied to gravity [22–30] prior to NRGR, however the latter formalism

provides a systematic treatment of gravitational systems when a separation of scales is present

[31–37], such is the case for a binary system during the inspiral phase. NRGR has been successful

in reproducing many of the results achieved with other analytical approaches, particularly those

2
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in the conservative sector for non-spinning bodies [38–44]. An extension of NRGR was developed

in [45, 46] in order to describe spinning bodies, generalizing to General Relativity the work of

Hanson and Regge [47] in Minkowski space.

The EFT approach for spinning bodies has been instrumental to extend our knowledge of

the binary’s dynamics to high level of accuracy. Only spin-orbit effects were known, to 2.5PN

order, when NRGR was being developed. The first results for spin-spin gravitational potentials

at next-to-leading-order (NLO), corresponding to 3PN order, were obtained in [48–52]. This

was corroborated in [53–55] through the Arnowitt-Deser-Misner (ADM) formalism [56] and

posteriorly in the harmonic gauge [57]. Higher order effects have been more recently studied in

the conservative sector within the EFT approach in [58–61] for the spin-orbit potential at 3.5PN

order and spin-spin potential and 4PN order. These results were also calculated in [62–65] except

for the finite-size contributions, which are handled by the EFT approach in an straightforward

way. Moreover, the effects due to absorption were also studied in the EFT framework in [31,32].

The subject of this thesis is radiation reaction effects due to spin, where new effects will

be presented. Back reaction within an EFT framework was explored for the first time in [37,

66] by implementing the classical limit of the "in-in" approach [67, 68]. Originally computed

in [69–72], the radiation reaction force at 3.5PN order was re-derived within NRGR in [73]

employing the formalism for non-conservative systems developed in [74,75]. Here we extend the

formalism to incorporate spin and compute the spin-orbit and spin-spin effects, including finite

size contributions for the first time. We provide a non-trivial consistency check by showing the

equivalence between the energy loss induced by the resulting radiation reaction acceleration and

the total emitted power in the far zone, which follows from the well-known multipole expansion.

The novel work presented in this thesis is based on our papers [76] and [77].

This thesis is organized in four chapters. In the first chapter we summarize fundamental

concepts on gravitational waves physics. We also briefly review the introduction of spin in

General Relativity and for the two body problem in gravity. In the second chapter, we introduce

NRGR in a pedagogical manner addressing only the conservative sector of the theory. We show

how to construct the effective action using the weak field and PN (low velocity) approximations.

The incorporation of spin effects in NRGR is discussed at the end of the chapter. In the third

chapter, the radiation sector NRGR is presented. We show how to compute the energy flux in

gravitational radiation to all orders, through a multipole expansion at the level of the action.

We also cover the formalism to study radiation reaction effects for non-spinning bodies, which

3



Contents

we will extend next to introduce spin effects. In the last chapter, we present the results of our

work: the construction of a formalism to compute radiation reaction effects due to spin and the

computation of the leading order spin-orbit and spin-spin effects for binary compact objects. Our

calculations include the effects due to the finite size of the spinning bodies, which is presented

for the first time. We conclude our thesis with a discussion of the results and perspectives.

Notations and Conventions

Throughout this thesis, we use geometric units, c = G = ~ = 1. Newton’s constant can

appear conveniently, for instance to express a known result. We define the Planck mass by

mPl ≡ ~c√
32πG = 1√

32π . The signature of the metric is (1,−1,−1,−1). Whenever repeated Latin

indices in different tensors appear at the same heigh, for example AiBi, it means a contraction

performed with the Euclidean metric, i.e. AiBi = A1B1 +A2B2 +A3B3.
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1. General Relativity: a brief review

The theory of General Relativity formulated by Einstein at the beginning of the last century

was the first geometrical theory of gravity. In this theory, there is no absolute reference frame

and dynamics is governed by the geometry of spacetime itself, where quadrupole accelerations of

mass distributions generate ripples that travel at the speed of light and are named gravitational

waves. This kind of radiation was first discussed by Laplace in 1805, when he explored the

hypothesis of finite-speed gravitational influence. He predicted that the angular momentum of a

binary star system would decrease with time, which now is interpreted as it being carried away

by gravitational waves.

After the presentation of the modern form of gravitational waves by Einstein, in his 1915

publication, as solutions to a linearized form of the gravitational field equations, they were

not widely studied until the 1950s, when it was proved by Hermann Bondi that gravitational

waves are physically observable and in fact carry energy [78]. Subsequently, the awarded dis-

covery of the shrinking orbit of the binary pulsar system by Hulse and Taylor triggered the

scientific community to seek out further evidence of gravitational waves and ways to make pos-

sible their detection. After LIGO’s achievements in 2015, we start to think of gravitational

waves as promissing tools for unravelling misteries about the Universe and getting deeper in the

understanding of gravitational phenomena.

In this chapter we present a brief review on general concepts of General Relativity. In the

first part, we focus on gravitational waves physics. We use the weak field approximation to

find plane wave solution for Einstein’s equations and discuss about polarization and sources of

gravitational radiation. In the second part, we show how to include a description for spinning

bodies in General Relativity, which will be regarded later in the EFT framework for binary

systems throughout the thesis.

5



1. General Relativity: a brief review

1.1. Gravitational Waves

1.1.1. Einstein’s equations

Einstein’s field equations can be derived from a minimal action principle in a very succinct

way. In order to formulate a generally covariant and locally Lorentz invariant theory of gravity,

we must have an action which is a scalar under both Lorentz and coordinate transformations:

S =
ˆ
√
g (Lg + Lm) d4x, (1.1)

where

Lg = − 1
16πgµνR

µν (1.2)

is the Lagrangian related to the gravitational field, while Lm contains the matter fields con-

tributions for the dynamics. The Ricci tensor Rµν is the contraction R α
ανµ of the Riemann

tensor

R β
ανµ = ∂αΓ β

νµ − ∂νΓ β
αµ + Γ β

αρ Γ ρ
νµ − Γ β

νρ Γ ρ
αµ (1.3)

with the metric tensor gµν (x). The tensor above is defined in terms of the connection

Γλµν = 1
2g

λβ (∂νgβµ + ∂µgβν − ∂βgµν) . (1.4)

We note that the infinitesimal four-volume d4x is a Lorentz scalar, but under a general co-

ordinate transformation it transforms like d4x′ =
∣∣∣∂x′∂x ∣∣∣ d4x. The presence of √g in (1.1) is to

compensate the Jacobian at d4x′, since
√
g′ =

∣∣∣∂x′∂x ∣∣∣−1√
g, ensuring an invariant action under

coordinate transformations.

To derive the equations of motion, the variation has to be performed with respect to the

dynamical variable - the gravitational field represented by the metric of the spacetime. Defining

V α ≡ gµνδΓ α
µν − gναδΓ

β
νβ , (1.5)

and taking into account the metricity-postulate Dαgµν = 0, the variation of the gravitational

action reads as ˆ
δ (√ggµνRµν) d4x =

ˆ
∂α (√gV α) d4x, (1.6)

which is zero in consequence of the boundary conditions at infinity. The variation of the matter

action, in turn, is given by

δSm =
ˆ
δ
(√
gLm

)
δgµν

δgµνd
4x = 1

2

ˆ
√
gTµνδgµνd

4x, (1.7)

6



1.1. Gravitational Waves

in view of the definition for the symmetric energy-momentum tensor

Tµν ≡
2
√
g

δ
(√
gLm

)
δgµν

. (1.8)

This tensor is the source of the gravitational field and represents the energy density of the

system with the exception of the gravitational one.

The action is invariant under infinitesimal local transformations, δxµ = ξµ, furthermore it is

possible to show that translations imply the metric to vary in the following way

δgµν = Dνξµ +Dµξν , (1.9)

such that

δSm =
ˆ
√
gTµνD

νξµd4x. (1.10)

Getting rid off the surface terms, it results

δSm = −
ˆ
√
gDνTµνξ

µd4x, (1.11)

but since the parameter of the transformation is arbitrary and the action is invariant under

infinitesimal translations, it implies the conservation of the energy-momentum tensor

DνTµν = 0 (1.12)

From considering the variations of both the actions related to gravity and matter together,

δS = −
ˆ 1

16π
√
g

[(
Rµν −

1
2gµνR

)
+ Tµν

]
δgµν , (1.13)

we can readly write Einstein’s equations

Rµν −
1
2gµνR = 8πTµν . (1.14)

The expression above represents ten partial differential equations of second order in the grav-

itational field gµν , but only six of them are independent, as a consequence of Bianchi’s identity.

The fact that the conservation of energy-momentum can be directly deduced from the field

equations means that they contain also the equations of motion for the matter fields. In the

electromagnetic theory, for instance, the situation is different, since from the Maxwell field

equations one can deduce the conservation of the electromagnetic current, but not the equations

of motion of charges, i.e. the Lorentz equations. In this case, we assign the charge and current

distributions and then obtain the fields solving the field equations. In the gravitational case,

7



1. General Relativity: a brief review

on the other hand, the matter distribution and its motions cannot be prescribed independently

from the gravitational field produced by them. This characteristic aspect of gravitation is to be

ascribed to the fact that the energy plays the double role of gravitational source and inertial

mass.

1.1.2. Weak Field Approximation

General Relativity is a non-linear theory and in general there is no sharp distinction between

the part of the metric that represents the gravitational radiation and the other part which

describes the geometry of spacetime. However, in the weak field limit we clearly define gravi-

tational radiation. In this case, we can show that Einstein’s equations have wave-like solutions

when they are written and solved in a nearly flat space-time.

In the weak field approximation, the spacetime metric is considered almost flat up to a small

perturbation:

gµν (x) = ηµν + hµν (x) , (1.15)

where |hµν | � 1, what means that second or higher orders of the field hµν can be neglected.

The indices of this perturbation are raised and lowered using the Minkowski metric ηµν . There

is considerable coordinate freedom in the components hµν , since we can wiggle and stretch the

coordinate system with a comparable amplitude and change the components. This coordinate

freedom is called gauge freedom, by analogy with electromagnetism. We use this freedom to

enforce the Lorenz condition:

∂νhµν = 0, (1.16)

where we regard the definition bellow

hµν ≡ hµν −
1
2ηµνh, (1.17)

where h = ηµνh
µν . In this way, the Einstein’s field equation can be expressed by

�hµν = −16πTµν , (1.18)

where � ≡ ησλ∂σ∂λ. It is clear that this last expression is a set of decoupled linear wave

equations. The simplest case is when there is absence of matter �hµν = 0, so that the solution

for Einstein’s equations are plane waves:

hµν (x) = Aµνe
ik·x. (1.19)
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1.1. Gravitational Waves

It is important to have in mind that we can always find a gauge in which (1.16) is satisfied.

A consequence of (1.16) is

Aµνkν = 0, (1.20)

which restricts Aµν to be orthogonal to the direction of propagation.

Taking the example of the plane wave solution of Einstein’s equations, we use the transverse-

traceless gauge to talk about polarization of gravitational waves. The gauge redefinition

hµν → hµν − ∂µξν − ∂νξµ (1.21)

together with (1.16), implies, in vacuum,

�ξα = 0, (1.22)

whose solution reads

ξα = Bαe
ik·x. (1.23)

The vector Bα can be chosen to impose two further restrictions on Aµν :

A µ
µ = 0 (1.24)

and

Aµ0 = 0. (1.25)

Together, (1.20), (1.24) and (1.25) constitute the so called transverse-traceless (TT) gauge

conditions. The trace condition implies, for instance, hTTµν = hTTµν . We can use the TT gauge

to show that gravitational waves have only two possible polarizations. We choose the spatial

coordinate axes so that the wave travels in the z direction, i.e. k = (ω, 0, 0, ω), so that Aµz = 0.

This means that only Axx, Axy, Ayx and Ayy are nonzero. Furthermore, the trace condition

puts the restriction Axx = −Ayy, and due to the symmetry of the metric tensor Axy = Ayx.

Then, in this particular frame, we see that there are only two independent components of the

wave: Axx and Axy. We can represent these the two linear polarizations as in Fig.(1.1).

To illustrate the physics behind the interaction of gravitational waves with matter, consider

two nearby particles, one at the origin and another at x = ε, y = z = 0, both at rest. The proper

distance between them when they encounter a gravitational wave is given by

∆l =
ˆ
|gµνdxµdxν |

1
2 =

εˆ

0

|gxx| dx
1
2 ≈

[
1 + 1

2h
TT
xx (x = 0)

]
ε, (1.26)

what means that the proper distance changes with time making possible to detect gravitational

wave signals.

9



1. General Relativity: a brief review

t

h

Figure 1.1.: In the upper case, hTTxx 6= 0 and hTTxy = 0, representing the + polarization. The

circles under the graphic represent the × polarization, where hTTxx = 0 and hTTxy 6= 0.

1.1.3. Sources

The sources of gravitational waves can be roughly classified into two main categories. One is

called cosmological origin, the other is relativistic astrophysical origin. In the cosmological case,

gravitational radiation can be produced in the early stages of the Universe, for example, during

the inflation and reheating epochs. In this case, the radiation is called primordial gravitational

waves, and they will leave unique imprint on the cosmic microwave background, the so-called

B-mode. Moreover, during the evolution of the Universe, it is expected that various phase tran-

sitions had happened as the temperature of the Universe decreases, for example, the symmetric

breaking of the grand unification theory or the electroweak and quantum chromodynamics phase

transitions. Gravitational waves are also expected to be produced with different features in each

phase transition. Therefore, the detection of gravitational radiation due to those cosmological

origins can reveal physics associated with the evolution of the Universe.

In the astrophysics side, gravitational waves can be produced in processes like rotation of

non- symmetric neutron star, explosion of supernovae, inspiral, merger and ringdown of compact

binaries including white dwarf, neutron star or black hole. A spinning non-symmetric neutron

stars is an example of long-lived source which generates continuous waves whereas the coalescence

of a compact binary is a short-lived source of gravitational waves.

Although binary star systems are common in our galaxy, only a tiny fraction experience an

evolution that arrives at two compact objects in an orbit tight enough to lead to compact binary

coalescence in a Hubble time [79]. The coalescence of two compact massive objects (neutron stars

and black holes) into a single final black hole can be divided into three reasonably distinct stages:

inspiral, merger and ringdown. During the inspiral stage, analytic expressions (perturbative

post-Newtonian approximations) for gravitational waveforms are expected to be accurate. In the
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1.2. Spin in General Relativity

merger stage, strongly relativistic effects require numerical relativity calculations. The merger

will result in a highly deformed single black hole which rids itself of its deformity by emitting

gravitational radiation that is characteristic of the mass and spin of the final black hole. This

is called the quasi-normal mode or the ringdown signal, which describes the final stage of the

binary’s evolution.

The inspiral stage lends itself to a natural perturbative approach: in such stage, the difference

among the scales of binary system - the separation of the bodies in comparison to the wavelenght

of the gravitational waves emmited by them as well as the velocity of the bodies in face of the

speed of light - invites us to the usage of an effective framework, as we shall see throught out

this thesis.

1.2. Spin in General Relativity

Spin in General Relativity has been explored in various ways [80–82]. In particular, spin effects

for binary system have been calculated using different techniques within the PN approximation

[83–87]. As it is known, the motion of a spinning particle is described by the Mathisson-

Papapetrou-Dixon equations in General Relativity:

Dpµ

dτ
= −1

2R
µ
ναβu

νSαβ, (1.27)

DSµν

dτ
= pµuν − pνuµ, (1.28)

where pµ represents the momentum of the particle, Sαβ is the antisymmetric spin tensor and D
dτ

simply denotes the covariant derivative with respect to the particle’s proper time.

In order to have an EFT description for spinning objects, which will be presented in the next

chapter, we need to write an action that provides these equations of motion above.

1.2.1. An action for spinning bodies

To accomodate rotations, the first step is to introduce new degrees of freedom eµI - elements

of SO(3,1) - to the worldline, such that

ηIJ = eIµe
J
ν g

µν , (1.29)

gµν = eIµe
J
ν ηIJ . (1.30)

The capital Latin indices are lowered and raised with the Minkowski metric ηIJ ≡ (1,−1,−1,−1)

and transform under a residual Lorentz invariance. We define the transport of a tetrad through

11



1. General Relativity: a brief review

the particle’s worldine by

ėIµ ≡
DeµI
dτ

= uα∇αeµI = −ΩµνeIν , (1.31)

where Ωµν = −Ωνµ represents the angular velocity tensor and∇α is simply a covariant derivative

compatible with the metric gµν . We invert the equation above to write the angular velocity tensor

in terms of the tetrads as well:

Ωµν = ηIJeIµ
DeνJ
dτ

. (1.32)

Having characterized the new degrees of freedom, we may now construct a Lagrangian for

the spinning particle by demanding general covariance, local Lorentz and reparametrization

invariances. There are four different scalar quantities which are given bellow [47]:

a1 = uµu
µ, (1.33)

a2 = ΩµνΩµν , (1.34)

a3 = uµΩµνΩναu
α, (1.35)

a4 = 1
16ΩµνΩ∗µνΩαβΩ∗αβ, (1.36)

where

Ω∗µν ≡ 1
2εµναβΩαβ. (1.37)

From (1.33 - 1.36), we write

δL (a1, a2, a3, a4) = ∂L

∂a1
δa1 + ...+ ∂L

∂a4
δa4. (1.38)

On the other side, we also have [45]

δL = −pµδuµ −
1
2S

µνδΩµν , (1.39)

and by comparing with (1.38), considering the quantities (1.33-1.36), we find

pα = −2uα ∂L
∂a1
− 2ΩανΩνρu

ρ ∂L

∂a3
, (1.40)

Sµν = −4Ωµν ∂L

∂a2
− 2

(
uµΩνλuλ − uνΩµλuλ

) ∂L
∂a3
− 8ΩνβΩβαΩαµ ∂L

∂a4
. (1.41)

From (1.32), we have

δΩµν = δeJµ
DeνJ
dτ

+ eJµ
DδeνJ
dτ

, (1.42)

while the second term of (1.39) inside the action gives

− 1
2

ˆ
dτSµν

(
δeJµ

DeνJ
dτ

+ eJµ
DδeνJ
dτ

)
= −1

2

ˆ
dτ

(
Sµν

DeνJ
dτ

δeJµ − Sµν
DeJµ
dτ

δeνJ − eJµ
DSµν

dτ
δeνJ

)
,

(1.43)
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1.2. Spin in General Relativity

which means
DSµν

dτ
= SµνΩ ν

λ − Ωµ
λS

λν = pµuν − uµpν . (1.44)

The last equality follows from (1.40) and (1.41) using a set of identities present in the appendix

A of the reference [47]. Since SIJ = SµνeIµe
J
ν , it is straightfoward to see that the equation above

implies
DSIJ

dτ
= 0, (1.45)

meaning that the spin projected on the tetrads is constant. Notice that the scalar S2 ≡ 1
2S

µνSµν

is conserved.

To obtain the equation of motion for momentum, we have to write (1.39) in the terms of δx. To

accomplish this, it is convenient to go to a locally flat coordinate system where the connection

terms are zero. After computing the equations of motion we can promote the derivatives to

covariant ones and find
Dpµ
dτ

= −1
2RµλαβS

αβuλ. (1.46)

Therefore, we have shown that the Mathisson-Papapetrou-Dixon equations can be derived

from the Lagrangian L (uµ,Ωµν):

L = −pµuµ −
1
2S

µνΩµν , (1.47)

which follows from reparametrization and diffeomorphism invariance. It is convenient to rewrite

the action in the locally-flat frame introducing

Ωab
L = ηIJΛIa

DΛJb
dτ

(1.48)

and

eaµe
b
νΩµν = Ωab

L + uµωabµ , (1.49)

where ωabµ = ebν∇µeaν are the Ricci rotation coefficients. Finally, we write an action where the

kinetic terms and the spin-gravity coupling can be easily identified:

S =
ˆ
dτ

[
−pµuµ −

1
2SabΩ

ab
L −

1
2ω

ab
µ Sabu

µ
]
. (1.50)

1.2.2. Routhian for spinning bodies

Whenever we treat spinning bodies, we choose to work with a Routhian instead of a Lagrangian

for convenience, since in this particular physical setting the latter has no explicit dependence on

the angular variables. Hence, we treat position and velocity as generalized coordinates, while
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1. General Relativity: a brief review

angular velocity and spin are taken as a pair of canonical variables in view of the Legendre

transformation

R = 1
2SabΩ

ab
L + L, (1.51)

yielding

R = −pµuµ −
1
2ω

ab
µ Sabu

µ. (1.52)

The equations of motion for spin is obtained through

dSab

dτ
=
{
Sab,R

}
, (1.53)

considering the spin algebra

{
Sab, Scd

}
= ηacSbd + ηbdSac − ηadSbc − ηbcSad. (1.54)

Mathisson-Papapetrou-Dixon equations also follows from (1.53).

1.2.3. Spin supplementary conditions

The antisymmetric spin tensor Sµν has six independent degrees of freedom, but only three are

necessary to describe rotations. In order to get rid of these three extra degrees of freedom and

fix the centre of mass, we have to impose some constraints called spin supplementary conditions

(SSC) of which the most used are

V µ
cov = Sµνpν , (1.55)

V µ
NW = Sµνpν −mSµ0. (1.56)

The first one, which is manifestly covariant, is called covariant SSC. This condition has the

advantage that the relation between pµ and uµ is manifestly covariant. The covariant SSC

implies

Si0 = Sijvj . (1.57)

The other choice (1.56) is called Newton-Wigner and, even though it is not manifestly co-

variant, it preserves the canonical algebra of Poisson Brackets up to effects quadratic in the

spin, while the covariant SSC demands the construction of the Dirac brackets. Choosing the

Newton-Wigner condition means

Si0 = 1
2S

ijvj . (1.58)
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1.2. Spin in General Relativity

One can calculate the equations of motion in either SSC and translate between the two using

a transformation of the centre of mass [85]:

rcov → rNW −
v× ξ
2m , (1.59)

which will be discussed in the next chapter.
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2. NRGR I: conservative sector

EFTs have been an indispensable tool of modern physics to study systems with multiple

separate scales in a systematic fashion. The general idea of an EFT is to provide the simplest

framework that captures the essential physics at each scale. To describe a physical system

using an EFT, we need to determine the relevant degrees of freedom, the symmetries and the

expansion parameters. In every EFT, power counting are rules for determining which operators

are needed at a given order in the expansion parameter. In general, the coefficients that appear

in the effective action are determined through a matching procedure by comparison with the

full theory.

We may say that the key principle in this framework is that it is not necessary to know the

dynamics out of the scale of interest in much detail. For instance, to describe the hydrogen

atom in low energy scale we do not need to include the bottom quark. However, short distance

degrees of freedom affect the dynamics in terms of coefficients in the local term in the action.

This subtlety is related to the fact that when high energy degrees of freedom are integrated

out in order to write an effective action that describes low energy physics, the "information"

about these high energy particles becomes encoded in the coefficients of the effective theory.

Even though EFTs were mostly developed in Particle Physics, they are still useful in classical

settings, as we will see through this and the next chapters.

There are basically two approaches concerning EFTs. One of them is called "top-down", in

which we know the high energy theory and want to build up or investigate the low energy theory.

In this case, the heavier particles are integrated out and then we perform the matching onto a

low energy theory, finding what are the new operators and the new low energy constants. The

high and the low energy theories agree in the infrared limit, but differ in the ultraviolet regime,

as expected. We can cite some EFTs that behave in this way: heavy quark EFT (HQEFT),

non-relativistic QED (NRQED), non-relativistic QCD (NRQCD) and the framework used in this

thesis, NRGR. The other way to proceed when we work on EFT is named "bottom-up" and what

characterizes this approach is: the high energy theory is unknown. In this case, we construct the
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2. NRGR I: conservative sector

Lagragian by writing down the most general possible operators (interactions) consistent with all

symmetries and determine the coupling constants by experiment. This is the case, for instance,

of the Standard Model.

Although we do not work on renormalization or explore its aspects in this thesis, it is important

to mention its place in EFTs. In the traditional sense, the theory is renormalizable if at any order

of perturbation the UV divergences from loop integrals can be absorbed into a finite number of

parameters. In the EFT sense, a renormalizable theory must be renormalizable order by order

in its expansion parameters. In order words, EFT allows for an infinite number of parameters,

but only a finite number of them at any given order in the expansion, what makes possible to

use renormalization group methods to understand in a simple way logarithms of scale ratios

that may arise in the perturbative series for a given observable. Another substantial advantage

which an EFT framework offers is having a manifest power counting in the expansion parameter

of the theory1.

Motivation

The experimental program in gravitational wave detection triggered the development of an

EFT framework - NRGR - which is capable of describing the two body physics with high accuracy

[38,88]. For binary systems that can be detected by LIGO , which have binary constituents with

masses in the range between one or dozens of solar masses, the inspiral phase spans roughly

0.1 < v < 0.4, corresponding to orbital separations from about 100 to a few times m/m�km. A

ground-based detector is sensitive to the gravitational wave phase ∆φ(t) during the evolution of

the binary system. Consider that each body of a binary system, in circular orbit, has an agular

velocity ω(t). Then, through the virial theorem we have ω(t) = v3

m , what allows us to write the

gravitational wave phase seen by the detector as

∆φ(t) = 2
ˆ
dtω(t) = 2

m

ˆ
dvv3 1

P

dE

dv
, (2.1)

since the conservation of energy assures dE
dt = −P . The expression above tells us that once the

gravitational wave signal is detected, we may have information about the power loss of the system

where the wave came from, for instance. The observable ∆φ(t) has to be computed to extremely

high order in the velocity expansion in order to compare the predictions of General Relativity

and to probe the internal structure of those strongly bounded systems with the experimental
1This means that it is possible to calculate the order in the expansion parameter which a given term in the

perturbation series first contributes to a given physical observable by using simple scaling arguments.
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data. It is important, moreover, to have a computational approach that separates the effects

that depend upon short distance physics from those that come from gravitational dynamics only.

Not only does NRGR provide this, but it also deals naturally with the problems that arise in

PN techniques regarding singularities by the means of a renormalization program.

Scales

To construct an EFT which describes the physics of binary systems, the first question we need

to ask ourselves is: do those systems have a clear separation of scales? The answer is surely

positive. Consider a binary system composed of compact bodies - it can be neutron stars or

black holes - in a bound state moving non-relativistically. We can state the difference between

the scales of this system in the following way:

• Internal zone: It is the scale corresponding to the Schwarzschild radius of the compact

bodies rs, where finite size effects take place.

• Near zone: Also called potential zone, it corresponds to the orbital scale represented by

the separation distance r between the two compact bodies.

• Far zone: It is the scale corresponding to the typical wavelenght of the emitted gravita-

tional waves λrad ∼ r
v .

Because we consider post-Newtonian sources (slowly moving bodies), the hierarchy of scales

can be represented by

rs � r � λrad. (2.2)

The degrees of freedom at the scale rs are responsible for finite effects, such as tidal forces, but in

general they are neglectable in comparison with purely gravitational wave damping effects [57].

At the orbital scale, the gravitational field presents itself in the potential modes, which are off-

shell fields that mediate the gravitational interaction between the two compact bodies and are

probes for their internal structure. While the potential modes govern the conservative dynamics,

the radiation modes are responsable for dissipative effects. At the scale of radiation, the binary

can be treated as a point-like source endowed with a series of multipole moments.

In what follows, we introduce the NRGR framework to describe the dynamics of compact

binary systems. The first effective description used to describe the physics at distances between

the finite size scale and the orbital scale is constructed by replacing the compact objects with

point particle worldlines, where their finite size effects can be included with higher order terms
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2. NRGR I: conservative sector

in the point particle action. The second stage of the EFT concerns scales between the orbital

and the radiation scales, where the potential modes which are responsible for physical effects at

the orbital scale are integrated out from the theory. The classical limit of integrating out a field

corresponds to performing the saddle point approximation, which effectively means solving for

the field value and plugging it back into the action. At the end, the resulting theory describes

the conservative sector, as will be presented in this chapter, as well as the radiation sector of

the physics of a binary system in the inspiral phase, which will be discussed in the next chapter.

2.1. Non-spinning bodies

Here we introduce the effective action formalism for non-rotating bodies, we include spin in

subsequent sections.

2.1.1. Action for binary systems

The simplest action for relativistic point particles coupled to gravity, constituting a binary

system, is given by a piece describing gravity - the Einstien Hilbert action - and another part

accounting for the bodies that generate the gravitational field:

S = SEH + Spp. (2.3)

We are interested in having an EFT which provides a way to calculate the power emitted in

gravitational radiation from the binary system, since this quantity can be indirectly measured

by detectors such as LIGO. This is accomplished, in principle, by expanding the action using

the weak field approximation,

gµν = ηµν + hµν
mPl

, , (2.4)

where we included the Planck mass in this expansion just for convenience. Integrating out the

graviton field to obtain an effective action depending only on the particles coordinates xa with

a = 1, 2 gives

eiSeff [xa] =
ˆ
DhµνeiSEH+iSpp . (2.5)

Firstly, let us consider the Einstein-Hilbert action

SEH = −2m2
Pl

ˆ
d4x
√
gR (x) . (2.6)
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2.1. Non-spinning bodies

In the weak field limit,

gµν ' ηµν − hµν

mPl
, (2.7)

√
g ' 1 + h

2mPl
, (2.8)

the connection becomes

Γλµν = 1
2

(
ηλβ − hλβ

mPl

)
1
mPl

(∂νhβµ + ∂µhβν − ∂βhµν) (2.9)

' 1
2mPl

(
∂νh

λ
µ + ∂µh

λ
ν − ∂λhµν

)
,

what implies

Rµν = − 1
2mPl

(
∂2hµν + ∂µ∂νh− ∂µ∂αh α

ν − ∂ν∂αh α
µ

)
+O

(
Γ2
)
. (2.10)

With these considerations, the Einstein-Hilbert action is re-written as

SEH =
ˆ
d4x

(
ηµν + hηµν

2mPl
− hµν

mPl
− hhµν

2m2
Pl

)
(2.11)

[
mPl

(
∂2hµν + ∂µ∂νh− ∂µ∂αh α

ν − ∂ν∂αh α
µ

)
− 2m2

PlO
(
Γ2
)]
.

The terms η∂2h (schematically) will lead to zero integration in view of the boundary condi-

tions. Taking into account that

−2m2
PlO

(
Γ2
)

= −2m2
Pl

ˆ
ηµν

[
ΓαµνΓσσα − ΓαµσΓσνα

]
d4x (2.12)

= 1
2

ˆ
[2h∂µ∂νhµν − h∂2h− 2hµν∂ν∂λhλµ + hµν∂2hνµ]d4x,

we have

SEH =
ˆ [1

2h∂
2h− 1

2h
µν∂2hµν − h∂µ∂νhµν + hµν∂µ∂αh

α
ν +O

(
h3
)

+ ...

]
d4x. (2.13)

Considering

Γλ µ
µ = Γλ = 1

mPl

(
∂µhλµ −

1
2∂

λh

)
, (2.14)

we can add the gauge fixing term

SGF = m2
Pl

ˆ
√
gΓµΓµd4x = −

ˆ (
h α
µ ∂α∂βh

µβ − h α
µ ∂α∂

µh+ 1
4h∂

2h

)
d4x, (2.15)

to end up with the Einstein-Hilbert action with the kinetic term written in a much simpler form:

SEH + SGF =
ˆ 1

2

[1
2h∂

2h− hµν∂2hµν + ...

]
d4x, (2.16)
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where the ellipsis represents terms which depend on higher powers of the gravitational field.

The motion of the two-body system, neglecting finite size effects, is determined by the point-

particle action

Spp = −
∑
a

ma

ˆ
dτa + ... (2.17)

where dτa =
√
gµνdx

µ
adxνa is the proper time along the a-th particle worldline. For now we ignore

additional degrees of freedom - such as spin, which will be introduced later in this chapter - as

well as the finite size corrections for the point particle description included in the elipsis.

In order to have interaction vertices with homogenous velocity scaling, we expand the point-

particle action in powers of the particles three-velocities. To accomplish this, we write the proper

time using the post-Newtonian expansion:

dτ =
√
ηµνdxµdxν + hµν

mPl
dxµdxν (2.18)

=
[
1− v2 + 1

mpl

(
h00 + 2h0ivi + hijvivj

)] 1
2

dt

=
[
1− v2

2 + 1
2mpl

(
h00 + 2h0ivi + hijvivj

)
− v4

8 + v2

4mpl

(
h00 + 2h0ivi + hijvivj

)
+ ...

]
dt,

where we have used (1 + x)n = 1+nx+ n(n−1)
2! x2 + ..., for x� 1, which is a good approximation

since |v| � 1 as well as |hµν | � 1. With this, the expanded point-particle action is given by

Spp =
ˆ
dt
∑
a=1,2

ma

[
v2
a

2 + 1
2mpl

(
h00 + 2h0ivia + hijviavja

)
− v4

a

8 + v2
a

4mpl

(
h00 + 2h0ivia + hijviavja

)
+ ...

]
.

(2.19)

The constant term ∑
a=1,2

−ma was ignored because it has no contribuition for the equations of

motion. The fields h00, h0i and hij are evaluated on the particles worldlines (x0,xa (x0)).

2.1.2. Propagator

Let us now introduce the propagator of the gravitational field. In our worldline description we

take the limit rs → 0, thus in this EFT framework the compact body is described by a localized

point-like gravitational source whose stress-energy tensor is

Tµνpp = m

ˆ
dσ
uµuν√
u2

δ4 (x− x (σ))
√
g

+ ..., (2.20)

where the ellipsis account finite size effects. To accomodate the non-linearities of the gravita-

tional field hµν in the Einstein-Hilbert as well as in the point-particle action, it is convenient to
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2.1. Non-spinning bodies

introduce the pseudo stress-energy tensor T µν which incorporates those non-linearities, so that

SEH + SGF + Spp =
ˆ 1

2

[(1
2h∂

2h− hµν∂2hµν

)
− 1
mPl
T µνhµν

]
d4x. (2.21)

In order to write the propagator of the gravitational field, we compute the Euler-Lagrange

equation
∂L

∂hαβ(y) − ∂
(y)
θ

∂L

∂∂
(y)
θ hαβ(y)

= 0, (2.22)

what leads to
ˆ
d4x

[(1
2η

αβ∂2h− ∂2hαβ − 1
mPl

Tαβpp

)
− ∂(y)

θ

(1
2h∂

θηαβ − hαβ∂θ
)]

δ (x− y) = 0, (2.23)

since ηµν , hµν and Tµν are symmetric quantities. This implies
(
ηαβηµν − ηαµηβν − ηανηβµ

)
∂2hµν = 1

mPl
T αβ, (2.24)

and after inverting it turns out to be

hµν = − i

mPl

ˆ
∆Fαβµν (x− y) T αβ(y)dy, (2.25)

where we use these two definitions2:

∆Fαβµν (x− y) ≡ Pαβµν∆F (x− y) , (2.26)

Pαβµν ≡
1
2 (ηαβηµν − ηαµηβν − ηανηβµ) . (2.27)

At this point, we can show how to derive the Newtonian potential from this field theory

approach. Regarding the linear order in 1
mPl

, for a static source (2.25) leads to

hαβ
mPl

= − i

2m2
Pl

ˆ
Pαβ00∆F

(
x− x′

)
T 00
pp

(
x′
)
d4x′ (2.28)

= − im

4m2
Pl

ˆ
(2ηα0η0β − ηαβ) ∆F

(
t− t′,x

)
dt′,

but as

∆F

(
t− t′,x

)
=
ˆ
d4p

ie−ip0(t−t′)eip·x

p2
0 − p2 + iε

, (2.29)

we find

hαβ
mPl

= m

4m2
Pl

(2ηα0η0β − ηαβ)
ˆ
d4p

δ (p0) e−ip0teip·x

p2
0 − p2 + iε

(2.30)

= m

4m2
Pl

(2ηα0η0β − ηαβ)
ˆ
d3p eip·x

−p2 + iε
.

2The Feynman’s prescription is the right choice to compute the total radiated power using the optical theorem.
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2. NRGR I: conservative sector

Using m2
Pl = ~c

32πGN and ˆ
d3pe

ip·(x−y)

p2 = 1
4π|x− y|

, (2.31)

it gives us
hαβ
mPl

= 2Gm
r

(2ηα0η0β − ηαβ) , (2.32)

which yields the Newtonian potential for the temporal component.

At this point it is necessary to make a comment. Although we have expanded the action

using the weak field and the PN approximations, calculated the propagator and showed how

to recover, for instance, the Newtonian potential, it is still not enough to our purporses. We

need an EFT action which is capable of describing conservative but also dissipative dynamics.

To accomplish this, the gravitational field has to be separated into two parts: one describing

the gravitational interaction between the two particles and another describing the gravitational

waves. In other words, to formulate an EFT that is tailored to the limit v � 1 we must integrate

out all degrees of freedom with wavelenghts shorter than the orbital distance scale r. We discuss

this next.

2.1.3. Modes of the field

Although we have performed expansion for small velocity, the propagator (2.26) for the field

hµν still encodes fully relativistic dynamics, since it does not distinguish between potential

gravitons (which must be integrated out in order to write an action for NRGR) and radiation

gravitons. To make the Feynman rules scale homogeneously with v, it is convenient to decompose

the graviton as

hµν = hµν +Hµν , (2.33)

where hµν describes the on-shell gravitons, related to the long wavelenght radiation modes,

while Hµν represents off-shell gravitons, associated to the potential modes that mediates the

gravitational interaction. We can infer the scaling of the derivatives of these fields using physical

arguments. Since hµν is a propagating field, the condition on the wave frequency implies

∂αhµν ∼
v

r
hµν , (2.34)

whereas the potential gravitons do not go on shell and scale as

∂0Hµν ∼
v

r
Hµν , (2.35)

∂iHµν ∼
1
r
Hµν . (2.36)
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2.1. Non-spinning bodies

Once we regard (2.33), the NRGR action is determined through the functional integral

eiSNRGR[xa,h] =
ˆ
DHµνe

iS[h+H,xa]+iSGF . (2.37)

Now the gauge fixing action appearing in the expression above must be suitable for the

potential modes, in order to preserve the gauge invariance of the NRGR action. As far as the

potential modes are concerned, the radiation plays the role of a slowly varying background field,

so that the background metric can be written as ḡµν = ηµν + hµν and the gauge fixing term

takes the form

SGF = m2
Pl

ˆ
d4x

√
ḡΓµΓµ, (2.38)

with Γµ = DαH
α
µ − 1

2DµH
α
α, being Dµ the covariant derivative associated to the background

metric ḡµν . In view of the different behaviour of the potential fields regarding its scaling, it is

convenient to work with its Fourier transform

Hµν (x) =
ˆ

d3k
(2π)3 e

ik·xHkµν
(
x0
)
. (2.39)

Taking all this into account, the action (2.21) is now written as

S
[
h+H,xa

]
+ SGF =

ˆ
d4x

[1
2

(1
2h∂

2h− hµν∂2hµν + 1
2H∂

2H −Hµν∂2Hµν

)
− 1

2mPl
Tµνh

µν − 1
2mPl

TµνHµν
]
. (2.40)

The crossed terms are zero because of the non-overlapping momenta. We can obtain the

propagator for the potential gravitons regarding the kinetic and source terms related to them.

Since

H∂2H = H
(
∂2

0 − ∂2
i

)
H (2.41)

=
ˆ

d3k
(2π)3

[
k2H (k, x0)H (−k, x0)− ∂0H (k, x0) ∂0H (−k, x0)

]
,

we have

1
2H∂

2H −Hµν∂2Hµν =
ˆ

d3k
(2π)3

[
k2
[1

2H (k, x0)H (−k, x0)−Hµν (k, x0)Hµν (−k, x0)
]
−

−1
2∂0H (k, x0) ∂0H (−k, x0) + ∂0Hµν (k, x0) ∂0H

µν (−k, x0)
]

=
ˆ

d3k
(2π)3

1
2T

µναβ
[
k2Hµν (k, x0)Hαβ (−k, x0) (2.42)

−∂0Hµν (k, x0) ∂0Hαβ (−k, x0)] ,
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2. NRGR I: conservative sector

where we used the definition

Tµναβ ≡
(
ηµαηνβ + ηµβηνα − ηµνηαβ

)
. (2.43)

The terms containing time derivatives are suppresed with respect to the first one by a power of

v2, what allows us to treat them perturbatively as operator insertions in correlations functions.

Hence, taking the Lagrangian

L = −1
2

ˆ
d3k

(2π)3

[
k2 1

2T
µναβHµν (k, x0) + Iµναβ

Tµν (k, x0)
mPl

]
Hαβ (−k, x0) , (2.44)

where

Iµναβ ≡ 1
2
(
ηµαηνβ + ηµβηνα

)
, (2.45)

we can obtain the propagator for the potential fields, similarly to the previous section:

〈
Hµν (k, x0)Hαβ

(
k′, x′0

)〉
= −i (2π)3 Pµναβδ

(
x0 − x′0

)
δ3 (k + k′

) 1
k2 . (2.46)

2.1.4. Power counting

Now, we are ready to see how Feynman diagrams scale in this EFT framework. Concerning that

δ3 (k + k′) ∼ r3 and δ (x0 − x′0) ∼ v
r , we may infer from (2.46)

Hµν (k, x0) ∼ v
1
2 r2. (2.47)

Analogously, through (2.26) and (2.29), we have

hµν (x) ∼ v

r
. (2.48)

To obtain the scale for the Planck mass, remind the equivalence in order between the kinetic

energy and the Newtonian potential:

mv2 ∼ Gmm

r
⇒ G ∼ v2r

m
, (2.49)

what implies mPl ∼
√

v2r
m and for practical purposes it is convenient to write

m

mPl
∼
√
Lv, (2.50)

where L is the angular momentum. Now, with this information, we can determine the order in

the velocity at which any diagram in the calculation of the functional integral (2.37) as well as
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2.1. Non-spinning bodies

(a) (b) (c)

Figure 2.1.

in Feynman diagrams which comes from the NRGR action itself. As a simple illustration of the

power counting rules, take the part of action corresponding to the kinetic term:
ˆ
dx0mv2 ∼ r

v
mv2 ∼ L, (2.51)

and in the same way behaves the Newtonian potential part that comes from the exchange of a

single potential graviton H00 between the two particles as shown in Fig.2.1:

i
m1m2
8m2

Pl

ˆ
dt1dt2δ (t1 − t2)

ˆ
d3k

(2π)3
e−ik·(x1−x2)

k2 = i

32πm2
Pl

ˆ
dt
m1m2
r
∼ L. (2.52)

Without calculating the diagram3, we could obtain its scaling by noticing that, schematically,

it is determined by
[
(dt)

(
d3k

)
(m/mPl)H

]2 ∼ L. The angular momentum of a binary system of

compact bodies, i.e. neutron stars or black holes, is a huge quantity. All other contributions to

the effective action, in general, are down by powers of v relative to the kinetic and Newtonian

potential terms. We must treat the operators that scale as Lv0 non-perturbatively while oper-

ators which scale as Lvn must be treated perturbatively. It can also be shown that diagrams

containing graviton loops are supressed by powers of 1
L relatively to tree diagrams, what enforces

the fact that effective theory is perfectly suitable to describe classical physics.

2.1.5. Feynman rules

In this formalism, all observables are derivable from either the effective action for the point-

particle Seff [xa] defined in (2.5) or from the NRGR action for the radiation graviton mode

SNRGR
[
xa, h

]
in (2.37). We can summarize some immediate rules in the following way:

• iSeff [xa] is the sum of Feynman diagrams that remain connected when all particle world-

lines are removed.
3Only the first diagram in Fig.2.1 contributes to the potential, since the other two vanish in dimensional regu-

larization
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2. NRGR I: conservative sector

xxxxxxx
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Figure 2.2.

• There is no propagators for the "field" xµa (τ) because they are treated as background

whenever gravitons are considered.

• A term with n power of the radiation field hµν in iSNRGR
[
xa, h

]
is equal to the sum of

Feynman diagrams with n external radiation graviton lines.

• A internal potential graviton line with label momentum k and connecting points at time

x0 and x′0 corresponds to an insertion of (2.46). We can also choose to work with the

propagator in coordinate space as well:〈
Hµν (x)Hαβ

(
x′
)〉

=
ˆ

d3k
(2π)3 e

ik·x
ˆ

d3k′

(2π)3 e
ik′·x 〈Hµν (k, x0)Hαβ

(
k′, x′0

)〉
. (2.53)

• An internal radiation graviton line connecting two points x and y denotes an insertion of

(2.26).

• For each external radiation line starting at a vertex located at a spacetime point x, one

includes a factor of the radiation field hµν (x) and an integral
´
d4x.

Because of the expansion in the weak field, the action has an infinite number of interaction

vertices. In what follows, we write the rules regarding the potential gravitons4.

Let us first discuss the Feynman rules arising from the insertions of the point-particle inter-

actions. Consider the term below belonging to the point-particle action:

Spp(H00) = − m

2mPl

ˆ
dtH00 (x) . (2.54)

Re-writing H00 (x) = ηµ0ην0H
µν (x), we see that the Feynman rule for this term, represented in

Fig.2.2(a) is simply

− im

2mPl

ˆ
dtηµ0ην0. (2.55)

4The rules presented here will be used in appendix A to perform the calculation of Einstein-Infeld-Hoffman

Lagragian. It is an illustration on how potential gravitons can be integrated out to get the first PN correction

to the Newtonian theory.
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2.1. Non-spinning bodies

Figure 2.3.

Similarly, the term represented inFig.2.2(b)

Spp(H0ivia) = − m

mPl

ˆ
dtH0i (x) vi (x0) (2.56)

leads to the rule

− im

mPl

ˆ
dtvi (x0) δiµην0. (2.57)

There are also non-linear terms such as

Spp(H2
00) = m

8mPl

ˆ
dtH00 (x)H00 (x) . (2.58)

The Feynman rule in this case, as depicted by Fig.2.2(c) has two identical terms which arise

from the two independent ways of contracting the two fields in the interaction with the external

graviton lines:
im

4mPl

ˆ
dtηµ0ην0η0αη0β. (2.59)

These are examples of vertices arising from the interactions involving the point-particle

sources, but we need also to consider the n-graviton vertices which come from the expansion of

the EH action in terms of the weak field. Consider now the cubic terms in the graviton field

which give rie to the three-graviton vertex (Fig.2.3). They come from many terms in the ac-

tion. For instance, consider the second order terms coming from the metric and the determinant

multiplying first order terms coming from the curvature.

Concerning the metric, we have to notice that if we consider gµν = ηµν + hµν
mPl

and impose the

condition

gµνg
να = δ α

µ , (2.60)

we can see that it implies

gµν ' ηµν − hµν

mPl
+ hµαh ν

α

m2
Pl

−
hµαh

αβh ν
β

m3
Pl

+ .... (2.61)

As we know,
√
g ' 1 + h

2mPl
+ h2

8m2
Pl

− hµνhµν
4m2

Pl

+ ..., (2.62)
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2. NRGR I: conservative sector

and putting together, it ends up as:

√
ggµν = ηµν + ηµνh

2mPl
+ ηµνh2

8m2
Pl

− ηµνhαβhαβ
4m2

Pl

+ ...− hµν

mPl
− hµνh

2m2
Plpl

− hµν

4m3
Pl

(
h2

2 − h
αβhαβ

)
+ ....

(2.63)

Schematically, we have

(√ggµν)(h0) = ηµν , (2.64)

(√ggµν)(h1) = 1
mPl

(
ηµνh

2 − hµν
)
, (2.65)

(√ggµν)(h2) = 1
2m2

Pl

(
ηµνh2

4 − ηµνhαβhαβ
2 − hµνh

)
. (2.66)

Similarly, we can also organize the terms in the connection by orders of the weak field:

Γλµν
(
h1
)

= 1
2mPl

ηλβ (∂νhβµ + ∂µhβν − ∂βhµν) , (2.67)

Γλµν
(
h2
)

= − hλβ

2m2
Pl

(∂νhβµ + ∂µhβν − ∂βhµν) , (2.68)

Γλµν
(
h3
)

= hλαh β
α

2m3
Pl

(∂νhβµ + ∂µhβν − ∂βhµν) . (2.69)

• Contribution
(√
gg
)
(h2)R(h1)

Taking the curvature term linear in the graviton field

R(1)
µν = − 1

2mPl

(
∂2hµν + ∂µ∂νh− ∂µ∂αh α

ν − ∂ν∂αh α
µ

)
(2.70)

we can write, for instance,

SEH[g(h2)R(h1)] = −
ˆ (

ηµνh2

4 − ηµνhαβhαβ
2 − hµνh

)
R(1)
µν d

4x. (2.71)

• Contribution
(√
gg
)
(h1)R(h2)

Consider the terms coming from the second order terms in the curvature multiplying first order

terms of the metric or determinant. The connection has contributions linear and quadratic in

the field, we may write the curvature tensor as

Rµν
(
h2
)

= ∂λΓλµν
(
h2
)
− ∂νΓλµλ

(
h2
)

+ Γαµν
(
h1
)

Γσσα
(
h1
)
− Γαµσ

(
h1
)

Γσνα
(
h1
)
, (2.72)

yielding

SEH[g(h1)R(h2)] = −mPl

ˆ (1
2hη

µν − hµν
)
Rµν

(
h2
)
d4x. (2.73)

• Contribution
(√
gg
)
(h0)R(h3)
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2.2. Spinning bodies

For this contribution we take the terms cubic in the field in the curvature tensor,

Rµν
(
h3
)

= ∂λΓλµν
(
h3
)
− ∂νΓλµλ

(
h3
)

+ Γαµν
(
h2
)

Γσσα
(
h1
)

+ Γαµν
(
h1
)

Γσσα
(
h2
)

−Γαµσ
(
h2
)

Γσνα
(
h1
)
− Γαµσ

(
h1
)

Γσνα
(
h2
)
, (2.74)

what leads to

SEH[g(h0)R(h3)] = −2m2
Pl

ˆ
ηµνRµν

(
h3
)
d4x. (2.75)

Taking into account the specifications above, the total contribution to the three-gravition
vertex comes schematically from:

SEH
(
h3) = −2m2

Pl

ˆ
d4x

[
(√ggµν)(h2) (Rµν)(h1) + (√ggµν)(h1) (Rµν)(h2) + (√ggµν)(h0) (Rµν)(h3)

]
.

(2.76)

As an exauting algebra would have to be performed in order to write this rule, it is convenient

to use computational tools to make this evaluation. We wrote a code in Mathematica using the

Feyncalc package to get

〈
T
{
H00

k1 (x1)H00
k2 (x2)H00

k3 (x3)
}〉

= −i(2π)3

4mPl
δ (t1 − t2) δ (t1 − t3) δ

(∑
i

ki

)∏
j

i

k2
j

∑
k

k2
k.

(2.77)

We recommend the reader to go through appendix A for an illustration of the EFT usage.

2.2. Spinning bodies

At the end of the previous chapter, we introduced spin in General Relativity by including

tetrads to describe the particle’s rotation. Now we treat spinning bodies from the EFT perspec-

tive, presenting the power counting and Feynmann rules associated to them. The calculation of

the leading order spin-orbit potential and the acceleration derived from it are presented. More-

over, we also discuss how to handle the spin supplementary conditions in the computations of

the equations of motion.

2.2.1. Scaling

In order to treat spinning bodies via an EFT framework, we need to know precisely how the

spin degrees of freedom scale. Let us concern the spin condition:

Si0 = κSijvj , (2.78)
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2. NRGR I: conservative sector

where κ = 1, 1
2 for covariant and Newton-Wigner choice, respectively. The condition above

states the temporal components of the spin tensor is a half-PN order higher that the spatial

components, given that the latter are expressed by

Si = 1
2ε

ijkSjk. (2.79)

As we are interested in compact objects, the moment of inertia is proportional to the Schwarzchild

radius

IS ∼ mr2
s (2.80)

implying

S = ISΩ ∼ mvrotrs. (2.81)

For maximal rotating bodies vrot . 1, what makes spin scale as

S ∼ Lv, (2.82)

where L ∼ mrv, rs
r ∼ v2 and v is the translational velocity of the compact bodies. We can

see, thus, that the spatial components of the spin are a half-PN order higher than the angular

momentum. This subleading character of the spin allows it to be treated perturbatively.

2.2.2. Feynman rules

To obtain the Feynman rules we expand the metric around a Minkowski background, gµν =

ηµν + hµν
mp

, what leads to

eaµ = δaµ + 1
2δ

a
ν

(
hνµ −

1
4h

ν
αh

α
µ

)
+ .... (2.83)

Plugging this expasion into (1.52) and collecting only spin dependent terms, we write a

Routhian representing the interacting spin-sector of the binary systems of compact bodies,

Rspin= 1
2mPl

δαa δ
β
b ∂βhαγu

γSab + 1
4m2

Pl

δβa δ
γ
b h

λ
γ

(1
2∂µhβλ + ∂βhµλ − ∂λhµβ

)
uµSab (2.84)

+ 1
2mPl

RναρσS
ρσuνSαβuβ + ...,

from which the Feynman rules can be read. Using the PN expansion present in the previous

chapter, regarding the gravitational field split into the radiation and potential modes, we can
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2.2. Spinning bodies

read for instance the spin insertion up to 2PN order [45]:

RNRGR1PN = 1
2mp

∂kHi0S
ik, (2.85)

RNRGR1.5PN = 1
2mp

(
∂kHijS

ikuj + ∂kH00S
0k
)
, (2.86)

RNRGR2PN = 1
2mp

(
∂kH0jS

0kuj + ∂0Hi0S
i0
)

+ 1
4m2

p

Sij
(
H λ
j ∂iH0λ −H k

j ∂kH0i
)
. (2.87)

2.2.3. Finite size effects

In this EFT framework, finite size effects are included to correct the divergences that appear

due to the point-particle approximation. This is done by writing the most general action re-

specting the symmetries of the theory - diffeomorphism and reparametrization invariance. For

instance, we can add terms in the point-particle action (2.17) such as

SQE = 1
2

ˆ
dτQijEEij , (2.88)

where Eij is the electric component of the Weyl tensor Eµν = Cµανβu
αuβ and QijE is the associ-

ated electric quadrupole moment. We can also consider a similar term for the action regarding

the magnetic components of the Weyl tensor5, just by changing Eij → Bij . The quadrupoles

Q
E(B)
ij , which depend on time, can be split into two different components. There is a back-

ground piece which accounts for the short-distance contributions in the absence of external

perturbations, and there is a response to long-wavelenght probes:

Q
E(B)
ij =

〈
Q
E(B)
ij

〉
S

+
(
Q
E(B)
ij

)
R
. (2.89)

The first term is the background piece and 〈...〉 represents the expectation value computed

in the background of the short modes. The response encodes tidal effects [45, 89, 90], which we

will not discuss here. The background piece is proportional to the spin squared of the compact

objects. To the order we are interest in this thesis, we consider only the electric part of the

quadrupole moment. The body’s own rotation produces a quadrupole moment given by [91]

〈
QEij

〉
S

= CES2SikS j
k

2m . (2.90)

Regarding (2.90) in (2.88), we can write the potential - presented in the next section - which

address the leading order finite size effect.
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Figure 2.4.: Leading order spin-orbit interaction. (a) In this diagram we take into account the

v1 mass insertion and v2 spin-graviton vertex. (b) In this case we take the v3

spin-graviton vertex.

2.2.4. Potentials at leading order

As an illustration, we perform the derivation of the leading order spin-orbit contribution using

(2.85) and (2.86), which comes in two pieces as it is shown in Fig.2.4, such that we can write

Fig2.4 = −im2
4m2

Pl

ˆ
dtdt′

d3p
(2π)3∂β

(
e−ip(x−y)

p2 δ
(
t− t′

)
P0εαγ

)
Sβα1 uγ1 (t) uε2 (t) (2− δε0) . (2.91)

Using ˆ
d3p

(2π)3
e−ip(x−y)

p2 = 1
4πr , (2.92)

and ignoring the time derivative which will give a higher order term, we have

Fig2.4 = −i2m2∂j

ˆ
dt

1
r
P0εαγS

βα
1 uγ1 (t) uε2 (t) (2− δε0) (2.93)

= i2m2

ˆ
dt
rj
r3P0εαγS

βα
1 uγ1 (t) uε2 (t) (2− δε0)

For ε = 0, α = l, γ = k,

i2m2

ˆ
dt

rj
r3

(−ηlk
2

)
Sjl1 uk1 (t) = −im2

ˆ
dt

rj
r3S

jk
1 u1k (t) . (2.94)

For ε = l, α = k, γ = 0,

i2m2

ˆ
dt

rj
r3

(
ηlk
2

)
Sjk1 ul2 (t) = i2m2

ˆ
dt

rj
r3S

jk
1 uk2 (t) . (2.95)

For ε = α = γ = 0,

i2m2

ˆ
dt

rj
r3

(1
2

)
Sj01 = im2

ˆ
dt

rj
r3S

j0
1 . (2.96)

5We will discuss in the next chapter why it is convenient to use the electric, as well as the magnetic, component

of the Weyl tensor.
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2.2. Spinning bodies

Taking these pieces together, and using Euclidean metric and considering the proper time as

the worldline parameter, we have

W =
ˆ
dtm2

rj

r2

[
−Sjk1 vk1 (t) + 2Sjk1 vk2 (t)− Sj01

]
+ 1⇔ 2, (2.97)

hence

VSO = m2
rj

r3

[
Sjk1 vk1 − 2Sjk1 vk2 + Sj01

]
+ 1⇔ 2. (2.98)

Similarly, by considering (40) twice, the spin1-spin2 leading order potential reads

VS1S2 = − 1
r3 [S1 · S2 − 3 (S1 · r̂) (S2 · r̂)] (2.99)

and, going further, the analysis of finite size effects gives the spin-spin leading order potential:

VS2 = −
∑
a,b

mb

2ma
C

(a)
ES2

[ 1
r3 S2

a −
3
r5 (Sa · r)2

]
. (2.100)

The leading order spin accelerations can be readily derived from these potentials:

acovSO = 1
r3

{
6n
[
(n× v) ·

(
2S + δm

m
Σ
)]
− v×

(
7S + 3δm

m
Σ
)

+ 3ṙ
[
n×

(
3S + δm

m
Σ
)]}

,

(2.101)

in the covariant SSC,

aNWSO = 1
r3

{3
2n
[
(n× v) ·

(
7S + 3δm

m
Σ
)]
− v×

(
7S + 3δm

m
Σ
)

+ 3
2 ṙ
[
n×

(
7S + 3δm

m
Σ
)]}

,

(2.102)

in the Newton-Wigner SSC,

aS1S2 = − 3
mνr4 [n (S1 · S2)− 5n (S1 · n) (S2 · n) + S1 (S2 · n) + S2 (S1 · n)] , (2.103)

and

aS2
1 ,S

2
2

=
∑
K 6=Q

3mQ

2mK

C
(K)
ES2

mν

1
r4

[
−nS2

K + 5n (SK · n)2 − 2SK (SK · n)
]
. (2.104)

We recommend the reader to go through appendix B where we compute the spin-orbit accel-

erations and discuss the SSC issue. In particular, there we show how to go from one choice to

another.
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3. NRGR II: Radiation sector

Describing the evolution of a binary system of compact objects in NRGR is achieved by in-

tegrating out the gravitational perturbations from the action. This is accomplished by solving

for the gravitational perturbations and substituting these solutions into the original action re-

sulting in an effective action for the worldlines of the binary, which is efficiently carried out

using Feynman diagrams. This procedure is well-suited for conservative interactions, such as

for computing PN corrections to the binding potential of a compact binary. However, when

investigating non-conservative processes, such as the inspiral of a binary due to the emission of

gravitational radiation, this procedure requires modification since dissipative systems generally

do not admit Lagrangian or Hamiltonian descriptions. In this chapter we show how to investi-

gate radiation reaction using the formalism developed in [74], which generalizes the usual action

principle to handle dissipative dynamics by doubling the number of degrees of freedom.

3.1. Multipole Expansion

The radiation sector of NRGR has been further developed and explored beyond the leading

order in [33], where the general form of the action for the radiation sector was constructed.

Its form is determined by the underlying symmetries, reparameterization invariance and dif-

feomorphism invariance, and is applicable to arbitrary gravitational wave sources in the long

wavelength approximation. This action of the effective long wavelength radiation theory is in

the form of a multipole expansion and is a derivative expansion where higher order terms are

suppressed by powers of the ratio of the size of the source over the wavelength. The Wilson

coefficients of the action, the multipole moments, are not determined by the symmetries and

need to be fixed through a matching calculation.

Multipole expansion is a tool that has been used not only in Electromagnetism but in gravita-

tional wave physics as well [92–94]. However, in both cases it is commonly applied at the level of

the solution of the equations of motion for the fields. Here, the multipole expansion is considered
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3. NRGR II: Radiation sector

at the level of the action by Taylor expanding the radiation modes around a point lying within

the source, what leads to a uniform power counting [95, 96]. Multipole expansions are related

to the underlying rotational symmetry of the physical laws. Even in the cases which the source

terms may not be symmetrical, one can expand them in terms of irreducible representations of

the rotational symmetry group. It makes calculations simpler and more transparent and it also

ensures the absence of mixing of multipole moments for example in the energy flux in a linear

theory. Performing the multipole expansion in the NRGR framework includes a decomposition

into multipole moments which are in irreducible representations of SO(3), where we use sym-

metric trace free (STF) tensors. This approach, which we present here, was formally developed

in [34].

3.1.1. Scalars

To illustrate how to perform the multipole expansion at the level of the action, let us first

consider the simplest case of a scalar field φ coupled linearly to a source J , i.e. let us regard

the binary system as being described by scalar gravity. As in electromagnetism, if the particles’

positions and velocities do not vary too rapidly, the typical wavelenght of the emitted radiation

is given by λrad ∼ r
v implying λrad � r. This allows us to treat the system as a single localized

source endowed with a series of multipole moments, whose effective radiation action can be

written as

Sradeff = 1
Mφ

ˆ
dt
(
J(0) (t)φ (t,xcm) + J i(1) (t) ∂iφ (t,xcm) + J ij(2) (t) ∂i∂jφ (t,xcm) + ...

)
, (3.1)

where xcm is the centre-of-mass of the bound state. To understand what are these J i1...in(n) (t)

- or Wilson coefficients in the EFT language - it is necessary a matching procedure. For this

purpose, we write the multipole expansion for the scalar fields

φ (t,x) = φ (t,xcm) +(x− xcm)i ∂iφ (t,xcm) + 1
2 (x− xcm)i (x− xcm)j ∂i∂jφ (t,xcm) + .... (3.2)

and plug this expansion - we are free to choose the coordinate system such that xcm = 0 - into

the non-effective interaction action Jφ:
ˆ
d4xJ(x)φ(x) =

ˆ
dt

[(ˆ
d3xJ (t,x)

)
φ (t, 0) +

(ˆ
d3xJ (t,x)xi

)
∂iφ (t, 0) + ...

]
, (3.3)

what allows us to read off

J i1...in(n) (t) = Mφ

ˆ
d3xJ (t,x) xi1 ...xin , (3.4)
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3.1. Multipole Expansion

where in corresponds only to spatial indices. We write this same expression in a more compact

way:

JN(n) = Mφ

ˆ
d3xJ (t,x) xN . (3.5)

In order to bring the source action into the form of a multipole expansion we need to decompose

the moments (3.5) in irreducible representations of the rotation group SO(3) for which we use

symmetric trace free (STF) tensors. We can see that these moments are already symmetric in

their indices. When they are written in a TF form, the effective action becomes [34]

Sradeff =
ˆ
dt
∞∑
l=0

1
l!I

L∂Lφ, (3.6)

with the multipole moments defined by

IL =
∞∑
p=0

(2l + 1)!!
(2p)!! (2l + 2p+ 1)!!

ˆ
d3x |x|2p xLSTF∂

2p
t J (t,x) , (3.7)

whose normalization is chosen such that for p = 0 we have

IL0 =
ˆ
d3xJ (t,x) xLSTF . (3.8)

With the general expression (3.7), the power loss can be computed to all orders. The amplitude

[97]

iA(l) = i
(−i)l

l! ILkL, (3.9)

must be considered at the generalized formula of the energy flux by taking its modulus squared

in a time average and integrating over momentum, yielding

dE

dt
=
∞∑
l=0

1
4πl! (2l + 1)!!

〈(
dl+1

dtl+1 I
L

)2〉
. (3.10)

3.1.2. Gravity

The same idea presented last section is used in NRGR in order to obtain the multipole

moments necessary to calculate the power loss in the binary system due to the emission of

gravitational waves. We can express the action in terms of manifestly gauge invariant operators

by including in operators consistent with the symmetries. In General Relativity, the gauge

invariant quantities are the Riemann tensor, the Ricci tensor and Ricci scalar and their covariant

derivatives, but due to vaccum equations of motion only structures involving the Riemann tensor
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3. NRGR II: Radiation sector

- or rather the Weyl tensor - yield physical terms which can contribute to observables. For our

purposes, it is convenient to work with the electric and magnetic components of the Weyl tensor:

Eij = R0i0j , (3.11)

Bij = 1
2εimnR0jmn, (3.12)

where we chose to place the centre-of-mass of the binary at the origin and at rest with respect

to distant observers. With this, and regarding the binary system as a source of long wavelenght

gravitational waves, the effective radiation action can be written as

Sradeff = −
ˆ
dτ

[
M (t)−

∑
l=2

1
l!I

L∇L−2Eil−1il + 2l
(2l + 1)!J

L (t)∇L−2Bil−1il

]
, (3.13)

where M (t) represents the binding mass/energy of the binary system. Note that the multipoles

IL and JL include contributions from the spin. We need to determine the electric and magnetic-

type multipole moments by matching with source action presented in the last chapter

− 1
2mPl

ˆ
d4xT µν h̄µν , (3.14)

which represents the coupling between the short-distance modes and the radiation field. After

Taylor expanding the radiation modes

h̄µν (x) =
∑
n=0

1
n!x

N∂N h̄µν (t, 0) (3.15)

and plugging back into (3.14), we can determine the multipole moments (after an extensive use

of relations which follow from the conservation of the pseudo stress-energy tensor as well as the

wave equation) [34]:

IL =
ˆ
d3x

∞∑
p=0

(2l + 1)!!
(2p)!! (2l + 2p+ 1)!!

{(
1 + 8p (l + p+ 1)

(l + 1) (l + 2)

) [
∂2p

0 T
00 |x|2p xL

]
STF

+
(

1 + 4p
(l + 1) (l + 2)

) [
∂2p

0 T
kk |x|2p xL

]
STF
−
( 4
l + 1

)(
1 + 2p

l + 2

) [
∂2p+1

0 T 0m |x|2p xmL
]
STF

+
( 2

(l + 1) (l + 2)

) [
∂2p+2

0 T mn |x|2p xmnL
]
STF

}
, (3.16)

which are the mass moments whereas the current moments are

JL =
ˆ
d3x

∞∑
p=0

(2l + 1)!!
(2p)!! (2l + 2p+ 1)!!

{(
1 + 2p

l + 2

) [
εklmn∂2p

0 T
0m |x|2p xnL−1

]
STF

−
( 1
l + 2

) [
εklmr∂2p+1

0 T mn |x|2p xnrL−1
]
STF

}
. (3.17)
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3.1. Multipole Expansion

We can write, for instance, the leading order and next to leading order mass and current

quadrupole moments, as given bellow:

Iij(0) =
ˆ
d3xT 00

[
xixj

]
TF

, (3.18)

Iij(1) =
ˆ
d3x

(
T ll − 4

3 Ṫ
0lxl + 11

42 T̈
00x2

) [
xixj

]
TF

, (3.19)

J ij(0) =
ˆ
d3x

[
εilkT 0kxjxk

]
STF

, (3.20)

J ij(1) =
ˆ
d3x

[
εilk

( 1
28 Ṫ

lmxjxkxm + 3
28 Ṫ

jkxjx2
)]

STF
, (3.21)

whereas the leading order octopole moments read as

Iijk(0) =
ˆ
d3xT 00

[
xixjxk

]
TF

, (3.22)

J ijk(0) =
ˆ
d3x

[
εimlT 0lxmxjxk

]
STF

. (3.23)

The probability amplitude to emit a graviton can be written as

iAh = i

2mPl

∞∑
l=2

(−i)l−2
[ 1
l!I

L (|k|) kL−2 |k|2 εkl−1kl∗ (k, h)

+ 2l
(l + 1)!J

L (|k|) kjL−2 |k| εijkl−1εkli∗ (k, h)
]
, (3.24)

where the polarization tensors obey [33]∑
h

εij (k, h) εkl∗ (k, h) = 1
2

[
δikδjl + δilδjk − δijδkl − 1

k2

(
δijkkkl + δklkikj

)
(3.25)

− 1
k2

(
δikkjkl + δilkjkk + δjkkikl + δjlkikk

)
+ 1

k4 kikjkkkl
]

in the transverse-traceless gauge. Upon squaring of the amplitude, summing over polarizations

and momentum, we find

dE

dt
=
∞∑
l=2

 (l + 1) (l + 2)
l (l − 1) l! (2l + 1)!!

〈(
dl+1IL

dtl+1

)2〉
+ 4l (l + 2)

(l − 1) (l + 1)! (2l + 1)!!

〈(
dl+1JL

dtl+1

)2〉 ,
(3.26)

or, likewise, it can be expressed in a more explicit form:

dE

dt
= 1

5

〈(
d3Iij

dt3

)2〉
+ 16

45

〈(
d3J ij

dt3

)2〉
+ 1

189

〈(
d4Iijk

dt4

)2〉
+ 1

84

〈(
d4J ijk

dt4

)2〉
+ ..., (3.27)

which is the energy flux to all orders in the multipole expansion. Note that the moments

presented in this general expression for the power loss are the complete moments. For instance,

the total mass quadrupole moment includes all PN corrections:

Iij = Iij(0) + Iij(1) + ..., (3.28)
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3. NRGR II: Radiation sector

so that the mass quadrupole contribution to the power loss reads

1
5

〈(
d3Iij

dt3

)2〉
= 1

5

〈
d3Iij(0)
dt3

d3Iij(0)
dt3

〉
+ 2

〈
d3Iij(0)
dt3

d3Iij(1)
dt3

〉
+
〈
d3Iij(1)
dt3

d3Iij(1)
dt3

〉
+ ..., (3.29)

and the same follows for the other multipole moments, including spin contributions. This means

that we need a power counting to determine what multipole moments are necessary to evaluate

the power loss for the binary system to any given PN order.

3.1.3. Moments

Ignoring non-linear gravitational effects, at leading order we can use (2.20) instead of the

pseudo tensor. As to all orders, we can read off the stress energy pseudo tensor by calculating

all diagrams with one external radiation graviton leg. With this, we find, for instance,

Iij(0) =
∑
a

ma

[
xiaxja

]
TF

, (3.30)

Iij(1) =
∑
a

ma

[
3
2v2

axiaxja + 11
42

d2

dt2

(
x2
axiaxja

)
− 4

3
d

dt

(
xa · vaxiaxja

)]
TF

−
∑
a,b

mamb

r

[
xiaxja

]
TF

, (3.31)

J ij(0) =
∑
a

ma

[
(xa × va)i xja

]
STF

, (3.32)

J ij(1) =
∑
a

ma

[
v2
a

2 (xa × va)i xja

]
STF

+
∑
a,b

mamb

r

[
2 (xa × va)i xja −

11
4 (xb × va)i xjb (3.33)

−3
4 (xb × va)i xja + (xa × va)i xjb + 7

4 (xa × xb)i vja + va · r
4r2 (xa × xb)i

(
xja + xjb

)]
STF

+ 1
28

d

dt

[∑
a

ma (xa × va)i
(
3x2

avja − xa · vaxia
)

(3.34)

+
∑
a,b

mamb

2r3 xia (xa × xb)j
(
6x2

a − 7xa · xb + 7x2
b

)
STF

, (3.35)

Iijk(0) =
∑
a

ma

[
xiaxjaxka

]
TF

, (3.36)

J ijk(0) =
∑
a

ma

[
(xa × va)i xjaxka

]
STF

. (3.37)

To write multipoles with spin contributions, we consider the Routhian (2.84) expanded in

terms of the weak field. Splitting the gravitational field into the sum of radiation and potential

modes we get the Feynman rules linear in spin, some of them are shown in the second chapter

in terms of the potential fields. Some of the spin induced multipole moments were computed
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3.1. Multipole Expansion

and discussed in [98]. We write below the moments required to compute the leading order spin

effects in radiation reaction of binary system which will be presented in next chapter:

IijS(0) =
∑
a

[(
2κ+ 2

3

)
(va × Sa)i xja −

4
3 (xa × Sa)i vja

]
STF

, (3.38)

IijS2(0) =
∑
a

C
(a)
ES2

ma

[
SiaSia

]
STF

, (3.39)

J ijS(0) =
∑
a

3
2
[
Siaxja

]
STF

, (3.40)

where κ = 1, 1
2 when we choose to work on covariant SSC or Newton-Wigner SSC, respectively.

C
(a)
ES2 are coefficients describing short-distance physics at the scale rs, this finite effect arises

from the coupling

R0
ES = − CES2

2mmPl
∂i∂jh00S

ikSjk, (3.41)

which comes from a self-induced term in the Routhian [52]. An extensive list of multipole

moments with and without spin, as well as the couplings that are necessary to computed them,

is presented in [91].

It is straightfoward to perform the power counting of the multipole moments, once we know

from the last chapter how each of the particles’ quantities scale. Hence, for the mass moments

we have

Iij(0) ∼ mr
2, Iij(1) ∼ mr

2v2, Iijk(0) ∼ mr
3, IijS(0) ∼ mr

2v3, IijS2(0) ∼ mr
2v4, (3.42)

whereas for the current quadrupole moments:

J ij(0) ∼ mr
2v, J ij(1) ∼ mr

2v J ijk(0) ∼ mr
3v, J ijS(0) ∼ mr

2v2. (3.43)

With this power counting we are able to tell what multipole moments are required to computed

the power loss, for instance, to any desired order.

3.1.4. Leading order power loss due to spin

Spin-orbit

From (3.27) we can write the leading order spin contributions to the power loss of the binary

system. Let us consider, firstly, the spin-orbit effect. In this case, we have to consider the leading

order mass and current quadrupole moments with and without spin, in the following way:(
dE

dt

)
SO

= −1
5
〈
I
ij(3)
(0) I

ij(3)
(0)

〉
− 1

5
〈
I
ij(3)
(0) I

ij(3)
S(0)

〉
− 16

45
〈
J
ij(3)
(0) J

ij(3)
S(0)

〉
, (3.44)
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3. NRGR II: Radiation sector

where in the first term, the second time derivatives of the position with respect to time have to

be reduced using the spin-orbit acceleration. The leading order spin mass quadrupole moment

IijS(0) depends on the SSC. We wrote a code in Mathematica, using with the package “Xtensor"1,

to compute the time derivatives of the multipole moments, yielding

(
dE

dt

)cov
SO

= 8m2ν

15r6

[
(L · S)

(
12m

r
+ 37v2 − 27ṙ2

)
+ (L · ξ)

(
−4m

r
+ 43v2 − 51ṙ2

)]
, (3.45)

(
dE

dt

)NW
SO

= 8m2ν

15r6

[
(L · S)

(
12m

r
+ 37v2 − 27ṙ2

)
+ (L · ξ)

(
8m
r

+ 19v2 − 18ṙ2
)]

, (3.46)

where

S ≡ S1 + S2, (3.47)

ξ ≡ m2
m1
S1 + m1

m2
S2. (3.48)

These results agree with [85] and [84], where the power loss was computed using other methods.

Spin-spin

We can also compute the leading order energy flux due to spin-spin effects, which is given by

(
dE

dt

)
SS

= −1
5
〈
I
ij(3)
(0) I

ij(3)
(0)

〉
− 1

5
〈
I
ij(3)
(0) I

ij(3)
S2(0)

〉
− 16

45
〈
J
ij(3)
S(0) J

ij(3)
S(0)

〉
, (3.49)

where again the first term accounts for reduced contributions. However, in this case, we have

to consider also the spin1-spin2 and spin-spin accelerations given at the end of the previous

chapter. We can then separate the spin-spin contributions to the energy flux into parts:

(
dE

dt

)
SS

=
(
dE

dt

)
s1s2

+
(
dE

dt

)
s2
, (3.50)

where

(
dE

dt

)
s1s2

= 4m2ν

15r8
{
− 3r2 (S1 · S2)

(
47v2 − 55ṙ2

)
+ 3 (S1 · r) (S2 · r)

(
168v2 − 269ṙ2

)
+ 171ṙ ((S1 · r) (S2 · v) + (S1 · v) (S2 · r))− 71 (S1 · v) (S2 · v)

}
, (3.51)

1www.xact.es
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and, in agreement with the literature [85,99], we have

(
dE

dt

)
s2

= − 2m4ν2

15r8

{
3r2

(
S2

1
m2

1
+ S2

2
m2

2

)(
v2 + 3ṙ2)+ 9ṙ2

(
(S1 · r)2

m2
1

+ (S2 · r)2

m2
2

)

− 6rṙ
(

(S1 · r) (S1 · v)
m2

1
+ (S2 · r) (S2 · v)

m2
2

)
+ r2

(
(S1 · v)2

m2
1

+ (S2 · v)2

m2
2

)}

− 8
5r8

∑
a6=b

C
(a)
ES2m

2
b

{
r2S2

a

(
12v2 − 13ṙ2)+ 2 (Sa · r)2 (−21v2 + 34ṙ2)

− 29rṙ (Sa · r) (Sa · v) + 6r2 (Sa · v)2
}
. (3.52)

We will use these results, both spin-orbit as well as spin-spin effects to the power loss, in the

next chapter, for the consistency test. In other words, we will compare these results with the

power loss computed from the results that we will obtain for the radiation reaction accelerations.

3.2. Radiation Reaction

3.2.1. Formalism

Computing radiative effects in the EFT approach presents a unique challenge since the for-

malism makes heavy use of an action formulation of the binary system. It is well-known that

Lagrangians and Hamiltonians are not generally applicable to dissipative systems. In [37] it was

indicated how this might be overcome employing a language and notation from quantum field

theory. A formal extension of Hamilton’s variational principle was presented in [74] that yields a

Lagrangian and Hamiltonian formulations that suitably and correctly describes dissipative (and

also conservative) systems 2.

The total system formed by the gravitational perturbations hµν and the worldlines of the com-

pact bodies, xµa with a = 1, 2, is closed. Only when the gravitational perturbations are integrated

out is the dynamics of the worldlines open. When integrating out the long wavelength pertur-

bations at the level of the action one have to be careful when applying Hamilton’s principle of

stationary action to the effective action since it is formulated by specifying boundary conditions

in time, not initial conditions. If we follow the usual Hamilton’s principle, the resulting effec-

tive action for the worldlines would describe conservative dynamics, the Green function for the

gravitational perturbations that would appear in the effective action would be time-symmetric

2We recommend the reader to go through appendix C, where we present the main aspects of this formulation in

the context of Classical Mechanics
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3. NRGR II: Radiation sector

(as these are the ones satisfying boundary conditions according to Sturm-Liouville theory) and

hence do not account for the dissipative effects of radiation reaction.

To overcome this problem, one formally doubles the degrees of freedom so that

hµν → (hµν1, hµν2) , (3.53)

xa → (xa1,xa2) , (3.54)

and then constructs the effective action

S [xa1,xa2, hµν1, hµν2] = S [xa1, hµν1]− S [xa2, hµν2] , (3.55)

where each action on the right side consists of the gauge fixed Einstein-Hilbert action together

with the point particle action. Integrating out the long wavelength gravitational perturbations

using Feynamn diagrams at the desired PN order gives the effective action for the open dynamic

of the binary’s inspiral. After all variations performed, the physical limit has to be taken, i.e.,

xa1,xa2 → xa. It is convenient, however, to work with another set of variables, which are given

by

xa+ = xa1 + xa2
2 , (3.56)

xa− = xa1 − xa2. (3.57)

This change of variable is motivated by the physical limit that now becomes xa− → 0 and

xa+ → xa. Finally, by computing the following variation[
δSeff [x1±,x2±]

δxa−

]
p.l.

= 0 (3.58)

we obtain a set of worldline equations of motion that properly incorporates radiation reaction

effects.

The relative acceleration, a = a1 − a2, for a spinning two-body system can be expanded in

terms of PN corrections:

a = a0 + a1 + a1.5 + a2 + a2.5 + a3 + a3.5 + a4 + a4.5 + ..., (3.59)

where the numerical labels represent the PN order of each correction. The first term a0 is the

Newtonian acceleration,

a0 = −mr
r3 , (3.60)

46



3.2. Radiation Reaction

where m = m1 +m2 and a1 is the 1PN correction that can be derived from the Einstein-Infeld-

Hoffman Lagrangian computed in chapter 2, which can be written as

a1 = − (3 + ν) m
r

a −mν (a · r) r
r3 − (1− 3ν)

(
av

2

2 + v (a · v)
)

(3.61)

−m
r2

{r
r

[
−m
r

+ 3
2 (1 + ν) v2 − 3

2ηṙ
2
]
− vṙ (3 + ν)

}
.

The third correction comes at 1.5PN order and represents the spin-orbit acceleration a1.5,

given by (2.101) or (2.102) depending on the SSC choice. The 2PN correction a2, in turn,

accounts for conservative effects which in part comes from the spin1-spin2 (2.103) and the spin-

spin (2.104) leading order contributions, but also has terms that independ on spin. The first

dissipative effect enters at 2.5PN order, which is due to radiation reaction. The 3PN correction

is due to conservative effects, but the terms which follows after that have corrections due to

dissipative effects. In particular, spin enters at radiation reaction at 4PN order for spin-orbit

interaction and at 4.5PN order for spin1-spin2 and spin-spin interactions, as we will present in

the next chapter.

In the next two sections we show how to compute the leading order and the next to leading

order radiation reaction forces at 2.5PN and 3.5PN orders, respectively. To accomplish this, we

use a Routhian written in terms of multipole moments that accounts for the dissipative effects.

At leading order in Newton’s constant, after the gravitational perturbations are integrated out,

the effective action

iSeff [x(±)
a ] =

∑
`≥2

IL IL JL JL

(3.62)

gives the Routhian that describes the non-conservative dynamics

ˆ
dtReff =

∞∑
l=2

(−1)l+1 (l + 2)
l − 1

ˆ
dt

[
2l (l + 1)
l (2l + 1)I

L
− (t) IL(2l+1)

+ (t) + 2l+3l

(2l + 2)!J
L
− (t) JL(2l+1)

+ (t)
]
,

(3.63)

which can be also expressed by

Reff [r±] = −1
5I

ij
− (t) Iij(5)

+ − 16
45J

ij
− (t) J ij(5)

+ − 1
189I

ijk
− (t) Iijk(7)

+ + ..., (3.64)

where the superscripts (n) in the two last equations represent the number of the time derivatives.
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3. NRGR II: Radiation sector

3.2.2. Radiation reaction at 2.5PN order

Using the power counting presented previously, we can see that the lowest order for radiation

reaction comes by simply taking the leading order term for the mass quadrupole moment:

− 1
5

ˆ
dtIij(0)− (t) Iij(5)

(0)+ ∼
(
r

v

)
mr2

(
v

r

)5
mr2 = Lv5, (3.65)

which we can see scales as a 2.5PN order term in the effective action. Then, we take the leading

order mass moment given in (3.30) and write it according to the formalism for non-conservative

system, i.e., doubling its degrees of freedom:

Iij(0)1 = mν
[
ri1r

j
1

]
TF

, (3.66)

Iij(0)2 = mν
[
ri2r

j
2

]
TF

, (3.67)

where r = x1−x2 is the relative position and ν = m1m2
m2 . Changing to the ± variables, i.e using

r1 = r+ + r−
2 and r2 = r+ − r−

2 regarding

Iij(0)− = Iij(0)1 − I
ij
(0)2, (3.68)

Iij(0)+ =
Iij(0)1 + Iij(0)2

2 , (3.69)

we get

Iij(0)− = mν
[
ri+rj− + ri−rj+

]
TF

, (3.70)

Iij(0)+ = mν
[
ri+rj+

]
TF

. (3.71)

Note that terms of quadratic or higher order in the "−" variables can be ignored because it

will not affect the equations of motion when the physical limit is taken. Thus, we consider the

Routhian

Reff [r±] = −1
5I

ij
(0)−I

ij(5)
(0)+ (3.72)

in (3.58) to obtain the leading order radiation reaction acceleration:

ai2.5 = −2
5rjIij(5)

(0) . (3.73)

3.2.3. Radiation reaction at 3.5PN order

Using the power counting, we can see that the next correction due to radiation reaction comes

from the terms
ˆ
dt

[
−1

5I
ij
(0)− (t) Iij(5)

(1)+ −
1
5I

ij
(1)− (t) Iij(5)

(0)+ −
16
45J

ij
(0)− (t) J ij(5)

(0)+ −
1

189I
ijk
(0)− (t) Iijk(7)

(0)+

]
(3.74)
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3.2. Radiation Reaction

in the effective action. These terms scale as Lv7 and therefore constitute a 3.5PN correction.

Following the same steps presented in the previous section, we write the moments doubling the

degrees of freedom

Iij(1)− =
[
mν (1− 3ν) 3

2
{
vl+vl+

(
ri+rj− + ri−rj+

)
+ 2vl+vl−ri+rj++

}
+ (3.75)

+mν (1− 3ν) 11
42

d2

dt2

{
rl+rl+

(
ri+rj− + ri−rj+

)
+ 2rl+rl−ri+rj+

}
+

−mν (1− 3ν) 4
3
d

dt

{
rl+vl+

(
ri+rj− + ri−rj+

)
+
(
rl+vl− + rl−vl+

)
ri+rj+

}
+

−ν
(
m2

1 +m2
2

)ri+
(
r+ + r−

2
)j + ri−

2 rj+∣∣r+ + r−
2
∣∣ −

ri+
(
r+ − r−

2
)j − ri−

2 rj+∣∣r+ − r−
2
∣∣



STF

,

Iij(1)+ =
[
mν (1− 3ν) 3

2
{
vl+vl+ri+rj+

}
+mν (1− 3η) 11

42
d2

dt2

{
rl+rl+ri+rj+

}
−mν (1− 3ν) 4

3
d

dt

{
rl+vl+ri+rj+

}
(3.76)

−ν
(
m2

1 +m2
2
)

2

ri+
(
r+ + r−

2
)j + ri−

2 rj+∣∣r+ + r−
2
∣∣ +

ri+
(
r+ − r−

2
)j − ri−

2 rj+∣∣r+ − r−
2
∣∣



STF

,

whereas for the mass octupole moment and current quadrupole moment we have, respectively,

Iijk(0)− = −νδm
[
ri+rj+rj− + ri+rj−rj+ + ri−rj+rj+

]
TF

, (3.77)

Iijk(0)+ = −νδm
[
ri+rj+rj+

]
TF

, (3.78)

J ij(0)− = −νδm
[
(r+ × v+)i rj− + (r+ × v−)i rj+ + (r− × v+)i rj+

]
STF

. (3.79)

J ij(0)+ = −νδm
[
(r+ × v+)i rj+

]
STF

, (3.80)

where δm = m1−m2 and v = v1−v2. Regarding these multipoles in (3.74) and then computing

(3.58), we get

a3.5 = amq + amo + acq + ared, (3.81)

where

ammq = −2
5δ

mirjI(5)
ij(1) −

3
5I

(5)
ij(0)

[
m

3r (1− 2ν)
(

rmrirj

r2 − 2δmirj
)

− (1− 3ν)
(
amrirj + vmvirj + vmrivj − v2riδmj

)]
STF

(3.82)

− 1
15I

(6)
ij(0)

[
(1− 3ν)

{
8 (r · v) riδmj − 9vmrirj − 8rmvirj

}]
STF

− 1
5I

(7)
ij(0)

[
(1− 3ν)

{11
21r

2riδmj − 17
3 rmrirj

}]
STF

(3.83)
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3. NRGR II: Radiation sector

for the mass quadrupole contribution,

ammo = − δm

63mI
(7)
ijk(0)

[
rirjδmk

]
STF

(3.84)

from the mass octopole part,

amcq = −16δm
45m

[
J

(5)
ij(0)

[
εilkrlvkδmj + 2εimkrjvk − εilmrlvj

]
STF
− J (6)

ij(0)

[
εilmrlrj

]
STF

]
, (3.85)

for the current quadrupole, and there is an additional contribution

aired = −2
5rjIij(5)

(0) + 2
5

[
(3 + ν) m

r
rjδik + mν

r3 rjrkri + (1− 3ν)
(

rjδik v
2

2 + virjvk
)]

I
(5)kj
(0) ,

(3.86)

that comes from reducing the accelerations that appear at (3.73) by the 1PN acceleration (3.61)

and the reverse (i.e., replacing the second time derivatives of the position, which appear in the

1PN acceleration expression, for the 2.5PN acceleration), which results in a 3.5PN correction to

the total acceleration.
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4. Spin effects in radiation reaction

In this last chapter, we present the main results of this thesis: the leading order spin con-

tributions to the radiation reaction on a binary system of compact bodies. The motivation for

achieving these results is that the 4PN acceleration is fundamental in the construction of the

fully accurate waveform to this order, what enforces its practical relevance.

Firstly, we introduce an extension necessary to accomodate spin effects in the formalism

for non-conservative system used in the previous chapter to investigate radiation reaction. In

the second section, we show how we compute spin-orbit effects, which enters at 4PN order,

in radiation reaction within the EFT approach. We calculate the spin-orbit radiation reaction

acceleration in terms of the multipole moments and then write the final result explicitly in terms

of the masses, relative velocity, separation and spins of the binary components. Moreover, the

spin-orbit evolution due to radiation reaction is given and discussed. In order to grant our results

clarity and consistency, the spin-orbit calculations are carried out in Newton-Wigner and also

covariant spin supplementary conditions. In the third section we do the same for spin-spin effects

in radiation reaction which appears at 4.5PN order. Furthermore, a non-trival consistency check,

which takes into account the total emmited power in the far zone in order to prove equivalence

with the energy loss induced by the radiation reaction acceleration computed within the EFT

framework, is provided in the last section.

In this chapter we will use the following definitions:

S ≡ S1 + S2, (4.1)

Σ ≡ m

m2
S2 −

m

m1
S1, (4.2)

ξ ≡ m2
m1
S1 + m1

m2
S2, (4.3)

χ ≡
(

2 + 3m2
2m1

)
S1 +

(
2 + 3m1

2m2

)
S2. (4.4)

We will also use

L = µrn× v , L̃ ≡ L/µ, (4.5)
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4. Spin effects in radiation reaction

with m = m1 + m2, ν ≡ m1m2/m
2, and µ = mν. In addition, r ≡ x1 − x2 is the relative

position, v ≡ v1 − v2 and a ≡ a1 − a2 are the relative velocity and acceleration, respectively,

and n ≡ r/r.

4.1. Spin algebra

In order to be suitable for the purposes of this thesis presented in the following sections,

it was necessary to perform an extension of the formalism for non-conservative systems. To

accomplish the treatment of spinning bodies, we have introduced an spin algebra in terms of

the new Poisson Brackets (C.9) of the formalism for non-conservative systems. This was done

through the investigation on how the angular momentum algebra was modified when the ±

variables was considered.

From the angular momentum

Li = εijkrjpk, (4.6)

we can write, in view of the relations (C.2) and (C.3) in appendix C, the two components L1

and L2 in terms of the ± variables, as it is shown bellow:

L1i = εijk

(
rj+pk+ + rj+pk−

2 + rj−pk+
2 + rj−pk−

4

)
, (4.7)

L2i = εijk

(
rj+pk+ −

rj+pk−
2 −

rj−pk+
2 + rj−pk−

4

)
, (4.8)

such that

L+i = εijk

(
rj+pk+ + rj−pk−

4

)
, (4.9)

L−i = εijk
(
rj+pk− + rj−pk+

)
. (4.10)

Regarding these two last expression, we can proceed to see how the angular momentum algebra

changes. Let’s start with the relation between two components L+:

{{L+i,L+j}} = εiklεjmn

[
rk+pn−

4
{{

pl+, rm−
}}

+ pl+rm−
4

{{
rk+,pn−

}}
+rk−pn+

4
{{

pl−, rm+
}}

+ pl−rm+
4

{{
rk−,pn+

}}]
, (4.11)

what can be reduced as

{{
Li+,L

j
+

}}
= 1

4ε
ijlεlkn

(
rk+pn− + rk−pn+

)
= 1

4ε
ijkL−k. (4.12)
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4.2. Spin-orbit effects

In a similar way, the relation for two components L− is given by

{{
Li−,L

j
−

}}
= εiklεjmn

{{
rk+pl− + rk−pl+, rm+pn− + rm−pn+

}}
= εijkL−k. (4.13)

The remain relation is L+ with respect to L−:

{{
Li+,L

j
−

}}
= εiklεjmn

{{
rk+pl+ + rk−pl−

4 , rm+pn− + rm−pn+

}}
= εijkL+k. (4.14)

The important relations for the work developed in this thesis are, in Euclidean metric,

{{
Si+,S

j
+

}}
= −1

4ε
ijkSk− (4.15){{

Si−,S
j
−

}}
= −εijkSk−, (4.16){{

Si+,S
j
−

}}
= −εijkSk+. (4.17)

For the covariant SSC, we need this additional relation:

{{
Si+,S

j0
−

}}
= −εijkSk0

+ . (4.18)

At last, concerning (C.12), the equation of motion for spin is be given by

Ṡ= [{{S+,R}}]p.l. , (4.19)

where the physical limit reads as S− → 0 and S+ → S.

4.2. Spin-orbit effects

Spin-orbit effects appear on radiation-reaction for the first time when we take the following

action into consideration:

SSOeff = −1
5

ˆ
dt
[[
Iij(0)−(t)Iij(5)

(0)+ (t) + IijS(0)−(t)Iij(5)
(0)+ (t) + Iij(0)−(t)Iij(5)

S(0)+(t)
]

+16
9
(
J ijS(0)−(t)J ij(5)

(0)+ (t) + J ij(0)−(t)J ij(5)
S(0)+(t)

)]
. (4.20)

The first term gives rise to a reduced contribution when the equations of motion are calculated,

since the leading order spin-orbit acceleration must be regarded at second order time derivatives

of the position. The second and third terms are a combination of the leading order mass

quadrupole moments (with and without spin) and the last two terms are the contributions

coming from the leading order current quadrupole moments.
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4. Spin effects in radiation reaction

4.2.1. Multipole moments

In terms of the ±-variables, the mass quadrupole moments necessary for the computation of

spin-orbit effects in radiation reaction at 4PN order are given by

Iij(0)− = mν
[
ri+r

j
− + ri−r

j
+

]
TF
, (4.21)

Iij(0)+ = mν
[
ri+r

j
+

]
TF
, (4.22)

IijS(0)− = 2ν
{
m

[(
Si(0)1+
m1

−
Si(0)2+
m2

)
rj− +

(
Si(0)1−
m1

−
Si(0)2−
m2

)
rj+

]

+ 1
3ε

ilkξk−

(
vl+r

j
+ − 2rl+v

j
+

)
(4.23)

+ 1
3ε

ilkξk+

(
vl+r

j
− + vl−r

j
+ − 2rl+v

j
− − 2rl−v

j
+

)}
STF

,

IijS(0)+ = 2ν
[
m

(
Si(0)1+
m1

−
Si(0)2+
m2

)
rj+ + 1

3ε
ilkξk+

(
vl+r

j
+ − 2rl+v

j
+

)]
STF

, (4.24)

while the current quadrupole moments read as

J ij(0)− = − νδm
[
εikl

(
rk+v

l
+r

j
− + rk+vl−r

j
+ + rk−vl+r

j
+

)]
STF

, (4.25)

J ij(0)+ = − νδm
[
εiklrk+v

l
+r

j
+

]
STF

, (4.26)

J ijS(0)− = − 3ν
2
[
Σi

+r
j
− + Σi

−r
j
+

]
STF

, (4.27)

J ijS(0)+ = − 3ν
2
[
Σi

+r
j
+

]
STF

. (4.28)

It is important to remember that whenever we choose to work with the Newton-Wigner SSC

the mass quadrupoles are given by

IijS(0)− = ν

3
[
εiklξl+

(
5
(
vk+r

j
− + vk−r

j
+

)
− 4

(
rk+v

j
− + rk−v

j
+

))
+ εiklξl−

(
5vk+r

j
+ − 4vk+r

j
+

)]
STF

,

(4.29)

IijS(0)+ = ν

3
[
εiklξl+

(
5vk+r

j
+ − 4rk+v

j
+

)]
STF

, (4.30)

since in this gauge the spin conditions must be applied before the equations of motion are

derived.

4.2.2. Radiation reaction acceleration

Firstly, we present the computation for the radiation reaction acceleration at 4PN order in

the Newton-Wigner SSC.
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4.2. Spin-orbit effects

4.2.2.1. Newton-Wigner SSC

It is convenient to calculate the contributions coming from the mass and current quadrupoles

and also the reduced part separately. We start with the Routhian for the mass moment contri-

bution

RRR
mq [r±, Sµν± ] = −1

5
[
IijS(0)−(t)Iij(5)

(0)+ (t) + Iij(0)−(t)Iij(5)
S(0)+(t)

]
. (4.31)

In order to compute the acceleration due to radiation reaction, the Routhian can be written

in terms of the ±-variables related to position and velocity only whereas the spin variables can

be taken in the ordinary fashoin, since ±-variables for spin would make no difference in the

derivation of the Euler-Lagrange equations. Taking into account (general EL eq in the previous

chap), (4.29) and (4.30), the equation of motion corresponding to the Routhain above is given

by

amRR(mq) = − 3
5m

[
εiklvkξlδjm + εmilξlvj

]
I
ij(5)
(0) −

2
5
[
riδjm

]
I
ij(5)
S(0)

− 1
15m

[
5εmilξlrj + 4εiklrkξlδjm

]
I
ij(6)
(0) . (4.32)

After computing all the time derivatives of the multipoles and applying the leading order

equation of motion, i.e. replacing the second order time derivatives of the position for the

Newtonian acceleration, we find a final expression for the mass quadrupole contribution:

aRR(mq) = mν

15r6

{(
L̃ · ξ

) [
15ṙr

(
42m

r
− 51v2 + 119ṙ2

)
− 2rv

(
97m

r
− 81v2 + 405ṙ2

)]
− (r × ξ)

[
40m

2

r
+ 261mv2 − 15rṙ2

(
41m

r
− 207v2

)
− 333rv4 − 3360rṙ4

]

−ṙr2 (v × ξ)
[
596m

r
− 1233v2 + 1905ṙ2

]}
. (4.33)

Now, by considering the Routhian for the current quadrupole contribution,

RRR
cq [r±, Sµν± ] = −16

45
[
J ijS(0)−(t)J ij(5)

(0)+ (t) + J ij(0)−(t)J ij(5)
S(0)+(t)

]
, (4.34)

we compute the following equation of motion:

amRR(cq) = 8
15m

[
Σiδjm

]
J
ij(5)
(0) + 16δm

45m
[
εiklrkvlδjm + εimk

(
2vkrj + rkvj

)]
J
ij(5)
S(0)

+ 16δm
45m

[
εimkrkrj

]
J
ij(6)
S(0) , (4.35)
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which can be written as

aRR(cq) = − 4νδm
15r6

{(
L̃ ·Σ

) [
15ṙr

(
12m

r
− 15v2 + 35ṙ2

)
− 4rv

(
8m
r
− 9v2 + 45ṙ2

)]
− (r ×Σ)

[
22m

2

r
− 42mv2 + 15rṙ2

(
8m
r
− 9v2

)
+ 18rv4 + 105rṙ4

]

+15r2ṙ (v ×Σ)
[
4m
r
− 3v2 + 7ṙ2

]}
. (4.36)

At last, the contribution

RRR
red [r±, Sµν± ] = −1

5
[
Iij(0)−(t)Iij(5)

(0)+ (t) + Iij(0)−(t)Iij(5)
(0)+ (t)

]
(4.37)

provides the equation of motion that has to be conveniently reduced using the spin-orbit accel-

erations at second time derivatives of the position, in order to result in spin-orbit effects at 4PN

order:

aRR(red) = 2mν
5r6

{[(
L̃ · χ

)] [
ṙr

(
−32m

r
− 255v2 + 455ṙ2

)
+ 4rv

(
−7m

r
+ 15v2 − 60ṙ2

)]
− 3 (r × χ)

[
7mv2 + 3rṙ2

(
m

r
+ 45v2

)
− 15rv4 − 140rṙ4

]
+5r2ṙ (v × χ)

[
4m
r

+ 33v2 − 45ṙ2
]}

. (4.38)

Taking these results together, we can write the total 4PN radiation-reaction acceleration in

the Newton-Wigner SSC:

(
a

SO(NW)
RR

)m
= − 3

5m
[
εiklvkξlδjm + εmilξlvj

]
I
ij(5)
(0) −

1
15m

[
5εmilξlrj + 4εiklrkξlδjm

]
I
ij(6)
(0)

− 2
5
[
riδjm

]
I
ij(5)
S(0) −

2
5r

j
[
I
mj(5)
(0)

]
S

+ 8
15mJ

ij(5)
(0)

[
Σiδjm

]
(4.39)

+ 16δm
45m

[
εiklrkvlδjm + εimk

(
2vkrj + rkvj

)]
J
ij(5)
S(0) + 16δm

45m
[
εimkrkrj

]
J
ij(6)
S(0) ,

which yields, after using the convenient equations of motions,

a
SO(NW)
RR = 2mν

15r6

{
3ṙr

[
4
(
L̃ · S

)(
14m

r
− 165v2 + 315ṙ2

)
− 9

(
L̃ · ξ

)(
7m
r

+ 40v2 − 70ṙ2
)]

− rv
[
8
(
L̃ · S

)(
29m

r
− 54v2 + 225ṙ2

)
+ 3

(
L̃ · ξ

)(
53m

r
− 93v2 + 375ṙ2

)]
− 2 (r × S)

[
22m

2

r
+ 21mv2 + 3rṙ2

(
49m

r
+ 360v2

)
− 117rv4 − 1155rṙ4

]
(4.40)

+ 3 (r × ξ)
[
8m

2

r
− 103mv2 + rṙ2

(
169m

r
− 1215v2

)
+ 135rv4 + 1260rṙ4

]

+120r2ṙ (v × S)
[
9v2 − 13ṙ2

]
− r2ṙ (v × ξ)

[
88m

r
− 1269v2 + 1755ṙ2

]}
.
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4.2.2.2. Covariant SSC

Now we reproduce the same calculations shown in the previous section but using the covariant

SSC. The only new expression, in this case, comes from the mass quadrupole contribution

because we use the source multipole moments ((??)) and (4.24) without applying the SSC

before deriving the equation of motion:

amRR(mq) = − 2
5m

[(
m

m1
Si(0)1 −

m

m2
Si(0)2

)
δjm + εmikξkvj + εilkvlξkδjm

]
I
ij(5)
(0)

− 2
15m

[
εmikξkrj + 2εilkξkrlδjm

]
I
ij(6)
(0) −

2
5
[
riδjm

]
I
ij(5)
S(0) (4.41)

which becomes, after applying the equations of motion and the covariant SSC,

aRR(mq) = − 4mν
15r6

{(
L̃ · ξ

) [
15ṙr

(
−6m

r
− 3v2 + 7ṙ2

)
+ 2rv

(
7m
r

+ 9v2 − 45ṙ2
)]

+ (r × ξ)
[
8m

2

r
+ 47mv2 + 15rṙ2

(
−7m

r
+ 39v2

)
− 63rv4 − 630rṙ4

]

+ṙr2 (v × ξ)
[
116m

r
− 243v2 + 375ṙ2

]}
. (4.42)

The expressions for the current-quadrupole and reduced contributions remain formally the

same as in the NW SSC, but for the latter contribution we input the spin-orbit acceleration in

the covariant SSC to obtain

aRR(red) = − 4mν
15r6

{
ṙr

[(
L̃ · S

)(
218m

r
− 675v2 + 1435ṙ2

)
+
(
L̃ · χ

)(
−61m

r
+ 720v2 − 1400ṙ2

)]
+ 3rv

[
2
(
L̃ · S

)(
−21m

r
+ 25v2 − 115ṙ2

)
+ 5

(
L̃ · χ

)(
7m
r
− 11v2 + 47ṙ2

)]
+ 15 (r × S)

[
3mv2 + rṙ2

(
−5m

r
+ 27v2

)
− 3rv4 − 28rṙ4

]
(4.43)

+ 3 (r × χ)
[
3mv2 + rṙ2

(
17m

r
+ 135v2

)
− 15rv4 − 140rṙ4

]
+15r2ṙ (v × S)

[
4m
r
− 7v2 + 11ṙ2

]
− 15r2ṙ (v × χ)

[
4m
r

+ 13v2 − 17ṙ2
]}

.

The total 4PN radiation-reaction acceleration in the covariant SSC is finally given by collecting
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4. Spin effects in radiation reaction

all pieces together:

a
SO(cov)
RR = 2mν

15r6

{
3ṙr

[
4
(
L̃ · S

)(
14m

r
− 165v2 + 315ṙ2

)
+
(
L̃ · ξ

)(m
r
− 540v2 + 980ṙ2

)]
− rv

[
8
(
L̃ · S

)(
29m

r
− 54v2 + 225ṙ2

)
+ 9

(
L̃ · ξ

)(
31m

r
− 43v2 + 175ṙ2

)]
− 2 (r × S)

[
22m

2

r
+ 21mv2 + 3rṙ2

(
49m

r
+ 360v2

)
− 117rv4 − 1155rṙ4

]

+ (r × ξ)
[
28m

2

r
− 205mv2 + 9rṙ2

(
33m

r
− 295v2

)
+ 297rv4 + 2730rṙ4

]

+120r2ṙ (v × S)
[
9v2 − 13ṙ2

]
+ r2ṙ (v × ξ)

[
68m

r
+ 981v2 − 1305ṙ2

]}
. (4.44)

4.2.3. Spin evolution

To investigate how radiation reaction affects the spin of the compact bodies we had extended

the formalism presented in the previous chapter for treating spinning bodies. Through (4.19)

and regarding the Routhian corresponding to dissipative spin-orbit effects of leading order

RRR
eff [r±, Sµν± ] = − 1

5
[
Iij(0)−(t)Iij(5)

(0)+ (t) + IijS(0)−(t)Iij(5)
(0)+ (t) + Iij(0)−(t)Iij(5)

S(0)+(t)

+16
9
(
J ijS(0)−(t)J ij(5)

(0)+ (t) + J ij(0)−(t)J ij(5)
S(0)+(t)

)]
, (4.45)

the spin evolution at 4PN order is expressed by

ṠkaRR = −1
5

[
I
ij(5)
(0)+

{{
Ska+, I

ij
S(0)−

}}
+ 16

9 J
ij(5)
(0)+

{{
Ska+, J

ij
S(0)−

}}]
PL
. (4.46)

The right-hand side depends on the choice for SSC. We may notice here that there is no need

to write the Routhian (4.45) in terms of the ±-variables for the relative position or velocities

(since they will play no role at the computation of the equations of motion via the new Poisson

brackets), but only for the dynamical variables of spin. In what follows, we firstly present the

result at the Newton-Wigner SSC. Later, we compute the same result at the covariant SSC and

prove the equivalence between the two gauges.
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4.2. Spin-orbit effects

4.2.3.1. Newton-Wigner SSC

Choosing the Newton-Wigner SSC means that we need to apply such condition prior to

deriving the equation of motion. Then, for particle 1,(
Ṡ

SO(NW)
1 RR

)k
= − ν

15
[
I
ij(5)
(0)

(
5εiqlvqrj − 4εiqlrqvj

) {{
Sk1+, ξ

l
−
}}
− 8J ij(5)

(0) rj
{{
Sk1+,Σi

−
}}]

PL

= − ν

15

{
m2
m1

I
ij(5)
(0)

[
−Si1

(
5vkrj − 4rkvj

)
+ δikSl1

(
5vlrj − 4rlvj

)]
−8 m

m1
J
ij(5)
(0) rjεkiqSq1

}
. (4.47)

The expression for particle 2 can be trivially obtained by interchanging 1 ↔ 2 in this last

result. We can reduce the derivatives on the multipoles of this expression by using the spin-

independent equations of motion. Thus, we find

Ṡ
SO(NW)
1 RR = 4mνṙ

15r4 (L× S1)
[(
−22m

r
+ 36v2 − 60ṙ2

)
+ m2
m1

(
16m

r
− 48v2 + 75ṙ2

)]
. (4.48)

It is straightforward to show that this result is a total derivative which can be absorbed into

a redefinition of the spin

S1 → S1 −
2mν
15r3 (L× S1)

[(
3m
r
− 8v2 + 24ṙ2

)
+ m2
m1

(
m

r
+ 12v2 − 30ṙ2

)]
. (4.49)

At this point, we can conclude that radiation reaction, at 4PN order, exerts no influence on

the spin of the compact bodies at the binary system.

4.2.3.2. Covariant SSC

Now we proceed with the same calculations but for the covariant SSC. Differently from the

previous case, the covariant condition must be applied after the brackets are computed:(
Ṡ

SO(cov)
1 RR

)k
= − 2ν

15

{
I
ij(5)
(0)

m2
m1

[
3Sk1virj − 4vkSi1rj + 2Si1rkvj + δikSl1

(
vlrj − 2rlvj

)]
−4 m

m1
J
ij(5)
(0) εkilrjSl1

}
, (4.50)

yielding, after reduction,

Ṡ
SO(cov)
1 RR = 4mν

15r4

{
ṙ (L× S1)

[
−22m

r
+ 36v2 − 60ṙ2 + m2

m1

(
16m

r
− 48v2 + 75ṙ2

)]
− m2

2
m

[
− 2S1

(
6mv2 + rṙ2

(
2m
r

+ 99v2
)
− 18rv4 − 75rṙ4

)
+ ṙ (r (S1 · v) + v (S1 · r))

(
2m
r

+ 54v2 − 75ṙ2
)

+6rv (S1 · v)
(

2m
r
− 6v2 + 15ṙ2

)]}
. (4.51)

59



4. Spin effects in radiation reaction

It is well known that at leading order the spin evolution equation for the covariant SSC, due

to the spin definition in this gauge, does not conserve the norm of the vector, as opposed to the

Newton-Wigner case. Hence, it is not a surprise that the spin evolution at 4PN in the covariant

SSC is not, at first, a total derivative. However, it is possible to show its equilavence with the

spin evolution obtained in the Newton-Wigner case. In order to do so, we take into account the

known transformation that links the spin variables at both SSC:

S1(NW) = S1(cov) + 1
2
(
v1(v1 · S1(cov))− S1(cov)v

2
1

)
+ · · · , (4.52)

which implies

Ṡ1(NW) = Ṡ1 (cov) −
1
2

(
m2
m

)2 [
2S1 (cov) (a · v)−

(
S1 (cov) · v

)
a− v

(
a · S1 (cov)

)]
+ · · · .

(4.53)

For the purpose of proving the equivalence between the spin evolutions, this transformation

have to be considered at 4PN order, such that the accelerations inside the square brackets must

be regarded as (
aRR

LO

)i
= −2

5r
jI
ij(5)
(0) . (4.54)

In this way, inserting (4.50) in the right-hand side of (4.53), we recover (4.47) as expected.

And of course the same is valid for particle 2.

4.3. Spin-spin effects

We may now proceed with the second part of our work: the leading order spin-spin effects in

radiation reaction. The effective action governing this actual dissipative phenomenon is given

bellow:

SSSeff = −1
5

ˆ
dt

[
Iij(0)−(t)Iij(5)

(0)+ (t) + Iij(0)−(t)Iij(5)
S2(0)+(t) + IijS2(0)−(t)Iij(5)

(0)+ (t) + 16
9 J

ij
S(0)−(t)J ij(5)

S(0)+(t)
]
.

(4.55)

In this case, there is no need to worry about supplementary conditions for spin, since only

spatial components of the spin vector appear at the right-hand side of the expression above. The

first term contributes at 4.5PN order, as desired, when spin-orbit as well as spin-spin leading

order accelerations are considered for the second order time derivatives of the relative position.

The second term is contribution to the mass quadrupole from finite size effects, but it will not

affect the acceleration, only the spin evolution. The last term simply represents the current
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4.3. Spin-spin effects

quadrupole with spin respecting this order. Taken together, these mass and current quadrupole

contributions are responsable for the first appearance of spin-spin effects in radiation reaction

of a binary system, as we shall present bellow.

4.3.1. Multipole moments

In view of the actual purpose, the necessary multipole moments were already given in the

first section of this chapter, with the exception of the mass quadrupole moment from finite size

effects [98,100], which in terms of the ±-variables reads as

IijS2(0)+ = −
∑
a

C
(a)
ES2

ma

[
Sia+S

j
a+

]
TF

, (4.56)

IijS2(0)− = −
∑
a

C
(a)
ES2

ma

[
Sia+S

j
a− + Sia−S

j
a+

]
TF

, (4.57)

where C(a)
ES2

bh = 1 for black holes, while for neutron stars C(a)
ES2

ns = 4 − 8 depending on the

equation of state and internal dynamics [91]. These mass quadrupoles, at (4.55), play no role

in the derivation of the radiation reaction acceleration at 4.5PN order because the derivatives

of the spin variables give rise to terms of higher order and also because there is no r− or v− to

be regarded during the computation of the Euler-Lagrange equation. However, we will see later

that they do have relevance for spin evolution at 4.5PN order.

4.3.2. Radiation reaction acceleration

The contribution from the current quadrupole for the leading order spin-spin effects in radi-

ation reaction are derived from

RRR
cq [r±, Sµν± ] = −16

45 J
ij
S(0)−(t)J ij(5)

S(0)+(t) , (4.58)

yielding

amRR(cq) = 8
15m

[
Σiδjm

] d5J ijS(0)
dt5

. (4.59)

This expression, after reduction using the lowest order acceleration, is explicitly written as

aRR(cq) = 2ν
r7

{
3 (Σ ·Σ)

[
−rṙr

(
2m
r
− 3v2 + 7ṙ2

)
+ r2v

( 8
15
m

r
− 3

5v
2 + 3ṙ2

)]
(4.60)

+ rΣ
[
−ṙ (Σ · r)

(
2m
r
− 3v2 + 7ṙ2

)
+ r (Σ · v)

( 8
15
m

r
− 3

5v
2 + 3ṙ2

)]}
.
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4. Spin effects in radiation reaction

On the other hand, the reduced contribution is simply given by

amRR(red) = −2
5
[
riδjm

] d5Iij(0)
dt5


SS

, (4.61)

which after reduction using the leading order spin-spin accelerations can be splitted into two
pieces:

as1s2
RR(red) = 2

5r7

{
r

[
rṙ (S1 · S2)

(
−112m

r
+ 480v2 − 980ṙ2

)
+ ṙ

r
(S1 · r) (S2 · r)

(
392m

r
− 3990v2 + 10710ṙ2

)
+ ((S1 · r) (S2 · v) + (S1 · v) (S2 · r))

(
−79m

r
+ 555v2 − 3465ṙ2

)
+ 960rṙ (S1 · v) (S2 · v)

]
+ 6v

[
2r2 (S1 · S2)

(
8m
r
− 10v2 + 45ṙ2

)
+ (S1 · r) (S2 · r)

(
−51m

r
+ 115v2 − 735ṙ2

)
+ 205rṙ ((S1 · r) (S2 · v) + (S1 · v) (S2 · r))− 40r2 (S1 · v) (S2 · v)

]
+ 3rS1

[
ṙ (S2 · r)

(
17m

r
+ 80v2 − 140ṙ2

)
+ r (S2 · v)

(
3m
r
− 15v2 + 55ṙ2

)]
+ 3rS2

[
ṙ (S1 · r)

(
17m

r
+ 80v2 − 140ṙ2

)
+ r (S1 · v)

(
3m
r
− 15v2 + 55ṙ2

)]}
, (4.62)

which can be regarded as the “structureless” contribution, while the finite-size contribution, for
the first time, is given by

aFS
RR(red) = 2

5r7

∑
a6=b

C
(a)
ES2mb

ma

{
r

[
− 2rṙS2

a

(
28m

r
− 120v2 + 245ṙ2

)
+ 7 ṙ

r
(Sa · r)2

(
28m

r
− 285v2 + 765ṙ2

)
+ (Sa · r) (Sa · v)

(
−79m

r
+ 555v2 − 3465ṙ2

)
+ 480rṙ (Sa · v)2

]
+ 3v

[
2r2S2

a

(
8m
r
− 10v2 + 45ṙ2

)
+ (Sa · r)2

(
−51m

r
+ 115v2 − 735ṙ2

)
+ 410rṙ (Sa · r) (Sa · v)− 40r2 (Sa · v)2

]
+ 3rSa

[
ṙ (Sa · r)

(
17m

r
+ 80v2 − 140ṙ2

)
+ r (Sa · v)

(
3m
r
− 15v2 + 55ṙ2

)]}
. (4.63)

Although the total spin acceleration at 4.5PN order is simply the sum of the contributions
in (4.60)–(4.63), it is also instructive to decompose the final expression as

as1s2
RR = 2

r7

{
r

[
− rṙ (S1 · S2)

(
52
5
m

r
− 78v2 + 154ṙ2

)
+ ṙ

r
(S1 · r) (S2 · r)

(
392
5
m

r
− 798v2 + 2142ṙ2

)
+ ((S1 · r) (S2 · v) + (S1 · v) (S2 · r))

(
−79

5
m

r
+ 111v2 − 693ṙ2

)
+ 192rṙ (S1 · v) (S2 · v)

]
+ 2v

[
r2 (S1 · S2)

(
8m
r
− 51

5 v
2 + 45ṙ2

)
+ 3 (S1 · r) (S2 · r)

(
−51

5
m

r
+ 23v2 − 147ṙ2

)
+ 123 rṙ ((S1 · r) (S2 · v) + (S1 · v) (S2 · r))− 24r2 (S1 · v) (S2 · v)

]
+ rS1

[
ṙ (S2 · r)

(
61
5
m

r
+ 45v2 − 77ṙ2

)
+ r (S2 · v)

(
19
15
m

r
− 42

5 v
2 + 30ṙ2

)]
+ rS2

[
ṙ (S1 · r)

(
61
5
m

r
+ 45v2 − 77ṙ2

)
+ r (S1 · v)

(
19
15
m

r
− 42

5 v
2 + 30ṙ2

)]}
, (4.64)
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for the O(S1S2) terms whereas the O(S2
a) contributions are given by

as
2

RR = 2
r7

{(
m2

m1
S2

1 + m1

m2
S2

2

)[
−3rṙr

(
2m
r
− 3v2 + 7ṙ2

)
+ rv

(
8
5
m

r
− 9

5v
2 + 9ṙ2

)]
+ m2ν

m2
1
rS1

[
−ṙ (S1 · r)

(
2m
r
− 3v2 − 7ṙ2

)
+ r (S1 · v)

(
8
15
m

r
− 3

5v
2 + 3ṙ2

)]
+ m2ν

m2
2
rS2

[
−ṙ (S2 · r)

(
2m
r
− 3v2 − 7ṙ2

)
+ r (S2 · v)

(
8
15
m

r
− 3

5v
2 + 3ṙ2

)]}
+ 2

5r7

∑
a 6=b

C
(a)
ES2mb

ma

{
r

[
− 2rṙS2

a

(
28m

r
− 120v2 + 245ṙ2

)
+ 7 ṙ

r
(Sa · r)2

(
28m

r
− 285v2 + 765ṙ2

)
+ (Sa · r) (Sa · v)

(
−79m

r
+ 555v2 − 3465ṙ2

)
+ 480rṙ (Sa · v)2

]
+ 3v

[
2r2S2

a

(
8m
r
− 10v2 + 45ṙ2

)
+ (Sa · r)2

(
−51m

r
+ 115v2 − 735ṙ2

)
+ 410rṙ (Sa · r) (Sa · v)− 40r2 (Sa · v)2

]
+ 3rSa

[
ṙ (Sa · r)

(
17m

r
+ 80v2 − 140ṙ2

)
+ r (Sa · v)

(
3m
r
− 15v2 + 55ṙ2

)]}
. (4.65)

4.3.3. Spin evolution

Taking into consideration (4.55) we obtain for the spin evolution

Ṡm1 RR = − 8ν
15

m

m1

[
J
ij(5)
S(0)+r

j{{Sm1+,S
i
1−
}}]

PL
− 2

5
C

(1)
ES2

m1

[
I
ij(5)
(0)+S

i
1+
{{
Sm1+,S

j
1−
}}]

PL
(4.66)

= 8ν
15

m

m1
J
ij(5)
S(0) ε

mikrjSk1 + 2
5
C

(1)
ES2

m1
εmjkSi1S

k
1 I

ij(5)
(0) ,

which after reduction yields

Ṡ1 RR = 2mν
15r6

{
6r2ṙ (S1 × S2)

(
11m

r
− 18v2 + 30ṙ2

)
(4.67)

− 3r (S1 × v)
(

(S2 · r)− m2
m1

(S1 · r)
)(

8m
r
− 9v2 + 45ṙ2

)
+ (S1 × r)

[
15ṙ

(
(S2 · r)− m2

m1
(S1 · r)

)(
2m
r
− 3v2 + 7ṙ2

)
+ 2r

(
(S2 · v)− m2

m1
(S1 · v)

)(
8m
r
− 9v2 + 45ṙ2

)]}

−
4C(1)

ES2m2

5r5

{
4
(
m

r
− 3v2 + 15ṙ2

)
[(r × S1) (S1 · v) + (v × S1) (S1 · r)]

+ 15 ṙ
r

(r × S1) (S1 · r)
(
3v2 − 7ṙ2

)
− 30rṙ (v × S1) (S1 · v)

}
.

At this point, we can define

ΩRR
1 ≡ m

3r6

(
S̃2 −

m2
m1
S̃1

)
×L , (4.68)
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such that (
dS̃1
dt

)
RR

= ΩRR
1 × S̃1 , (4.69)

where

S̃1 = S1 + mν

15r5

{
3r2 (S1 × S2)

(
3m
r
− 8v2 + 24ṙ2

)
(4.70)

− 48rṙ
mν

[
L (S1 · S2)− S2 (L · S1) + m2

m1

(
S1 (L · S1)−L(S1 · S1)

)]
+ 3 (S1 × r)

[(
(S2 · r)− m2

m1
(S1 · r)

)(
m

r
− 2v2 + 10ṙ2

)
− 2rṙ

(
(S2 · v)− m2

m1
(S1 · v)

)]

− 2r2 (S1 × v)
(

(S2 · v)− m2
m1

(S1 · v)
)

+ 2mν
5

C
(1)
ES2

m1

d4

dt4

[
(S1 · r) (r × S1)

]}
.

We can interpret (4.68) as a precession frequency induced by radiation reaction effects on

the spin evolution and from (4.69) and (4.70) we conclude that the spin equation describes

precessing evolution with a constant norm.

4.4. Consistency test

Finally, we shall close this chapter proving the consistency of our results for spin-orbit and

spin-spin effects in radiation reaction by showing the equivalence between the radiated power in

the zone and the power loss calculated through the accelerations computed by us.

4.4.1. Schott terms

Firstly, we introduce the concept of Schott terms1, which simply consists in a redefinition of

the conserved energy.

We have to show that the energy flux computed with (3.27) and power lost due to radiation

reaction,

PRR ≡ mν aRR · v, (4.71)

are equivalent, but not the same, since one power is given in the far zone and the other is

computed in the near zone with respect to the compact bodies. Hence, the difference is a local

redefinition of the conserved energy, i.e. a total time derivative or Schott terms, that will not

affect the radiated power in the far region. To illustrate, we consider the a general Routhian
1In appendix D, we comment the appearance of the Schott terms in the context of Electrodynamics.
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with contributions from mass and current quadrupoles, implying

PRR = −1
5v ·

{[
∂

∂r−
− d

dt

∂

∂v−

](
Iij− (t)Iij(5)

+ (t) + 16
9 J ij− (t)J ij(5)

+ (t)
)}

PL
, (4.72)

and taking a time average, we obtain

〈PRR〉 = − 1
5

〈([
v · ∂

∂r−
+ a · ∂

∂v−

]
Iij− (t)

)
I
ij(5)
+ (t)

〉
PL

(4.73)

− 16
9

〈([
v · ∂

∂r−
+ a · ∂

∂v−

]
J ij− (t)

)
J
ij(5)
+ (t)

〉
PL

,

where we integrated by parts the time derivative in the second term in both of the square

brackets. But, since ([
v · ∂

∂r−
+ a · ∂

∂v−

]
Iij− (t)

)
PL

= Iij(1), (4.74)

and integrating by parts once more, it results

〈PRR〉 = dE

dt
, (4.75)

We can say that the two expressions for PRR and dE/dt are related by a total time derivative,

PRR = dẼ

dt
, Ẽ ≡ E − ES , (4.76)

with E the mechanical energy of the system and ES the Schott terms [101], which here are given

by

ES = 1
5
(
Iij(1)Iij(4) − Iij(2)Iij(3)

)
+ 16

45
(
J ij(1)J ij(4) − J ij(2)J ij(3)

)
+ · · · . (4.77)

This equivalence can be proven to all orders.

4.4.2. Spin-orbit

Newton-Wigner SSC

Using (4.39), we start writing the power for the spin-orbit case in Newton-Wigner SSC:

PSO(NW)
RR = 4mν

15r6

{
(L · S)

[
22m

2

r
− 95mv2 + 3rṙ2

(
77m

r
− 270v2

)
+ 99rv4 + 735rṙ4

]
(4.78)

−3 (L · ξ)
[
4m

2

r
− 25mv2 + 4rṙ2

(
29m

r
− 60v2

)
+ 21rv4 + 315rṙ4

]}
.
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4. Spin effects in radiation reaction

Comparing this with the result (3.46), we find(
dE

dt

)
SO(NW)

− PSO
RR = 4mν

15r6

{
(L · S)

[
2m

2

r
+ 169mv2 + 15rṙ2

(
−19m

r
+ 54v2

)
− 99rv4 − 735rṙ4

]

+ (L · ξ)
[
28m

2

r
− 37mv2 + 24rṙ2

(
13m

r
− 30v2

)
+ 63rv4 + 945rṙ4

]}
.

(4.79)

It can be shown that the right-hand side of the expression above is a total derivative, after

some algebra. Then, once the energy is redefined accounting the Schott terms,

E
SO(NW)
S = 1

5
[
I
ij(1)
(0) I

ij(4)
(0) − I

ij(2)
(0) I

ij(3)
(0)

]
S

+mν (L · S)
(

88
15
mṙ

r5 −
72
5
v2ṙ

r4 + 24 ṙ
3

r4

)
(4.80)

+mν (L · ξ)
(
−8

3
mṙ

r5 + 129
5
v2ṙ

r4 − 39 ṙ
3

r4

)
,

we may say that the power computed through radiation reaction and the power computed in

the far zone are equal in face of this redefinition.

Covariant SSC

For the covariant case, the energy balance acquires an extra term due to the presence, in

the binding energy, of S(0), which cannot be regarded as constant in time as we do for the spatial

components of the spin vector. Hence, at linear order in the spin we have(
dE

dt

)
SO

=
〈[

∂E

∂ri
vi + ∂E

∂vi
ai +

∑
a

∂E

∂Si(0)a
Ṡi(0)a

]〉

= mν
〈
aRR

SO(cov) · v
〉

+
〈∑

a

∂E

∂Si(0)a
Ṡi(0)a

〉
. (4.81)

The covariant SSC preserves evolution, what implies, to the desired order,

Ṡ(0)a = aRR
LOa × Sa, (4.82)

where aRR
LOa must be read as the 2.5PN acceleration due to radiation reaction.The leading order

term for the spin-orbit energy is [45,91,102]

ESO = −
∑
a

aNa · S(0)a + · · · , (4.83)

with aNa the Newtonian acceleration for each body, such that

∂ESO
∂Si(0)a

= −aiNa + · · · . (4.84)
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Taking this into account, we have

∂E

∂Si(0)a
Ṡi(0)a = −

∑
a

aNa ·
(
aRR

LOa × Sa
)

= −2ν
5

ˆ
dtεiklakNξ

lrjI
ij(5)
(0) . (4.85)

Finally, to prove the equivalence between far zone and radiation-reaction computation, we

have to show that (
dẼ

dt

)
SO(cov)

=
[
mν a

SO(cov)
RR · v − 2ν

5 εiklakNξ
lrjI

ij(5)
(0)

]
, (4.86)

For the right hand side, we have

a
SO(cov)
RR · v = 4

15r6

{
(L · S)

[
22m

2

r
− 95mv2 + 3rṙ2

(
77m

r
− 270v2

)
+ 99rv4 + 735rṙ4

]

+ (L · ξ)
[
−14m

2

r
− 37mv2 − 3rṙ2

(
49m

r
+ 90v2

)
+ 45rv4 + 105rṙ4

]}
(4.87)

and

2ν
5 εiklakξlrjI

ij(5)
(0) = −8m2ν

5r6 (L · ξ)
(

2m
r
− 6v2 + 15ṙ2

)
. (4.88)

Comparing with (3.45), we can show that the difference between the powers is a total time

derivative, with the Schott term given by

E
SO(cov)
S = 1

5
[
I
ij(1)
(0) I

ij(4)
(0) − I

ij(2)
(0) I

ij(3)
(0)

]
S

+mν (L · S)
(

88
15
mṙ

r5 −
72
5
v2ṙ

r4 + 24 ṙ
3

r4

)
(4.89)

+mν (L · ξ)
(

8
5
mṙ

r5 + 36v
2ṙ

r4 − 52 ṙ
3

r4

)
,

such that the expression in (4.86) is valid.

4.4.3. Spin-spin

From the radiation-reaction acceleration in the spin-spin case, we have

PSSRR ≡
(
as1s2

RR + as2
RR

)
· v = Ps1s2

RR + Ps2
RR . (4.90)

Using (4.64) and (4.65), we find

Ps1s2
RR = 4mν

15r8

{
3r2 (S1 · S2)

[
40mv2 + rṙ2

(
−26m

r
+ 420v2

)
− 51rv4 − 385rṙ4

]
+ 3 (S1 · r) (S2 · r)

[
−153mv2 + 28rṙ2

(
7m
r
− 150v2

)
+ 345rv4 + 5355rṙ4

]
− 3r2ṙ [(S1 · r) (S2 · v) + (S1 · v) (S2 · r)]

(
9m
r
− 1005v2 + 1925ṙ2

)
+ r3 (S1 · v) (S2 · v)

(
19m

r
− 486v2 + 1890ṙ2

)}
(4.91)
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and

Ps
2

RR = − 2m3ν2

15r8

{
3r2

(
S2

1
m2

1
+ S2

2
m2

2

)[
−8mv2 + 30rṙ2

(m
r
− 3v2

)
+ 9rv4 + 105rṙ4

]
+ 15r2ṙ

(
(S1 · r) (S1 · v)

m2
1

+ (S2 · r) (S2 · v)
m2

2

)(
2m
r
− 3v2 + 7ṙ2

)
+ r3

(
(S1 · v)2

m2
1

+ (S2 · v)2

m2
2

)(
−8m

r
+ 9v2 − 45ṙ2

)}

− 2
5mr8

∑
a6=b

C
(a)
ES2m

2
b

{
2r2S2

a

[
−24mv2 + rṙ2

(
28m

r
− 255v2

)
+ 30rv4 + 245rṙ4

]
+ (Sa · r)2

[
153mv2 − 28rṙ2

(
7m
r
− 150v2

)
+ 345rv4 − 5355rṙ4

]
+ r2ṙ (Sa · r) (Sa · v)

(
28m

r
− 2025v2 + 3885ṙ2

)
− 3r3 (Sa · v)2

(
3m
r
− 55v2 + 215ṙ2

)}
. (4.92)

This allows us to write the difference between the powers in the far zone (3.51) and (3.52)
and that due to the radiation reaction, as it is shown bellow:(

dE

dt

)
s1s2

− Ps1s2
RR = 4mν

5r8

{
r2 (S1 · S2)

[
−87mv2 + rṙ2

(
81m

r
− 420v2

)
+ 51rv4 + 385rṙ4

]
+ (S1 · r) (S2 · r)

[
321mv2 + rṙ2

(
−465m

r
+ 4200v2

)
− 345rv4 − 5355rṙ4

]
+ r2ṙ [(S1 · r) (S2 · v) + (S1 · v) (S2 · r)]

(
66m

r
− 1005v2 + 1925ṙ2

)
+ 6r3 (S1 · v) (S2 · v)

(
−5m

r
+ 27v2 − 105ṙ2

)}
, (4.93)

and(
dE

dt

)
s2
− Ps

2
RR = − 2m3ν2

5r8

{
− 3r2

(
S2

1
m2

1
+ S2

2
m2

2

)[
−3mv2 + rṙ2

(
9m
r
− 30v2

)
+ 3rv4 + 35rṙ4

]
+ 3mṙ2

(
(S1 · r)2

m2
1

+ (S2 · r)2

m2
2

)
− r2ṙ

(
(S1 · r) (S1 · v)

m2
1

+ (S2 · r) (S2 · v)
m2

2

)(
12m

r
− 15v2 + 35ṙ2

)
+ 3r3

(
(S1 · v)2

m2
1

+ (S2 · v)2

m2
2

)(
m

r
− v2 + 5ṙ2

)}
− 2

5mr8

∑
a6=b

C
(a)
ES2m

2
b

{
− 2r2S2

a

[
−48mv2 + 3rṙ2

(
18m

r
− 85v2

)
+ 30rv4 + 245rṙ4

]
+ 3 (Sa · r)2

[
−107mv2 + 4rṙ2

(
39m

r
− 350v2

)
+ 115rv4 + 1785rṙ4

]
+ 3r2ṙ (Sa · r) (Sa · v)

(
−48m

r
+ 675v2 − 1295ṙ2

)
+ 3r3 (Sa · v)2

(
11m

r
− 55v2 + 215ṙ2

)}
.

(4.94)

The right-hand side of the last two equations are a total derivative, what allows us to affirm(
dE

dt

)
SS

=
〈
PSSRR

〉
. (4.95)
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Similarly to the spin-orbit case, we can also introduce Schott terms: Ẽ = E − ES , with

ES = − 1
5

d2Iij(0)
dt2

d3Iij(0)
dt3

−
dIij(0)
dt

d4Iij(0)
dt4


SS

+ 2ν
5
[
2
(
S1 · S2

)
(a · ȧ− v · ä) (4.96)

+ 1
3
(

(S1 · ȧ) (S2 · a) + (S1 · a) (S2 · ȧ)− (S1 · ä) (S2 · v)− (S1 · v) (S2 · ä)
)]

− 2m2ν2

15

[
3
(
S2

1
m2

1
+ S2

2
m2

2

)
(a · ȧ− v · ä) + (S1 · a) (S1 · ȧ)

m2
1

+ (S2 · a) (S2 · ȧ)
m2

2

− (S1 · v) (S1 · ä)
m2

1
− (S2 · v) (S2 · ä)

m2
2

]
, (4.97)

where the explicitly written acceleration terms reads as the Newtonian acceleration, whereas

the leading order spin-spin equations of motion are used for the evaluation of the derivatives in

the mass-quadrupole terms. At last, (
dẼ

dt

)
SS

= PSSRR , (4.98)

as expected. We conclude that, as well as for the spin-orbit case, the results calculated for

spin-spin effects in radiation reaction through a EFT framework are consistent.
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5. Conclusion and perspectives

In this thesis, we have computed the leading order spin effects on radiation reaction of

a binary system of compact bodies through an EFT approach. We focused on the inspiral

phase of the binary system, where the separation of scales provides a natural scenario for the

implementation of perturbative methods. We have shown that within the EFT framework

developed in [38], and extendend in [45] in order to incorporate spin, it is possible to investigate

the conservative and dissipative dynamics systematically. We focused on the radiation sector of

the theory, which is constructed by performing a multipole expansion at the level of the action.

As we have seen, after the potential modes of the gravitational fields are integrated out, the

resulting theory describes radiation gravitons coupled to moments of the two-particles which

compose the binary. The power counting allowed us to determine which multipole moments

contribute to the computation of the power loss to the orders of interest.

To investigate radiation reaction within the EFT approach, we made use of the formalism

developed in [74]. One contribution of our work is the extension of this formalism to incorporate

spin effects. We have constructed the spin algebra in terms of the new set of Poisson Brackets by

investigating how the angular momentum algebra changes, in light of the doubling of degrees of

freedom. Then, we computed the spin-orbit contributions to the acceleration and spin evolution

to 4PN order. We performed the calculations both in the covariant and Newton-Wigner SSCs,

and proved the equivalence between different choices. We found that there is no net effect on the

spin evolution from radiation reaction at this order, which is consistent with the findings in [84].

Subsequently, we computed the spin-spin contributions to the acceleration and spin evolution

to 4.5PN order. Unlike the spin-orbit case, we found that the spin precesses due to spin-spin

radiation reaction effects at this order. Our results are consistent with the findings in [103].

However, we went a step further by extending the computations to all spin squared terms,

including finite-size effects. This was not the case in [84,103]. To our knowledge, the calculation

of finite size effects in radiation reaction had not been carried out until now. Moreover, to test

the consistency of our results for the spin-orbit as well as for spin-spin effects, we explicitly
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5. Conclusion and perspectives

showed that the induced power resulting from the radiation-reaction force is equivalent to the

total radiated emission computed in the far zone, using the standard multipole expansion [57].

The results presented in this thesis increase the knowledge for the modeling of spinning binary

systems and the construction of accurate waveforms, aiding in the extraction of precise infor-

mation from future gravitational wave observations. In order to construct accurate waveforms

to 4.5PN order, much work still remains to be done. While up to 3PN all the ingredients nec-

essary to the gravitational waveform were obtained, many other contributions are still needed

up to 4.5PN, most notably radiated multipole moments for non-rotating and spinning bodies,

besides radiation reaction effects. These calculations are presently undergoing within the EFT

approach.
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A. Einstein-Infeld-Hoffmann Lagrangian

Here we give an example to show how works the machinery of integrating out the potential

gravitons in order to derive the Einstein-Infeld-Hoffman, which is the first PN correction to the

Newtonian physics.

v

xxxxxxx

v0

v0

Figure A.1.

Firstly, let’s calculate the contributions of second order in velocity coming the perturbation

depending on the time derivatives of the potential graviton field in interaction action, as depicted

in Fig.(A.1):

W[∂0H∂0H] = − i4

ˆ
d4x1d

4x2J
µν
(v0) (x1) Jαβ(v0) (x2) (A.1)〈

T

{
Hµν (x1)Hαβ (x2)

ˆ
d4yT ρσθγ∂0Hρσ (y) ∂0Hθγ (y)

}〉
.

We have to write each of the two possible Wick’s contractions for this diagram:〈
T

{
Hµν (x1)Hαβ (x2)

ˆ
d4yT ρσθγ∂0Hρσ (y) ∂0Hθγ (y)

}〉
(A.2)

= T ρσθγ
ˆ
d4y 〈Hµν (x1) ∂0Hρσ (y)〉 〈Hαβ (x2) ∂0Hθγ (y)〉 .

We have, firstly,

〈Hµν (x1) ∂0Hρσ (y)〉 =
ˆ

d3k
(2π)3

ˆ
d3k′

(2π)3 e
ik·x1eik

′·y d

dty

〈
Hµν (k, t1)Hρσ

(
k′, ty

)〉
(A.3)

= −i (2π)3 Pµνρσ

ˆ
d3k

(2π)3

ˆ
d3k′

(2π)3 e
ik·x1eik

′·y δ
3 (k + k′)

k2
d

dty
δ (t1 − ty) .
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Similarly,

〈Hαβ (x2) ∂0Hθγ (y)〉 = −i (2π)3 Pαβθγ

ˆ
d3q

(2π)3

ˆ
d3q′

(2π)3 e
iq·x2eiq

′·yδ3 (q + q′
) 1

q2
d

dty
δ (t2 − ty) .

(A.4)

Having in mind the property of the Dirac delta

d

dx
δ
(
x− x′

)
=
ˆ

ddp

(2π)d
ipeip(x−x

′) = − d

dx′
δ
(
x− x′

)
, (A.5)

we use ˆ
dty

d

dty
δ (t1 − ty)

d

dty
δ (t2 − ty) = d

dt1

d

dt2
δ (t1 − t2) (A.6)

to write〈
T

{
Hµν (x1)Hαβ (x2)

ˆ
d4yT ρσθγ∂0Hρσ (y) ∂0Hθγ (y)

}〉
(A.7)

= −T ρσθγPµνρσPαβθγ
d

dt1

d

dt2
δ (t1 − t2)

ˆ
d3y
ˆ

d3k
(2π)3

ˆ
d3q

(2π)3 e
ik·x1e−i(k+q)·yeiq·x2 1

k2q2 .

Since

T ρσθγPµνρσPαβθγ = 1
2
(
ηρθησγ + ηργησθ − ηρσηθγ

)
(ηµρηνσ + ηµσηνρ − ηµνηρσ)Pαβθγ (A.8)

= ηµαηνβ + ηµβηνα − ηµνηαβ = 2Pµναβ ,

we have 〈
T

{
Hµν (x1)Hαβ (x2)

ˆ
d4yT ρσθγ∂0Hρσ (y) ∂0Hθγ (y)

}〉
(A.9)

= −2Pµναβ
d

dt1

d

dt2
δ (t1 − t2)

ˆ
d3k

(2π)3
eik·(x1−x2)

k4 ,

so that

W[∂0H∂0H] = i

2

ˆ
d4x1d

4x2J
µν
(v0) (x1) Jαβ(v0) (x2)Pµναβ

d

dt1

d

dt2
δ (t1 − t2)

ˆ
d3k

(2π)3
eik·(x1−x2)

k4 .

(A.10)

Writing the sources explicitly considering particle 1 at J (x1) and particle 2 at J (x2),

Jµν(v0) (x1) =
Tµν(v0)
2mPl

= m1
2mPl

ηµ0ην0δ
(
x1 (t1)− x1(1) (t1)

)
, (A.11)

Jαβ(v0) (x2) =
Tαβ(v0)
2mPl

= m2
2mPl

ηα0ηβ0δ
(
x2 (t2)− x2(2) (t2)

)
, (A.12)

we have

W[∂0H∂0H] = i
m1m2
8m2

Pl

ˆ
dt1dt2P0000

d

dt1

d

dt2
δ (t1 − t2)

ˆ
d3k

(2π)3
eik·(x1(1)(t1)−x2(2)(t2))

k4 (A.13)

= i
m1m2
16m2

Pl

ˆ
dtv1iv2j

(
r2δij − rirj

)
8πr3 ,
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where r = x1 − x2 and r = |r|. Writing explicitly m−2
Pl = 32πG, the result above can be written

as

W[∂0H∂0H] = i

4Gm1m2

ˆ
dt

[
r2v1 · v2 − (v1 · r12) (v2 · r12)

]
r3 . (A.14)

There are still other term identical to this one coming from the contribution of the particle 2

in J (x1) and particle 1 in J (x2), while the self-contributions are ignored because they become

zero after dimensional regularization. Finally, we have

W[∂0H∂0H] = i

2Gm1m2

ˆ
dt

[
r2

1v · v2 − (v1 · x12) (v2 · x12)
]

r3 . (A.15)

v

xxxxxxx

v1

v1

Figure A.2.

From Fig.(A.2), we have:

W[J(v1)J(v1)] = − 1
2!

ˆ
d4x1d

4x2J
µν
(v1) (x1) Jαβ(v1) (x2) 〈T {Hµν (x1)Hαβ (x2)}〉 . (A.16)

We consider particle 1 in the source J (x1) and particle 2 in the source J (x2), such that

Jµν(v1) (x1) Jαβ(v1) (x2) = m1m2vi1vi2
m2
Pl

δµi η
ν0δαi η

β0δ
(
x (t1)− x1(1) (t1)

)
δ
(
x2 (t2)− x2(2) (t2)

)
.

(A.17)

Regarding

〈T {Hµν (x1)Hαβ (x2)}〉 = −iPµναβδ (t1 − t2) 1
4πr , (A.18)

and noticing that Pi0i0 = 1
2 , we have

W[J(v1)J(v1)] = i
m1m2

16πm2
Pl

ˆ
dt

v1 · v2
r

= i2Gm1m2

ˆ
dt

v1 · v2
r

. (A.19)

But regarding the contribution of the particle 2 in J (x1) and particle 1 in J (x2), the total

result is

W[J(v1)J(v1)] = i4Gm1m2

ˆ
dt

v1 · v2
r

. (A.20)

Following very similar steps to those from above, we find for Fig.(A.3)

W[J(v2)J(v0)] = 3i
2 Gm1m2

ˆ
dt

v2
1
r

+ 3i
2 Gm1m2

ˆ
dt

v2
2
r
. (A.21)
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A. Einstein-Infeld-Hoffmann Lagrangian

v

xxxxxxx
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v2

Figure A.3.

v

xxxxxxx

Figure A.4.

Using the three-graviton vertex (2.77), the diagram in Fig.(A.4) yields

W[(H00)3] = im1m
2
2

16m2
Pl

ˆ
dt1dt2dt3

ˆ
d3k1d

3k2d
3k3

(2π)9 e
i
∑
i

ki·xi 〈
T
{
H00

k1 (x1)H00
k2 (x2)H00

k3 (x3)
}〉

(A.22)

= −i
ˆ
dt
G2m1m

2
2

r
,

and taking into account the interchange of the particles, the final result is

W[(H00)3] = −i
ˆ
dt
G2m1m2 (m1 +m2)

r
. (A.23)

v

xxxxxxx

Figure A.5.

Finally, for the seagull diagram in Fig.(A.5), we have

W[H2
00] = i3

3!

ˆ
d4x1d

4x2d
4x3

〈
T
{
Jµν (x1) Jαβ (x2) Jρσ (x3)Hµν (x1)Hαβ (x2)Hρσ (x3)

}〉
.

(A.24)
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Considering the particle 1 at Jµν (x1) and the particle 2 at Jαβ (x2) and Jρσ (x3),

Jµν (x1) = − m1
8m2

Pl

δ
(
x1 − x(1)

)
ηµ0ην0H00 (x1) , (A.25)

Jαβ (x2) = − m2
2mPl

δ
(
x2 − x(2)

)
ηα0ηβ0, (A.26)

Jρσ (x3) = − m2
2mPl

δ
(
x3 − x(2)

)
ηρ0ησ0, (A.27)

this yields, concerning the symmetry factor 2 for this Wick contraction,

W[H2
00] = −im1m

2
2

32m4
Pl

ˆ
dt1dt2dt3 〈T {H00 (x1)H00 (x1)H00 (x2)H00 (x3)}〉 (A.28)

= i
m1m

2
2

32m4
Pl

1
64π2

ˆ
dt

1
r2 ,

or

W [J ](Spp∝H2
oo) = i

G2m1m
2
2

2

ˆ
dt

1
r2 . (A.29)

Putting together all the results of the diagrams, we end up with

LEIH = 1
8
∑
a

mav4
a + Gm1m2

2r

[
3
(
v2

1 + v2
2
)
− 7 (v1 · v2)− (v1 · r) (v2 · r)

r2

]
− G2m1m2 (m1 +m2)

2r2 ,

(A.30)

which is the well-known result obtained first by Einstein, Infeld and Hoffmann [104] using

different methods.
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B. Spin supplementary conditions

In this appendix, we provide a derivation of the leading order spin-orbit acceleration. Since

it is a conservative effect, its computation throught the ordinary Euler-Lagrange equations is

straightforward, but it can be taken as a good example on how to deal with the different

supplementary conditions when deriving equations of motion. Moreover, we show how to link the

result using the covariant SSC with the one using Newton-Wigner SSC throught a transformation

of the centre of mass reference frame.

Covariant SSC

It is possible to use the covariant SSC without changing the canonical algebra if this con-

dition is applied after the equations of motion are computed. In view of this, the spin-orbit

potential has to be considered in its original form, without imposing any condition, i.e.

VSO = m2
rj

r3

[
Sj01 + Sjk1

(m2 + 2m1)
m

vk
]
−m1

rj

r3

[
Sj02 − S

jk
2

(m1 + 2m2)
m

vk
]
. (B.1)

which yields

∂VSO
∂ra

=
(
δaj − 3njna

)
r3

{
m2

[
Sj01 + Sjk1

(m2 + 2m1)
m

vk
]
−m1

[
Sj02 − S

jk
2

(m1 + 2m2)
m

vk
]}

,

(B.2)
d

dt

(
∂VSO
∂va

)
= m2

r3

(
vj − 3nj ṙ

) [
Sja1

(m2 + 2m1)
m

]
+ m1

r3

(
vj − 3nj ṙ

) [
Sja2

(m1 + 2m2)
m

]
. (B.3)

Putting them together into

mνaaSO = −∂VSO
∂ra + d

dt

(
∂VSO
∂va

)
, (B.4)

it results

mνaaSO = − 1
r3

[
m2S

a0
1 + Sak1

m2 (m2 + 2m1)
m

vk −m1S
a0
2 + Sak2

m1 (m1 + 2m2)
m

vk
]

+ (B.5)

+ 3njna

r3

[
m2S

j0
1 + Sjk1

m2 (m2 + 2m1)
m

vk −m1S
j0
2 + Sjk2

m1 (m1 + 2m2)
m

vk
]

+

+
(
vj − 3nj ṙ

)
r3

[
Sja1

m2 (m2 + 2m1)
m

+ Sja2
m1 (m1 + 2m2)

m

]
.
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B. Spin supplementary conditions

Now that the Euler-Lagrange equation has been computed, we can use the covariant SSC, i.e.

Sj01 = εjklSl1vk1 and Sjk1 = εjklSl1 (with the same for particle 2), such that

mνaaSO = −ε
aklvk

mr3

[(
m2

2 + 2m2 (m2 + 2m1)
)

Sl1 +
(
m2

1 + 2m1 (m1 + 2m2)
)

Sl2
]

+ (B.6)

+ 3njnaεjklvk

mr3

[(
m2

2 +m2 (m2 + 2m1)
)

Sl1 +
(
m2

1 +m1 (m1 + 2m2)
)

Sl2
]

+

+ 3nj ṙεajl

mr3

[
m2 (m2 + 2m1) Sl1 +m1 (m1 + 2m2) Sl2

]
,

but since

m2 (m2 + 2m1) = m2ν

(
m2
m1

+ 2
)
, (B.7)

m1 (m1 + 2m2) = m2ν

(
m1
m2

+ 2
)
, (B.8)

we get

a(cov)a
SO = −ε

aklvk

r3

[
3ξl + 4Sl

]
+ 6εjklnanjvk

r3

[
ξl + Sl

]
+ 3ṙεajlnj

r3

[
ξl + 2Sl

]
, (B.9)

which can be equivalently written as

acovSO = 1
r5

[
6r (r× v) ·

(
2S + δm

m
Σ
)
− r2

(
v×

(
7S + 3δm

m
Σ
))

+ 3 (r · v)
(

r×
(

3S + δm

m
Σ
))]

.

(B.10)

Newton-Wigner SSC

For the case of Newton-Wigner SSC, which keeps the canonical algebra unchanged up to

terms quadratic in the spin, the condition Sj01 = 1
2ε
jklSl1vk1 (same for particle 2) has be imposed

at the level of the potential:

VSO = m2
εjklrj

r3

[1
2Sl1vk1 + Sl1

(m2 + 2m1)
m

vk
]
−m1

εjklrj

r3

[1
2Sl2vk2 − Sl2

(m1 + 2m2)
m

vk
]

= εjkl

m

rj

r3
3
2
[
m2

2Sl1 +m2
1Sl2

]
vk + 2mν rj

r3 ε
jklvkSl. (B.11)

Hence,

∂VSO
∂ra

= εjkl
(
δaj − 3njna

)
mr3

3
2
[
m2

2Sl1 +m2
1Sl2

]
vk + 2mν

(
δaj − 3njna

)
r3 εjklvkSl, (B.12)

d

dt

(
∂VSO
∂va

)
= − 1

r3

(
vj − 3nj ṙ

){εajl
m

3
2
[
m2

2Sl1 +m2
1Sl2

]
− 2mνεajlSl

}
, (B.13)

such that

a(NW )a
SO = 3na ε

jklnjvk

r3

[3
2

(
m2
m1

Sl1 + m1
m2

Sl2
)

+ 2Sl
]
− 2εaklvk

r3

[3
2

(
m2
m1

Sl1 + m1
m2

Sl2
)
− 2Sl

]
+

+ 3
r3 ṙε

ajlnj
[3

2

(
m2
m1

Sl1 + m1
m2

Sl2
)
− 2Sl

]
, (B.14)
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or

aNWSO = 1
r3

{3
2n

[
(n× v) ·

(
7S + 3δm

m
Σ
)]
− v ×

(
7S + 3δm

m
Σ
)

+ 3
2 ṙ
[
n×

(
7S + 3δm

m
Σ
)]}

.

(B.15)

Transformation

One goes from covariant SSC to NW SSC making the coordinate transformation in the

relative position:

r→ r− (v× ξ)
2m , (B.16)

which implies

v→ v + (r× ξ)
2r3 , (B.17)

a→ a + (v× ξ)
2r3 − 3

2
ṙ (r× ξ)

r3 , (B.18)

ṙ → ṙ + ṙ

2m2ν
(L · ξ) , (B.19)

1
r
→ 1

r
+ (L · ξ)

2m2νr3 , (B.20)
1
r3 →

1
r3 + 3

2m2νr5 (L · ξ) . (B.21)

We can test this taking the spin-orbit acceleration at covariant SSC and try to go to the

spin-orbit acceleration at NW SSC. The transformation must be regarded in the Newtonian

acceleration, since it gives the following 1.5PN contribution:

a0 = −mr
r3 → −

mr
r3 + (v× ξ)

2r3 − 3
2

r (L · ξ)
mνr5 . (B.22)

The general equation of motion reads

a = a0 + a1 + a1.5 + ... (B.23)

Thus, when the transformation is performed at both sides of this equation, there will be new

terms at 1.5PN order:

a + (v× ξ)
2r3 − 3

2
ṙ (r× ξ)

r3 = a0 + (v× ξ)
2r3 − 3

2
r (L · ξ)
mνr5 + a1 + a1.5 + ..., (B.24)

where a1.5 in this case is the spin-orbit acceleration at the covariant SSC, which is

a(cov)
SO = 1

r5

[
6r (r× v) ·

(
2S + δm

m
Σ
)
− r2

(
v×

(
7S + 3δm

m
Σ
))

+ 3 (r · v)
(

r×
(

3S + δm

m
Σ
))]

.

(B.25)
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B. Spin supplementary conditions

Then, the spin-orbit acceleration at NW SSC turns out to be

aNWSO = 3
2
ṙ (r× ξ)

r3 − 3
2

r (L · ξ)
mνr5 + a(cov)

SO , (B.26)

which reproduces (2.102), as expected.

Similarly, but without concerning supplementary conditios, the spin1-spin2 and spin-spin

accelerations can be derived from (2.99) and (2.100), yielding

aS1S2 = − 3
mνr4 [n (S1 · S2)− 5n (S1 · n) (S2 · n) + S1 (S2 · n) + S2 (S1 · n)] , and
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C. Non-conservative dynamics

Hamilton’s principle of stationary action plays an important role in Physics, since it is a

straight way to derive the equations of motion for a large variety of systems which share distinct

levels of complexity. In view of its efficiency for describing the evolution of a physical system,

this principle has been proven readly useful in the development of fundamental areas, such as

Mechanics and Field Theory. An action principle offers the benefits of evidencing the set of

symmetries of a given system, since the action might be invariant under those transformations,

what is essencial to the understanding of the conserved quantities. It is also straighforward

to introduce interactions and extra degrees of freedom by adding them through desired energy

terms into the action. Yet, at the level of the action, problems involving constraints are handled

in a natural way using, for example, Dirac’s formalism.

However, based on a Lagrangian or Hamiltonian formulation, Hamilton’s principle cannot deal

with non-conservative but conservative processes. The subtlety that makes Hamilton’s principle

unsuitable for non-conservative systems is that the evolution and final configuration of such

systems must be dictated by the initial conditions, whereas such a principle is formulated with

boundary conditions. Working on this point, Galley [74] presented a formulation for Mechanics

which is well suited for the treatment of generic conservative or non-conservative systems. This

formalism was further developed in [75] to accomadate classical field theories and the treatment

of thermodynamical and electromagnetic processes.

We summarize in this appendix the aspects of the generalized mechanics developed by Galley

which we will make use in this work. For a more complete presentation, see [74] and [75].

Lagrangian formulation

There is a way to treat generic non-conservative systems properly by doubling the number of

degrees of freedom: q→ (q1,q2) and q̇→ (q̇1, q̇2). The new Lagrangian

Λ (qa, q̇a) ≡ L (q1, q̇1)− L (q2, q̇2) +K (qa, q̇a) , (C.1)
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C. Non-conservative dynamics

accounts for the conservative effects, given by the usual Lagrangian L, and the dissipative effects

represented by K. The index a = 1, 2 can also represent a = +,−, respecting the relations

q+ = q1 + q2
2 , (C.2)

q− = q1 − q2. (C.3)

The equation of motion in this case is

dπ∓
dt

= ∂Λ
∂q±

, (C.4)

but in the physical limit, (q−, q̇−)→ 0 and (q+, q̇+)→ (q, q̇), it becomes

dπ

dt
=
[
∂Λ
∂q−

]
p.l.

, (C.5)

where

π =
[
∂Λ
∂q̇−

]
p.l.

= ∂L

∂q̇ +
[
∂K

∂q̇−

]
p.l.

. (C.6)

In the physical limit, only the Euler-Lagrange equation for the "+" variable survives. Hence,

the variational principle becomes [
δS [q±]
δq−

]
p.l.

= 0. (C.7)

Hamiltonian formulation

Similarly, we can define a new Hamiltonian

A (q±,p±) ≡ p+ · q̇− + p− · q̇+ − Λ (q±, q̇±) (C.8)

and consider a new Poisson Brackets (PB)

{{f, g}} ≡ ∂f

∂q+

∂g

∂p−
− ∂f

∂p−
∂g

∂q+
+ ∂f

∂q−
∂g

∂p+
− ∂f

∂p+

∂g

∂q−
, (C.9)

where p is the ’usual’ conjugate momentum

p∓ = ∂L

∂q̇±
. (C.10)

Hamilton’s equations, in the physical limit, become

q̇ = {q,H} − [{{q+,K}}]p.l. , (C.11)

ṗ = {p,H} − [{{p+,K}}]p.l. . (C.12)
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The momentum p is not quite usual, because p− is conjugate to q+ while p+ is conjugate

to q−. This is an important point. With this new PB, new canonical relations follow as a

consequence: {{
qi+,q

j
+

}}
=
{{

qi−,q
j
−

}}
=
{{

pi+,p
j
+

}}
=
{{

pi−,p
j
−

}}
= 0, (C.13){{

qi+,q
j
−

}}
=
{{

pi+,p
j
−

}}
= 0, (C.14){{

qi+,p
j
−

}}
=
{{

qi−,p
j
+

}}
= δij . (C.15)

Harmonic Oscillator

Let us consider a harmonic oscillator to demonstrate the problem which arises from Hamilton’s

principle and its solution using the formalism presented in the last section. The action for a

harmonic oscillator with amplitude q (t), mass m and frequency ω coupled with strengh λ to

another harmonic oscillator is given bellow:

S [q,Q] =
tfˆ

ti

dt

[
m

2
(
q̇2 − ω2q2

)
+ λqQ+ M

2
(
Q̇2 − Ω2Q2

)]
. (C.16)

The oscillator q (t) is open to exchange energy with Q (t) and consequently should be described

by a non-conservative dynamics. Let us account for the effect of the latter oscillator with the

former by integrating out Q (t), what leads to the effective action

Seff [q] =
tfˆ

ti

dt

m2
(
q̇2 − ω2q2

)
+ λqQ(h) + λ2

2M

tfˆ

ti

dt′q (t)Gret
(
t− t′

)
q
(
t′
) , (C.17)

where Q(h) is a homogeneous solution. The last term involves two integrals and the product

q (t) q (t′), which is symmetric in t ↔ t′ and couples only to the time-symmetric part of the

retarded Green function, what allows us to re-write it as

λ2

2M

tfˆ

ti

dtdt′q (t)
[
Gret (t− t′) +Gadv (t− t′)

2

]
q
(
t′
)
. (C.18)

Applying Hamilton’s principle to (C.17) results in the equation of motion for q (t):

mq̈ +mω2q = λQ(h) + λ2

2M

tfˆ

ti

dt′
[
Gret (t− t′) +Gadv (t− t′)

2

]
q
(
t′
)
. (C.19)

The second term on the right side depends on the advanced Green function implying that

solutions to the equation of motion above do not evolve causally nor are specified by initial data
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C. Non-conservative dynamics

alone. In addition, the kernel of the integral in (C.19) is symmetric in time, which means that

the integral describes conservative interactions between the oscillators. This tells us that (??)

does not account for dissipation (a time-asymmetric process).

Now let us the formalism presented in last section to see if it get rid off this problem. Assume

initial conditions q (ti) = qi, q̇ (ti) = vi, Q (ti) = Qi and Q̇ (ti) = Vi. The total system is closed

implying that the Lagrangian has no dissipative part K = 0. Doubling the degrees of freedom

and considering the initial conditions, we get the solutions

Q+ (t) = Q(h) (t) + λ

M

tfˆ

ti

dt′Gret
(
t− t′

)
q+
(
t′
)
, (C.20)

Q− (t) = λ

M

tfˆ

ti

dt′Gadv
(
t− t′

)
q−
(
t′
)
, (C.21)

where Q(h) (t) = Qi cos Ω (t− ti) + Vi sin Ω (t− ti). The "+" variable evolves foward in time and

satisfies the initial conditions while the "−" variable evolves backward in time because of the

equality condition at the final time. This is a general feature of the ± variables.

Substituting these solutions in (C.16) results

Seff [q±] =
tfˆ

ti

dt

m (q̇+q̇− − ω2q+q−
)

+ λq−Q
(h) + λ2

M

tfˆ

ti

dt′q+ (t)Gret
(
t− t′

)
q+
(
t′
) .
(C.22)

The quantity q+ (t) q+ (t′) is asymmetric in time and couples to the full retarded Green func-

tion. Applying (C.7) to (C.22) gives the equation of motion

mq̈ +mω2q = λQ(h) + λ2

2M

tfˆ

ti

dt′Gret
(
t− t′

)
q
(
t′
)
. (C.23)

We now see that the solutions to this equation of motion evolve causually from initial data,

as it is desired.
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D. Radiation reaction in Classical

Electrodynamics

We provide a brief review on radiation reaction in Classical Electrodynamics with a historical

background [105] and shortly discuss the appearance of the Schott terms, which is regarded when

we test the consistency of the main results present in this thesis at the last chapter.

In 1897, after the discovery of electron by Thomson and Lorentz described the forces which

act on the electron when it is accelerated:

mv = FL + 2
3e

2ȧ, (D.1)

where FL = e (E + v×B). In that year, Larmor provided the formula for the radiation rate of

an accelerated electron, which was generalized to the relativistic case by Heaviside

dER
dτ

= 2
3e

2aαaα, (D.2)

In the former case, the derivatives are taken with respect to time t; in the latter case, they are

taken with respect to the proper time τ . Further progress was made by Abraham, in 1903, when

he derived the rate of momentum carried away from the charge by radiation, which relativistic

generalization is given by
dpµ

dτ
= 2

3e
2aαaαv

µ. (D.3)

The motion of charged particles in external force fields necessarily involves the emission of

radiation whenever the charges are accelerated. The emitted radiation carries energy, linear

and angular momenta and so must influence the subsequent motion of the charged particles.

Consequently, the motion of the sources of radiation is partially determined by the manner

radiation is emitted.

An accelerated charged particle loses energy and momentum emmiting electromagnetic waves.

Besides, the electromagnetic field of the particle also acts as a recoil force to the particle’s

moviment. These two facts are kown by the name of radiation reaction. As mentioned above,
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D. Radiation reaction in Classical Electrodynamics

this phenomenum has been studied since the end of XIX century and until nowadays it finds

place in the scientific research.

The radiation reaction is observed in special situations which satisfy an energetic criterion, i.e.,

for the radiation reaction be neglected is that the radiated energy be very small in comparison

to the particle’s kinetic energy.

a) A charge that was at rest is accelerated by an external force during a time interval T .

Comparing the energy radiated away (Larmor formula) with the kinetic energy acquired during

the acceleration, we find that the radiaction reaction can be neglected if

T � 2
3
e2

mc3 . (D.4)

If the charge is an electron, using CGS units for instance, we have T � 7.10−24s. In this time,

electromagnetic waves travel 10−15m. Then, the radiation reaction is expected to be detected if

the external force acts on the particle during a time shorter than 10−24s.

b) A charged particle in periodic motion gives the same result as above.

We must observe that the electronic Compton wavelenght is of order 10−15m. This size gives

the "limit" between classical and quantum effects. Then, time intervals shorter than 10−24s

involves distance even smaller than the Compton wave lenght of the eletron, what means, in

my opinion, that the radiation reaction for the eletron should be treated only in a quantum

approach.

A lots of works were done treating the radiation reaction for extended charged particles (taking

the limit of its radius to zero) in a classical approach. One of the most well succeeded works

on this subject was done by Dirac in 1938. He did a relativistic analysis of the worldline of

an electron surrounded by a tube whose surface he used to calculate the flow of energy passing

through it. Proceeding this way, he wrote the equation of motion for an accelerated electron,

known as the Abraham-Lorentz-Dirac (ALD) equation:

mv̇µ −
2
3e

2v̈µ −
2
3e

2v̇2vµ = evνF
ν
µ , (D.5)

where Fµν is the field that accelerates the electron. We can make some comments on the equation

above:

• The first term is related to the kinetic energy of a particle with rest mass m.

• The second one is known as the Schott term and it comes from the recoil force on the

charged particle generated by its own electromagnetic fields. A detailed analysis of the

Schott term origin is given at [106].

88



• The last term at the left hand side is the radiation term, i.e., a reaction force due to the

energy emmited by the charge in form of electromagnetic waves.
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