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ABSTRACT

This thesis is devoted to the study of the robugf, control problem of continuous-time
switched linear systems subject to actuator saturatiom patytopic uncertainties, considering
an output-dependent switching law and a switched statiputuieedback controller. The
proposed method offers new sufficient conditions basedraati matrix inequalities (LMIs)
for designing the switched controllers using paramet@eddent Lyapunov functions. The
method is based on a static output feedbagk control design recently presented in the
literature that avoids linear matrices equalities (LME®) ¢he need to impose any constraints
on output system matrices, that is, the output matrices efsifstem are allowed to be of
non-full row rank. In order to extend those results, the aictusaturation constraint is also
studied. Theoretical analyses and simulation results shawthese new procedures are less
conservative than recent methods available in the litezatdThe conditions of the proposed
methods are a particular class of Bilinear Matrix Inequedit(BMIs), which contain some
bilinear terms as the product of a matrix and a scalar, rfme suitable convex combination
and scalars parameters to provide extra free dimensionseirsalution space. The hybrid
algorithm Differential Evolution-Linear Matrix Inequ#i (DE-LMI), is proposed for obtaining
feasible solutions of this particular NP-hard problem. rEpées show that the proposed
methodologies reduce the design conservatism of two rdaemwn procedures for solving
the presented control problems. In particular, an exampsgmnts an implementation of the
switched controllers in an Active Suspension System marufad by Quansé&.

Keywords: Robust 7%, switching control. Switched static output feedback. Lmnea
matrix inequalities. Actuator saturation.



RESUMO

Este trabalho dedica-se ao estudo do problema de contrblestm envolvendo custo
Hs para sistemas lineares chaveados no tempo continuo,osugeisaturacdo no atuador
e com incertezas politpicas, considerando leis de chamet@ane controladores chaveados
dependentes da saida da planta. Os métodos propostosaiareeas condi¢cdes baseadas em
Desigualdades Matriciais Lineares (LMIs - do inglEésear Matrix Inequalitie} para o projeto
de controladores chaveados utilizando func¢des de Lyapdapendentes de parametros. O
método é baseado em um resultado recentemente introduzititeratura para o projeto de
controle 77, de saida o qual evita igualdades matriciais lineares (LM&s inglés,Linear
Matrix Equalitieg e a necessidade de impor restricdes nas matrizes de sasistetoa, isto
€, as matrizes de saida do sistema podem ser de posto limdmpleto. Com o objetivo de
estender estes resultados, a restricdo de saturacdo mmraéuastudada. Analises tedricas
e resultados de simulagdes mostram que 0S novos procedsngid menos conservativos
quando comparados a métodos publicados recentementeratulin. No método proposto, as
condicbes sdo uma classe particular de desigualdade<iaiathilineares (BMlIs - do inglés,
Bilinear Matrix Inequalitie3, as quais contém alguns termos bilineares devido a mubigio
de matrizes por escalares. Estes termos estéo relacioh@dosbinacdo convexa das matrizes
de chaveamento bem como a outros parametros escalaresogoecpynam dimensdes extras
livres no espaco de solugéo. Para tanto, o algoritmo hiloth@minado DE-LMI (do inglés,
Differential Evolution-Linear Matrix Inequalily € proposto a fim de encontrar solu¢des
factiveis para este probleniP-hard Exemplos mostram que as metodologias propostas
reduzem o conservadorismo de dois procedimentos recaetEnpes na literatura para resolver
0s problemas de controle tratados. Em particular, um exeagesenta a implementagéo do
controle chaveado em um sistema de suspenséo ativa fabpetalQuansé.

Keywords: Controle. 7%, chaveado e robusto . Controle chaveado estatico com redhgéo
da saida. Desigualdades Matriciais Lineares. Saturacatuador.
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1 INTRODUCTION

This chapter aims to familiarise the reader with the topicirefestigation, exploiting
the results presented in the literature and setting thelgmolstatement and the objectives.
Additionally, the thesis outline and the notation used digitwout it are presented.

1.1 BACKGROUND

The hybrid system concept arises when the dynamical systesngfest continuous and
discrete behaviours. Continuous switched systems arecsaspase of the hybrids one, which
are composed of a family of continuous subsystems wheretalsng rule or strategy (discrete
behaviour) defines the active subsystem at each instamhef(tiIBERZON, 2003).

Recently, the designing of control laws for switched systiéiave received lots of attention
(YU; WU, 2015; ZHANG; ZHUANG; BRAATZ, 2016). The growing ietest in this topic is
mainly due their widespread practical applications, suchaver electronics (CARDIM al,
2009; DEAECTOet al.,, 2010), embedded systems (ZHANG; HU, 2008), road traffidrcbn
strategies (PAPAGEORGIOB al,, 2003), among others. A significant result concerning the
stability of switched linear systems was presented in WiBkdeties and DeCarlo (1994): it was
demonstrated that if there exists a Hurwitz convex commnabf the subsystems matrices,
then there exists a state switching rule that stabilises#itched linear system. Regarding
the concepts of robust stabilisation, Zhai, Lin and AntsakP003) proposed a quadratic
stabilisation rule for uncertain switched linear systerasdal on LMIs. In Lin and Antsaklis
(2007) were developed two necessary and sufficient conditior providing global stability
for a class of switched linear systems with time-varianapegtric uncertainties. Concerning
stability and stabilisability of switched linear systenmsl.in and Antsaklis (2009) can be found
a survey of available results and a proposed necessary #iaiesui condition for asymptotic
stabilisability.

Additionally, Daafouz, Riedinger and lung (2002) propogsea different LMI-based
conditions. In the first one, it is presented a classical otttithile the second incorporates
slack variables in order to relax the conditions. Moreokéng and Yang (2009) describe more
relaxed conditions through of Finsler's Lemma and piecevgeadratic Lyapunov functions
for Static Output Feedback (SOF) control. For robust s&diibn of switched linear systems,
when all subsystems matrices are not Hurwitz, in Yu and Wl %2@re presented sufficient
conditions, under some assumptions, for stability usirg ittvariant subspace theory and
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average dwell time method. Considering some hypothesesutnors in Yu and Zhao (2016)
developed a necessary condition of stability for disctetes switched linear systems.

With regard to the output feedback control design problemufacertain switched linear
systems, its solution is among one of the most challengimiplpms in literature, due to
their non-convex characteristic (SADABADI; PEAUCELLE, B® SYRMOSet al, 1997).
Nevertheless, in recent years, the design of SOF contsatlas been scrutinised by several
authors, mainly due to the use of output feedback techniggsests in simpler implementation
routines for practical applications. In Peaucelle and Aerg2005), the authors proposed a
two-step iterative algorithm focused o#? optimisation. In doing so, Agulhari, Oliveira and
Peres (2010) presented an extension of a previous methaitleoing polynomial Lyapunov
functions.

Concerning a performance criterion, in this case, ##& cost, several authors have
proposed LMI-based conditions considering an output faekilstrategy. Crusius and Trofino
(1999) presented sufficient conditions for SOF contro)ladopting linear matrices equalities
and inequalities and imposing constraints on the outpuésysmatrices. In this approach, the
output systems matrices are required to be full-row rankiiAg to overcome these drawbacks,
Dong and Yang (2013) presented new LMI conditions, for cagesre the output matrix is not
required to be full rank. In sequence, Chang, Park and ZhalE&have extended the flexibility
of conditions for robust SOB%, controller design. More specifically, the developed metisod
applicable for uncertain systems relaxing the constraisystem matrices.

Furthermore, in Shet al. (2017), the authors investigated the dynamic output fegldbé,
control for a class of switched systems with mode-dependeettage dwell time switching.
In (WU et al, 2017), it was proposed a sliding mode control (SMC) for ls&stic systems
via output feedback considering among others, the exogedisturbance constraint in SMC
design. An extended state observer (ESO) was used in ordejetct external disturbance
considering SMC for power converters (Lif al,, 2017). Additionally, in Baret al. (2018), it
was designed a technique for robugt, finite-time control for discrete-time polytopic uncertain
switched linear systems.

The actuator saturation constraint plays an importanteglarding the design of controllers
due to practical applications limitations. Besides compuises the closed-loop performance,
considering that the controller was not designed takingastount that constraint, if the closed-
loop system is under saturation it may become an unstablemsy€AO; LIN, 2003). To deal
with the problem of design controllers under actuator sdioin restriction Hu, Lin and Chen
(2002) employs an improved condition based on convex hptesgentation by means of adding
auxiliary matrices.

Concerning switched controllers and actuator saturatmmsitaint, Alveset al. (2016)
provided conditions to the design of smoothing switchedtradliers for uncertain nonlinear
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systems subject to actuator saturation. To cope with thestolss, control design for Takagi-
Sugeno (T-S) fuzzy system subject to actuator saturatidivei@a et al. (2018) propose
conditions to obtain switched controllers. Moreover, tbefded energy disturbance approach
allowed a significant result, thus, this concept is adoptetie present work.

1.2 PROBLEM STATEMENT AND CONTRIBUTIONS

In practical applications, the state vector may not be cetept available. In this situation,
it is important to aim at strategies for switching based om teasured output of the plant.
Nowadays, to the best of the author’s knowledge, there aravaiable in the literature papers
which consider switched SOF#, controllers design for uncertain switched linear systems
subject to actuator saturation with output-dependingawily. Regarding the aforementioned
researches, usually, papers on this subject consider fuleaduced order output feedback
controllers through of estimated state-dependent switcbr state feedback.

The major contribution proposed is an exclusively outpepehdent switching strategy
jointly with the design of switched SOPBZ, controllers to cope with the actuator saturation
constraint. It is important to highlight that the proposeethodology also provides conditions
to design switched output feedbaék, controllers for plants with only one dynamic subsystem.
These two different situations are detailed in numericaheples.

Two different strategies to design output feedback col@r®considering output dependent
switching strategy for uncertain switched linear systerespaesented. Firstly, it is considered
that there does not exist exogenous input either contraltiip sequence, the results presented
in Mainardi Junioret al. (2015) are relaxed and the inclusion of guaranteed cosoeaince
and decay rate criterion is approached. Following, novetldmns are proposed based on less
conservative results available in Liu and Zhang (2003)xdiea, Assunc¢éo and Avellar (2003),
Mozelli and Palhares (2011).

Besides that, novel and less conservative conditions faicking SOF 77, control of
continuous-time switched linear systems are proposed. cdhditions are based on a recent
SOF 77, control design presented in Chang, Park and Zhou (2015ptlads linear matrices
equalities and does not impose any constraints on outpieéregsmatrices, as treated in
Crusius and Trofino (1999). The results presented in Chaardy,&hd Zhou (2015) are relaxed
considering the inclusion of switched output feedbagk controllers jointly with an output-
dependent switching strategy.

Furthermore, as a step to achieve the main result, conditiesign to robust SOBZ,
design for system subject to actuator saturation, basedhang; Park and Zhou (2015), are
proposed.
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Finally, the main result that concerns conditions to desigioust .7, switched static
output feedback control design for linear switched systemigject to actuator saturation,
using parameter-dependent Lyapunov function, is statdus esult takes into account the
contributions of (ALVESet al, 2016) and (OLIVEIRAet al., 2018) concerning switched
controllers under saturation, operation region and bodreergy disturbance approach.

Moreover, some bilinear terms appear in conditions of theppsed theorems. The
conditions of the proposed methods are a special class o§ BRBIlinear Matrix Inequalities),
which contain some bilinear terms as the product of a matne a scalar, related to a
suitable convex combination and two scalar parametersduige extra free dimensions in
the solution space. Currently, to the best of the authorsWktedge, there are not available
solvers (deterministic methods) able to find the optimunutsmh for non-convex problems.
Thus, the proposed design method of the output gains in todtabilise an uncertain switched
linear system is an NP-hard problem (LIN; ANTSAKLIS, 2009herefore, it is proposed
the use of a hybrid metaheuristic technique, called DE-LDBifférential Evolution - Linear
Matrix Inequality) (STORN; PRICE, 1997) for finding quagtonum parameters values and/or
a suitable convex combination in the design of SOF gains (S@N, 2013). The proposed
procedure can also be used for designing robust contrdibersincertain plants subject to
structural failures, considering the plant uncertaintiad the structural failures as polytopic
uncertainties (SILVAet al, 2013).

1.3 OUTLINE AND NOTATION

e Chapter 2 presents the initial concepts involving dynahsgatems, Lyapunov theory
and a general definition of polytopic uncertain switcheddinsystems.

e Chapter 3 addresses the first and second problems statenterglaxation results for
robust SOF control design for uncertain switched linearesys with an output dependent
switching law introduced in Mainardi Juniat al. (2015) jointly with a performance
criterion and the decay rate. Based on the relaxation césic@milable in Liu and
Zhang (2003), Teixeira, Assunc¢éo and Avellar (2003) andd&loand Palhares (2011) are
proposed novel conditions for stability of uncertain siwéd linear systems. A theoretical
analysis shows if the conditions given in Mainardi Jurabal. (2015) hold, then the novel
proposed conditions also hold. A numerical example ilkiss the flexibility obtained
through of these less conservative conditions compariagilkée area and guaranteed
cost obtained in the theorems proposed in this chapter.

e Chapter 4 presents the results for robust S&F control developed in Chang, Park and
Zhou (2015). The third problem is stated and it is developmathand less conservative
conditions for robust switching SOB#%, control of continuous time switched linear
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systems. Furthermore, the results available in Chang, Batk Zhou (2015) are
generalised through a switched outp#f, controller. A theoretical analysis shows
that these new conditions hold when the conditions predent€hang, Park and Zhou
(2015) hold. Finishing the contributions of this chaptéisishowed that the proposed
methodology to design robust SO, switched controllers can be directly applied to
non-switched linear systems. In Example Il (Chapter 8higven that there exist cases
where the conditions from Theorem 7 are less conservatae the conditions from
Theorem 2.

e Chapter 5 deals with the problem of design output-dependéntontrollers for linear
systems subject to actuator saturation. The conditionsepted in Chang, Park and
Zhou (2015) are exploited to obtain conditions to cope w472, problem considering
operation region for linear systems subject to actuataraton.

e Chapter 6 addresses the main contribution, aiming the dedigwitched static output
feedback controllers to cope with th#Z, control problem for linear switched systems
subject to actuator saturation and considering operagigion.

e Chapter 7 introduces the DE-LMI algorithm and briefly desesi how it is applied in
order to solve the proposed control problem.

e Six examples in Chapter 8 illustrate the effectiveness effgloposed methods. The
first example is related to switched systems without eitlo@trol input or disturbance.
The following examples show, in some cases, that proposeditoans hold while the
conditions present in literature do not hold. Furthermarpractical application and an
implementation example are presented.

¢ Finally, in Chapter 9 the conclusions and suggestions fiuréumwork are discussed.

1.3.1 Notation

The notation used in this document are described as follBausteal matrices or vectors
(") indicates transpose. The set composed by theNirgbsitive integerg1,...,N} is
represented by IK. The set of all vectord = [A; ... AN]’ such thaty; > 0,i € IKy and
A1+ Ax+...4+ Ay = 1 is designated bj\n. The convex combination of a set of matrices
(A1,...,AN) is denoted by, = ZiNzl)\iAh whereA € An. In addition, an asteriskx)

will be used in matrix expressions to express the transpbsieeosymmetric element.
Moreover, for in-line expressions, the symlye) represents the transpose of the left side
term. The notation HéM) refers toM + M’. The set of all finite (t) trajectories, such
that [5° { (t)’{ (t)dt < « is denoted by¥%. For simplicity of notationg(t) = o. Abusing
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of the notation already defined As, the following one denotes the convex combination
of the vectora € K,

;
a=[aia;y ... ar]Te/\r:{a eRr:aizo,ieKr,Zlaizl}. Q)



19

2 INITIAL CONCEPTS

This chapter covers the initial concepts involving dynaahgystems, Lyapunov Stability
Theory and uncertain switched linear systems.

2.1 DYNAMICAL SYSTEMS

A dynamical autonomous (time-invariant) system can be riest employing a set of
equations as:

X(t) = f(x(t)), x(to) (2)

wheret > to, X(to) is the given initial conditionx(t) € IR™*! represents the state vector and
f(.) itis an linear or non-linear function, depending on system.

If the systems (2) has an input control and is subject to aidiance, it is possible to
represent it as follows

X(t) = £(x(t),u(t),w(t)), x(to) )

whereu(t) € IR™*! js the control input ana(t) € IR™*! is the exogenous disturbance.

2.2 LYAPUNOV STABILITY THEORY

The theory is named after Aleksandr Mikhailovich Lyapunaovho was a Russian
mechanician, mathematician, and physicist. He providedm&thods for stability analysis in
his workThe General Problem of Motion Stabiliiyst published in 1892. The addressed theory
is also called the Lyapunov’s Second Method or Direct Metbhbtlyapunov and it is based
on the systems energy concept. Through the rate change sf/¢iem energy is possible to
ascertain its stability. The Lyapunov method allows to ¢ode about a system stabilisation by
means of a scalar function, named Lyapunov candidate famcti simply Lyapunov function.
The theoretical formulation of the method is given in Theoike

Theorem 1. (SLOTINE; LI, 1991) Assume that there exists a scalar foncW(x), with
continuous first order derivatives such that:

e V(X) is positive definite;

e V(x) is negative definite;
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e V(X) — o as||x|| — co.

then the equilibrium at the origin of the syst€®) is globally asymptotically stable.

2.3 SWITCHED LINEAR SYSTEMS

A continuous-time uncertain switched linear system candimed by the following state-
space description:

X(t) = A(og,0)x(t)+B(og,a)u(t)+E(og,a)w(t), X(0)=xXo,
z(t) = Ci(o,a)x(t)+D(o,a)u(t)+F(o,a)w(t), 4)
y(t) = Caa)x(t) +H(a)w(t),

wherex(t) € IR™ is the state vectory(t) € IR" is the measured output(t) € IR" is the
controlled outputy(t) € IR™ is the control inputw(t) € IR™ is an exogenous disturbance input
withw(t) € %[0, ) andxg is the initial condition. The constantvecr= [a1 a3 ... ar] € /A
represents the polytopic uncertainties of the plant octtinal failures (SILVAet al., 2013) and
(CARDIM et al, 2016). Consider thatr(t) € IKy is the switching strategy which selects at
each instant of time an available subsysiemKy. The matrice\(o,a), B(o,a), E(o,a),
Ci(o,a),D(0,a),F(0,a),Cy(a) andH (a) are constant matrices of appropriate dimensions
and can be described by convex combinations of their vertacebelow:

{[A(a,a), B(o,a), E(o,a), Ci(o,a), D(o,a), F(o,a), Cxa), H(a)

CIJ'[AUJ', Boj, Eoj, Cigj, Doj, Foj, Cyj, Hj]}:A’

M-

J

;
aj >0, jelky, Zajzl, oc Ky, (5)
=1

wherer is the number of vertices of the polytope axds the number of subsystems.

In Chapter 3, the switched linear system (4) and (5) is cameul without control input
(u(t) =0,t > 0), without exogenous disturbanag({) = 0,t > 0) and assuming constant output
matricesCyj = C, for all j € IK;. Therefore, since there is no control inpuft() = 0), only the
switching lawa(t) is responsible to stabilise the system, selecting at eathrinof time an
available subsystem. Figure 1 illustrates this scenario.

In the remainder of this thesis, we assume the presence aéxibgenous disturbance
(w(t)) and that the system control inpui({)) can be considered for feedback. Moreover, in
Chapters 4 and 5 the gain control matisc( i € Ky, ¢ € K;) is also switched considering the
switching signal. The amount of gain control matrices to bsighed depends on the number
of subsystems) and the number of vertices of the polytopg (We consideiN x r control
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Figure 1 - Schematic of the switched system without contrplit U(t)).

:Subsystems |
(1) = Ar(a)x(t)| |
|
__ L<Jiqt) = Aay)]
Switching law | |
B = X(t) = Ag(a)x(t) :
| |
: !
:ﬂ X(t) = An(a)x(t)] |
L |
o
YOyt = Cataxt)

Source: Own author.

gain matrices, that is, for each subsystem jointly with desea gain control matrix is designed.
For instance, if the system is described by two subsystdimsZ) and the uncertainty polytope
with four vertices = 4), one obtains 8 controllers given following the notatiém, Kio,
K13, K14, K21, Koo, Koz andKy4. Therefore, the switching strategy selects the subsystein a
the control gain matrix in each instant of time, as presemdegure 2. In order words, the
proposed switching strategy assigns the index relatedetsubsystem and gain selectian) (
and the index of the control gain matrix selection relatethtoeach vertexif). Therefore, in
each instant of time a control gain matKx;, is selected.
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Figure 2 - Schematic of the switched linear control system.

Controllers

Subsystem 1

K
S ut) = Kopy() w(t)

K12
; \Subsystems
Ky %(t) = Ay(@)x(t) + Ba(a)u(t) + Ex(a)w(t)

Subsystem 2

~

Switching 21

law
22

X(t) = Ax(a)X(t) + Ba(ar)u(t) + Ex(o)w(t)

K2r

Source: Own author.
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3 OUTPUT SWITCHING STRATEGY FOR UNCERTAIN SWITCHED LINEAR
SYSTEMS

In practical applications, the state vector may not be cetept available. In these cases,
it is important to propose switching strategies based onntleasured output of the plant.
Therefore, this chapter is devoted to present results enimgethe output-dependent switching
control.

In this chapter the plant equations are given by the swittinedr system (4) and (5), but
without control input ¢(t) = 0, t > 0), without exogenous disturbanog({) = 0,t > 0) and
assuming constant output matri€gg = C, for all j € IK;, as in (Mainardi Junioet al., 2015).

Assume that the state vectr(t) € IR™ is not completely available, butt) € IR"™ is
accessible for feedback.

Problem 1. Determine a switching strategy(.) : IRP — {1,2,...,N} such that:
o(t)= f(y(t)), forall t >0, (6)

which makes the origin (3 0) of the polytopic uncertain switched linear systéh and (5)
a globally asymptotically stable equilibrium point, sugpa that {t) = 0 and wt) = 0 for
t > 0, and assuming constant output matriceg € C, for all j € IK;.

Mainardi Junioret al. (2015) presented less conservative conditions for Prokblem
described in Theorem 2, than conditions available in theipuos literature. Observe that,
auxiliaries matrice®; € Ky are applied to determine the switching strategy.

Theorem 2. (Mainardi Janior et al., 2015) If there exist € Ay, matrices X, € R™*™,
Xp, € R™<™, symmetric matrices gk € R™<™, §; € RY*™ and symmetric positive definite
matrices R € R™*™, such that

X A A X, + X1 A+ A X,
Pik — Xy, + X2, Aj + Pij = Xg;, + X, A

ij - Xlik +A:] Xéik + H(J - Xlij +A;kxéi]
_Xzik - Xzik - X2ij - Xzij

Qojk + Qukj +2C'OiC 0
< , (7
0 0
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Qojk +C'9,C <0, (8)
foralli € Ky, j € K, and ke K, then the switching strategy

a(y) = arg min(y Qiy) (9)

IE"I(N
makes the origin = 0 of the uncertain switched linear syste@) and (5) a globally

asymptotically stable equilibrium point, supposing thét)u= 0 and w(t) = 0 for all t > 0,
and assuming constant output matriceg € C, for all j € K,.

Proof. Consider that (7) and (8) are feasible. It is known that theimium of a set of real
numbers is less than or equal to an arbitrary convex conbmat these numbers. Then, from
(8) and (9), forx # 0 it follows that:

0> X (Qojk +C' 9, C)x > X Qojx + |gllll<l;: (Y Qiy) = X (Qojk +C' QoC)x, (10)

whereA = [A1 A2 ... An], SN A =1 andA; > 0, for alli € IKy. Observe that (10) can be
rewritten as:

X (Qojk +C' Q6C)x =

X

Alo,a 0 0

In / Qojk +C'O0C 0
) Alo,a)

I
n ] x<0. (11)
Thus, multiplying (11) bya; x ayx and taking the sum from=1to j =r andk=1tok=r,

respectively, from (7), note that:

In ]/ Qojk + Qukj +2C'QsC 0
) 0 0

In
X
Alo,a)
In ] ! Xlo'kAo'j +A/ijiak + XleACIk +A/akxillaj
) Pik — X1+ XookAo + Pk} = X1 +XeojAo]
Pik — X10k + Ag X0k + Pkj — X10j + AgiXao|

In

X
—Xook — Xog — Xeoj — Xo0 A(o,a)
Zi" ia y In " XiokAai + AgiXiok Pic — Xa0k + Ay Xa0k
= k ] I i
k=1 j=1 A(o,a) Pik — Xigk T X20kAaj —Xook — Xogk
|
A x. (12)
A(o,a)

Now, defineP(a) = (a1a1P11+ a10oP12+ ... + arar Py ), X1(0,0) = (a1X101 + 02X102 +
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o Xagr), Xo(0, a) = (01X201 +02X2g2+ - . . + Or Xogr ). Then, from (5) and (12), one has:

0oy I ]' { Xi(o,a)A(g,a)+A(o,a)X!(0,q)
A(o,a) P(a)—X{(0,a)+X(0,a)A(0,a)
P(a)—Xi(o,a)+A(o,a)X5(0,a) In
—Xo(0,a) —X5(0,a) ] { A(o,a) } g
_x| ]/{! o P >}+!X1(GG)I[A(a,a) I, |
Ao, a) P(a) Xo(0, Q) :

0
A(a,a) |
X1 (o,a) Xj(o,a) ] AG.a) X

0 P(a)
Pla) O

In ]x. (13)

= |n A(o,a) } [ Ao, a)

Considering a Lyapunov function candidatéx) = X P(a)x, note that from (5)V (x) > 0 for
x# 0 and from (4), supposing thaft) = 0 andw(t) = 0 fort > 0, and assuming constant output
matricesCy; =C, forall j € K, and (13) it follows tha¥/ (x) = X(t)'P(a)x(t) +xX(t)'P(a)x(t) <
0 for x £ 0. The proof is concluded. O

In order to establish a performance criterion for the svétthinear system (4) and (5),
the following control problem introduces the guaranteest performance (DEAECT@@t al,,
2010), as an extension of Problem 1. This problem was als@ased in Carniato (2016).

Problem 2. Determine a switching strated@) which makes the origin % 0 of the controlled
polytopic uncertain switched linear systgd) and (5), supposing that @) = 0 and wt) =

0 for all t > 0, and assuming constant output matriceg € C, for all j € K,, a globally
asymptotically stable equilibrium point and the guaramteest

I / 2(t) 2(t)dt = / X(t)/C1(0,a)'C(0, a)x(t)dt < LXhlnxo (14)
0 0
holds for a given scalapt > 0 and all initial conditions, ¥ = x(0) # 0.

A solution of Problem 2, that is an extension of the resulesented in (Mainardi Juni@t
al., 2015) for cases where is required a guaranteed cost pexrfmargiven in (14) and related to
the controlled output(t) = Cy (0, a)x(t) defined in (4), is proposed in Theorem 3. Furthermore,
a specification of the decay rate is also considered in thelgmmm The decay rate is defined in
(BOYD et al,, 1994) as the largest positive real constgft such that:

lim X% [x(t) | = 0. (15)
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Moreover, ifP(a) = P(a)’ > 0 is a constant matrix and(x(t)) = x(t)'P(a)x(t) is a Lyapunov
function for a given system, then the conditigx(t)) < —2xV (x(t)) assures that the decay
rate is greater than or equal o

Theorem 3. Consider that there exist € Ay, a scalar u > 0, matrices X, € IR™*"™,
Xp, € R™<™, symmetric matrices gk € R™™, §; € RY*™ and symmetric positive definite
matrices R € R™*™, such that

Pik — uln <0, (16)

X, Alj + Ay X, + X, A "‘Au{kxiij +2Cy;;Crik + 2X (P + )
Pik — Xa,, + XaiAij + P — X, + X2, A
Pik — Xy, +A;jxéit( +Rj— Xlij/+A;kxéij ] <
Xy — X, — Yo, — X5,
Qo; +Qo,; + 2C'9iC 0

0 0|’ (A7)

Qo +C'9,C <0. (18)

Then, the switching strated9) makes the origin x 0 of the uncertain switched linear system
(4) and (5), supposing that (@) = 0 and wt) = O for t > 0, and assuming constant output
matrices G; =C, for all j € IK,, a globally asymptotically stable equilibrium point, theady
rate is greater than or equal tg and the guaranteed coét4) holds for all initial conditions,
Xo = X(0) #0.

Proof. Considering thaCy;;Cyij > 0 and % (Pj+ Rj) > 0, then if (17) and (18) hold, then
(7) and (8) also hold. Therefore, from Theorem 2, the coodgi(17) and (18) assure
that the equilibrium poink = 0 of the controlled system (4), (5), is globally asymptdtica
stable. The proof of the Theorem 2 was performed consideringapunov functiorV (x(t)) =
X(t)'P(a)x(t), whereP(a) = 3|4 i1 ajakPik andPy = Pj, > 0, for all j,k € IK;. Now,
following the same steps used in the proof of Theorem 2, agpb the conditions (17) and
(18), supposing thay;; # 0, from (4), one obtains fox(t) # 0:

/

In Ci(o,a)Ci(o,a)+2xP(a) P(a)
A(o,a) P(a) 0

0> V(x(t)) +2xV (x(t)) + z(t)'z(t), (19)

0> x(t)’

where V(x(t)) = x(t)'P(a)x(t) was defined above. Therefore, from (19,(x(t)) <
—2xV (x(t)). Thus, the decay rate is greater than or equgl.tBrom (5), note tha¥ (x(t)) > 0
for x(t) # 0. Observe that, from (4) and (18)(x(t)) < 0 for x(t) # 0 and thusc() = 0. Now,
integrating (19) from zero to infinity, considering = x(0) # 0, knowing thatV (x(«)) = 0,
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from (16) and remembering that from (&1 +a2+...+ orr)2 =1, it follows that:

J= /oooz(t)’z(t)dt < XpP(a)%o < HXgInXo. (20)

The proof is concluded. O

Now, in order to relax the feasibility of the LMIs from Theone3, based on the results
presented in Liu and Zhang (2003), Teixeira, Assunc¢ao amil#&v2003), Souzat al.(2014),
Deaecto, Geromel and Daafouz (2011) and inspired on thdeFsxdemma (QIU; FENG;
YANG, 2008; MOZELLI; PALHARES, 2011), less conservativentitions are proposed in
Theorem 4.

Theorem 4. Consider that there exist € Ay, a scalary > 0, symmetric matrices §) €
R™<™, Q; € R™*™ and matricessijx = ki € RPN, g = @ € R™™, wi = wi; €
IR™™, Py = Plij € R™ ™ X;, € IR™ ™ X5 € IR™ "™, such that

Wikk — Yikk < Eikk, (21)
Wik — Yijk + (+) < &ijk+ &k K# T, (22)
Ok < Gk (23)
Ok + 0 < @K+ P, K# ], (24)
P > Wik (25)
Pk+Pk > Wik +W, K#J, (26)
Pac—tln < 0, (27)
1 .
> X (ij—l-Pj'k)—uln < 0, k#], (28)
W* > 0, (29)
o < 0, (30)
= <0, (31)
foralli € Ky, j,k€ K, where,

(Wir ... owy
Wi=1| + .. |, (32)

| Wr1 Wy

_§011 e Qrr
= .. |, (33)

(@1 -
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éitn ... dinr
firl firr
Vijk Jijk
Yijk = : (35)
! [(*) _Xzik - Xéik - X2ij - Xéij]
Qo + Qo +2C'OiC 0

- , 36
Yik 0 0 (36)
Bjk = Qo, +C'9,C, (37)

Vik = Xy Aij + A;J-X{ik + XAk + A;kX{”. + 2C/1ijC1ik + 2X(Pik + Fj), ik = Pk — Xqy +
A X5, 4P —Xay + A O =M1+ A2Q2+ . +ANON, A = A1 Az AN]SR A =1,
and A; > 0 for all i € IKy. Then, the switching strated®) makes the origin x= 0 of the
uncertain switched linear systef) and (5), supposing that (i) = 0 and wt) =0fort > 0,
and assuming constant output matrices € C, for all j € K., a globally asymptotically stable
equilibrium point, the decay rate is greater than or equalxt@nd the guaranteed co$t4)
holds for all initial conditions, ¥ = x(0) # 0.

Proof. Take into account the following definitions:

X _ Xl(o—ya)] , T _ In ] ,
Xo(o,0) A(o,a)
=Y a; , Mo,a) = o T axT' ... oT'| . 38
s gmge dow-for or ar] e

Afterwards, consider that (21)-(31) are feasible. Theamfr(21), (22), (33)-(38), it follows
that, forx = x(t) # O:

0> X/A/(U, G)Ei*A(O', CX)X: X ZT/EijkTX> X ZT/ (wijk — yljk) TX (39)

From (35)-(37), note that (39) can be rewritten as:

Vijk Jijk
0>XST
Z ( lﬁi/jk _Xzik — Xéik — X2ij - Xéij

) ) 2 IA.
o120 )1,

Observe that,y (X, Aj + X1, Aik) = 23 Xy, Aj, T (Pk+Fj) = 23 Pk, ¥ (Xgy +Xg;) =
25 Xy, andy (onk +onj> =23 Qo,. Therefore, verify that (40) can also be described as
follows:
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Pk — Xiik + X2, Aij — KXo — Xéik

+C'OC 0
QONO < . )Tx (41)

Then, defineXq(o,a) = a1Xy,, + a2X1,, + ...+ a Xy, Xo(0,a) = 01X, + A2Xo,, + ... +

0 Xop,» Qo) = a101Qoy; +0102Qo,, + A201Qo,, +- .- +arar Qo , Oi(a) = a101Qiy, +a102
Qip, + 0201Qi,, + ... + 0ra;Qi,, Ci(0,a) = a1Ci01 + A2C1g2 + ... + A Caor and P(a) =
a101P11 + a102P12 + axa1P1 + ... + ararBy. Hence, from (5) and (41), considering (38)
andi = g one obtains:

0 ¥T’ <[ Xi(o,a)A(0,0)+ (x)+Ci(o,a)Ci(o,a)+2xP(a)

P(a)—X{(o,a)+X(0,a)A(0,q)
-
)Tx
0 0

=XT' < ) Tx  (42)

Now, considering that the minimum of a set of real number®ss lthan or equal to an
arbitrary convex combination of these numbers, observg fiteen (4), (5), (9), (37), (38) and
definingV (x(t)) = X (t)P(a)x(t), (42) becomes:

Qo(a)+C'9ysC 0
0 0

A'(a,a)]/

_|n

(*)
—Xo(0,a) —X5(0,a) ] -
Ci(o,0)Ci(o,a)+2xP(a) P(a)
P(a) 0

)Tx
+ X
X,}_ [Qo(a)+C’QaC 0

A(o,a)
—,

Ci(0,a)'Cy(0,a) +2xP(a) P(a)] _[Qo(a)+C’QJC 0

P(a) 0 0 0

0> V() +2xV (X) +Zz— X (Qo(a)) x— min(y Oyy)

iclKy
>V(X)+2XV (X) + 72— X ¥ (Qoy +C' Q1 C)x
=V (X) +2XV (X) + 22X Y Ojx. (43)

Consequently, considering a Lyapunov function candidfdsét)) = x(t)'P(a)x(t), where
P(a) was defined above, from (23), (24), (37), note that (43) carepeesented as:

.
0>V (X)+2xV(X)+Zz— > aj Y aX i,

Il
=
~
Il
=

r
>V(X)+2xV(X)+Zz— Y a; > X PikX. (44)
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Now, from (30) and (33), it follows that:

r

)
V(X)+2xV(X)+Zz< X > oapy ak e,

==
_all_ / _all_

V(X)+2xV(X)+Zz< X I L (45)
_arl_ _arl_

Moreover, from (5), (25), (26), (29) and (32), observe tloatx{t) - O:

!

_a I_ B _a I_
all P ... Py all
Vi) =xt) |2 [ s ] TR ),
arl _IDr]_ Prr arl
_a I_ B aql
al| W11 ... Wgr a1|
>x(t) | 2 2 x(),
ar| _er PP Wrr ar|
T
=X(t) > aj Yy aWx(t) > 0. (46)
[ =

Furthermore, from (46), note the(x(t)) > 0, forx(t) # 0. Now, considering thdj, = P,
from (5), (27) and (28) it follows tha®(a) — ul, < 0. Now, from (45),z(t)'z(t) < -V (x(t)),
and integrating both sides from zero to infinity, considgsin = x(0) # 0, knowing that, from
(45) and (46), the equilibrium poirik = 0) of the uncertain switched system (4), (5), and (9) is
globally asymptotically stable, th&n(x(e«)) = 0 and one obtains (14). Therefore, the proof is
concluded. O

The following theorem shows that if the conditions given inebrem 3 hold, then the
conditions given in Theorem 4 also hold. In other words, threditions proposed in Theorem 4
yields at least the same results as the conditions in TheBrekcomparative study regarding
the feasibility of Theorems 3 and 4 will be presented in Exian3pl.

Theorem 5. If the conditions given in Theorem 3 hold, then the condgigiven in Theorem 4
also hold.

Proof. Considering the definitions (35), (36) and the above comltiyjx = Lpi’jk, Vik = y{jk,
then the (17) is equivalent ik — Vijk < O, for alli € IKy andk, j € IK,. If (17) holds, then,
there existéixk = Wikk — Vikk + €I, wheree > 0, is sufficiently small such thagyx < 0, for
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all i € Ky andk € Ky, andéjjx = 0 for k # j, i € Ky, j,k € IKy, such that, (21) and (22)
hold. Furthermore, in this case, the condition (31) alsa$obecause it can be rewritten as
showed in (34). Note that in Theorem By = Pj’k > 0, but it is not necessary th&y =
R for j # k. However, observe that one can also rewR{@r) asP(a) = Sica ajZij +
3554010k (Pr+R) = 3i_1afPjj + Y ajaPy,, whereRy, = Ry = 3 x (P +R),
because from TheoremBy = Pj’k for all j,k € IK;. Furthermore, in the LMI (17) given in
Theorem 3, note thd¥ appears added #&; and thenPj + Fj = Ry, + P\, From Theorem

3 it also follows thatPj, > 0 for all j,k € K. Then, note that, without loss of generality, one
can consider in Theorem 3 thigi = Pﬁj- Therefore, there exist = B — €1, whereg > 0 is
sufficiently small such thaty, > 0 for allk € IK, andwj = 0 for j # k, such that the conditions
(25) and (26) hold. In this situation, the condition (29)dt®lds, because it can be rewritten as
described (32). Now, from definition (37), the conditionYisSequivalent tdj <0, j,k € K.
Hence, when (18) holds, observe that (23) and (24) also lwol@gdf = 6« + €1, wheree > 0

is sufficiently small such thag < 0, for all k € IK;, and @y = O, for j # k andk, j € K.

In this case, the condition (30) also holds, because it carewetten as presented in (33).
Finally, when (16) holds for somg > 0, the conditions (27) and (28) also hold. The proof is
concluded. O

Remarkl. Note that the termg,, = ziN:lAiQi presented in the conditions (8), (18) and (37) of
the previous theorems can be seen as BMIs s@lczmd)\i are variables to be found. However,
if the parameterg; are set to be known, those conditions are LMIs that can beedokurther,
an example will exploit the optimisation of the paramet&rsn order to achieve suboptimal
values for the guaranteed cost.

3.1 EXAMPLE | - SWITCHED LINEAR SYSTEM WITHOUT INPUT CONTROLAND
DISTURBANCE

In order to compare the potentiality of the proposed thesraspresented in this section
a numerical example. The example shows a comparison betiwedaasible region obtained
through the conditions of Theorems 3 and 4. Furthermors,ptésented a comparative study
regarding the guaranteed cost (14).

This example was borrowed from (Mainardi Junedral., 2015). Consider the uncertain
system (4) and (5), supposing that) = 0 andw(t) = 0 fort > 0, and assuming constant
output matricess; = C, for all j € IKy, withr =2, N=3,i € {1,2,3}, j € {1,2} and the
following matrices given below:

2 1 0 hy 1 0 -5 -3 1
A1=13 -5 0|,Ap=1[3 -2 0]|,A1=]|-3 -2 0/,
2 0 -2 2 0 -2 0 2 -2
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-5 -6 1 0 1 0 0O 1 -3
Ap=|-3 hy, O|,A:1=11 -2 O0]|,Ax=1|1 -2 0],
0 2 -2 3 0 -3 3 hs -3
010
Co1=Cyo= . 47
21=C2=| 1] (47)

A comparative study on feasibility analysis and guarantsesd for some pairs dfi; and
hp, whereh; € [-10, 0], hy € [-50, 0] andhg = —(h1+h2)/3 is performed in this example.
Increments of ® and 2 regarding the variablbegs andh, were considered, respectively. Note
that the matriced\», Ax» andAg, depend on the parametérs hy, andhs, respectively. Observe
that the matrixA1» is Hurwitz (i.e., it has all eigenvalues with negative reattp) for allh; €
[-10, —2] and it is not Hurwitz for allh; € [-1.5, 0]. The matrixAz is Hurwitz for all
hy € [-50, —4] and it is not Hurwitz for alh, € [—2, 0]. Moreover, verify that, the matrifs;
is Hurwitz for allhz € [0, 18] and it is not Hurwitz for allh, € [185, 20]. Furthermore, note
that the matrice$\;1 andAgz; are not Hurwitz and the matri&y; is Hurwitz. It was considered
A1 =0.4, A2 = 0.3, andA3 = 0.3. In this example the condition regarding the guarantestl co
(14) is removed, adoptinG111 = C112 = C121 = C120 = C131 = C132 = 0. Thus, note that the
conditions from Theorem 3 of this thesis are equivalent éocttnditions presented on Theorem
5 in Mainardi Junioret al. (2015). Figure 3 shows a comparison between the feasibiengg
obtained through of the conditions of Theorems 3 and 4. N@t the proposed methodology
(Theorem 4) presents a greater feasible region than thainglot with the conditions given in
(Theorem 5) (Mainardi Junicet al, 2015). This fact and the result presented in Theorem 5
show that the conditions proposed in Theorem 4 are less o@ise than that presented in
(Mainardi Junioret al,, 2015).

Furthermore the potentiality of proposed theorems are eoetp establishing the
guaranteed cost as performance criterion, considegirgx(0) = [-0.25 05 —0.75, C111 =
C112=Cj21=C122=C131=C130=Cp1 =Cypyp, in (47) forh; € [-10, —7] andh, € [-30, —12].
Observe that, from Figure 4, the less conservative comdifpsoposed in Theorem 4 reduce the
guaranteed cost when compared to the conditions of Theoreéxddtionally, note that, when
h, < —17, the conditions of Theorem 3 are unfeasible.

3.2 CHAPTER CONCLUSION

In this Chapter, considering an output-dependent switchirategy introduced in Mainardi
Janioret al. (2015), more relaxed conditions were proposed to deal wittertain switched
linear systems. Moreover, the performance criteria (quael cost and decay rate) were
addressed. Theorem 5 showed that if the conditions progodddinardi Junioret al. (2015)
hold, then the proposed conditions (Theorem 4) also holdhEtmore, through Example 3.1,
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Figure 3 - Feasible regions obtained with Theorem 3 and Hmedrwithout the guaranteed
cost specification, where the region obtained with TheoresnlRistrated by( x)
and the region obtained for Theorem 4 is illustrated Ry and(e).
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Figure 4 - Guaranteed cost obtained from conditions of Térad® (gray) and 4 (black).
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it is observed that the proposed conditions yield a largasifde region and a lower guaranteed
cost value compared with the conditions proposed in MainAndioret al. (2015).
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4 ROBUST SWITCHING STATIC OUTPUT FEEDBACK .7, CONTROL OF
CONTINOUS TIME SWITCHED LINEAR SYSTEMS

This chapter is devoted to coping with the problem of desigmobust SOE%Z, switching
controllers for switched linear uncertain systems.

4.1 PREVIOUS RESULTS PRESENTED IN THE LITERATURE

The output feedback controller for the uncertain switcheslesm (4) and (5) is given by

u(t) = Ky(t), (48)

whereKC € R"*" represents a constant feedback gain matrix. Consequtrdlgjosed-loop
system results in

X(t) = A(o,a)x(t)+E(g,a)w(t), x(0)=x
2(t) = Cy(o,a)x(t)+F(o,a)w(t), (49)
y(t) = Caa)x(t)+H(a)w(t),

where,
A(o,a) =A(0,a)+B(g,a)KCy(a),
E(o,a)=E(0,a)+B(0,a)KH(a),
Ci(0,0) =Cy(0,a) +D(0,a)KCy(a),
F(o,a)=F(0,a)+D(0,a)KH(a). (50)

Initially, the approach presented by Chang, Park and ZhO6a5pis introduced. These
results are important to develop the contribution of thiapgter. The following lemma was
presented in Chang, Park and Zhou (2015) and employed tblisktéhe main result of the
work.

Lemma 1. (CHANG,; PARK; ZHOU, 2015) For matrice$’, &, % and </ with appropriate
dimension and a scalg8, the following statements are equivalent:

T *

() : <
BP v+ U —BU —BU'

)

(i) : 7<0, T+o'P +dP <0
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Theorem 6 provides LMI-based conditions for designing a S@% controller. It is
important to stress that this recent design method is lessetwative since it does not impose
any constraint on system matrices and avoids linear mateigealities.

Theorem 6. (CHANG; PARK; ZHOU, 2015) Given a scalgr> O, for known scalar parameters
B andp, if there exist matrices \& R™*, U € RV, and X >0 IR™"™, j=1,2,...,r
satisfying the following LMIs:

Qj; <0, (51)
Qi +Qxj <0, j<Kk, (52)
forall j, k€ K, , with:
He(Aj X+ BjV.7K) * * *
0 — E!+HV'B; —yAl x *
K X+ pZYV'B| +DV.FX Fj+DVHc —I+He(pD}V 7o) " !
BV'B! +CpjX—U.7¥ Hj—UHc  BV'Di—pU% —BU—pU’
(53)
(CChH)1C,, Cy(a)is fixed, G(a) =C, and G is of full rank
FK = Co, Co(a) is fixed, G(a) = C, and G is of non-full rank (54)
Cox, Cy(a) is non-fixed
Iny, ny — nz,
Fo={ 7 Sxtemy] Y= (55)
In,
Ny > Ny,
L O(ny—nz)xnZ

then the systerf#) and (5), for N = 1, is asymptotically stable with the#z, performancey and
the controller gain matrix in(48)is given by

K=K=vul (56)

Proof. See Chang, Park and Zhou (2015). O

Remark2. In Theorem 6 ifp and 3 are set to be known the conditions became LMI which,
when feasible, can be easily solved. As mentioned in (CHAR&RK; ZHOU, 2015), these
parameters are not necessary but they provide extra freendions for the design problem.
Therefore it is possible to use numerical optimisation &rce suboptimal values f@ andp
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to reduce the’%, bound. In (CHANG; PARK; ZHOU, 2015) the function fminsearchthe
Matlab optimisation toolbox (GAHINEEt al, 1994) was used to obtain a locally convergent
solution.

4.2 NOVEL CONDITIONS TO DESIGN STATIC OUTPUT-FEEDBACKZ, SWITCHING
CONTROLLERS

In order to extend the conditions of Theorem 6 for a class ofcéwed systems and also
aiming to design static output-feedbaék, switching controllers for linear uncertain systems,
the following problem is stated.

Problem 3. Find a function {.): IR — [ {1,2,...,N}, {1,2,...,r} ] and gains k € IR"*Y,
I € Kn, ¢ € K, such that the switching strategy

#(t) = F(V) = |o(y) n(y)|. forall t>0, (57)

and the control inpu(48), with IC = Ky, make the origin x= 0 of the controlled polytopic
uncertain switched linear systef#) and (5) a globally asymptotically stable equilibrium point
such that the controlled system satisfies,

/ Aty Z(t)dt < 2 / "Wt w(t)dt. (58)
0 0

Therefore, the’Z, norm of the aforementioned system is less th@DONG; YANG, 2013) for
x(0) =0and wt) € %]0, .

To deal with Problem 3, Theorem 7 provides conditions foriglesg static outputszs,
switching controllers for the switched linear uncertairsteyn (4)-(5), based on the results
presented in (Mainardi Juniaet al, 2015) (Theorem 2), (CHANG; PARK; ZHOU, 2015)
(Theorem 6) and (SOUZAt al,, 2014).

Theorem 7. Consider that for known scalar parametgdsand p there existA € A, a scalar
y > 0, matrices ¥ € IR™*™, Ujc € R, Qpj € R™ ™, Q1 € R™ ™, Qy; € R™*™, and
symmetric matrices X> 0 € IR™*", Oic € RY " such that

Wijic <0, (59)

Wijke +Wikje <0, j <k (60)

Oxjjj <0, (61)
Ohjjk + Orjkj +Oakjj <0, J#K (62)

eAjkq+®quk+®)\qu+®)\kqj+®)\qjk+®)\qkj <0, j<k k<aq. (63)
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foralli € Ky, j,c k,q € K, where

He(A X+ BijVie 7X) — Qoj — Ch; DicCax *
e E/, + HViLB); — Q) — H! GicCa —?l — Qqj — H{ QicHx
e Cuij X+ D-FNiLB; + Dl Vie. 7 Fij + DijVicHk
BVi.B; —l—Cz]Xk U.CJ" Hj — UicHk
* *
—| + He(pDijVicﬁo) *
B\/|£;D|IJ —pUicFo  —BUic — BUj
Quj+C5;QnCaq Qui+CyQuHal L
e)\jkq = /J 2/1 ~ Ak-2a : 2/1 ~ Ak = Z ak)\i Qik (65)
hi+HIQxaCq Q2 +H{QakHg | IS
with .ZX and.%; given in(54) and (55), respectively.
Thus the switching strategy,
6= o n|=argmin(ydcy) (66)
i€lKy

celKy

and the control inpu(48), with I = Ky = Koy, where the controller gains are given by
Kic = VieUict, i € Ky,ce K, (67)

make the closed-loop systdn), (5), (48), (66) and (67) asymptotically stable with thez,
performancey.

Proof. From (5), (59), (60), (64) and considering: ,c = n one obtains:

r r r

r
> kZ aj oWejkn = Z a®Wojjn+ Y Zkalak W ijkn +Wokin )
j=1k=1 i=1lj<

He(A(0, &)X (a) +B(0,@)Von F (@) — Qo(a) — Ca(ar) OonCa(a)
E(o,a)' +H(a)Vg,B(o,a) —Qu(a ) ( )’ QonCa()
Ci(o,a)X(a) +pFNgyB(0,a) +D(0,a)NVen 7 (a)
BVonB(0,a)' +Co(a)X(a) —Ugy.7 (a)

* * *
—V = Qa(a) — H(a)' QopH(a) * * <0
F(o,a)+D(0,a)VepH(a) —l +He(pD(0o,a)VgenFo) *
H(a) _UGnH(a) BVZmD(@a)/_pUUngO _Buon —Buclm

(68)
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Since the inequalities (59) and (60) are feasible, it ingdiem (64) thatJic are no singular, for
alli € Ky andr € K. From Lemma 1 withe = U} [ Co(a)X(a) —UgpF(a) H(a)-

UonH(a) —pUenFo |, #' = |Vs,B(0,a) 0 Vi,D(o,a)| and
He(A(o,a)X(a)+B(g,a)VepZ (a)) — Qo(a) —Cz(a)’anCZ(a)

E(o,a) +H(a)V;,B(0,a) —Qi(a) —H(a)' QonCa(ar)
Ci(o,a)X(a) +pFNgyB(0,a) +D(0,a)Von 7 (a)

g:

—y2l —Qa(a) —H(a)' QonH(a) %
F(o,a)+D(g,a)VenH(a) —| +He(pD(0, a)Ven-Fo)

} , (69)

the inequality (68) results in

He(A(o,a)X(a)+B(0,a)VenZ(a)) — Qo(a) —Cz(a)’anCZ(a)
E(o,a) +H(a)Vs,B(0,a) —Qi(a) —H(a)' QonCas
Ci(g,a)X(a)+pFNsnB(o,a) +D(0,a)Ven.7 (a)

~V?1 = Qz(a) —H(a)'QanH () x
F(o,a)+D(og,a)VenH(a) —1 +He(pD(0, a)Ven o)

B(0,a)Von X(a)C(a) = F(a)Ugy, /
+He 0 Ugy | H(a) —H(a)Us, <0

D(o,d)Van —pFJon

(70)

Rewriting (70),

He(A(o,a)X(a)) x *
E(o,a) —yA
C1(07a>x(a> F(G7a> -
B(o,alVen|  [Z(a)Us,]
+He 0 Uy | H(a)'Ug,
_D(G7G>VU’7_ | pﬁ(l) (lfr)
B(o,aVen ] [X(a)Ca(a) —F(a)Us, ]’
+He 0 Uon | H(a) —H(a)Ub,
_D(O,G)Vgn_ | _pg(l)u(lﬂ’)

Qu(a)'+H

o

a>/QUI]C20'

Q(a) +H(a) QonH(a) =
0

{Qow) +C2(a) QonCa(ar) i *]
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He(A(o,a)X(a))  + =« B(0,a)Von X(a)Ca(a)]’

= E(o,a) —Vl x| +He 0 Usn | H(a)
Ci(o,a)X(a) F(o,a) -l D(o,da)Van

[Qg(a)+C2(a)’anCZ(a) % *]

Ql(a)/+H(a>/QOUC20' QZ(G)+H(G>/QUWH(G> *
0 0 0

[He(A(a,a)X(a) +B(0,a)KenCo(a)X(a)) * % ]

E(o,a) +H(a)Kg,B(o,a) —y %
(Ci(0,a)+D(0,a)KgnCo(a))X(a) F(o,a)+D(0,a)KepH(a) —I
Qo(a) +Co(@) QanCa(a) *
Qu(a)' +H(a)' QonCa(a) Qa(a) +H(a)QopH(a) x| <0 (71)
0 0 0

Using the Schur complement in (71) and considering (50),admains

He(A(0,a)X(a)) +X(a)Ci(a,a)'Ci(o,a)X(a) x
E(o,a) +F(0,a)Ci(o,a)X(a) F(o,a)F(o,a)—yA

B [Qo(or) +C2(a)'QonCa(a) * <o. (72)
Qu(a)’+H(

(a)+H a)’@anCZ(a) Qz(a>+H(G)IQanH(U)

Pre and post-multiplying (72) in both sides {)}(t)’w(t)’} and its transpose

He(A(0, @)X (a)) +X(a)Ci(0, a)'Cr(0, a)X(a) *
E(o,a) +F(0,a)Cy(o,a)X(a) F(o,a)'F(0,a) -y
0 a>+c2<a 'QonCa(a) . D [x<t>]
1 a) QanCz( ) Qa(a)+H(a) QonH(a) )
(a)) +X(a)Ci(0,a)'Ci(o,a)X(a) X
E(o,a) +F(0,a)Cy(o,a)X(a) F(o,a)F(o,a)—

(
Q@) D [ () _[x(t)’ Ca(a)' QonCa(@) - ”x(t)'
Qu(a) w(t)|  [w(t)| [H(a)QanCala) H(a)QonH(a) |
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= (x(t)'Ca(a)’ +W(t)'H(a)’) Qan (Ca(@)x(t) +H(a)w(t)) = y(t) Qony(t).  (74)

From (72)-(74), and consideringt) # 0, note that

xt)]’

[W(t)] ( E(o,a) +F(0,a)Cy(a,a)X(a) F(o,a)F(o,a)—yl

- [Qo(a) . D [x(t)
Qu(a)" Qa(a)| ) [w(t)

Now, from (61)-(63) one has

He(A(g,a)X(a))+X(a)Ci(a,a)'Ci(o,a)X(a) X

—y(t)'Qany(t) < 0. (75)

r r
Z Z Z aj0k0qO) jkg = Za Oy jjj + Z or ak (Ohjik +Oxjkj + Oajjk)

j=1k=1g=1 j1=1j
PP (©2 jka + ©njak + @akjq + Oakaj + Orqjk + Orakj) (76)
j=1j<kk<q
_ [Qo(a) Qua)] , [Caa) Qi (@)Ca(a) c2<a>'9A<a>H<a>] o -
Qu(a)" Q(a)| |H(a)Qy(a)Ca(a) H(a)'Q(a)H(a)
Pre and post-multiplying (77) in both sides F;(t)’w(t)’} and its transpose result in
x(1)] ’([Qow) Qu(a)] , [Cala)'Oa(a)Ca(a) c:z<a>'9A<a>H<a>D [x(t)] _
w(t)] \ [Qu(a) Q(a)]  |H(a)Q(a)C(a) H(a)Qx(a)H(a)| ) |w(t)
x)] [Qo(e) Qu@)] [x®)] e
i () [Ql(a)l Qz(a)] _W(t) +y(t) Q,\(a)y(t)<0. (78)

Now, knowing that the minimum of a set of real numbers is léssitor equal to an arbitrary
convex combination of these numbers it is possible to rew(#®), considering the definition of
9, (a) in (65):

] (_[Qa)

0> — EIL%WQ'CVH wit) ( [Ql(a)’ ()

N He(A(o, a)) +X(a)Ci(0,a)'Ci(a,a)X(a) * X(t)

E( >’+ ( a)'Ci(0, a)X(a) F(o,a)F(g,a)—y4| ) [w(t)

VA X(t)| | Qola) X(t)

> —y(t)' Qx (a)y(t) — Wt>] Oula) Qpla) [ W) +

X(t) / He(A(o, a)X(a)) X(a)Cy(0,a)'Cy(o,a)X(a)

w(t) E(0,a) +F(0,a)'Ci(o,a)X(a)

* X(t)
F(o,a)F(o,a)—y ] [W(t)] (79)
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Therefore, from (79),

He(A(o,a)X(a)) +X(a)Ci(0,a)'Ci(a,a)X(a)
E(o,a) +F(0,a)Ci(o,a)X(a)

x<t>]’[Qo<a> . ”x(t)]_ 0)
w(t)| [Qu(a)" Qo(a) [w(t)

He(A(o,a)X(a)) +X(a)Ci(o,a)'Ci(a,a)X(a)

E(o,a) +F(0,a)Ci(o,a)X(a)

Considering (78) and (80)

*

F(o,a)F(o,a)—yA ] <0 (81)

Considering a Lyapunov function candid&éx(t)) = x(t)P(a)x(t), definingX (a) = P~(a)
and pre- and post-multiplying both sides of (81) V\dlilag{P(a) I } and its transpose and then

Y

pre- and post-multiplying the result in both sides vvﬁﬂ@t)’ W(t)’] , one has

x(t)' | [He(A'(o,a)P(a)) +Ci(0,a)'Ci(0,a) X X(t)
w(t)’ E(a a)P(a )+E(a a)’él(a,a) F(o,a)F(o,a)—y?| |w(t
=V(t)+ — yAw(t)’ (82)
Integrating (82) from zero to infinity
/ t)dt + / 2(t)dt— 2 /
=V () =V (x(0 —|—/0 Z(t dt—yz/ w(t)'w(t)dt < O. (83)

Consideringk(0) = 0, thenV (x(0)) = 0 andV («) > 0. Therefore, from (83) one has

/O "2t 2t)dt < /0 " w(t)w(t)dt. (84)

Thus, (58) holds and thez, performance is fulfilled. Note that from (82) vf(t) = O one
obtainsV (t) < 0 for all x(t) # 0. Hence, the proof is concluded. O

Remark3. As mentioned in Remark 2, to obtain LMI conditions in Theoi@the parametei
andp are set to be known. In Theorem 7, besifeendp, the parameters;, i € IKy need to be
known to have LMI conditions. It is important to highlightaththe parametery, unlike 3 and

p, are necessary for the conditions. As mentioned in Remahelsame discussion concerning
A;j can be drawn for Theorems 2, 3 and 4 since the convex combimatithe parameterk is
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needed. With the purpose of optimising th#&, norm finding the values @8, p andA;, i € Ky,
the DE-LMI algorithm will be introduced later.

Theorem 8. If the conditions given in Theorem 6 hold, then the cond#igiven in Theorem 7
also hold.

Proof. For Theorem 7 assume the particular case whetel and the controller gains are fixed
(’C = K) which yield fixed values fojc = O, Uic =U, Vic =V, O} jxq = ©j andWijxc = Wi.
Therefore, assumin@ =0, itis possible to rewrite (64) as

He(Aj X+ BjV.Z¥) % x %
Woe — E! +HV'B] —yAl * x
K CoXe+ pFNV'B +DV.ZX Fj+DVHc —I +He(pD}V.%o) ]
BV'B| +CpjXc—U.7¥ Hi—UHc  BV'Dj—pU% —BU—pBU’
Wi
—on * * ok
J— /, J— .
A (85)
0 0 0 %
0 0 00
2
and (65) as
Qoj *
Q= [ - . (86)
1j Q2

Note that for this particular case the terny defined in (85) is equal tQ given in (53) of
Theorem 6. Considering that the conditions of Theorem 6 ,hblkeh from (51) and (52) one
has thatwj; = Qjj <0 andwjk + axj = Qjk + Qjx < 0 . Thus, there exists sufficient small
parameterg > 0 andt > 0 such thatwj; + &l < 0 andwjk + wj + Tl < 0. Therefore, from
(85), for the particular case whe@j = —¢l, Qzj = —¢l andQqj = 0, considering (64), then
(59) and (60) hold. Hence (61), (62) and (63) also hold, siRee= —¢l, Qyj = —¢l and
Q1j = 0, becaus®, i, = ©; and from (86)O; = —¢&l < 0. The proof is concluded. O

Corollary 1. Theorem 7 also suits for designing switched output feedi&glcontrollers for
continuous-time uncertain linear systems. These systambe considered a particular case
of the switched systems with=N1.

In Example 1l (Chapter 8) is shown that there exist casesralikee conditions from
Theorem 7 are less conservative than the conditions frororéne 2.
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4.3 CHAPTER CONCLUSION

This chapter covered novel conditions to design switche®& $@&dback controllers for
switched linear systems. Firstly, a recent result intreduimn Chang, Park and Zhou (2015)
was presented. This result is interesting when considéne&OF77, control design, since it
overcomes the LMEs and do not impose any constraint to thgubmatrices of the system
(CRUSIUS; TROFINO, 1999). Following, it is stated the pmol of finding an output-
dependent switching law, jointly with switched controfieto make the origin of controlled
polytopic uncertain swtiched linear system a globally agtotically stable equilibrium point
fulfilling the 7, performance. To deal with this problem, Theorem 7 was intced aiming to
design switched controllers.

Theorem 8 enforced that if the conditions given in the coodg proposed by Chang, Park
and Zhou (2015) hold, then the proposed conditions to desigtthed controllers presented
in Theorem 7 also hold. By means of the examples to be preseantéhapter 8 it is observed
that the proposed conditions yield a larger feasible regioth a lower guaranteed cost value
compared with the conditions proposed in Chang, Park and Zr@15). Finally, Corollary 1
states that the conditions proposed in Theorem 7 also suitsekign controllers for uncertain
linear system, that is, a particular case of switched systeith N = 1.
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5 ROBUST STATIC OUTPUT FEEDBACK .7, CONTROL OF CONTINUOUS
TIME LINEAR SYSTEM SUBJECT TO ACTUATOR SATURATION

In this chapter the problem of dealing with input control swaint, specifically with
systems subject to actuator saturation, is introduced.ithportant to observe that this chapter
does not consider switched systems or switching controk main contribution is to extend
the results presented in Chang, Park and Zhou (2015) fomzants-time uncertain system that
are subject to actuator saturation.

5.1 CONTINUOUS-TIME UNCERTAIN LINEAR SYSTEM SUBJECT TO AGQJATOR
SATURATION

A continuous-time uncertain linear system subject to dotusaturation can be defined by
the following state space description:

X(t) = A(a)x(t) + B(a)satu(t)) + E(a)w(t), x(0)=Xo
Z(t) = Ca(a)x(t) + D(a)satu(t)) + F(a)w(t) (87)
y(t) = Ca(a)x(t) +H(a)w(t)

with x(t) € R™, w(t) € R™, y(t) € R, z(t) € R™ and the definitions already given in Section
2.3.

In this system description saR™ — R™ is a vector saturation function defined as

safu(t)) = [safuy(t)) satup(t)) ...sa(unu(t))]/,

—o, if ut) < -—u
satu(t)) = sgn(u) min{uy, ju|} = ¢ w(t), if [ut) < o , Teky, (88)
u, if ut) > o

wheret, | € K;,, are known positive constants that stands for the actuatdrgation limit
value. Figure 5 illustrates <ai(t)). For easier notation, in the text sat is also used to denote a
scalar saturation function.

Considering the static output feedback(gét)) = sa{Ky(t)), it is possible to obtain from
(87) the closed loop system. It is important to highlighttthae to the saturation, the closed-
loop system is nonlinear. It means that, even assumibpg= O and considering the matrices
combinations that contains the Hurwitz [A(a) + B(a)KCy(a)] for example, depending on
the initial condition the closed-loop system can divergarfithe origin. In other words, there
exist initial conditions¢y such that the trajectories converge to the origin (ix@) — 0 when
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Figure 5 - lllustration of the saturation function @aft)).
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Source: Own author.

t — o) and, on the other hand, there exist initial conditions thattrajectories will diverge
from the origin (i. e.x(t) — o whent — ). A simple way to interpret this statement is to
considerer that there exist a regigfy in which all xo € #Zs will converge to the origin. In this
sense, it turns to be interesting to know the region (or dajr@iattraction #2,], of the system
with the nonlinear behaviour, defined as

Tp 2 {xo ER™: Jim 0(t,%) = o} (89)

wherel (t,Xp) represents the trajectory of the system. It means that th#ses composed by
all the initial conditions¢g that begin insideZa and converge to the origin.

However, the determination of the séi is not an easy task. Therefore, generally, an
estimation of the region of attraction for the system is usstead. An estimation of th&a
involves a positive invariant set. In a positive invariagit all trajectories beginning from within
it will remain in it.

Since in this work the quadratic Lyapunov function is coesadl, it can be applied to
estimate the region of attraction. In doing so, Xgtor) > 0 € R™*™ be a positive definite
matrix, wherea € A, defined in (1), and the Lyapunov function

V(x(t)) = x(t)P(a*)x(t) = x(t)'X (ar) " Ix(t i ajXj, P(a*) =X(a)™t.  (90)

Note thatin this thesis a matr¥(a) denotes a convex combination of matrices as presented
in (90). In order to clarify the notation, in this work, themsigol a*, with for instance a matrix
P(a*), will denote a matrix that depends on the veatgrbut can not be represented by a
convex combination wittr as X(a) in (90). In other wordsP(a) means that the matrix
depends o values but the computation Bfa*) = (a1 X1+ a2Xo+.. .+ anj)—l may involve
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multiplication and sum of the terns; € A;.

Taking into account (90), lef’(P(a*),d) be the ellipsoidal set, based on the Lyapunov
function, defined as:

&P £ {x(t) e R™: x(t)P(a*)x(t) < 8,8 > 0}. (91)
The set represented in (91) is a contractively invarianif set
V(x(t)) = 2x(t)'P(a*)f(.) <0, (92)

for all x(t) € &(P(a*),5)\{0}. If a set is contractively invariant, it is inside the domain
attraction (CAO; LIN, 2003; SAIFlAet al,, 2012). The ellipsoidal set, based on the Lyapunov
energy function, presents the propriety of contractivitthwespect to the closed-loop system,
since the proprietieg (x(t)) > 0 andV (x(t)) < 0 hold. Note that, if a set is contractive relatively
to a system, then this set is also positively invariant. &fae, all trajectories beginning from
within the ellipsoidal set’(P(a*),d) will remain in it and converge to zero (origin). Hence, it
is possible to consider the set (91) as an estimative forag@mn of attraction set (89) for the
closed-loop system, one&P(a*),d) C Za.

The following Lemma and remarks are important to establiskeguivalent condition for
V(x(t)) = x(t)’X (a)~2x(t), in order to compute it.

Lemma 2. Consider the matrix Xa ) given in(90). Then, for all matrices” > 0, anda defined
in (1), the following conditions are equivalent:

(i) :
X(t)X(a) " Ix(t) < x(t)¥x(t), a € A, ¥x(t) #0eR™; (93)

(ii) :
X(E)'XIX() < X()#X(), j € Kr, UX(t) #0e R™. (94)

Proof. From (90) and (93) note that applying the Schur complem®8),ié equivalent to
X(t) [X(a) ™t = 7] x(t) <0, Wx(t) #0€ R™« (95)
_ X(a) | ! Xi |
~X(a) 1+ >06 >0 Sajl ! > 0. 96
) [' 7/] 121][' 7/] =
The necessary and sufficient condition for (96), forcalk A, defined in (90) is

Xj | .
>0, j ek, 97
[I 7/] J r (97)

since that, for a given = 1,i € K;, one hasrj =0 for all j #i € K, and thus (97) is necessary
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for (96). On the other hand, if (97) is feasible, multiplyi(®y) by a; and taking the sum from
j =1 until j =r one has (96) feasible. Finally, applying the Schur complenre(97), note
that (97) results in

V=X1> 06 X< o x(t)XTX(E) <xO)FX(H), j €K VX(t) £A0€R™,  (98)
that is, equivalent to the condition (94). Thus, the proafdacluded. O

Remarkd. Note that, ifx(t) = 0, thenx(t)’X(a)~x(t) < &, state in (93) and (94), holds for all
0 > 0. Now, considering that Lemma2 coversélmatrices, then, in particular, for ad{t) # 0,
it is possible to defing” = () () 0 >0€R. Thusx(t)¥x(t) = ((t))’i?()) 0. Therefore,
from Lemma 2 one has thaft)'X;" Ix(t) < &, for all j € Ky, is equivalent to(t)'X (o) ~x(t) <

o, forall a € A; (1).

Remarks. Note that, to compute (x(t)) = x(t)’X(a)~x(t), given (90) and (91), it is required
to know the values ofr € A\, (1). Since those are unknown values that describe the wnties,
it is not possible to compute directiy(x(t)). In doing so, taking into account Lemma 2
and Remark 4, a method to obtain a region which encompassdilgea € A, involves
to considerer the intersection of the eIIipsoidaI sets jol@¥ by the functions/j(x(t)) =
(t)’Xflx(t), j € K, ie. 1@@( 15) = &(X(a)~1,8). Hence, the representation
Nij= 16(X] ~1 5) is equivalent toga( (a ) 1 ) for all a € A;. Note that, for a specific value of
a e one has thaf)|_; £(X;*,3) € £(X(&)71,9).

5.2 CONVEX HULL REPRESENTATION OF SATURATED CONTROLLERS
Let D be the set ofR™*" diagonal matrices whose diagonal elements are either 1 or 0
(CAO; LIN, 2003).
Dé{QGRnuxnuidiiZO or 1 andd; :O,‘v’i%j} (99)

As an example, iy = 2

10 10 00 00
e S

whered;j,V(i, j) € Ky, x Ky,, are the elements af. There exist 2 matrices in theD set,
labelled as7s, Vs € Kon. Let 75 denotes the element @ set associated with’s, such that
95 =1 — Ys. For simplicity, the following notation is introduced (OVEIRA, 2017):

2N 2" 2"
= Zlas@s, 77(9) =Y 9s%5, with 9s>0¢€Kn, Zlas: 1. (101)
S= s=1 S=
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/
Given the matrixG(a*) = [Gl(a*)’ Go(a*) ... Gp,(a*)'| € R*™ and a known

u

defined following the structure presented in Cao and Lin 800

/
vectoru = [Ul U ... Un} e R™ 1 >0, | € Ky, let the polyhedral setZ(G(a*)) be

2(G(a") 2 {x(t) e R™: |G (a*)x(t)| <T, | € Kn,}. (102)

Taking into account the definition of the, theG(a*) matrix and the controller gain vector
K one has a setZsK + 75 G(a*), se€ Ko} that is composed by some corresponding rows
of K and the rest by rows of the auxiliary matgXa*) (HU; LIN; CHEN, 2002). Note that, as
stated in (CAO; LIN, 2003), for any(t) € .Z(G(a*))

sa(Ky(t)) € co{ ZK + Z5 G(a*), s€ Ko}, (103)

with co(.#) representing the convex hull of a set. It is important to stress that (103) can
be used only ik(t) € .Z(G(a*)). Therefore, itis necessary to guarantee that the trajestof
the closed-loop system will remain within the S&(G(a*)). In Section 5.5 it will be shown an
additional condition such tha&(P(a*),d) C £ (G(a*)) holds. Knowing that?’(P(a*),d) is
contractively invariant with respect to the closed-looptsyn, and¢’(P(a*),d) C Z(G(a*))
and based on the notation given in (101), from (87)g&f) can be represented as

2Mu

sa(u(t)) = satKy(t)) = Zﬁs[%(Ky(t)) + %5 G(a™)X(t)]

=2(9)(Ky(t)) + 2 (9)G(a")x(t)
= 9(9) (KCa(a)X(t) + KH(a)W(t)) + 2~ (8)G(a*)X(t). (104)

Considering the representation above, the notation gingi@1), then substituting (104) in
(87), one has

X(t) =A(a,3)x(t)+E(a,9)w(t)
2(t) =Ci(a,d)x(t)+F(a,9)wt) (105)
y(t) = Caa)x(t) +H(a)w(t)

where,
Ala,9) = A(a) +B(a)[2(8)KCa(a) + 7 (8)G(a")]
E(a,9)=E(a)+B(a)D(8)KH(a)
Ci(a,9) =Cy(a) +D(a)[2(8)KCo(a) + 7™ (8)G(a")]
F(a,9)=F(a)+D(a)2(3)KH(a). (106)
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5.3 OPERATION REGION

In case of nonlinear systems (ALVES al, 2016), represented by a T-S fuzzy model,
in which the nonlinear functions of the model usually musveha bounded supremum
and a bounded infinimum, an operation region should be detoeglarantee the exactly
representation of the system. Further, it is possible tandedin operation region, even for
a linear system, to consider the inherent bound and restricif the actual plant. Let the
polyhedral set for the operation region be defined as

X (M) £ {X(t) e R™: [Njpyx(t)| < ¢h,Vh € Ky, }, (107)

where V' = [N}y N5 - Nl e R ™ ando=[@ @ ... @] €R™ are known.
Observe that, may be, for instance, the number of state variables whiclis¢e be
considered bounded for the controller design. Clearlyntuee that the system trajectory will
not deviate from the limitation value®), previously established by the designer, it is required
that the contratively invariant sét(P(a*), d) to be inside the set’ (V). For this purpose in
Section 5.5 it will be presented a condition such #éP(a*),d) C X' (N) is ensured.

5.4 ON ENLARGING OF THE CONTRACTIVELY INVARIANT SET (ESTIMAIVE OF
THE DOMAIN OF ATTRACTION)

We may choose the “largest” ellipsoid to obtain the leastseovative estimate of the
domain of attraction (HU; LIN; CHEN, 2002).

Let 2" € R" be a prescribed bounded convex set containing the origie. réion.2” is
defined as a polyhedral set:

2 =wco{wy, ..., Wn }, >0 (108)

wheren, is the number of vertices of the convex polyhedron.

Thus, if the constrain?2” C &(P(a*),d) is enforced, it is possible to maximize the variable
w in order to obtain a less conservative estimation of the dowifzattraction. In other words,
if the polyhedral set is?” is inside of the contractive sét(P(a*),d) and by the maximization
of the w the set?” is "enlarged”, consequently the g&tP(a*), d) is "enlarged" as well, since
2 C &(P(a*),d) hold. Remember thaf (P(a*),d) C Za, with Za defined in (89). That is,
the ellipsoidal set is an estimation of the domain of attosact

The condition where the constraitt™ C &(P(a*),d) is ensured, will be presented in
Section 5.5, as well as an illustration of the sets condgain
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5.5 SETS CONSTRAINTS

As stated in the last subsections some sets constraintegueed to cope with a closed-
loop system subject to actuator saturation and limited bg@eration region considering the
enlargement of the contractively invariant set. To this, ¢nel following constraints are required
to be ensured:

(i) &(P(a*),d) C Z(G(a*)): The set&(P(a*),d) is contractive invariant with respect to
the closed-loop system, thus, all trajectories beginniitgiwit, will remain inside the
set and converge to zero. ThereforeifP(a*),d) C Z(G(a*)) it is ensured that
the trajectories will remain inZ(G(a*)), then the saturation can be represented by
safu(t)) = Z(9)(Ky(t)) + 27 ()G (a")x(t).

(i) &(P(a*),d8) C X(Np): Since the trajectories will remain #i(P(a*),d) and it is inside
X (Nh), the state variables will not deviate from the limitatiodues specified by the
designer.

(i) Z c&(P(a*),d): Ifthe set2” is kept insides’(P(a*), d), thus aiming to "enlarge" the
ellipsoidal set one may "maximize" the sgt, related to the scalaw.

Itis important to highlight that the constraint (i) is recgd in the design in order to represent the
saturation as described in the Section 5.2. However, thstiants (i) and (iii) are optionals,
which should be employed by the designer if it is needed tsicen an operation region and
"enlarge” the ellipsoidal set.

Figures 6 and 7 illustrate the sets aforementioned and aism@es of trajectories, in
R? andR3, respectively. The arrow indicates the direction of theteory over time. The
following three lemmas are devoted to ensure the constpaggented in (i), (iii) and (iii),
respectively.

Lemma 3. Define,Z(a) = zgzla,-zj, (a)= Zﬁzlajzj(l)’ je K,

/
= ! ! / NuxNg
Z‘_[Zi(l) G Zj(nu)} eRMTH ek
/

Z(a) = [5(1)(0)' {(a) ... Z(nu)(a)'} , 1€ Kp, (109)

Then, given the set§(P(a*),d) in (90) and (91) and .Z(G(a*)) in (102), the constraint
E(P(a*),0) C Z(G(a*)) is satisfied if the condition

—2571 )
lul / 510)] >0, (110)
Gay X

holds for all j€ K and | € Ko, with P(a*) = X(a)~tandG(a*) = Z(a)P(a*).
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Figure 6 - Representation Ik® of the setss’(P(a*),d), £ (G(a*)), X (M), 2 and state
trajectories.

Set related to the saturation (102) Ellipsoidal set (91)

\X(Q(a*) Enlargement set (108)

X (M) N . .
Operation Region (107)

Source: Own author.

Figure 7 - Representation Id® of the setsg(P(a*),d), Z(G(a*)), X (M), 2 and state

trajectories.
X (M) -
/ ’\\ - -
/ i //% /‘)\
< \///// el \'\0(0’0‘ ...................... % e I
o7 ! A// —
2 - = d \
£ 29

7 1
7 5 .
e

\_&(P(a),5

Source: Own author.
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Proof. Firstly, multiplying (110) byaj, wherea = [a1 a2 ... o] € A and taking the sum
fromj=1toj=r, from (90) and (109) one obtains

[UF(S‘l Z|(0>] ~0. (111)
G(a) X(a)| —

Pre- and post multiplying (111) by diéty, P(a*)}, whereP’ (a*) = P(a*) = X(a)~%, one has:

upst Gi(a)P(a*) ]:[ ot G(eP@)] 112)
P(a®)gi(a) Pla)X(@)P(a’)]  [Pa)g(a) Pl [~

Applying the Schur complement based on the elen®éot’) in (112), it follows that:
P(a*) - P(a*)¢i(a)'t; 284 (a)P(a*) > 0. (113)
Defining G (a*) = ¢ (a)X(a)~t = ¢ (a)P(a*), therefore from (113)
P(a*) > 126G (a*)'G (a*). (114)
Pre- and post multiplying (114) by(t)" and its transpose, fo(t) # 0,
X(t)'P(a*)x(t) > T 26x(t) G (a*) G (a*)x(t). (115)

If x(t) € &(P(a*),d) itimplies thatx(t)'P(a*)x(t) < 8. Therefore, from (115), it follows,

5 > x(t)'P(a*)x(t) > T 20x(t)'G(a*)' G (a*)x(t) (116)

and then
o > X(1)'Gi(a*)G (a*)x(t) = |Gy (a*)x(t)|? (117)
Hencex(t) € Z(G(a*)) and consequently (P(a*),d) C Z(G(a*)). O

Lemma 4. (ALVES, 2017) The conditiofi(P(a*),d) C X (N}y) is ensured if the following
conditions hold

B A
XiNg X
for all n, € Kp,, j € Ky, with P(a*) = X(a) L.

>0

— Y

(118)

Proof. Firstly, multiplying (118) bya;, aj > 0 and taking the sum from=1to j =r, from
(90) and (118) one obtains

> 0. (119)

& NX(a)
X(a)Ny  X(a)
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Pre and post multiplying (119) by diéd, P(a*)}, with P(a*) = X(a) ™%, then

%
[? N ] > Q. (120)
N{ P(a¥)

Then, applying the Schur complement in (120), one has

P(a*) — Nj@ 26N, >0,
P(a*) > Nyo 20N, (121)

Pre and post multiplying (121) by(t)’ and its transpose it follows that
X(t)'P(a*)X(t) > X(t) M@ 2ONnX(t). (122)
Considering(t) € &(P(a*),0), from (91) one hag(t)'P(a*)x(t) < 9, then

3 > x(t)'P(a*)x(t) > x(t) N 20NwX(t)
@ > X(t) MINRX(1). (123)

Thereforex(t) € X (M), consequently’ (P(a*),d) C X (Ah). O

Lemma 5. The constraintZ” C &(P(a*),d) is ensured if

o Wyl (124)
%w Xj

Is satisfiedvg € Ky, , where i is the number of vertices of the convex polyhedron.
Proof. Firstly multiplying (124) byy'_; a;j x 5 " ; 6, considering (90) anély > 0,y ;" ; 65 =

1, g€ n_one has

o ww®) (125)
w(0)m X(a)

Applying the Schur complement in (125), then

o — ww(0)'P(a*)mw(68) > 0. (126)

Therefore, it follows thatow(0)'P(a*)wmw(8) < é and consequentlyow(6) € &(P(a*),d),
foranyow(8) € 2. Therefore, 2" C &(P(a*),d). O
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5.6 %, PROBLEM CONSIDERING OPERATION REGION AND LINEAR SYSTEMS
SUBJECT TO SATURATION

In order to deal with the’ZZ, control problem for systems under constraints, as exaniple o
the actuator saturation and region of operation, it is a&si@ limiting value of the disturbance
w(t) energy instead of consideringt) € %, as presented in the previous sections. In doing
so, consider the energy-bounded disturbam@g € # and a positive constast such that

W e {W(t) €RM : /Ooow(t)’w(t)dt < s}. (127)

The following problem is based in Oliveigd al. (2018) results, inspired by Lext al. (2015).

Problem 4. Given the energy-bounded disturbandgwe # in (127), a slack variablep > O,
a constantp > 0 as well as a constant > 0, determine an output-dependent control law that
satisfies the following three statements (OLIVEIRA et 81.8):

(i) forw(t) =0,t > 0, the uncertain linear syste(d05), (106)and (5) is locally asymptoti-
cally stable for all X0) € & (P(a*), &+ ¢ '¢) and the ellipsoids’ (P(a*), g0+ ¢ ~1¢)
is an invariant subset of the domain of attraction (i.e., (@xbelongs to this set, then
X(t), t > 0, will also stay in this set).

(ii) forw(t) #0,if x(0) € & (P(a*), &), then Xt) € & (P(a*),&+ ¢ '¢), forallt > 0.

(iii) for w(t) # O, if x(0) = O, then the linear systeril05), (106) and (5) has an %,
guaranteed cosf = /i > 0, such that

/0 "2t 2tk < 2 /0 " wit)'wi(t)t (128)

and xt) € & (P(a*),¢ 1), forallt > 0.

Remark6. (SAIFIA et al, 2019) Note that, the lower value gf= ,/[1, the better attenuation
of disturbance effect(t)) in the controlled outputA(t)). Although, a lower attenuation yields
smaller estimation of the region of attraction. To achiegoad rejection of the disturbance
with the compromise of a larger region of attraction, it pbkesto minimize the value oft — .

In order to deal with the Problem 4 the Theorem 9, based onréhe6 (CHANG; PARK;
ZHOU, 2015), is proposed.

Theorem 9. Consider the system described (h05) (106) and (5) subject to actuator
saturation, a energy bounded disturbance and an operaggionX’ (A}) (107), wheret € R™,
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N e RN @ecKy,, & >0, € >0and¢ are known. For also known scalar parameters
p, B and y > 0 suppose that there exist symmetric matricgs>X0 € R™*™, matrices

/
Zi= 4 Go o Gny| ERW™VERM ™ andUe RV satisfying,
®j; <0 (129)
Pj+ Py <0, j<k (130)
He(Aij+Bj (PN F+ Ds Z4]) (%)
cD'k _ EI + HéV/@éBlj _¢71|
: C1jX+PFN' DB, +Dj (DN Fi+ 75 2] Fj+Dj 2V Hy
Czjxk—Uﬁk—l—BV’.@éB’j Hj —UHg
(*) (*)
(*) (*) <0 (131)
—¢y?l +He(pDj 2V Fo) (%)
BV'ZD, ~pUF  —BU —pU’
_®
A )Jé') >0 (132)
10 j
_® .
EotéTe) N >0 (133)

with .7 (54) and % (55) for all j and ke K, | € K, he Kp, s€e Kou, Z €D, Y5 =

| — 9. Then, the control gain K= VU1 with X(a)~! = P(a*) satisfies the statements of
Problem 4. Moreover, (x) € X' (Ny)(operation region) for all > 0 and the sets constraints
E(P(a*),e0+ ¢ 1e) c Z(G(a*)) and&(P(a*), g+ ¢ ~1e) C X(Nh) hold.

Proof. Consider the Lyapunov function candidate (90). FirstlgnifrLemma 3 and Lemma 4,
note that (133) and (132) ensuf¢P(a*), &+ ¢ ~te) C 2 (G(a*)) and& (P(a*), &+ ¢ te) C
X (M), respectively. From (5), (129), (130) and (131), one has

r r r

J:lkzlajakcbjk = j:1aj2¢jj + jzlgkajak (CDjk—i—Cij)
He(A(a)X(a) +B(a)[2V 7 (a) + Z5 Z(a))) (%)
_ E(a)'+H(a)V'7/8(a) e

Ci(a)X(a)+pFN'2B(a) +D(a)[Z2V.F(a)+Zs Z(a)] F(a)+D(a)ZVH(a)
Co(a)X(a)—U.Z(a)+BV'28B(a) H(a)—UH(a)
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(%) (%)
(%) (%)

<0 (134)
~¢y? +He(pD(a) 2NV Fo)  (¥)
BV'2D(a) — pU.% —BU — BpU’
Applying Lemma 1 in (134) with? + 2«7 + /' &', note that
He(A(a)X(a)+B(a)[2V Z (a)+ P Z(a)))
T = E(a) +H(a)V'2B(a)
Ci(a)X(a)+pFN' ZB(a) +D(a)[ZV.F(a)+ D5 Z(a)]
(%) ()
-1 (%) <0,% =U,
F(a)+D(a)ZVH(a) —¢y?l +He(pD(a)ZV Fo)
B(a) 2V
7=| 0 |.@=U"|Cla)X(@)-UF(a) H(a)-UH(a) —pUFo|. (135)
D(a)ZV

Performing the variable changifg= VU1, observe that

B(a)ZV.%(a) —B(a)ZVH(a)
T+ Pd+d' P =T+ 0 0
D(a)ZKCy(a)X(a) D(a)ZKH(a)
i < —D(a)@&f(a)) <—D(a)@sVH(a)
<X(a)’cz(a>'K'@;B(a>'> 0 (xmycz(a)'K’@gD(a)')
N ~Z(a)V'9B(a) ~Z(a)V'2D(a)
H(a)K'2B(a) —H(a)V'2B(a) 0 H(a)K'2D(a) —H(a)V'ZD(a)
—pFN'2B(a) 0 —pFN'2D(a)

'<B<a>@sr<cz(a)><(a>—> (Bm)%“(")) pB(a) 7V o]

0

) —pD(a)ZsV Zg

<0.

(136)
Rewriting (136), it follows that

<He(A(or)X(a) +B(a)[2V.Z(a) + @Szm])

+B(a) Z¢[-V.F (a) + KCy(a)X(a)])
E(a)+H(a)V'2B(a) +H(a)K'2B(a) —H(a)V'2B(a)
(Cl(a)x(a) +p.ZN' ZIB(a) +D(a)[2N F (a) + @;Z(a>]+>

D(a)Z5[KCy(a)X(a) —V.Z(a)] — pFN' 2B(a)



5.6 J%, PROBLEM CONSIDERING OPERATION REGION 57

—¢~ (+)
F(a)+D(a)ZVH(a)+D(a)ZsKH(a) — V2l +He(pD(a)ZV F) <0
—D(a)ZVH(a) —He(pD(a)ZsV %)
(137)
Performing the operations, from (137) one has
[ [He(A(a)X(a)+B(a)[2KCa(a)X(a) (+) (+)
+%5 Z(a)])
E(a) +H(a)'K'Z2B(a) —o 1 (%) < 0.
Ci(a)X(a)+D(a)[ZKCo(a)X(a)
( Lo: Z(a)]> F(a)+D(a)ZsKH(a —¢v2l
(138)

Pre- and post-multiplying (138) by di&B(a*),l,1} in both sides, considerin®(a*) =
X(a)~1, one obtains:

(He(P(a*)A(a)+P( “)B(a )[@SKczm)) ) )
+%s Z(a)P(a™)]) <0
(E(a)'+H(a)K'7¢B(a))P(a”) —¢~ 1 (%)
Ci(a) +D(a)[ZKCo(a) + Z5 Z(a)P(a*)] F(a)+D(a)ZKH(a) —¢y?l
(139)
Considering the variable changigga*) = Z(a)X(a)™1 = Z(a)P(a*), then
(He(P(a*)A(a)+P(a*)5<a)[@SKcz<a)> ) )
+25 6(a) o
(E(a)"+H(a)K'Z¢B(a))P(a”) —¢~H (%)
Ci(a) +D(a)[ZKCo(a) + D5 G(a*)]  F(a)+D(a)ZKH(a) —¢y2l
(140)

Multiplying the result byJs, 95 > 0, zznu Js =1 and following the notations (101) and (106),

then B
{HeN(P(a*)A(a,B)) (%) (%) }
E(a,3)P(a*) —¢71 (%) <0 (141)
Ci(a,9) Fa,8) —¢y2

Applying the Schur complement, note that

[He(P(a*)/X(a,a)) (%) ]+
E(a,3)P(a*) —¢ 1

Ci(a,9)
F(a,9)

]‘P y- 2'[ 1(a,9) If(a,ﬁ)]<0
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He(P(a*) Aa 3))+¢- ly=2Ci(a,9)'Ci(a,d) (%) -0
E(a,9)P ( )+ ¢ty ?F(a,9)Ci(a,9) ¢ty ?F(a,9)F(a,9)—¢? .
(142)

Considering a Lyapunov function candidatex(t)) = x(t)’P(a*)x(t) and the system (105), one
has

V(x(t)) = X(t)P(a*)x(t) +x(t)P(a")X(t)
= (X(t)A(a, 9)" +w(t)E(a,9))P(a”)x(t) +x(t)P(a*) (A(a, 9)x(t) + E(a, 8 )w(t))
= x(t)'A(a,8)'P(a*)x(t) +W(t)'E(a,d) P(a*)x(t)+
X(t)'P(a*)A(a, §)x(t) +x(t)P(a*)E(a, 9)w(t)
=x(t)' (Ala) +[2(8)KC(ar) + 7 (8)G( )
+B(a)[2(8)KCa(a) + 27 (8)G(a*)])x(t) +w(t) (E(a)’
+H(a)K'2{B(a) )P(a*)x(t) +x(t)P(a*) (E(a) + B(a
=X(t)'(A(a)’P( ) +P(a”) (
27 (8)G(a")x(t) +2(9)KH (a)w(t)] + E(a)w(t)) +x(t)’
7~ (9)G(a") +Z(9)KH (a)w(t)]'B( ’ a®)x(t). (143)
Admitting thatx(t) € .Z(G(a*)) defined in (102), and the saturation in (143) represented as |
(104) then, it is possible to rewrite (143)

V(x(t) = x(t)[A(a)'P(a*) +P(a*)A(a)]x(t) +satKy(t))'B(a) P(a™)x(t)
+x(t)'P(a*)B(a)satKy(t)) +w(t)'E(a)' P(a*)x(t) +x(t)'P(a*)E(a)w(t) < 0.  (144)

Bearing in mind the following multiplications,

2(t)'2(t) = (x(t)'Co(a,9) +w(t)F(a,9)) (Ca(a, 9)X(1) + F(a, 9)W(t))
= X(t)/'Cs(a1,8)'Cu(a, 9)X(t) +X(t)'Co(ar,9)'F (a1, 9)w(t)
+W(t)'F(ar,8)Caa, 9)X(t) +W(t)'F (a,8)F(a,9)w(t),  (145)

then, pre and post-multiplying (142) in both sides[lm)’ w(t)’} and its transpose it follows
that
A(a,d)P(a*)+P(a*)A(a,d) +¢ 1y 2Cy(a,9)'Ci(a,d)
E(a,9)P(a*)+¢ 1y 2F(a,9)'Ci(a,d)
(%) X(t)
¢ty 2F(a,9)F(a,9)—¢ 1 | [w(t)
= X(t)'Ala, 8)'P(a*)X(t) +X(t)P(a*)Aa, 8)x(t) +X(t)9 'y *Cu(a,8)'Cr(a, 9)x(1)
+w(t)E(a,8)P(a*)x(t) +w(t)'¢ "ty *F(a,8)'Cr(a, 9)x(t) +X(t)P(a*)E(a, 8 )w(t)

Xy wity|
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+X(t)'9 "y 2Cu(a,9)'F (a,9)W(t) +w(t)' ¢ty 2F (a,9)F (o, 9)w(t) — ¢~ w(t)w(t).
(146)

Taking into account (143), (145), and (146) we have

V(X(t) + Ty 22(t) 2(t) — ¢ w(t)'w(t) < O (147)

From now, it is possible to verify that the proposed conteoV Isatisfies the aforementioned
statements.

(i) Statement 1\(t) = 0]:

From (90) and (105), ifx(t) € &(P(a*),& + ¢ 1e) and w(t) = 0, knowing that
E(P(a¥),e+ ¢ 1e) C Z(G(a*)) and&(P(a*),g0+ ¢ 1) € X (N), from (147) one
has

V(x()) < =ty 2z(t)'z(t). (148)
It is possible to observe that (148) implies\irix(t)) < 0 for all x(t) € &(P(a*), & +
¢~1e)\{0}, sincegp 1y 2[5 z(t)'z(t) > 0. Therefore, fom(t) = 0, the linear system
(105) is asymptotically stable for at(0) € &(P(a*), &+ ¢ 1e).

(i) Statement 2\(t) € #/, w(t) # 0 andx(0)'P(a*)x(0) < &):
If X(0) € &(P(a)*, &) thenV(x(0)) < & and from (127) one ha§) w(t)'w(t)dt < €.
Integrating (147) from zero to, t > 0, and knowing thatp 1y~ fo Z(t)'z(t) > 0 and
y2 > 0, one obtains:

V(x(t) <V(x(0)+¢ 2 tw<t>’ - 2/

-I-c,b/w

<g+¢ e, t>0. (149)

Thus,V (x(t)) < &+ ¢ L& for all t > 0. Remembering thaf' (P(a*),s0+ ¢ L&) C

X (Nh) and&(P(a*), e+ ¢~ te) C Z(H(a*)), thenitis ensured that the state trajectory
started in an initial conditiorx(0) € &(P(a*), &) will remain within &(P(a*),& +

¢ 1e)\o&(P(a*),e + ¢ 1e), for all t > 0, where 9& (P(a*),&+¢ 'e) is the
boundary of8 (P(a*),&p +¢1¢).

(iii) Statement 3 (t) € #/, w(t) # 0 andx(0) = O]:
Integrating (147) from zero tg t > 0, havingx(0) = 0 and consequently(x(0)) =0

s /w tdt < —¢~ y/ (150)
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Knowing that ~1y—2 5" z(t)'z(t) > 0 andw(t) € #, it follows that
Vi) <67 [T wt wiodk < 9t 120 (151)

Observe thaV/ (x(t)) < ¢ 1&,t > 0. Thenx(t) € &(P(a),¢1¢), for allt > 0. As well
as it is a particular case of (149) with = 0.

Moreover, a®/ (x(t)) > 0, from (150) one has

/0 "2t 2t < /0 " w(t)w(t)dt. (152)

Thus, (128) holds and th&?, performance is fulfilled.

Since the three statements of Problem 4 are satisfied, tléiprooncluded. O

Remark?7. According to Remark 2 it is possible to search suboptimaleslifor3 andp to
reduce thes%, bound. In Theorem 9 another slack variaplgpresented ins’(P(a*), & +

¢ lc)) was introduced. Therefore, when considering the actuséduration numerical
optimisation allows to search suboptimal valuesfoip and¢ in order to achieve a reduced
I bound and a better estimation of the region of attraction.

5.7 CHAPTER CONCLUSION

In this chapter the robust SO, control design for linear system subject to actuator
saturation, considering parameter-dependent Lyapunoetitn, was addressed. Firstly, to
obtain an estimation of the region of attraction, the edligal set, based on the Lyapunov
function, was explored. Additionally, the convex hull repentation of saturated controllers
introduced in (CAO; LIN, 2003) was described. Subsequeintlgrder to consider an operation
region and a better estimation of the domain of attracti@enréspective sets were introduced.
Moreover, to ensure that the saturation can be represestedeaconvex hull and that all
trajectories beginning within in it will remain inside thetsand converge to zero the sets
inclusion were assured. Furthermore, the set constrantensider the region of operation
and the ellipsoidal set "enlargment” were introduced. Teowith the 7, control for systems
subject to actuator saturation the control problem, bas&diveiraet al. (2018), was presented.
In order to deal with the previous problem, Theorem 9 was @sed. It is important to stress
that, to the best of the author’s knowledge, no previoudiesuliterature explore the SO,
control design for linear system subject to actuator séituraconsidering parameter-dependent
Lyapunov function and based on (CHANG; PARK; ZHOU, 2015)raagh, which one allows
the output matrices of the system to be not of full row rank avaids LME constraints.
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6 ROBUST %, SWITCHED STATIC OUTPUT FEEDBACK CONTROL OF
CONTINUOUS TIME SWITCHED LINEAR SYSTEM SUBJECT TO
ACTUATOR SATURATION

This chapter introduces the design of switched static dugmdback controllers to cope
with the %, control problem for linear switched systems subject to @ctusaturation. In
doing so, the results presented in Chapters 4 and 6 are eoedid

6.1 SWITCHED LINEAR SYSTEMS SUBJECT TO ACTUATOR SATURATION

Consider the continuous-time uncertain switched lineatesy with actuator saturation
defined by the following state-space realization:

X(t) =A(o,a)x(t)+B(o,a)safu(t)) + E(o,
Z(t) =Cy(o,0)x(t)+D(0o,a)satu(t)) + F
y(t) = Ca(a)x(t) +H(a)w(t)

with x(t) € R™, w(t) € R™, y(t) € R, z(t) € R™ and the definitions already given in Section
2.3. The function sat was defined in Section 5.1.

, a)w(t; (153)

6.2 SWITCHED CONTROL SUBJECT TO ACTUATOR SATURATION

Chapter 4 introduced a switching strategy (66) law, by meanauxiliary symmetric
matrices@ic, that determine the value of the indexes= Ky andn € K, that selects the
subsystem and the output feedback gain, respectively. Wiehed control law was defined
as

u(t) = Kany(t), (154)
following equations (48) and (67).

Taking into consideration the convex hull representatibsaturated controllers in Section
5.2 itis necessary to redefine the set of the auxiliary megraonsidering the switched control
/
law. For this purpose, given th@c(a*) = [Gic(l)(a*)’ Gicp)(a®)" ... Gic(nu)(a*)} €
RN with i € Ky, ¢ € K; and a known vectan = [Ul U ... Unu} eR™ T >0, 1 €Ky,
let the polyhedral se”’(Gic(a*)) be defined as in Alves (2017)
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If X(t) € Gic, Vi € Ky andvc € Ky, thenx(t) € Ggp.

Since the same Lyapunov function is used along the work,ahesontractively invariant
set&’(P(a*), d) is given as an estimation of the domain of attraction. Caerditat the condition
E(P(a*),0) C Z(Gic(a*)) holds (to be demonstrated in Section 6.3), then the satlrate
switched control law sati(t)) = sa{KgnY(t)) can be represented as

2n
sa(u(t)) = sa(Kony(t)) = ;85[95(K00y(t>) + 75 Gon(a”)X(1)]

[

= 2(8) (KonC(a)X(t) + KanH(a)W(t)) + 2~ (8)Gon (a*)X(1). (156)

Considering the representation above and the notationOh)(X¥eplacing (156) in (153)
one obtains the following closed-loop system,

x(t) =A(0,a,9)x(t)+E(o,a,d)w(t)
2(t) =Ci(0,a,9)x(t)+F(o,a,d)w(t) (157)
y(t)  =Caa)x(t) +H(a)w(t)

where,
,&(0, a,9)=A(0,a0)+B(0,a)[2(8)KenCo(a) + 2 (8)Gon(a™)]
E(o,a,9)=E(0,a)+B(0,a)2(8)KgpH(a)
C1(0,a,9) =C1(0,a) +D(0,0)[2(8)KenCala) + 2~ (8)Fon(a*)]
F(0,a,9)=F(0,a)+D(0,a)2(3)KsnH(a). (158)

6.3 SET CONSTRAINT

Taking into account the Section (5.5) and the $&tGic(a*)) previously defined in this
section, the conditiod’(P(a*),0) C Z(Gic(a*)) ensures that the trajectories will remain in
Z(Gic(a*)). Therefore, the following lemma is announced.

Lemma 6. Define,Zic(Or) = ZE:]_ ajZijc, Zic(l)(a) = ZE:J- ajzijc(”, j I~ Kr,
!/
Zijc = [Ziljc(l) Sl - Ziljc(nu)} e R™ ™ ieKn,ceKr,jek
!/
Zic(a) = [Zic(l)(a)' iz (@) ... Zic(nu)(a)'] , 1eRn,ceKr,l €K, (159)

Then, given the setg’(P(a*),d) in (91) and .Z(Gic(a*)) in (155) , the constraint
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&(P(a*),d) c Z(Gic(a*)) is satisfied if the conditions

[U|251 Gije(

>0 (160)
Zi,jc(l) X

hold, with Ra*) = X(a)~* and Gic(a*) = Zic(a)P(a*), for all i € Ky, j and c€ K; and
| € Kony, .

Proof. The proof is similar to the proof of Lemma 3. O

Remarlk8. Following Remark 5, we can also compute an estimation fos¢hte? (G(a*)) and
Z(Gic(a*)), givenin (102) and (155), respectively. In order to estithe set?(G(a*)), one
can consider the intersection of the set$g;), j € K, i.e.Nj_;-£(Gj) € Z(G(a*)) . Forthe
set.Z(Gic(a*)), the indexes € Ky andc € Ky are relative to the switching strategy (173) that
changes in each instant of time. Itis important to stressthigavalues ofr; € K; are unknown
and observe that the s&f(Gic(a*)) meets all the combinations bE Ky andc € K;.Therefore
an estimation for the se¥’(Gic(a*)) involves the intersection of the se#§(i¢;) for all j € K,

i. €. Nj=1-Z(Gicj) € Z(Gic(a™)).

6.4 7 PROBLEM CONSIDERING REGION OF OPERATION AND SWITCHED
LINEAR SYSTEMS SUBJECT TO SATURATION

In order to extend the conditions of Theorem 9 for a class ofcéwed systems and also
aiming to design static output-feedba¢k, switching controllers for linear uncertain systems
subject to actuator saturation and energy-bounded destee) the following problem is stated.

Problem 5. Given the energy-bounded disturbandgwe # in (127), a slack variablep > 0,
a constantgy > 0 as well as a constant > 0, determine gains K€ R, i € Ky, ce€ K,
such that the switching strategy

[0 n} = argmin(y Qicy) (161)

selKy

and the control input subject to actuator saturation
sa(u(t)) = 2(8) (KonC(a)x(t) + KonH(a)w(t)) + 27 (3)Gon (a*)X(t) (162)
satisfy the following statements (OLIVEIRA et al., 2018):

(i) for w(t) =0,t > 0, the uncertain linear systefi57), (158)and(5) is locally asymptoti-
cally stable for all X0) € & (P(a*), &+ ¢ '¢) and the ellipsoids (P(a*), g0+ ¢ ~1¢)
is an invariant subset of the domain of attraction (i.e., (i@xbelongs to this set, then
X(t), t > 0, will also stay in this set).
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(ii) forw(t) # 0, if x(0) € & (P(a*), &), thenxt) € & (P(a*),&0+ ¢ 1¢), for allt > 0.

(iii) for w(t) # 0O, if x(0) = O, then the linear systenfl57), (158) and (5) has an /%,
guaranteed cosf = /i > 0, such that

/0 "2ttt < 2 /0 "Wt w(t)dt (163)
and Xt) € & (P(a*),¢1e), forallt > 0.

In order to deal with the Problem 5, based on Theorems 7 ande9Theorem 10 is
proposed.

Theorem 10. Consider the system described (b57), (158) and (5) subject to actuator
saturation, a energy bounded disturbance and an operaggionX’ (A},) (107), wheret € R™,

N e R"W™ @ecKy, &>, € >0and¢ are known. For also known scalar parameters
p, B and y > 0 suppose that there exist symmetric matricgs>X0 € R™*™, matrices
Zie = [Glowy Thoy -+ Choiny] ERV™ Vie € RV, U € RV, Qo) € R Quj €
R™*Mw Qpj € R™*™ and Qjc € R*™ satisfying,

®Dijjic <0 (164)
Dijkc + Pikje <0, j<Kk (165)
Opjjk +Onjkj +Oakjj <0, j#k (167)
e)\jkq+®)\jqk+®)\qu+®)\kqj+@)\qjk+®)\qkj<O7 ] <kk<q (168)
[ He(Aj X+ Bij [ZVie T+ D5 Zike)) — Qoj —Cb; QicCax (%)
D — Efj +HVicZ¢Bi; — Q) — Hj QicCax —¢ 1 — Qzj — HI QicHk
] Caij X+ pFVic ZsBjj + Dij [ ZVic Tk + Ds Zike Fij -+ Dij ZsVicHx
i Czjxk—Uicﬁ'k—l—BVié.@éBi’j Hj — UicHi
(*) ()
(*) () <0 (169)
— ¢Vl +He(pDij ZaVic- Fo) (%)
Bvié@éDi,j — pUicFo —BUic — BU;;
i +Ch:OnC i +Chi O H N T .
Oug= | o | uEn: QUS| 0 6y(@)= 5 5 adi (70)
1j HHjQaCoq  Q2j +H[jQakHq S
_®
(eot9le) “lcl)] > (171)

Giety X
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% .

Grote M| >0 (172)
XiMo %

with .7 (54) and # (55), for all c, j and ke Ky, | € Ky, he Kp , s€ Ky, , D€ 2, 75 =

| — Zs. Then, the conditionEl69)(172)with the switching strategy

o) n(t) | =agmin(y(t) Quy(t) (173)

cc Kr

and control gains I = VigU,s* with X(a)~! = P(a*) satisfy the statements of Problem 5.
Moreover, Xt) € 2 (operation region) for all t> 0 and the constraint¢171)and (172) hold
the sets constraint§(P(a*), &+ ¢ ~1e) C L (Gic(a*)) and&(P(a*), &0+ ¢ te) C X (My).

Proof. Consider the Lyapunov function candidate (90). FirstlgnfrLemma 4 and Lemma 6,
note that (172) and (171) ensuféP(a*), &0+ ¢ ~1e) C X (N;) and&(P(a*), &+ ¢~ te) C
Z(Gic(a*)), respectively. From (5), (164), (165), and (169), consider= o andc = n one
has

r ror
Z Ak Poijkn = Zlajzcbaim Z Zk cbajkn +cbakm)
K=1 =

e(A(0,0)X(a) +B(0,a)[ZNon () + D5 Zon(a)]) — Qo(@) — Co(a)' QonCa(a)
E(0,a) +H(a)Vs, 28(0,a) — Qu(a) —H(a)'QunCa(a)
(a,a)X(a)erﬁ(’)Vc’m.@’ (0,a) +D(0,0)[PNgnF(a) + Ds Zon(a)]
Co(a)X(a) —UonF (a) + BVgn ZsB(0, )’

(%) (%)

T HMﬂ

—¢ 1 —Qz(a) —H(a)' QapH(a) (%)
F(o,a)+D(0,a)ZNgpH(a)  —¢y?l +He(pD(0, o) Doy Fo)
H(a)—UgpH(a) BVén 2sD(0,a) — pUgnFo
(*)
(*)
0 (174
G
_Buan—BUén

Since the inequalities (164) and (165) are feasible, fro®®) e have thdti. are non-singular,
foralli € Ky andc € K;. From Lemma 1, with

He(A(0, a)X(a) +B(0,a)[ZVon F (a) + D5 Zon(a)]) = Qo(a) —Co(a1)/ QonCo(a)
a

7 = E(a,a) +H(a) V5, ZB(0,a) — Qu(a) — H(a) QonCa(a)
Ci(g,0)X(a) +pFNgn ZB(0,a) +D(0,0)[PNon F(Q) + Ds Zon(Q)]
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(%) (%)
_¢_1| _QZ(a)_H<a),QanH(a) (*) <0,
F(0,a)+D(0,a)ZNonH(a)  —¢y?l +He(pD(0,a)ZNon Fo)

B(o,a)%Van
w =U,& = 0 ,
D(0,a)%NVon
ﬂ:Ua_nl [Cz(a)X(a)—Ugnﬂ(a) H(a) _UU’?H<a) —pUanﬁo], (175)

and performing the operations and the variables charging= VgnUgnl, one has

E(o,a) +H(a)Ky, Z8B(0,a) — Qu(a) —H(a) QonCa(a)

{ He(A(0, &)X (@) + B(0, @) [ ZKanCa(@)X(a) + Z5 Zon(a)]) ~ Qo(ar) — Co(a)' Qg Calr)
C1(0,0)X (1) +D(0, ) [ZeKonCal@)X(a) + 75 Zon (1)

(%) (*)
—¢ U —Q(a)—H(a)'QanH(a) (%) } <0. (176)
F(o,a)+D(0,a)ZKenH(a) —¢y2l

Considering the variable changifgn (a*) = Zg, (a)P(a*), with P(a*) = X (a) 1 that yields
Zon(a) = Ggn(a*)X(a) and rewriting (176), it follows that

E(0,a) +H(a)Ky, Z2B(0,a) —Qu(a) —H(a)' QgnCa(a)

{ He((A(0, @) + B(0, @) [ZeKonCal(@) + 75 Gon(@*)))X(a)) — Qo(ar) —Ca(a) QonCa(a)
(C1(0.a) + D(0,@)[ZeKonCa(@) + 75 Gon ()} X(a)

(%) (*)
—¢ U —Qa(a)—H(a)QenH(a) (%) ]<o. (177)
F(o,a)+D(0,a)ZKenH(a) —¢y2

Multiplying the result byJds, 95 > 0, 221193 = 1 and following the closed-loop notation
presented in (157) and (158) wikly, it is possible to rewrite (177) as

He(A(0,a,9)X(a)) — Qo(@) —Ca(a)' QonCa(a)
E(o,a,9) —Qu(a) —H(a) QgnCa(a)
Ci(o,a,9)X(a)

(%) (%)
_¢_1| _QZEG) - H(a)/QUnH<a) (*) :| <0. (178)

F(07 078) _¢y2|
Applying the Schur complement in (178) and manipulatingrésailt, one has
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( He(A(g,a,9)X(a ))) )
Yy X(a)

+¢ 1y 2X(a)Cy(0, a z9)’Cl (0,a,9)

e E(0,a,9) Vv 2E(0,a,9)E(0,a,8)— ¢
+¢~ yF(aaﬁ 1(0,0,3)X

Qo(ar) 1(0’)
- [Ql( a) 2(0’)

2(0 'QanCa(a) (*)
H(

: . (179)
a) OonCa(a) H<a>'QanH<a>]

Pre and post-multiplying (179) in both sides {Mt)’ w(t)’] and its transpose, for the right
side of the equation it is possible to note that

o] [ Te@) @u@)] [ caay X(t)

- |w(), ([Ql(a’ Qz(a) i H(a)’ Con (242 H(a>]> [W(t)]

_[x0] [Qota) Qu(e)] [ x) -

= |w)| [Ql(a)’ Qz(a)] [wt> I Qany(t) (189
From (179) and (180), and considerix{) # 0, observe that

xt) | | He(A(o,a,8)X(a))+ ¢ty 2X(a)Cy(o,a,8)'C(o,a,9)X(a)

w(t) E(o,a,9) +¢ 1y 2F(0,a,9)Ci(o,a,9)X(a)

+y(t) Qany(t).  (181)

Now, from (166)-(168) and (170)

r r

r
j=1k=10=1 1j

—

=+ Z Zkz ajaxdq eAjkq+®)\jqk+®)\k1q+®Akqj+®)\qjk+®)\qk1)
j=1j<kk<q
Qo(a)/ Qi(a) ] n Cz(a)’AQ)\ (a)H(a) Cz(a)’AQ)\ (a)H(a) <0 (182)
Qu(a)” QAa) H(a)' Qx(a)Cz(a) H(a)'Q,(a)H(a)

Pre and post-multiplying (182) in both sides %)g(t)’ w(t)’] and its transpose

[xa)]’([cao(a) Qi(a) : :
w(t)] \ | Qua) Qia) | | H(@)&i(a)Cx(a) H(a)d(a)H(a)

Co(a) 8y (a)H(a) Ca(a)' O, (a)H(a) D [x(t)]
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_ [x(t)] [Qo(a) Ql(a)] [ X(t) YO, (a)y(h). (183)

Qu(a)" Qaz(a)| [ w(t)
Now, knowing that the minimum of a set of real numbers is ldsntor equal to an

arbitrary convex combination of these numb@ﬁ <9, (a)) itis possible to rewrite (181),
considering the definition 0@,\ (a) in (170), and the equations (180), (182) and (183) one has

He(A(o,a,9)X(a))+ ¢ Ly 2X(a)Cyi(0,a,3)Ci(0,a,9)X(a)
E(0,0,9)+¢ 1y 2F(0,a,9)Ci(0,a,9)X(a)

(*)
¢~y 2F(0,a,9)F(0,a,9)—¢ 1

<0. (184)

From now, the proof is analogous to that presented in therEne8. Observe that pre- and post-
multiplying (184) by diagP(a*),1} in both sides, considering(a*) = X(a)~%, one obtains
an equation similar to (142), but now, instead of matrié¢a,d),E(a,9),Ci(a,d), and
F(a,d), one considers the new matricdéo, a,9),E(o,a,9),Ci(0,a,d), andF (o, a,9)

of the controlled system, given in (157) and (158) . Themftne proof follows the same steps
of the Theorem 9 to meet the statements of the Problem 5. O

Corollary 2. Theorem 10 also suits for designing switched output feédb&gccontrollers for
continuous-time uncertain linear systems subject to aotusaturation. These systems can be
considered a particular case of the switched systems with1IN

Remark9. Besides searching suboptimal values oo and ¢ as stated in Remark 7 in case
of switched systems subject to actuator saturation theegablid; € Ky are needed (Remark
3). With the purpose of achieve a reducéf}, bound and a better estimation of the region of
attraction, finding the values @, p, ¢ andA;, i € Ky, the DE-LMI algorithm is introduced in
Chapter 7.

6.5 CHAPTER CONCLUSION

This chapter was focused in presenting conditions to debaost .77, switched SOF
controllers for switched linear system subject to actuatduration. Firstly, the convex hull
representation presented in Chapter 5 was extended to dtdpewitched controllers design.
Additionally, the sets inclusion to ensure that the tragyges will not deviate from the convex
hull set for the saturation, considering switched congérsll was introduced. Moreover, the
problem of dealing with the’%, control for switched systems subject to actuator saturatio
and switched controllers was introduced. In order to dedh whis problem and to extend
the conditions of Chapter 5 for a class of switched system,Ttheorem 10 was proposed. It
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is important to stress that the proposed conditions alsofaudesigning switched SOBZ,
controllers for continuous-time uncertain linear systeuigject to actuator saturation, as stated
in Corollary 2.
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7 HYBRID DIFFERENTIAL EVOLUTION-LINEAR MATRIX
INEQUALITY-BASED ALGORITHM

Note that as mentioned in Remarks 1 and 3, te@méead to BMIs conditions in Theorems
2,3,4,7,10. As well as stated in Remark 2, the parametensd 3 in Theorems 6 and 7 can
be found through numerical optimisation in order to redde=.#%, norm. Furthermore, as
stated in Remark 7 and 9, it is possible to find the param@gepsand ¢ in Theorems 9 and
10 aiming achieve a reduced?, bound and a better estimation of the region of attraction.
Currently, to the best of the author’s knowledge, there ateamailable solvers (deterministic
methods) in literature able to find the optimum solution fonfconvex problems (SADABADI;
PEAUCELLE, 2016). Thus, finding the output gains in ordertabdise an uncertain switched
linear system is a NP-hard problem (LIN; ANTSAKLIS, 2009; K®IBOULIS; TZAMTZI,
2007). Therefore, it is proposed the use of an hybrid metadteutechnique, DE-LMI
(Differential Evolution - Linear Matrix Inequality) (STOR PRICE, 1997) addressed in
Carniato (2016) for finding quasi-optimum values for thegpaetersp, 3, ¢ andA;.

7.1 DIFFERENTIAL EVOLUTION

Global optimisation is considered effective in differeidis of engineering, statistics, and
finances models. Consequently, there are different teabsigroposed in the literature to
solve these problems. Differential evolution (DE) is a btmstic method based on population
optimisation algorithm introduced by (STORN; PRICE, 199Mis method belongs to the class
of Evolutionary Algorithms (EA), which also includes, GeigeAlgorithms (GA), Evolutionary
Strategies (ES) and Evolutionary Programming (EP) (PRISEQRN; LAMPINEN, 2006).
DE figured as one of the best among the competing algorithesepted at Second International
Contest on Evolutionary Optimisation and over the years dtiacted the attention of
researchers from diverse fields of knowledge. Hence, plehtyariants of the basic DE
algorithm has emerged (DAS; SUGANTHAN, 2011). DE is a reahp@eter algorithm and can
be summarised in four stages, such as GA: initialisatioh@piopulation/parameters, mutation,
crossover, and selection. Figure 8 depicts these stages.

Figure 8 - Main stages of the differential evolution algiomt

l

Initialise ) -
population Mutation Crossover Selection

Source: Adapted from (DAS; SUGANTHAN, 2011).
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Suppose that it is needed to optimise a function wilieal parameters. L&, stands for
the size of population. The notation for representing thampater vector that will be updated
throughout thes generations, was adopted as following (185):

{Re=|xic xic - Xpic||1=0,12...8-2 -1}  (185)

To initialise the populatiorfG = 0), in order to cover the suitable range with uniformly
distributed random individuals, one has to consider theipus knowledge about the problem.
For instance, if the parameters of the convex combinationpase the population, knowing
thatA; < 1, A; > 0 andy N ; Aj = 1, the initial population should cover the range betweend an
1, considering the sum of the individuals equal to 1, witHamnly distributed random values.

The mutation stage involves adding the weighted differebeéween two random
individuals &g ¢ andXy,g) of the population to a third on&{ c), as shown in (186).

V = %6+ F (%.6— %0, (186)

where the real and constafat> 0 factor controls the amplification of the differential \ation
and for eacltarget vectoX; g amutant vectois generated (STORN; PRICE, 1997). The vector
Xk c may be replaced by the best individual in the population aegaionG (Xpestc). In order

to do that, when initialising the population the fitness fiime must be evaluated.

Aiming to increase the diversity, the crossover betweemtiéant vectorand thetarget
vectoris performed to yield thérial vector (U). The last stage (selection) involves to decide
whether or not therial vector should replace th&arget vector Thetrial vector replaces the
target vectoiif it yields a smaller fitness function. Otherwise, tiaeget vectoris held.

7.2 DIFFERENTIAL EVOLUTION-LINEAR MATRIX INEQUALITY-BASED ALGO-
RITHM EMPLOYED TO THE PROPOSED PROBLEM

As aforementioned the proposed DE-LMI based algorithmiaepgghe SeDuMi algorithm
(STURM, 1999) or Matlab LMI toolbox (GAHINE®t al., 1994) for solving the LMI problems
in order to provide the parameters to evaluate each indavidiithe population considered in
the DE. Considering the DE traditional algorithm describe&ection 7.1 and to illustrate the
integration of DE and LMI solvers, Figure 9 depicts the aiin.

The main goal in this work is to find the convex combinationgpaeters 4;), the scalars
variablesf3, p and¢ when required. It is possible to build the vectors of the paton with
the convex combination parameters and those aforemedtgoadars variables. For instance,
considering Theorem 10, M = 2 one has four parameters to evalug@ep, ¢ andA;. Thus,
the parameter vector may assume, with= 4, the following representatio®X= [ p ¢ A1].
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The parametei, can be obtained doingp = 1— Ag, sincezizzl)\i =A1+A=1.

The aim is to minimise the guaranteed cost for Theorems 3 amidmise the 7, bound
for Theorems 6 and 7, and minimise th&, bound and maximise the estimation of the region of
attraction for Theorems 9 and 10. For this purpose it is ptssd apply the DE-LMI algorithm
to deal with the problem, achieving quasi-optimum valuesA\fp3, p and¢. Note that, when
the aim is just optimise the?;, bound, one can considers the fitness function béingy. On
the other hand, if the actuator saturation is taken into@azan order to minimise the#;, and
maximise the estimation of region of attraction the fitnaswfion is assigned ak = y— w
(Remark 6). The number of generations is used as the stojiticond

Figure 9 - DE-LMI routine.

|| Initialise population ||

Population
%0,6:%1,G: %26 XNP-1,G

_____ L2 T —
| Target I| Best ] Random |+
| Vector (| Vector ] Vectors —h F.(% -3
| g I %geandie | (.6 —%yc)
| )_('L,G |l estG m B.G 2 L_w
5 + +

+ .

=H Mutation

Crossover ( v )

Fitness LMI !
Selection » Function ()|  Solver :
1—
N v - === !
Meet the
stopping criteria G=G+1 |
?
End

Source: Own author.
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8 NUMERICAL AND PRACTICAL EXAMPLES

In this chapter, six examples are used to compare the paligntf the theorems proposed
in this work and complement the results presented in Ch&otdihe first three examples are
related to the results presented in Chapter 4. The last #xamples cover the Theorems
proposed in Chapters 5 and 6 that are concerned with systéjecsto actuator saturation.

Example Il illustrates the case where all matrices of thesgsifems are not Hurwitz.
Comparisons regarding the guaranteed cost were perfororesidering a given set ofy, A
andAs and the suboptimall;, A2 andA3 obtained using the proposed hybrid algorithm DE-LMI.
Example Il, consider that(t) = 0 andw(t) = 0, and thus Theorems 3 and 4 are compared.

With the aim to compare the proposed technique with the tepuésented in (CHANG;
PARK; ZHOU, 2015) for continuous-time systems, the cowditirom Corollary 1 is used to
cover the Example 111

For the Example IV the conditions of Theorem 7 are used inrdadiend a feasible solution
for a practical application of the method in the design of @dved robust controller for a semi-
active suspension described in Carditral. (2016) and Geromel, Colaneri and Bolzern (2008)
aiming to minimise the’, cost (58).

Example V aims to draw a comparison between the Theorem 9 lamolr@m 10 (Corollary
2) which proposes the strategy of switched controllers. §jrstem of Example Il is revisited
considering the actuator saturation constraint.

An implementation in an active suspension system, intenidishow a practical application
of the switched controllers for systems subject to actuséturation (Theorem 10 - Corollary
2) is presented in Example VI.

In order to design switched controllers for switched linegstems subject to actuator
Example VIl is proposed. The conditions of Theorem 10 alldesigning this controller jointly
with a switching strategy by means of auxiliary matrices.

Concerning the LMI solver, it was used the SeDuMi (STURM, 998nd Matlab LMI
toolbox (GAHINET et al,, 1994) interfaced by YALMIP in MATLAB software.
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8.1 EXAMPLE Il - SWITCHED LINEAR SYSTEM - GUARANTEED COST

Consider the uncertain switched linear systems represéaytg4) and (5), withr = 2,
N=3,ie{1,2,3}, je{1,2} and the following matrices given below:

a 1 0 -1 -2 O
A@ =1 -3 0|, Ab=|-2 b 0],
1 0 -1 0o 1 -1
-2 0 1 100
As(c)=|0 -1 2|, Cu=Crn=Cyj= [O 0 1]. (187)
0 1 c

Since there is neither control input({) = 0) nor exogenous disturbancg(f) = 0) the matrices
Bij, Eij, Dij, Fj andH; are not represented. Note thatai& —3, b < —4, ¢ < —2, the matrices
Aq(a), Az(b) andAs(c) are Hurwitz, otherwise, these matrices are not Hurwitz. Vdréices of
the polytope were obtained considering@ <1, —-3<b < -1.5,-15<c < —1. Initially,
adoptA\; =0.3,A2=0.4,A3=0.3,% =x(0) =[0.2505 —0.25 andu(t) = 0. From conditions
of both Theorems 3 and 4, the obtained guaranteed cost ($46.022. The next subsection is
devoted to apply the concepts of DE-LMI algorithm in orderéduce the guaranteed cost.

8.1.1 Finding the suboptimal parameters of convex combin&in

Note that, the conditions (18), (23) and (24) are BMIs, contarms as the product of a
scalar by a matrix. However, as discussed earlier, the gexpbaybrid metaheuristic DE-LMI
algorithm is able to find feasible solutions in order to regltiee guaranteed cost (14), obtaining
values of convex combination parameters that yield sub@tguaranteed cost value. In this
case, the DE-LMI algorithm searches the values\pfi € IKy, such that,ziN:l)\i =1 and
O, =A101+ 2202+ ...+ ANOn. From the conditions of Theorem 4, the DE-LMI algorithm
stopped in the 1th generation due the relative tolerance stop criteriongdyigj a value of 287
for the guaranteed cost with the solutidan= 0.2449,A, = 0.3623 , andAz = 0.3928. The
result shows that the guaranteed cost was considerablgedduhen compared with the value
obtained disregarding optimisation. Figure 10 presems$rtjectories of the state variables and
the selected subsystem over time, obtained through of tondiproposed in Theorem 4. It is
important to highlight that the switching strategy (9) stiabs the system described in (187),
even when the state matrices are not Hurwitz. Furthermart, that whert > 4s, the time
responses of the state variables are close to zero. Hovadbasrve that the switching strategy
continues selecting the best available subsystem conmsyd&).
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Figure 10 - Time response of the state variables and swidetection of the controlled
system (4), (5), (9) and (187).
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Source: Author’s own results.
8.2 EXAMPLE Il - SWITCHED %4, CONTROL FOR LINEAR SYSTEMS

This numerical example was introduced in (CHANG; PARK; ZHORD15). 1t is
represented by (4) and (5), with= 2, N = 1 (Corollary 1) and the following matrices:

[-0.9896 1741 9615 —1.702 5Q72 2635
A1=| 02648 -0.8512 —-1139|,A>=|0.2201 -1.418 —-3199 |,
e 0  —30+0 0 0  —30+0
[—97.78 —85.09 0
B1 = 0 , B1= 0 yEr=Ex= |1|, Ci1=Cyp=I3y3,
| 30 30 1
1 0O 1 00
Di=Dy=0, F=F =0, Cy; = , Cor= ,
1 2 1=F 2= 4 4 O] 21 [0 1 1]

Hy=H,=0. (188)

The parametef/ was added in the matrices;, and A, to draw a comparison between
Theorem 6 (CHANG; PARK; ZHOU, 2015) and Theorem 7 for th&, performance,
considering’ increments.

Figure 11 shows that Theorem 7 achieves bei#y performance when compared with
Theorem 6. Furthermore, itis important to highlight that/fo> 4.9 the conditions of Theorem

6 are unfeasible.



8.3 EXAMPLE IV - PRACTICAL APPLICATION: SEMI-ACTIVE SWIETHSUSPENSION 76

Figure 11 -7%, cost comparison between Theorem 6 and Theorem [7 fiocrements.
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-« Theorem 6
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3 3.2 34 3.6 3.8 4 4.2 4.4 4.6 48 49 5 52

Source: Author’s own results.

8.3 EXAMPLE IV - PRACTICAL APPLICATION: SEMI-ACTIVE SWITCH=ED SUSPEN-
SION

In order to evaluate the proposed technique presented iThkeerem 7 in a practical
application, consider the semi-active switched suspereilressed in Geromel, Colaneri and
Bolzern (2008) and in Cardimet al. (2016). The problem consists in designing an output
feedback controller that jointly with the switching strggemitigates the passenger’s discomfort.
Figure 12 depicts the system. The mathematical model cardeas the system represented
in (4) and (5) with the following matrices:

0 1 0 0 0
—k(a)  —Cmin k(a) Cmin 1
A(a) = Mg’) Mg” “"%’) MT)  Bu(a) = Bo(a) = Mgw) ,
k@)  cmn —(k(@)tk) —Cmin -1
m m m m m
0 1 0 0 0
—k(C{) —Cmax k(a) Cmax 0
Ao(ar) = Mgﬂ ng) M<g> M<;'>  Ey(@) =Eo(a@) = |
@ Cmax —(k(a)+k)  —Cmax ke
m m m m m
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10 -1 O

Co1 = Cop —
a=C2=1 . 4 3

, HHL=H> =0, (189)

where the state vector igt) = [0y1 Oy1 dy2 dY2|’, dy: and dy» are the variations of; and

y2 around an equilibrium point. Additionallyy (t), y2(t), {(t) are the vertical position of the
body, the unsprung mass, and the road profile, respectiVdig. others plant parameters are
the quarter-car body masM}, the unsprung massj, the stiffness of the suspension spring
(k), the stiffness of the tirek{) and damping coefficient of the passive shock absortg). (
Furthermore, it is considered a switching strategy suchthigacoefficient of the passive shock
absorber ¢;) can assume only two values, previously nan&g, andcmax. Moreover, it is
important to stress thaftt) corresponds to the body acceleration, thayié,):

8.3.1 Case I: uncertain quarter-car body mass (CARDIMet al., 2016)

For the first simulation it is assumed that the quarter-cdylmass is uncertain and belongs
to Mmin < M < Mpmax Thus, for this case, the system is represented by (4),b)E80) with
r=2,N=2,ie{12}, je{1,2}. The following values were adoptedimin = 350 kg,
Mmax = 450 Kg,Cmin = 3 x 10% N.s/m, Cmax= 3.9 x 10° N.s/m,m = 50 kg,k = 2 x 10* N/m,
ke = 2.5 x 10° N/m. Due to practical implementation issues, the outputifeek gains must
be bounded. In this sense, through the DE-LMI it is possibleanstraint the norm of vectors
gains. For this case the values were constrained accordingrtn(Kic) < 10 x 103, for all
i,c € Ko. The DE-LMI algorithm, considering the solveMllab (GAHINET et al, 1994), was
applied in order to obtain the output feedback galig)(and the switching decision matrices
(Qic) for the conditions proposed in Theorem 7. The obtainedegére the following:

B =0.1709 p = 1.8066

A1 =0, A=l

Kqg = [619.8018 —0.657!% : Koy = 1% 10° [—7.5318 —1.0005} ,

Kyp = [6350843 —o.ozoq : Koy = 1% 10° [—9.8440 —1.018@ ,

(190)

. 05164 —1.7135 - 05163 —1.7138

011 =1x 10’ . O12=1x10 ,
-17135 00129 | -1.7138 00261 |

. 05164 —1.7135 - 05164 —1.7135

Q21 = 1x 10 , Qop=1x10" ;
~1.7135 Q0126 ~1.7135 00126

The road profile is treated in this work as the exogenous iahce, that isv(t) = {(t). Itis
important to highlight that in (CARDIMet al,, 2016) the guaranteed cost was selected as the
performance criterion and there is g, approach involved. For comparison purpose with the
simulation results presented in (CARDI& al,, 2016), the sa
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Figure 12 - Active suspension system (quarter car).
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Source: Adapted from Cardiet al. (2016)

me road profile\(t) = {(t)), a square wave form with amplitude4cm, was considered.
Since the quarter-car body mass is an uncertain paranM)ett{e simulation examines two
different scenarios, foM = Mpyin = 350kg (0<t < 4s) andM = My ax= 450kg ¢ > 4s). For
the open-loop simulation, it was used the maximum valug,oin this cas&max= 3.9 x 10°
N.s/m. Figures 13, 14 and 15 show the simulation results.

Figure 13 shows the comparison of the time respongg (0f andy-(t) for the conditions
of Theorem 7, the conditions introduced in (CARDId al., 2016) in Section 5.2, and the
uncontrolled situation witlemax.

It is possible to observe in Figure 14 that the proposed Trmeor presents the best
performance fory,(t), considering the reduction of the guaranteed cost. Thisigalinked
with the reduction off{ z(t)'z(t)dt, as depicted in Figure 14, singg) correspond to the body
acceleratiory;(t). Theorem 7 provides about 286 and 711% of reduction in thefd z(t)'z(t)dt
final value, when compared to the open-loop case and thensspelated to the conditions
proposed in (CARDIMet al,, 2016), respectively. It is important to stress that theppsed DE-
LMI method do not ensure the global optimisation, due to nonvex characteristics related
to BMIs. Therefore different values for the controllers daa found, depending on the ED
initialisation parameters values (STORN; PRICE, 1997)guFe 15 shows the control input
u(t) time response. The switching selection was omitted in thésrgle, as in this case for
Theorem 7 the switching function returned= 2 andn = 1 for the simulation time, that is,
the controller gairk,, was kept. Concerning the dynamical output feedback desigmosed
in (GEROMEL; COLANERI; BOLZERN, 2008), note that it can na birectly applied in this
example that presents uncertainties, since in the aforeonex paper the plant was supposed
known and without uncertain parameters.
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Figure 13 - Comparison of the time responke= M, = 350kg (0<t < 4s) andM = Mpax=
450kg € > 49).
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Figure 14 - Comparison of the guaranteed cbbt= Mpyin = 350kg (0<t < 4s) andM =
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Figure 15 - Control signal(t): M = Mpyjn = 350kg (0< t < 4s) andM = Mpax = 450kg
(t > 49).
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8.3.2 Case II: uncertain quarter-car body mass 1) and suspension spring stiffnessk]
variation

For this second case besides the quarter-car body masstifthess of the suspension
spring was treated as an uncertain parameter, belongigg{e: k < kmax Now, the system is
represented by (4), (5) and (189) with=4,N =2,i € {1,2}, j € {1,2,3,4}. The following
values were adoptednin = 300 Kg, Mmax= 500 Kg, Cmin = 6 x 107 N.S/mM, Cmax= 9 x 10?
N.s/m,m= 50 kg,Kkmin = 2 x 10* N/m, kmax= 12x 10 N/m, k = 2.5 10° N/m. It is important
to highlight that the range of the quarter-car body mass nagased and the suspension spring
stiffness was treated as another uncertainty parametethaipurpose of exploiting and to show
the potential of Theorem 7. For this case the norm of the vegains was also constrained
according tonorm(Kic) < 10 x 10%. The DE-LMI algorithm, considering the solveMllab
(GAHINET et al, 1994), was used for the conditions proposed in Theorem & cbitained
values for the parameters, p, 3, for the controller gainKc. and the switching decision



8.3 EXAMPLE IV - PRACTICAL APPLICATION: SEMI-ACTIVE SWIETHSUSPENSION 81
matrices@iC are the following:
B = 0.2559 p = —0.3026
A1 = 0.15020 A = 0.8498
Ki1=1x10°|-7.1936 —0.7666 , K1 =1x10%|-9.3346 —0.9770 ,
Kip=1x 103[—5.5566 —0.7633 , Koo = 1x 10°[—7.4555 —0.9792 .
Kis=1x 103[—5.0453 —0.7935 , Kos = 1x 103 [—7.2094 —0.9824 .
Kia=1x 103 -4.3620 —0.7681 , Koa—=1x 10| -6.4612 —0.9839 .
5= 304443292000 26631488465 5,0 — 304443291999 26631488476
N | 266314818465 50454582273 ' |266314818476 50454507914
5r, o 304443292000 26631488469 5y 304443291998 26631488477
12— 266314818469 50454591505 22— 266314818477 50454507644
5ie 304443291998 26631488478 .~ [304443201998 26631488478
18- 266314818478 50454580590 2= 266314818478 50454507463
5o 304443291999 2663148B477]  ~  [304443201998 26631488479
14 1966314818477 50454506771 2 |266314818479 50454587452
- - (191)

For the open-loop simulation, it was used the maximum vafue,;0in this casecmax =
9 x 107 (N.s)/m. The simulation examines four different scenaribs M = My, = 300kg
andk = kmin =2 x 10*°N/m (0 < t < 12s), 2.M = Mmax= 500kg andk = kmin = 2 x 10°N/m
(12 <t < 24s), 3. M = Mpin = 300kg andk = Kpax = 12 x 10*N/m (24<t < 36s) and 4.
M = Mmax= 300kg anck = kmax= 12 x 10*N/m (t > 36s) . Figure 16 shows the comparison of
the time response ofi (t) andy,(t) for the conditions of Theorem 7 and the open-loop system.
It is possible to observe that the oscillation and peak wabig; (t) andy(t) are significantly
reduced when considering the switching controllers. ln&igure 17 shows the control input
signal {u(t)) and the controllers/subsystems switching.
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Figure 16 - Comparison of the time responst:= Mpin = 300kg anck = kmin = 2 x 10*

Ya(t), wi(t) [cm]

-10

(0 <t < 125),M = Mmax= 500kg anck = kmin = 2 x 10* (12 < t < 24s),M =
Mmin = 300kg andk = kmax= 12x 10* (24 < t < 365s), andM = Mpax = 500kg
andk = kmax= 12x 10% (36 < t < 48s).
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Figure 17 - Control signal(t) and switching selectioril = Mpyin = 300kg andk = kmin =
2x10* (0 <t < 12S),M = Mmax= 500kg anck = kmin = 2 x 10* (12< t < 24s),
M = Mmin = 300kg andk = kmax= 12x 10* (24 <t < 365s), andVl = Mmax= 500kg
andk = kmax= 12x 10* (36 < t < 48s).
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8.4 EXAMPLE V - SWITCHED 7%, OUTPUT CONTROL UNDER ACTUATOR
SATURATION

In this numerical example the same matrices of the systemoseg in Example Ili
(Section 8.2) are considered. However, in order to studiesys subject to actuator saturation
and operation region, the following constraints are adsreés For the operation region
X(t) € X (M), the bounds values are given lpy= [40 5 EJ with N = I3. The disturbance
is bounded according to (127), with= 5. This example consists in evaluate and a draw
a comparison between Theorem 9 and TheoremNG=(1, Corollary 2), considering/
increments. Two different cases are studied, concernmgdlue oftu ande.

The Tables 1, 2, 3 and 4 show the results obtained with theitbons of Theorem 9 and
10 (Corollary 2) for comparison. It presents the valuey ef /1, ¢, fs, v, B, p. As defined
before,y refers to thes#, performance. The parameteaps 3, andp were optimised, using
the DE-LMI algorithm, in order to obtain suboptimal values¢duce the’:, bound (Remark
7) and obtain a "larger" estimation of the domain of attacti The value of/ indicates the
average between the volumes of the ellipsoidal sets oltdorecach vertex, that is, for each
value of Xj whereP(a*) = Xj‘1 for j € K;. Finally, fs is the fitness function applied in the
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DE-LMI algorithm, given byfs = y— w, wherew is the parameter related to the ellipsoidal
set "enlargement" considerimg =6 withw; =[1 00, wo, =[-100, w3=[010, wy =
[0—-10,ws=[001, wsg=[00 —1] (Section 5.4).

8.4.1 Caselu=05andg=0

The first approach adopts a saturation lewet 0.5 as the saturation value for single
input ( = 1). The ellipsoidal set is given b§ (P(a*),¢ 1¢), that is to say thaty = 0 and
consequently fow(t) # 0 the initial condition should be(0) = [O 0 0]/. The results for the
conditions of Theorem 9 and Theorem 10 are presented in Tabid Table 2, respectively. Itis
possible to observe that Theorem 10, which one employs thelsad controller, achieves better
performance when compared with Theorem (9). This fact igcadtby thez, performance
value and the volume of the ellipsoidd.(Furthermore, fof] = 4.9 the conditions of Theorem 9
are unfeasible while the conditions of Theorem 10 are féasaiowing to obtain the controller
even under the imposed constraints.

Table 1 - Results for Example V - Case | wiih= 0.5 andgg = 0, considering the conditions
of Theorem 9.

y w fs ¢ v B p
[=45 29.67 147 282 483 7675 0.15304 0.14819
=46 3531 14 3391 6.19 767 0.15492 0.16374
[1=47 46.33 1.37 4496 62.47 783 0.15610 0.15989
[1=48 912 116 90 0.448 792.4 0.15727 0.15031

O=49 - - - - - - -

Source: Author’s own results.

Table 2 - Results for Example V - Case | with= 0.5 andgg = 0, considering the conditions
of Theorem 10.

4 w fs ¢ v B P
=45 20.79 1.65 19.14 354 791.3 0.15684 0.15984
[J=46 23.15 1.62 2153 3.62 795 0.15738 0.16212
=47 2661 158 25 0.0791 795 0.15891 0.16019
=48 325 154 31 0.186 790.1 0.16056 0.16687
[1=49 46.2 149 447 0894 780 0.16175 0.16434

Source: Author’s own results.

Concerning] = 4.9, Figure 18 shows the seét(P(a*),$ l¢) and an estimation for the
setGe(a*) given byﬂﬁzléa(xj‘l,¢*1s) and ﬂ'}zlg]’c, respectively (refer to Remarks 5 and
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Figure 18 - Example V: Case | - Representation of the systajadiories and sets
&(P(a*), ¢ '€) andGe(a*)
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8). The green lines represent the trajectories beginnirzﬁt{ mgzl@@(xj—l, ¢_1e)) (boundary)
with w(t) = 0 in order to illustrated the first statement given in ProbkenThe red trajectory
corresponds to an initial conditiog = [0 0 ', aiming to evaluate the third statement of the
aforementioned problem. From Figure 18 note that sets @nt, introduced in Section 5.5,
are fulfilled, sinceN_; &(X; ™, ¢ L&) C X(Vy) andNj_y £(X; ¢ e) € Ny G-

8.4.2 Casell:u=0.45and & =0.1¢9 ¢

In Case I, in order to explore the second statement of Pnolleit was adoptedy =
0.1¢le. It means that the inner ellipsoid given BYP(a*), &) is proportional to the outer
ellipsoid &(P(a*), &+ ¢ ~1e). The results for the conditions of Theorem 9 and Theorem 10
are presented in Tables 3 and 4, respectively.

Table 3 - Results for Example V - Case Il with= 0.45 andgy = 0.1¢ ~teconsidering the
conditions of Theorem 9.

y w fs ) v B P
[0—=45 6390 1.51 62.40 0.30 865.20 0.15491 0.15627
0=46 - - - - - - -

Source: Author’s own results.

In Tables 3 and 4, it is possible to note that for= 4.5 the conditions of Theorem
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Table 4 - Results for Example V - Case Il with= 0.45 andsg = 0.1¢ ¢, considering the
conditions of Theorem 10.

y w fs ¢ v B P
O0=45 23.26 164 21.62 23.14 780.32 0.15666 0.15844
0O0=46 26.83 161 2522 23.17 782.36 0.15758 0.16106
O0=47 3286 158 31.28 2814 781.28 0.15935 0.16330
0=48 46.89 152 4537 0.75 777.78 0.16066 0.16431
0=4.9 - - - - - - -

Figure 19 - Example V: Case 2 - Representation of the syst@ectories and sets
&(P(a*), &), &(P(a*), e+ ¢ ~Lte) andGe(a*)
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Source: Author’s own results.

10 results in a better performance for tb€, cost value y). As long as the value of
v is greater for the conditions of Theorem 9, the valueyobbtained for with conditions
of Theorem 10 is considerably lower. From these resultss itmportant to stress that
for 4.6 < [J < 4.8 the conditions of Theorem 9 are unfeasible, although eynuothe
switched controllers (conditions of Theorem 10) it is pbksto obtain feasible solutions. For
[0 = 4.8, Figure 19 presents the sef§P(a*),&) and &(P(a*),& + ¢ &) as well as an
estimation for thege(a*) given by Nj_; &(X; 4 &), N1 £(X; &0+ ¢~ te) and Nj_1 Gie,
respectively (refer to Remark 5 and Remark 8). The greers Inepresent the trajectories
beginning ind(ﬂﬁzléa(xj‘l,so—i— ¢~'e)) (boundary) withw(t) = 0 in order to illustrated
the first statement given in Problem 5. The red trajector@sespond to initial conditions
X0 € 0 Ezlg(xjfl,eo)) with w(t) # 0, [3w(t)'w(t) = € = 5, aiming to evaluate the second
statement of the aforementioned problem.

Observing the curves in Figure 19 it is important to stress, ths required in the second
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statement of Problem 3, the trajectories, even under thatwe ((t) # 0), beginning within

mgzlg(xj—l, £o) remain inﬂﬁzléa(xj‘l, g0+ ¢ Le) for allt > 0. From Figure 19 note that sets

constraints discussed in Section 5.5, are fulfilled, sjnfe éa(Xj‘l,eoJr ¢~1te) C X(Nh) and
1 EX e+ ¢ e) C Ni—y Gie.

8.5 EXAMPLE VI - PRACTICAL IMPLEMENTATION IN AN ACTIVE SUSPENSION
SYSTEM

This section is devoted to the design and practical impleatiem of the switched output-
dependent controller, considering the actuator saturaitican Active Suspension (AS) system
manufactured by Quang®rwhich represents/4 of a vehicle. Its schematic model is depicted
in Fig. 20. The dynamic model can be represented by (87)Wif),r =4, j € {1,4} and

1 1 0 0
__kS —bs & 1
e A G U U
ks bs  —kus (=bs—hys) _ 1
Mus Mus Mus Mus MUS
0
0O sf(a) O O 0
c2<a>=lo o J,Ew): ° | F@=0, b(@)=0, K=o
bus
Mus
zs(t) — zus(t)
» |
X(t) = O W(t) = (1), ut) = Fe(t). (192)
Zus(t) — z (1)
7y8(t)

The values for the system parameters are presented in Tabléh®& body massMs) is an
uncertainty parameter since it may assume the rarggig < Ms < 2.45kg. Furthermore, the
possibility of a sensor measurement fault is addressed f&hit was modelled as parametric
uncertainties with B < s < 1.2 instead ofs = 1.

The controller design takes into account the actuator ataurand the region of operation.
Due to the physics restrictions of the spring length, iraerv0.02 < z,5(t) — z (t) < 0.02m
is assumed for the state varialges(t) — z(t) (OLIVEIRA, 2017). In doing so, the operation
regionx(t) € X'(NVp) is given byg = 0.02 with A" = [0 0 1 J. According to the manufacturer the
control inputu(t) = F.(t) should be limited in the interval39.2N < u(t) <39.2N, thus, for the
designu = 39.2 N is applied. Furthermore the design consider a boundedygmksturbance
for w(t) = z(t) € (127) with € = 0.0013 andeg = 0. For the ellipsoidal set "enlargement”
it was consideredy, =8 withw; =[1000, w, =[-1000, w3=[0100, wg=[0 —
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Figure 20 - Active suspension system (quarter car).
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Source: Adapted from Oliveiret al. (2018)

Table 5 - Active suspension parameters

Parameter Symbol Value
Mass of V4 of the total vehicle (kg)  Ms [1.4552.45
Mass of the tire set (kg) Mus 1
Stiffness constant of the spring (N/m) ks 900
Stiffness constant of the spring (N/m) kys 2500
Damping coefficient (Ns/m) bs 7.5
Damping coefficient (Ns/m) bs 5

Source: Oliveiraet al. (2018).
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100, ws=[0010,ws=[00—-10, wy=[0001, wg=[000 —1] (Section 5.4). The
conditions proposed in Theorem 10 (Corollary 2) yield, wite= 0.0720509,0 = —0.003199

and ¢ = 9812, an. %, performancey = 0.2227 and the parameter = 0.0173 related with
the ellipsoidal set "enlargement”. The following switcledtic output gainsi, c € K4) and

switching decision matriceﬂp, c € Ky), were obtained

Ki=[-202743 53406, Ko=[-205511 55189,

Ks = :—21.1370 58534, Kq— [_22.0959 60093},

5 (2400649 309698 - [1859210 317780
" | 309698 —2354172] 27| 317780 —2654558
5o (076879 182886 5, 425903 211401
3= 182886 2644186’ 7| 211401 849182

The practical implementation considers for the road prdfilét)) a sine wave signal, with
amplitude 015 cm and the frequency varying linearly from 1 to 12 Hz f&s €t < 9.5 s. For
0<t<0.5sand b <t<10s,z(t)=0. That is the same road profile considered in Oliveira
et al. (2018) . Furthermore, the minimum body mass vaMe £ 1.445kg) and the worst case
of the fault & = 0.8) were employed.

Figure 21 shows AS plates displacement dnd z,5) for the open-loop and controllers
gainsKc, ¢ € K4 cases. It is possible to verify that the open-loop systentabls, since
the response is bounded. Although, the system shows largéitade oscillations, which
causes mechanical stress that can compromise the compafiémt system and road handling.
Moreover, large oscillations could cause discomfort fa thiver (OLIVEIRA et al, 2018).
The closed-loop system provides, even under the constrathe actuator saturation and the
sensor measurement fault, a reduction in the peak valuedlisiplacement of the plates for the
switched controller, thus improving the safety and comfortthe system and driver. The red
plate displacement(s) peak was reduced in about 52%.

Figure 22 presents the dynamic behaviour of the of the cbimpat (u(t) = F¢(t)) and the
switching signal, which selects the controller gain in eawdtant of time. Note that, for this
test, 3 of the 4 possible gains were activated.

Figure 22 also shows the ratjp(t) = \/fé z(t)'z(t)/ [sw(t)'w(t) . Additionally, it shows
they = 0.2227 obtained for this design. It is possible to observettiateal value for thez,
performancey; (t)) is always below the value of (bound).

Finally, it is important to highlight that even considerirgrtuator saturation and
output sensor measurement fault the design of switchedaltems ensures a performance
improvement.
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Figure 21 - Dynamic response Bf[Blue plate] andz,s [Red plate] for the given road profile

z [Silver plate] - Example VI.
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Figure 22 - Dynamic response oft ), the switching selection angl(t) - Example VI
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8.6 EXAMPLE VIl - SWITCHED LINEAR SYSTEM SUBJECT TO SATURADN

Consider the switched uncertain linear system subjectticasar saturation, described in
(153) and (5), withr =2,N=2,i € 1,2, j € 1,2 and the following matrices given below

[—2 -3 1] 5 —6 1]
A1=1-3 -3 0|,Apr=|-3 -3 0],
0 2 -1 0 2 -2
[—2 -3 1] -5 -6 1]
Apr=|-3 -2 0|,Ap=|-3 -2 0],
0 2 -1 0 2 -2
0 1
Bi1=Bi1o=Bo1=Bypo= |1|, Enln=Eio=Ex1=Epo= |0],
0 0
C111=C112=C121=Ci22=13, D11 =D12=D21=D22=0, Fi1=Fi2o=F1=F»=0,
1 00
Cop = Cop = Hi=H,=0. 193
21=Ce=|, 1] 1=Hz (193)

For the operation regior(t) € X'(N), the bounds values are given lgy= [2 2 2}
The actuator saturation is adopted with- 1.3. The energy of the disturbane&t) is limited
following (127), withe = 1.5 andgy = 0. Aiming maximize the volume of the ellipsoidal
set&(P(a*),¢1e), considem. =6 withw; =[1 00, wo =[-100, w3=[010, ws =
[0—-10,ws=[001, wsg=[00 —1] (Section 5.4).

In order to obtain the switched controlldfg and the auxiliary switching matriceic, for
I € Ky andc € Ky, the conditions of Theorem 10 were employed, resulting iZdnbound
performance/= 1.7472. For this result, the DE-LMI algorithm returnBd= 0.317213447p =
—0.488461476¢ = 0.6332A1 = 0.8587 and\, = 0.1413 withw = 0.6984 and the following
gains and decision matrices

Kyp = :2.0037 0273&%, Kip — [2.1800 03624

Koy = :1.8196 0819&%, Koz = [1.8461 osloq

B [ 732686490436335 —25793772191770
1= | -257937721917703  36297085760790
51— [ 732686488844529 —25793772163478
12— | -257937721634784  36297096637357
5,0 — [ 732686688834941 —25793773005756
2= | -257937730057567 3629708654209
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Figure 23 - Representation of the system trajectories as&%e(a*), ¢ —1¢) andGic(a*) -
Example VII.
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Source: Author’s own results.

22= (194)
—257937740253663 36297086490712

A 732686691551809 —257937740253661
Figure 23 shows the representation of the s&(®(a*),¢ 1e) and Gi(a*), that
following the Remark 4, 5 and 8, are obtained doﬁnf]gclé’(xjfl, ¢~te) andNi_; L (Gicj) S
Z(Gic(a*)), respectively. Furthermore, green trajectories begiﬁ@mﬁzléa(xjfl,cp*ls))
(boundary) withw(t) = 0 in order to illustrated the first statement given in ProblemThe
red trajectory corresponds to an initial conditien= [0 0 0’ with w(t) # 0, fct)w(t)’w(t) =
€ = 1.5, aiming to evaluate the third statement of the aforemartioproblem. Note that
sets constraints discussed in Section 5.5, are fulfilletd:,eﬁnﬁzléa(xj‘l, ¢~le) c X(N) and
E:l‘g)(xj_l, ¢_15) C ﬂﬁ:lgijc-

Figure 24 depicts, for the origin as initial conditiom & [0 0 0), the state trajectory, the
disturbance energw(t) # 0 with [w(t)'w(t) = £ = 1.5, the input controli(t)), the switching
selection and (t). Observe that, even under the maximum disturbance, treztosy does not
leave the operation regiof’(Ny). Moreover, the input signalu(t)) is saturated in the time
interval 125 <t < 1.45. Although, as proposed in the conditions of Theorem 18neawnder
saturation the proposed control design ensures the sysabitization withx(t) € X' (N},). That
is, after energy bounded disturbance is vanished, the dilosgp system backs to the origin.
Note that, for this simulation, the system switches betwtesubsystem and controller gains.
Concerning the’Z, performance, observe that the real value for thé)) is always below the
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Figure 24 - State trajectory, disturbanegt) # 0), control input (i(t)), switching selection
andy (t) for xo = [0 0 § - Example VL.
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value ofy = 1.7472 (bound).

In order to evaluate the system stability in a disturbanee fcenario, Figure 25 shows the
dynamic response of the system, the input contr@l)} , and the switching signal considering
the initial conditionxy = [-0.93 02034 02] € 9(Nj_1£(X; *,¢~'¢)). Note that, at the
beginning of simulation the input contral(t)) is saturated im(t) = —0 = —1.3. Note that, the
controller designed considering the conditions of Theot€nensures the system stability for
all x(t) € (Xj_l, ¢~1e)), even under actuator saturation.
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Figure 25 - State trajectory, control inpu{()) and switching selection far(t) = 0 andxp =
[—0.93 02034 02] - Example VII.
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9 CONCLUSIONS AND FUTURE RESEARCH

This chapter is devoted to draw the conclusions and disbesisiture work perspectives.

9.1 CONCLUSIONS

Initially, in this work was presented in Theorem 4 a strategglesign an exclusive output-
dependent switching strategy for controlling linear timeariant continuous-time uncertain
switched linear systems.

Theorem 5 shows that, if the known conditions of Theorem 3l htilen the conditions
proposed in Theorem 4 also hold. Furthermore, from simaatresults (Examples | and 11), the
conditions proposed in Theorem 4 present a greater feagiien and reduce the guaranteed
cost when compared with the conditions of Theorem 3. Thesethe conditions proposed in
Theorem 4 are less conservative than that presented in @inetrThe second control problem
studied in this work was the robust switching static outgetdback’#, control of continuous-
time switched linear time-invariant systems. For a paldicoase of switched systems with only
one subsystem, a proof in Theorem 8 shows that if the knowditions of Theorem 6 hold,
then the conditions proposed in Theorem 7 also hold.

Additionally, from simulations results (Example Ill), tkenditions proposed in Theorem
7 present a greater feasible region and reducertheost when compared with the conditions
of Theorem 6. Therefore, the conditions proposed in Thedteme less conservative than that
presented in Theorem 6.

The conditions of the proposed methods are a special clagvidé (Bilinear Matrix
Inequalities), which contain some bilinear terms as thelpcoof a matrix and a scalar, related
to a suitable convex combination and two scalar parameiqrovide extra free dimensions in
the solution space. The hybrid algorithm DE-LMI is propog&dobtaining feasible solutions
of this particular NP-hard problem.

In Example 1V, it was presented a practical application oaraisactive suspension system.
It was possible to observe a dynamic response improvemesidzring the reduction of the
guaranteed cost, when compared with the results obtainesid=ying the procedure presented
in (CARDIM et al, 2016). A second study regarding this problem, considesimgincertain
bounded mass and a fault in the spring, confirms the effews®of the proposed approach.

Regarding actuator saturation and switched controllexgntples V and VI explore the
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conditions of Theorem 9 and 10. These examples shows thatofoe cases the proposed
conditions, considering switched controllers, hold whhe conditions proposed in Chang,
Park and Zhou (2015) does not. Moreover, it is possible tefesthat the switched controllers
method yields a bette#”, bound §).

Finally, Example VII presents the robusti, switched controllers designing, based on
Theorem 10, for a switched linear system subject to actisatinration. This examples shows
that, even under actuator saturation, the systems syaisil@énsured for alk(t) € X' (A}) and
the set constraint§ (P(a*),¢ 1) C X (M) and&(P(a*), ¢ te) C Gic(a*) hold.

It is important to highlight that the proposed methods areldlsised and consider a
parameter-dependent Lyapunov function. Furthermorestas recent result presented in the
literature the design avoids linear matrices equalitiesthe need to impose any constraints on
system matrices

9.2 FUTURE RESEARCH DIRECTIONS

As futures research directions, the following proposedisied:

e Generalize the control design for uncertain linear digctehe systems.

e Extend this work to cope with for uncertain nonlinear systatascribed by T-S fuzzy
systems subject to actuator saturation.
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