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The thermohydrodynamical picture of a charged Brownian particle
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We study a charged Brownian gas with a non uniform bath temperature, and present a thermohydrodynamical picture. Expansion on the
collision time probes the validity of the local equilibrium approach and the relevant thermodynamical variables. For the linear regime we
present several applications (some novel).
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Estudiamos un gas browniano con carga y presentamos el cuadro termohidrodinámico considerando una temperatura de contenerdor no
uniforme. Con una expansión en el tiempo de colisión exploramos la validez de la hipótesis de equilibrio local y las posibles variables
termodińamicas relevantes. En el régimen lineal presentamos varias aplicaciones (algunas inéditas).

Descriptores:Termodińamica, movimiento browniano.
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We generalize previous work [1], considering a magnetic
field [2] and a non uniform bath temperatureT (x, t). Follow-
ing the Ref. 1 we write down Kramers equation for the prob-
ability distributionP (x,v,t) in phase space for the Brownian
particle (massm chargee) under an external forceF:
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The Fokker-Planck collision timeτ is the inverse of the
friction coefficient and the thermal velocityvT is given by
mv2

T = T (hereinafterkB = 1). The diffusion coefficient
D and the mobilityξ = τ/m are related via the celebrated
Einstein relation D= ξT = τv2

T . In the collision termJ we
include a generalized BGK collision mechanism [3]. The lat-
ter is characterized by a relaxation timeτ0 and a prescribed
referential particle densityn0(x, t) (for example the actual
Brownian particle densityn(x, t)). f0 is the usual equilib-
rium distribution function. The external force (not necessar-
ily uniform) includes a mechanical part−∇Vmec, an electric
field E = −∇φ and a magnetic fieldB. Let us define a po-
tential functionV = Vmec + eφ and a covariant derivative
D = ∇+ Γ, where

∇ =
∂

∂x
andΓ = T−1∇V.

Also define the vectorω (notice the cyclotron frequency is
|ω| = ωc) by mcω = eB. Thus the external forceF is given
by F(x,v) = −∇V −mω × v. We generalize our previous

ansatz [1] as:
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whereΦnk
(wk) are the orthonormal Hermite functions with√

2vT wk = vk and withn = (n1, n2, n3). As before, we
require the density of Brownian particles to be

n(x,t) =
∫

dvP (x,v, t).

By direct substitution of the ansatz into (1), and as in Ref. 1 a
set of differential recursive (difference) equations for theΨ′ns
are readily obtained. After a partial integration we obtain
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0 , 2g = ln T.

The asymmetric lowering and raising operatorsA andA∗ are
defined respectively by

A1Zn = Zn1−1,n2,n3 and A?
1Zn = (1 + n1)Zn1+1,n2,n3

(similarly for the remaining components), and with
Q =v2

T A + A?.
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The particle number balance equation (Eq.4 with|n| = 0)
defined here as the generalized Smoluchowsky equation, is
given by

∂n

∂t
+∇J = − 1

τ0
(n− n0) , (6)

with J = (Z100, Z010, Z001). The passage to hydrodynam-
ics is performed as before [1] defining the particle flux, the
charge flux, the pressure tensor and the energy flux, respec-
tively by:

J =
∫

dvvP (x,v, t),

Je = eJ, Π(x,t) = m

∫
dvvvP (x,v, t) and

2JE(x,t) = m

∫
dvvv2P (x,v, t).

We also define the energy densityE and the nonequilibrium
temperatureΘ as before [1];2E(x,t) =TrΠ =3p = 3nΘ.
Again from Eq. (4), this time with|n| = 1, we derive the bal-
ance equation for the charge flux (generalized Ohm law [4]):
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∂t
+ Je = σ?W, (7)

W = E + RHJe ×B−1
e
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en
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whereτ∗−1 = τ−1+τ−1
0 , σ? = m−1e2τ∗n andR−1

H = nec.
With the additional definitionsε = mnv2

T andε0 = mn0v
2
T

we obtain for the energy flux balance equation [Eq.(4), with
1 < |n| ≤ 3]
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We perform the passage to thermodynamics [1] with the def-
inition for the entropy density

S =
∫

dv S∗(x,v, t) = −
∫

dv

P (x,v, t) ln λ P (x,v, t)(with λ =e−1 (h/m)3, ln e= 1,
so in the appropriate limit we retrieve the usual thermody-
namical entropy [1]). The entropy flux is defined as

JS =
∫

dvv S∗(x,v, t),

then the entropy density balance equation is given by

∂S

∂t
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∫
dvJ (1 + ln λP ) . (10)

Also as in Ref. 1 we define the generalized free energy den-
sitiesF andG, and the intrinsic and total chemical potentials
respectively asF = E − ΘS, G = F + p = nµint and

µ = µint + V. Here we introduce no a priori assumptions on
the functional dependence of the entropy (as in the local equi-
librium approach, LEQ) nor do we assume relevant variables
as is extended irreversible thermodynamics (EIT, [5]). As in
Ref. 1, all fluxes (including the ones not computed here),Θ,
µ, S, in fact all thermodynamic potentials can be expanded
in powers ofτ (adequate at least in the overdamped limit
and withτ0 À τ ), formally rendering all variables univer-
sal functions of the set{∇,D, n, T,B}. Thus, at any given
τ expansion stage, the only relevant variables aren andT .
For Brownian motion, the universal equation for the parti-
cle density is the generalized Smoluchowsky equation plus a
set of boundary conditions (BC). This picture is distinct but
not inconsistent with EIT [5], where incorporating the BC to
the fluxes, the latter may be interpreted as relevant variables.
LEQ is satisfied only to first order inτ , where

Θ = T (1− τ
∂ ln g

∂t
).

Hereafter we consider the linear (first order inτ ) case and a
stationary temperatureT = Θ. Then the particle flux is cast
as (withB =B

∧
z)

J = −ξKn∇V −K∇(Dn), (11)
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with

θ = DDB
−1

and where Bohm’s diffusion coefficient is

DB = cT (eB)−1
.

Notice that

θ = σ0BRH = τωc where σ0 = m−1e2τn.

The scope of the Brownian motion scheme is highlighted
with some direct applications of Eq. (11):

a)If diffusion is disregarded (∇n = 0, say electrons in a
metal) and with∇T = 0 we retrieve the classical magnetore-
sistance and Hall effect models [6]

b) If we consider two Brownian gases, say electrons
and holes (inhomogeneous semiconductors), with then0’s
the equilibrium carriers’ densities and theτ0’s generation-
recombination times, then (6) together with (11) constitute
generalized transport equations [6]

c)The diffusive part has the ‘correct Fick law’ for nonuni-
form temperature [7]

d) Equation (11) can also de cast as

J = −ξK(n∇µ + S∇T ) (13)
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in agreement with Ref. 8 for the∇T = 0 case, suggesting
that diffusive mass transport is solely convective transport of
both mass and entropy; and finally

e)In the high magnetic field regime and with∇T = 0 the
cross diffusion current is driven by DB ∼ B−1 the anoma-
lous Bohm coefficient, never derived but proposed to ex-
plain the observedB−1 behavior instead of the expectedB−2

term [9].

Work in progress includes illuminated systems [10],
chemical reactions [11], the non linear regime in earnest,
transport and entropy production general properties, and the
validity of any Onsager-like scheme.
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