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Abstract

We consider a connection that exists between orthogonal polynomials associated with positive measures
on the real line and orthogonal Laurent polynomials associated with strong measures of the class S 310, B, bl.
Examples are given to illustrate the main contribution in this paper.
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1. Introduction

Let —oo < ¢ <d < o0 and let ¢ be a bounded and nondecreasing function on [c, d] such

that it has infinitely many points of increase in [c, d] and that the moments ,uf = fL ,d x"de (x),
n=0,1,2,..., all exist. Then ¢ represents a positive measure on [c, d] and one can uniquely

define the set of polynomials {Qf}zozo by

Qf is monic of degree n,
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d
/‘XSQg(X)M)(x):O, s=0,1,....n—1.

These are the monic orthogonal polynomials associated with the measure ¢. It is well known that
these polynomials satisfy the three term recurrence relation

001 ()= (2= bJ,) 00 @) —ay, ) (@), n>1, (L.1)
with Qg(z) =1and Q‘f (R)=z— bib. The coefficients aff and bff, given by
o JexQIP g 0. md o = S0 )2 de (x) .

n+1 = n+1 =

10801 dp(x) 10?2 0P dp(x)

satisfy bZ’ eR,n>1,and an > 0, n > 2. For further information on these polynomials we refer
to Chihara [1] and Szeg6 [13].

Now let 0 < a < b < 0o and let ¢ be a bounded and nondecreasing function on [a, b] with
infinitely many points of increase in [a, b] and such that the moments ;L,',p = fab t"dyr(t), n =
0,x1,+£2,..., all exist. We refer to ¢ as a strong positive measure on [a, b] and define the set
of polynomials {Q;,/’ 120 by

Q;ﬁ’ is monic of degree n,
b

/l‘_n—HQ;{/(t)dl//(t):O, s=0,1,....,n—1. (1.2)
a
Such polynomials were introduced in [7] in order to solve the strong Stieltjes moment problem.

The sequence of functions {r~Ln+D/2] Q,‘f (1)} is known as a sequence of orthogonal Laurent
polynomials or orthogonal L-polynomials associated with the measure ¥ (see [6]). Like the
monic orthogonal polynomials, the polynomials Q;lb are also unique and for convenience we
refer to them as L-orthogonal polynomials.

It is known that the zeros of Q}f are all positive, distinct and lie within the interval (a, b). The

zeros of Q,‘,p also interlace with the zeros of Q;lpfl . Moreover, these polynomials satisfy the three
term recurrence relation

V' w)y=(w—pY ) w) —a! wQ! (w), nx1, (1.3)

Witthf(w)zlandQll'/f(w):w—ﬁ;p,ﬂ1 —/LO//L L= Po /(TO and, forn > 1,

v 14

v Tn-1 v Pn
:3n+1—_ w1y and o=
On n—1

where p! = fab QY (1) dy (1) and o) = fah t="=1QY (t)dy (t). The coefficients 8, n > 1, and
oz,lff, n = 2, are all positive. From (1.3) one can also note that Q;f' ) = (—1)”/3?;3%/’ .- ~,8,11//.
Assuming different symmetric behaviors for the measure v, properties of the L-orthogonal
polynomials {Qf } have been explored in several articles.
We say that the strong positive measure v belongs to the symmetric class $3[z, B, b] if

dy () __dy(B*/n)
tr (B*/1)"

, te(a,b),
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where 0 < B < b, a = B%/b and 2t € Z. The classification of the symmetry is according to the
value of 7.

It seems that two of these symmetric classes, namely when T = 1/2 and t = 0, turn out to be
more interesting than the others.

The L-orthogonal polynomials {Q,',p}, when the measure ¥ belongs to the class S3[1/2, B, bl,
have been explored for example in [10]. In this case we can state the following results:

w" QY (B2/w)
Q) (0)
Moreover, with the transformation x () = ﬁ (/1 —B/+/1), where a > 0, if the positive measure
¢ on the real interval [—x (b), x(b)] is such that

d (x) = t;—tﬁdwm, (1.4)

=QV(w) and BY =g forn>1.

then the orthogonal polynomials {Qf} are connected to the L-orthogonal polynomials {Q,‘{f } in
the following way:

_ 1
02 (x(1) = (2vt) " QY (1) and a;fH:Ea;/’H forn > 1.

Since ¢ is symmetric, that is d¢ (—x) = —d¢ (x), the orthogonal polynomials {Qf} are such that
0%(—2)=(=1)"Q%z) and b? =0 forn>1.

Now the other interesting class S3[0, 8, b] of strong positive measures is characterized by the
symmetry
dy(t) = —dy (B*/1), te(a,b).
Here 0 < 8 < b < oo and a = B%/b. If dyr (1) = h(r) dr then the symmetry is given by
th(t) = (B*/t) h(B*/1). (1.5)

In this paper we look at a connection that exists between orthogonal polynomials associated
with positive measures on the real line and L-orthogonal polynomials associated with strong
measures of the class $° [0, B, b]. We do this based on an idea similar to that of Szegd (see
[13]) to connect orthogonal polynomials on [—1, 1] to orthogonal polynomials on the unit circle.
Examples given in Section 6 to illustrate the main contribution of this paper also lead to some
new results.

We mention that, in [14], Vinet and Zhedanov have considered a connection between or-
thogonal polynomials associated with “symmetric” positive measures on the real line and Szegd
polynomials on the real line using the transformation x (t) = A(y/7 + 1/4/1), where A > 0. As we
will observe in Section 2, the monic Szeg6 polynomials on the real line are the monic reciprocal
polynomials of the L-orthogonal polynomials Q,‘lﬂ defined when the measure  is of the class
S3[0, B, b].

As other attempts to connect orthogonal polynomials on the real line with orthogonal Laurent
polynomials on the real line, we also mention the paper [5] of Hagler, Jones and Thron. However,
none of these previous attempts have provided a method to obtain information on the orthogonal
Laurent polynomials associated with the special S°[0, 8, b] measures that we have considered in
the first three examples of Section 6. We point out that the S3[0, 8, b] measure given by Eq. (6.2)
is, in particular, very interesting in the following sense.
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Let {«,,} and {B8,,} be any sequences of bounded positive numbers such that

lim ¢y =a>0 and Ilim B,=8>0.
n—oo n—oo

Let the sequence of polynomials {13, } be generated by
But1(w) = (w — Buy 1) By (w) — app1wBy—1(w), n=1,
with Bj(w) = w — B and By = 1. Then (see for example [12]),

1 lB;L(w)_L/}Z 1 14 B/t
nsocon By(w) 2m) w—1tJb-0)0—a)

a

holds uniformly on any compact subset of C\ (0, 00), where a = 82/b and b = (/o + B+ /@)>.
2. S3[0, B, b] measures and L-orthogonal polynomials

The L-orthogonal polynomials {Q;,p}, when 1 belongs to the class S3[0, 8, b], have first ap-
peared in Sri Ranga, Andrade and McCabe [11]. Some aspects of these polynomials were also
considered simultaneously in Common and McCabe [3]. We can state (see [11]) the following
results when ¢ € s3[0, B,b].

If f is integrable with respect to ¥, then

b b
f Fdy ) = f f(B*/1)dy @) (2.1)
B2/b B2/b

and, in particular, M;{/ = ﬂz’l,u]ﬁ”. For the associated L-orthogonal polynomials {Q;lp } the coeffi-
cients in the three term recurrence relation (1.3) satisfy

v
yn—l-l _ 132

Vnw ,B:fﬂ,z_l
where yn‘/f = ,3,',# + a;lp 41> With ,Bg/ = y(;/’ = 1. Consequently,

QU =(—1)"BYBY ---BY = (=BYVBY /v, n>1. 2.3)

Moreover, if

n =0, (2.2)

Oy~ VB
" oy ’
then
OV w)=QYw)—al, QY \w)={Q, )+ B, QY }/w, nx1. 24

Now, letting w = B, and also letting w = — 8, in (2.4) we obtain
[1 - %]Qf<ﬁ> =a/, 0V (B and

[1 =B

oy (0)

]Q}f(—ﬁ) =a’, Q) (=),
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for n > 1. Thus, for example,

0, (B = 8%, 80 (Vs B+ ) (Vb1 /B3 = 1) Qb (B, =1,
0, (=B = 8L, 8% (VB + V) (Vb1 /BY o +1)Qh (=), 1. 25)

Note that the monic polynomials Q:ﬁ’ satisfy the orthogonality (to be more precise the
biorthogonality)

b
/r@}f(r)dw(t)zo, s=0,1,....,n—1. (2.6)

a

If we define the reciprocal polynomials of Q;/’ by Qn*(w) = (w/ﬁz)”@,‘f (B%/w), then
OF*(w) = Q) )/ Q) (0), n > 1, and from (2.4),

QY (wy=wd”  (w)+35,0"* (w), n>1, 2.7

where 8, = % =(—B)"+/ y,,w/ﬁ;{/ forn > 1.

Note that, if the integration in (2.6) is done over the unit circle then r~! can be replaced by
the conjugate of ¢. Hence, based on (2.6) and (2.7), the polynomials Q}f can be called the monic
Szeg6 polynomials on the positive interval [a, b]. The numbers §, = Q;,p (0), which play the role
of reflection coefficients, satisfy

|6, > " forn > 1.

Like the zeros of Q,,w the zeros of Q,‘,ﬁ also lie within the interval (a, b), here with a = ﬂ2 /b.
Hence it is important that 18] > B" (see Vinet and Zhedanov [14]). Otherwise, if 18, | < B", then
(just as the scaled Szegd polynomials orthogonal on the circle of radius 8) the zeros of Q,‘f would
lie within the disk |w| < B.

To be able to talk about Szegd polynomials on a positive interval [a, b] it is important that
the measure is of the class S3[0, B,b], with a = ﬂ2 /b. Otherwise the monic polynomials {ij }
defined on [a, b] by (2.6) do not satisfy (2.7). For example, if the measure ¥ is of the class
S3[—1/2, B, b], then for the monic polynomials {Q,‘,p} defined by (2.6) we would have, instead
of (2.7),

QY (w)=8,0V*w)=wd” | (w) +5,07*,(w) —@wd” ,w),
for n > 2, where §, = Q:,p (0) and @,, > 0.

3. Hyperbolic Szeg6 transformation

With 8 > 0, the transformation given by
1 (w
z=Tw)= —<— + E>,
2 w

may be called a generalized Joukowski transformation. It is well known that this transformation
maps the semi-circular region {w = ,Belgz 0 < 0 < 7} onto the interval [—1, 1] (likewise the
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semi-circular region {w = Be'’: —x <6 < 0} onto the interval [—1, 1]). In this special case the
transformation is also known as the Szeg6 transformation.

Here, we consider another special case of the transformation 7' (w) which maps the interval
[B, o0) onto the interval [1, 00). Also the interval (0, 8] onto the interval [1, 0o). We call this the
Hyperbolic Szegd Transformation and write

x:x(t)z%(é-i-g),

for t € [8%/b,b] and x € [1,d], with d = %(b/ﬂ + B/b). Interestingly, we can consider this
transformation in two stages.

Stage 1: 0= ln(%).

This is a mapping from [82/b, b] onto [—1, #], where © = In(b/). Note that 6 is a strictly
increasing function of 7. The inverse of this mapping is t = Be?.

Stage 2: x =coshf = %(69 + ¢7%), hence the use of the word Hyperbolic.

This can be considered as a mapping from [0, ©] onto [1, d], where d = cosh ¥} = %(b/ B+
B/b). Here x is a strictly increasing function of 6. The inverse of this mapping is 6 = In(x +
Vx2 — 1), with In(b/B) =9 =In(d + +/d? — 1).

This can also be considered as a mapping from [—%, 0] onto [1, d]. Now x is a strictly de-
creasing function of 6. The inverse of this mapping is 6 = In(x — v/x2 — 1), with In(8/b) =
—% =In(d — Vd? - 1).

Now if we consider the integral / = f ld f(x)d¢(x), where ¢ is any positive measure on [1, d],
then we can write

1 d
2 = / FO[-dd (0] + / £ dp ().
d 1

Here, applying Stage 2 of our transformation, we obtain

0 D
21 = / f(cosh@)[—dqb(cosh@)] +/f(cosh9) d¢ (cosh ). (3.1)
-0 0
Applying Stage 1 of our transformation, where ¢’ =1/, then gives
B b
21 = / fx®)[—do(x@®)] + f f(x(0)do(x(@)).
B*/b B
Hence,
d b
f f)dg(x) = / fx@)dy @), (3.2)
1 B2/b
where dy/ (1) = $dg (x(1)) for 1 € (8,b) and dyr (1) = —1 dp(x(1)) for t € (B2/b, p). Clearly,

ugf = ,ug. Moreover, one can verify that i is a strong positive measure on (8%/b, b) and that

v € 30, B, b).



120 E.X.L. de Andrade et al. / J. Math. Anal. Appl. 330 (2007) 114-132

In particular, if d¢ (x) = k(x) dx then (3.1) and (3.2) can be given in the form

d 0 b
/f(x)k(x)dx:%/f(cosh@)k(cosh9)|sinh9|d9: / f(x(t))h(t)dt,
1 - B2/b
where
dy@) 1|t B
h====1 E—7k(x(z)) fort € (8%/b, b). (3.3)

The following lemma gives information on some auxiliary polynomials used in the next two
sections.

Lemma 3.1. Let x = coshf. Let
sinh(n + 1)6
T,(x) =coshnf and U,(x)=—"—, n=0.
sinh 6

Then the following hold:

e To(x) =1 and, for any n > 1, T, is a polynomial of degree n with leading coefficient 2"~ .
Precisely, Ti(x) = x, Th(x) = 2x2 — 1 and, forn=1,2,...,

o 2l N~ (211
Top1 (x) =222 = 3~ i Tonq1-2j(x),

j=1
n
2n+2 1/2n+2
T — 22n+l 2n+2 T Y P .
on42(x) x JX_; P L O P

e Foranyn >0, U, is a polynomial of degree n with leading coefficient 2"*. Precisely, Uy(x) =
1and, forn=1,2,...,

n—1 n—1
Un1(0) =2 Ton-12j(x) and Upy(x) =142 Toy 2;(x).
j=0 j=0

Proof. Using the binomial expansion

5 2n n
(2x)2" = (60 +€_9) " = Z < . >€(2n_2j)0.
FER
Since (2,n) = (232‘)’
2n o , ,
(zx)Zn — ( ) + Z ( ‘ )[e(Zn—Zj)O + e—(2n—2‘/)9]
n PV

n—1
2
= (nn) + 2;) ( Jn) Ton—2j(x).

This completes the proof of the result for 75,. Similarly, considering the expansions of (e? +
e~ H 1 and (e — =110y /(08 _ ¢=0) we obtain the results for 75, and U,. O
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The polynomials {7,,} and {U,} are, respectively, the Chebyshev polynomials of the first and
second kind. That is, within the interval [

—1, 1] these polynomials can be given by T}, (x)
cosnf and U, (x) = sin(n + 1)0/sin6 with x = cosd
Note that 7,, and U, are such that

1
T (x(1) E[O/ﬂ)" +(B/0"], n=0,

Us(x@®) = [@/p)" " = B/0)" ] /[@/B) — (B/1)], n=0.

(3.4)
4. Orthogonal polynomials and L-orthogonal polynomials

Let0 < B <band ¢ € S3(0, B, b). Let us consider the functions {R( )} given by

2
MORW (1) = ( ) Q3 (1) + <ﬁ2) QZn(ﬂ ) n>0,
where A( ) (2;‘3)"[1 ++/ ,32n/y2n] Using (2.4) one can also show that

R,(,I)([) —_ V" 2n"2n IBZnVZn

n /32
air (1) @b+ (5) ()] -

t

WV

1.

Theorem 4.1. Let d = x(b) and let the positive measure ¢ defined on the interval [1, d] be such
that

dgy (x(1)) =2dy (t) fort€[B,b).

Let the sequence of functions {P,fl)} be such that
PO (x)) =RV (1) forn>1

Then for any n > P(l)(x) =

n (x), the monic orthogonal polynomial of degree n associated
with the positive measure ¢ on [1 d]. Moreover, ,ug = Mo’ b¢1 = 81// and, forn > 1,

o 14 14 14
bn-li-l = 82n+1(82n + ) + 5211 1((S - ])’
1
¢ v v v v
an—li-l = Z((SZn 2t 1)(82n s 1)(82n 1 1)(8 - 1)’ 4.1)
where 3,11// =4/ )/nw / /3,1,!/ . Furthermore,

sV = MEh+ S ) and 8) =S (1)—8" (-1)—1 4.2)
2n—1 S¢1(—1) _ S¢1(1) n+1 n+1 '

forn =1, where S (z) = Q' (Z)/Qfl,l(z)-

Proof. First we show that P,,( ) is a monic polynomial of degree n. Letting Q;, (t) = > 04n,rt
we obtain
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2n n—r ner
HURD (@) = Zqzn,rﬂ"“[(i) + (E) }
r=0 ’3 4
n—l i o £\ B n—r
=2qom,n “FZ(QZn,r,B + qon2n—rB )[(E) + <7> j|

r=0
Hence, from (3.4),
n—1
)L(I)P(l)(x(t)) =2qomn + 22 Qon,rB” (AL q2n,2n— PB" ) n— r(x(t)) 4.3)
r=0

Since T}, r > 1, is a polynomial of degree r in x with leading coefficient 2!, P, D s a polyno-
mial of degree n in x and its leading coefficient is

2"(‘]2n,0,3_" +(J2n,2n,3") _ 2”(Q§bn(0)ﬂ—n _I_IBn)
(D - .
b QBT+ /8L v

Using (2.3) one can easily verify this to be equal to 1.
Now we establish the orthogonality property of { P,fl)}. We will show that

d
1,51,3—ka(x>P,§”(x)d¢1(x)=o fork=0,1,...n—1, n>1. (4.4)
1
From (3.2),
b 1 b k k
1) = / Ti (x(0) P (x(0) dy (1) = 5. / [(%) +<§) i|R,(11)(t)dw(t).
B%/b B2/b
We write
b k k n
201 = / [(%) +(§> ]G) QY (1) dy (1)

B2/b

JIORGI O

Using (2.1) on the second integral, we obtain

A(I)I(l)

b ¢ k ,B k 1\" "
e () +(0))2 et
B/b

Thus, from (1.2), Irfllz =0fork=0,1,...,n— 1. This proves the first part of the theorem.
We also have from (4.5),

v oy v 1
1 Mo & &3« Qo g
n

2821+ B, /73]

I¢

n

WV




E.X.L. de Andrade et al. / J. Math. Anal. Appl. 330 (2007) 114-132 123

On the other hand, since the leading coefficient of 7}, is 2"=1 we obtain from (4.4),

I(l) — 211 IMO a?lafl ¢l n 2 1

n,n n_;’_l )
Considering the ratios I,ﬁ ,)l/ 1 (1)1 a1 Weare led to

| ¥ 4
& 1 Ot;//ol;p & 1+ ,32,,_2/3/2”_2 Ol;pnﬂl;bn_H

a2 = and a = N n>2
232 n+1 482
LeyBY v %P L B/ Van g

Hence from (2.2), Eq. (4.1) for a?' can be obtained.
Now we compare the coefficients of degree n — 1 on both sides of the expression (4.3) and
obtain

n>l1.

_ ib‘f’l 2 g2 B+ gaan 1B
r - 9
QB L+ Bay/van]

The left-hand side follows from the three term recurrence relation (1.1). We need to find
expressions for go,,1 and g2,,2,—1. From the three term recurrence relation (1.3), gu4+1,, =
—,B;f'H - oz;ffﬂ ~+ gn.n—1 for n > 1. Thus,
2n
q2n,2n—1 — (X;/;_H = Z ers nzl.

r=I1

From (2.4),
q2n.2n—1 — a;//n+] = /3252n,1 s
ol )
Therefore,
n 2n al/f 1 2n—1
Zb?' = Z)/r tad =5z Zyr]// \/ﬂZnyZn’ nzl.
r=1 r=1 2801+ ﬂi/y;fl] 265 28

From this and (2.2), Eq. (4.1) for b,'f' follows.
Since x(8) = 1 and x(—B) = —1, we obtain from Q%' (x(1)) = R" (¢),

o) 208, (-
Q¢1( )_(12+("® and Qﬁl(_l)zy, 1.
B" A (=B)"
Hence, with S (z) = QF! (Z)/Qfl,l(z),
S =—5 (ngn 1= )(52n 2t ) nzl,

1
SO =g () ), n>
Therefore we obtain (4.2) and this completes the proof of the theorem. O

We remind that QY (0) = (—8)"/8V, n > 1, and

B =p8" /80, o =BE DG+ /8, n=1, (4.6)
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with 8(')# = 1, which follow from (2.2) and (2.3). Thus, forn > 1,

/ Q) (1) dyr(1) = M"’f [(84‘{’ —1)(s7 +1)],

B2/b =

b

[ ot wawo = t,, H +1)]
B2/b =

5. Companion polynomials of { Qﬁ‘} and further identities

We now consider the functions {R(z)} given by

1 n+1 n+1 ’32
WrP0=(7) - (5) (5] - w0
where 457 = (28)"[1 — / BY, 2/ Vo 2] Again from (2.4),
ﬁ‘/; ylfr’l 1\ 7+ n+1 2
rpo =Y () ot - () b (5)] /-0

@)y t t
forn > 0.

Theorem 5.1. Let d = x(b) and let the positive measure ¢, defined on the interval [1, d] be such
that

1
=1 d<b2(X(t)) = dg1(x(1)) =2dy (1) fort €[, bl.

Let the sequence of functions {Pn(z)} be such that
Pn(z) (x(t)) = RQ) () forn>=0

Then for n > P(z) x) = ¢2 (x), the monic orthogonal polynomial of degree n assoczated

with the posmve measure ¢y on [1,d]. Moreover, pL¢2 1(81// — 1)(81” 1)(51// + l)pL0 and, for
n=l,

1 1
bfz = ) 2n+l(8vj - 1) + 252n 1(5¢ + 1)
1
afty = 5 (65, = D)4y = DYy + D (0 + 1), (5.1

Proof. To prove P,Sz) (x) = fz (x), apart from establishing that P,Sz) (x()) = R,?) (t) is a poly-
nomial of degree n in x, one needs to prove that

d
12 = [ Uyx) PP (x)dgpp(x) =0 fork =0, 1 —1Ln>1
Wk = k(X)) P, (x)dehr(x) = ork=0,1,...,n , n>1.
1
This is done in a way similar to that of Theorem 4.1.
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Having proved P,,(z) x)= fz (x), from 1,52,), we have

d | b
/ Un () Q%2 (x) do(x) = — / QY L@y ),

1 @pHymH[1 - vV ﬂ2n+2/y2n+2][32/b

for n > 0. From this, ,ud)z = éuwawaw and
O apnymn 0
1

ZnMgzagz_“ad& v oy 14 14 n>1.

= T TR P, (D B B
¥ ¥
Y1 =/ Brsa/ Vansa)

Consequently the equation for af % in (5.1) follows.
Comparing the coefficients of x"~1! on both sides of the equation sz x() = R,Sz) (1), the
equation for bfz in (5.1) also follows. O

Now, from (4.1) and (5.1),

¢ Y ¥
bn-li-l - bl(fz - 8211+1 - 62n—1’ nzl,
with b'fl = 8;//. Thus, we can write
n+1 n
5 =b" and 8y, =D b= b2 >l
r=1 r=1
Also, from (4.1) and (5.1),
¢ ¥ ¢ ¥ ¥
ay & —Hlﬂl and Ay Sy pt185, 1 ’
= 0 = , .
ul 8y —1 al> 8y _,—18) +1
Since /,Lgl = /Lg,
TR R R
¥ B [ and v T #h & ¢ 0 7 1.
8, +1 Ko Sopir 1 Ay ay Ko
¢, 1 9
Thus, 8;/ = % and
Ho~ =4y Ko
[ ¢ & [ ¢ o1, ¢
sV Ay ey gt @, 0d, ) Iy 01
2n42 7 ¢ 2 ¢ b1 #1 =

(03] @1
a,fq Ay gt — Ay a0y Gy g
6. Examples

We give four examples and in the first three of them we start from a known set of orthogonal
polynomials and derive information on the connected set of L-orthogonal polynomials. In the last
example, we consider a known set of L-orthogonal polynomials and obtain information about the
connected set of orthogonal polynomials.
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6.1. L-orthogonal polynomials from the Chebyshev polynomials

We consider the sequence of orthogonal polynomials {Qfl } given by

2x d+1
#1 — G >1
Q (x) =cy n(d 1 d—l) nzl1,

where T, are the Chebyshev polynomials (see, for example, [1,13]). The constants ¢, are chosen
so that Qf‘ are monic polynomials. The following results are easily verified:

dx=1 and

d
1/7‘[«/(d—x)(x— 1)

d—1 2n
=6pm| — 2, n=21, m=0.

/ 0% (x) Q% (x) 7

1
wA/d—x)x—1) dr

The three term recurrence relation for Q,, is

1 1
07 (x) = (x —5d+ 1)) 0% (x) - - 1209 (x),

WV
»

o 1(X)—<x——(d+1))Q¢‘(X) 6(d—1)2Qﬁ1_1(X), n

with 09" (x) = (x — 4ty and Q¥' (x) = 1. Moreover, for n > 1,

2" 0 (x) = [(x - d—;’l) +V@d—na —x)}

d+1 "
+[<x——;— >—\/(d—x)(1—x):| . 6.1)
Hence, from Theorem 4.1, with the use of (3.3) we can consider the L-orthogonal polynomials
{Qf} associated with the $3(0, B, b) measure ¥ given by

idt
T Jb-0t—a)

where b = B(d + v/d?> — 1) and a = 2 /b.

dy (1) = (6.2)

Theorem 6.1. Let  be the 530, B, b) measure given by (6.2). Then for the associated L-
orthogonal polynomials {Q;ID} we have that the parameters 8,‘10 = (—ﬁ)”/Qf (0) satisfy

y _[tnlli+9>7" y _ 4n =]
=L = [ = 21y =l [+ 02

where n = [v/b — /BI*/[Nb + VB> Consequently, in the three term recurrence relation (1.3)

satisfied by these polynomials, we have ﬁl =B H+Z%2’ oV -y 8[71[1:2732 and, forn > 1,

nz=l, (6.3)
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[1+n2” NI+ 12 gY _ﬂ[l—nz"][l—nz”“]
2n ]][ _ 2n]’ 2n+1 — []+02n][1+n2n+1]’
4n (14?1 —p?t)

[(L—n? [L+n][1—n*]

o = 4n [ —n*[1 + 0>

2n42 — [l_n]z[1_|_,72n+1][1_,72n+1]'

By, —ﬁ

v _
a2n+1 - 'B

Proof. We obtain from (6.1),
d—1\"/—-1\"
¢ — _
Qn‘(l)—2< > ) <2> ;
d+1 2n d+1 -1\
Pre_1) — _ _
e[ () )

forn > 1. Since d = 5 (b/ﬁ + B/b), these can be written as

1 _ 2n 2n
Q' (== Sbﬁ)n[(f+f) Wb—B*], n=1,
¢I _ — 4n 4n
o (=D == Sbﬁ)n[<f+f) +Wb—yB*], nx>1L
With n = [v/b — /B1?/[v/b + /B]?, we can then write
(—=2)"n" (=2)"(1 41"
o1 _ Pr(_1) — i
o) (1)_2(1—11)2" and Q%'(-1)= A > 1.
Hence, for 5" (2) = OF' (2)/ 07", (2),
—2n -2 1+p™"
¢ DL 1) —
S91(1) = = )2 and S7( 1)_(1—77)214‘772"_2’ n>l1.

127

Thus, from (4.2), the results (6.3) of the theorem follow. With this, the results for { ,B,',p } immedi-

ately follow from (4.6).
To obtain the results for {a,‘ff }, first we obtain

sV - 2 [1+n?" 2] s¥ 12 [1+n*]

2n—1 - _ _ 2n—17’ 2n—1+ _ _ 2n—1
(1 —nl[1—n="""] (1—nl[1l—n>"17
2 1— 2n—1 2 1— 2n+1

sV o 2n H=n""1 [ [1—n""""]

[1—n] [1+n*]"° [1—n] [1+n*]"°

for n > 1. Now the results for {oc,Z } follow from (4.6). O

Note that we can write = [vd + V/d? — 1 — 1]>/[/d + ~/d? — 1 + 1]%. Hence, the value of

n is independent of the value of .
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6.2. L-orthogonal polynomials from the Laguerre polynomials

The Laguerre polynomials {L,({x) }, for &« > —1, are defined by

o0
/L;"‘)(x)L;g)(x)x“e—x dr =T'(a + 1)(" +“)3nm, nm=0,1,2,...,
n

where ( ) %&DUH) These polynomials are explicitly given by (see, for example, [1,13])

n
1 .
L) =1 and L& x) =) <Zf‘;>ﬁ(—x)f, n=l.
j=0 '

We consider the polynomials
-1
0V (x)=1 and Qf'(x)= (—2)”n!L§,“>(xT>, n>1.

Then {Q?f1 (x)} are the monic orthogonal polynomials given by

o0

/Qﬁl (x) Q%1 (x) dop1 (x) =2%"n!(a + )b, n,m=0,1,2,...,
1

where d¢ (x) = m[%(x — 1)]°‘e’%("’1) dx. Here, (1), is the Pochhammer- symbol defined
by (u)o=1and (u), =u(m+1)---(u+n—1) forn > 1. One can easily verify that ,u =1,

n _ J
o' =1 and Qﬁl(x)=<—2>"n!2<”+°f>.i(l ’“), n> 1.
=0

n—j)j! 2

Moreover,
0% (0) =[x — @n+3+20]0% () —d4n(n + ) QP | (x), n>1,

with Q' =1 and Q9" (x) =x — 3 + 20).
Theorem 6.2. Let  be the S3(0, B, 00) measure given by

dy () = V4;/( ivl) ][_|/—t/ /—q LW VBDR

Then for the associated L-orthogonal polynomials {Qn }, the parameters 8 =(—p)"/ Q,, )
satisfy

(o) V(Ol)

¥ Vn
82n = —14+2n (+1)_1+2(n+a)v( T n>1,
n—1 n—1
v(a—i—l) (Ot+1)
8y =—1+2-"— —1+2"(a1), n>1,

p{@

where v\ = LW (~1) = > =0 ("“’)JL
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Proof. These results follow from the application of Theorem 4.1 together with (3.3). To complete
the proof of this theorem we observe that

0%1(1) = (=2)"n '(”+“)=<—2>"n!L,S“><0>, n>1,

0% (—1) = (=2)"n 'Z(H‘;‘);—( )" IL@(=1), n>1
Hence, forn > 1,
Qz"(—nQﬁ'(l)=22”<n!>2(”+“>Z(”“f)i,
noJig\n= Jj!
0% (-1)Q” (1) + 01 (1H Q%" (—1)
_ 1 (=Dl (n+a 3 n4a l
2 () S ()
0P (=% (1) — ¢ (1) Q" [ (—1)
_anl(n—l)!n! n+o\w— . (n+a l
=2 nta ( n )jZ_(:)J(n_j)jr (6.4)

To obtain the last two expressions we use

-1 —
(" +°f>=" ]<”+°f), J=0.1....n—1.
n—1—j n+oa \n—j

Using the results of (6.4) in (4.2) we conclude the proof of the theorem. O

From (4.6), we obtain that the polynomials {Q;lp } satisfy the three term recurrence relation
(1.3) with 8 = BB +20)7", &) =4(a + 1)(@+2)8 and, forn > 1,

@ etD (1) @
P = ks Hﬁil) 1/(];) ’ ﬂgfm - ke /<a) (@t
142y /Vn 1+2(n+a+ v, /v,
(a+1) (a+1> @@
a;”n+1=4”‘1T’;2f3§;, a;’j1+2_4(n+1)(n+a+l)ﬁf3§;+l.
n

6.3. L-orthogonal polynomials from the g-Laguerre polynomials

The q-Laguerre polynomials {L,(la)(x; q)}, for a > —1, can be defined by
o

a —a. a+l1.
/ LG )L (s ) dx = 4 D WDy 1y,
(—x; @)oo @ Doo (5 9)nq"

0
where (u; g)o=1, u;¢)n =0 —u)1 —uq)---(1 —uq™~ 1y, n > 1. These polynomials, which
are also called the Generalized Stieltjes—Wigert polynomials [2], have the explicit representation

@t q) —n
Lﬁ,"‘)(x;q)—in@l 1 o lgi—g ), n>1,
(q; @n q
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where

on(]are) =5 EDs g 2
J

— (119); @)

The moment problem associated with the g-Laguerre polynomials is indeterminate and therefore
there are many orthogonality representations. For example, there is the following representation
in terms of a discrete measure.

————L,"(cq’:q)L,) (cq’: q)
= (Feai oo
(@ Doo(—cq" T oo (=T 4T oo (% @)

nmo,

(@ oo (= Poo(—c71g; oo (@ @Ing"

where c is any positive constant.
Here we consider the sequence of monic polynomials

00'r)=1 and QF(x)=(-2)" (Z(n‘fa”)LW)((x—l)/z;q), n>l.

From known results on {L,(f‘)(q; x)}, the following results for the polynomials {Q,"f'} can be
easily written down:

o0
22 (q; n(q* '3 q)
[T e D b n>1.
1
(@90 (x=1)/2)°
where dg; (x) = 3 I T DT @F D) Co—D)/Zgm 9
Moreover,

@ @n

n(n+¢x) n(n—i—oc) ’

dr(_ n(qQ)" @(_1. __ﬂ#
ol (—1)=(-2) n(n+ot)L" (=1;g)=(=2) I

(45 Dn

091 (1) = (—2)" L®(0;9) = (=2)"

for n > 1. The last expression follows, for example, from the summation formula (see [8, p. 15])

wi v\ _ @'
1¢1<v‘q,;)_ V; Poo

Hence, from Theorem 4.1,

Theorem 6.3. Let  be the S3(0, 8, 00) measure given by

(@3 oot W7+ VBT 15IWTTB = VBT
4q % Pl (=T @+ D) (=[3(V17B = VBIDI: o
Then for the associated L-orthogonal polynomials {QZ/}, the parameters 8,1,” = (=p)"/ Q,‘,# 0)

satisfy

14
8271 1=

dyr (1) =

27" 1 and 8, =2¢""—1, n>1.
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6.4. Orthogonal polynomials from the L-orthogonal polynomials associated with
the log-normal distribution

In [9], Pastro gave the orthogonal Laurent polynomials associated with the log-normal distri-
bution. Here we consider the L-orthogonal polynomials {QZ/} defined by (1.2) in relation to the
strong measure i given by the shifted log-normal distribution

1
=5 1IN0/ gp

It is easily verified from (1.5) that this measure belongs to the class S3 [0, B, b], with B =1 and
b=o0.
From Pastro’s results, and also results given in [3,4], it follows that

n
—rn—r) | 2
Q;{/(w)zz(_l)rq r(l’l r){r} qr/ wl’l r n>1’

r=0 q
and

QY w)=(w—q"?) QY (w) —q" (g™ = )wQ)_ (), n>1,
with QI{/ (w) = w — ¢'/2. Here, g = ¢~ and {';}q are the g-binomial coefficients given by

n (g: @n
=— — r=0,1,...,n.
rly @ Dr(g; @n—r

The above results can also be found in [11].

Theorem 6.4. Let the positive measures ¢4 and ¢p, both having their common support on the
entire positive real axis, be given by

1 .
dgp(x) = x(x +2) dpa(x) = ——/x(x + 2)e IEHHVEGFMVEN gy

KT
Then ,u =1, ,u =g~ 2 — 1 and the associated monic Orthogonal polynomials {QﬁA} and
{Q8) satisfy Q({)A(Z) =z+1-q7 2 Q¢B(Z) =z4+1-31¢712(¢2 4+ 1) and

0% () =z —bfil)Q¢A(z) a0 ). n>1,
=

Qn+l(z) =(z— bfﬁl)QfB (2) - an+l QZ)BI(Z) nzl,

where
bfil _ %[qf(ZnJrl)/Z(qfn + 1) +q7(2n71)/2(q7n _ 1)] _1,
ati= 3l R ) g = 1)@ ),
bff—l _ %[q—(2n+3)/2(q—n—l _ 1) _I_q—(2n+l)/2(q—n—l + 1)] —1,
=gl = ) )



132 E.X.L. de Andrade et al. / J. Math. Anal. Appl. 330 (2007) 114-132

Proof. We have 8,‘,0 =¢"/2, n > 1. Hence, applying Theorems 4.1 and 5.1, we obtain for the
measures ¢; and ¢», both defined on [1, 00),

1 «
o) = (3 = 1) g (1) = -~ =/x? = e VDT gy,
KA/TT

/Lgl =1, ,ugz = ¢~2 — 1. Moreover, the associated sequences of monic orthogonal polynomials

{09} and {QP} satisfy Q7' (x) =x — ¢~ 1/2, QP (x) =x — Lq7/2(¢72 + 1) and
00 (1) = (x = b0 )09 (x) —al\ 00 ((x). n>1,
0% (1) = (x = b2 ) 0P (x) —al> | 0P | (x). n>1,

where
b’ﬁ] _ %[q7(2n+1)/2(q7n + 1) +q7(2n71)/2(q7n _ 1)]
afti= " ) - ) ),
bfi—l _ %[q—(2n+3)/2(q—n—l _ 1) +q—(2n+l)/2(q—n—l + 1)]
afi= a7 =g+ g ),

for n > 1. Hence the substitution x = y + 1 gives the results of the theorem. O
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