
manuscripta math. 150, 371–381 (2016) © Springer-Verlag Berlin Heidelberg 2015

M. C. Crabb, D. L. Gonçalves, A. K. M. Libardi, P. L. Q. Pergher

Z2-bordism and the Borsuk–Ulam Theorem

Received: 20 May 2015
Published online: 8 December 2015

Abstract. The purpose of this work is to classify, for given integers m, n ≥ 1, the bordism
class of a closed smooth m-manifold Xm with a free smooth involution τ with respect to
the validity of the Borsuk–Ulam property that for every continuous map ϕ : Xm → R

n

there exists a point x ∈ Xm such that ϕ(x) = ϕ(τ(x)). We will classify a given free Z2-
bordism class α according to the three possible cases that (a) all representatives (Xm , τ ) of
α satisfy the Borsuk–Ulam property; (b) there are representatives (Xm

1 , τ1) and (Xm
2 , τ2)

of α such that (Xm
1 , τ1) satisfies the Borsuk–Ulam property but (Xm

2 , τ2) does not; (c) no
representative (Xm , τ ) of α satisfies the Borsuk–Ulam property.

1. Introduction

Let ((X, τ ); Y ) be a triple where X and Y are topological spaces and τ : X −→ X is a
free involution. We say that ((X, τ ); Y ) satisfies the Borsuk–Ulam property (which we shall
routinely abbreviate to BUP) if for every continuous map ϕ : X −→ Y there exists a point
x ∈ X such that ϕ(x) = ϕ(τ(x)) (or, equivalently, we say that the Borsuk–Ulam property
holds for ((X, τ ); Y )). We also say that the pair (X, τ ) satisfies the Borsuk–Ulam property
with respect to maps into Y .

Let Sm be the m-dimensional sphere, A : Sm → Sm the antipodal involution and
R

n the n-dimensional Euclidean space. The famous Borsuk–Ulam Theorem states that,
if ϕ : Sm → R

m is any continuous map, then there exists a point x ∈ Sm such that
ϕ(x) = ϕ(A(x)) (see [1]). We remark that, as an easy consequence of the Borsuk–Ulam
Theorem, ((Sm , A);Rn) satisfies the Borsuk–Ulam property for n ≤ m, but the BUP does
not hold for ((Sm , A);Rn) if n > m, because Sm embeds in Rn .
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After the comments above a natural generalization of the Borsuk–Ulam Theorem con-
sists in replacing Sm by a connected, closed m-dimensional smooth manifold Xm and A
by a free smooth involution τ defined on Xm , and then, considering continuous maps from
Xm into R

n (n > 0), to ask which triples ((Xm , τ );Rn) satisfy the Borsuk–Ulam property
(BUP). It is known that if n > m, the BUP does not hold (see [4]). This leaves the inter-
esting cases where n ≤ m and m > 1. For n = 2 the problem is equivalent to an algebraic
problem involving the fundamental group; see, for example, [4] or Lemmas 2.4 and 2.5. For
n = m ≥ 2 the problem is well understood in terms of the cohomology of the orbit space,
as we explain below.

A major problem is to find the greatest n ≤ m such that the BUP holds for a specific
(Xm , τ ). Since for m > 1 and n = 1 the BUP always holds, this greatest integer will be
greater than or equal to 1. This is equivalent to finding all values n for which the BUP holds
for ((Xm , τ );Rn). The greatest integer n for which the BUP holds for the triples above is
also known in the literature as the index of τ on Xm . Unfortunately, at this level of generality
the problem seems too hard. In this paper we shall tackle the problem up to bordism.

Before describing our results, we fix some notation that will be used throughout the
paper. The basic object of interest is a pair (Xm , τ ) consisting of a closed smooth manifold
Xm of dimension m ≥ 1 and a smooth free involution τ : Xm → Xm . We do not always
require Xm to be connected. The orbit space M = Xm/τ is a closed smooth m-manifold.
We shall write λ for the orthogonal real line bundle over M associated with the double cover
Xm → Xm/τ and f : M → BO(1) for its classifying map.

Let us begin with the cohomological criterion from [4, Theorem 3.4] for the case n = m.

Theorem 1.1. Consider a pair (Xm , τ ) with corresponding real line bundle λ over M =
Xm/τ . Then the Borsuk–Ulam property holds for ((Xm , τ );Rm) if and only if the m-fold
cup product w1(λ)m is non-zero.

Recently Musin [6] showed how to characterize the Borsuk–Ulam property in terms of Z2-
bordism classes. Referring to Sect. 2 formore details, we denote the group of bordism classes
of m-dimensional pairs (Xm , τ ) by Nm(Z2), writing [Xm , τ ] for the Z2-bordism class of
(Xm , τ ). We recall from [2, p. 74] thatN∗(Z2) is a free graded module over the unoriented
bordism ring N∗ with one generator pi = [Si , A] in each dimension i ≥ 0, where A is the
antipodal involution on the sphere Si . Musin’s result [6, Theorem 2], for smooth rather than
PL manifolds, can be formulated as follows.

Theorem 1.2. Let α ∈ Nm(Z2), where m > 1, be written as α = a0 pm + a1 pm−1 + · · · +
am−1 p1 + am p0 where ai ∈ Ni . Then
(i) For any representative (Xm , τ ) of α, the coefficient a0 is equal to the characteristic
number w1(λ)m [M] of the associated line bundle λ over M = Xm/τ .
(ii) There is a representative (Xm , τ ) of α with Xm connected.
(iii) If a0 = 1, then for every representative (Xm , τ ) of α the BUP holds for ((Xm , τ );Rm).
(iv) If a0 = 0, then there is no representative (Xm , τ ) of α with Xm connected such that the
BUP holds for ((Xm , τ );Rm).

A short proof, using quite different techniques from those employed in [6] will be given in
Sect. 3. We are interested in generalizing the result when R

m is replaced by R
n for n ≤ m.

More precisely we consider the following question.
Question: Given a free Z2-bordism class α ∈ Nm(Z2) and an integer n, can we find a

representative (Xm , τ ) of α such that the BUP holds for ((Xm , τ );Rn)?

Example 1.3. Let m > 1. Consider the connected manifold Xm = S1 × Sm−1 and the
two involutions τ1 = 1 × A and τ2 = A × 1 on Xm . Both (Xm , τ1), the boundary of
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D2 × Sm−1, and (Xm , τ2), the boundary of S1 × Dm , represent 0 in Nm(Z2). The BUP
holds for ((Xm , τ1);Rn) for 1 ≤ n < m, but for 1 < n ≤ m the BUP does not hold for
((Xm , τ2);Rn).

This example shows that, given α and an integer n, it is not true, in general, that if for
one representative (Xm

1 , τ1) of α the BUP holds for ((Xm
1 , τ1);Rn) then it also holds for

every other representative ((Xm
2 , τ2);Rn). For each m-dimensional free Z2-bordism class α

and integer n, one would, therefore, like to decide whether the BUP with respect toRn holds
(a) for all of the representatives (Xm , τ ) of α, or (b) for some, but not all, of the representa-
tives, or (c) for none of them.

Our main results are as follows.

Theorem 1.4. Let α ∈ Nm(Z2), where m > 1, be written as α = a0 pm + a1 pm−1 + · · · +
am−1 p1 + am p0 where ai ∈ Ni . Suppose that 1 < n < m. Then:
(i) There is a representative (Xm , τ ) of α, with Xm connected, such that the BUP holds for
((Xm , τ );Rn).
(ii) If ak �= 0 for some k ≤ m − n, then for every representative (Xm , τ ) of α the BUP holds
for ((Xm , τ );Rn).
(iii) If ak = 0 for all k ≤ m − n, then there is some representative (Xm , τ ) of α, with Xm

connected, such that the BUP does not hold for ((Xm , τ );Rn).

Theorem 1.5. Consider a pair (Xm , τ ) and corresponding real line bundle λ over M =
Xm/τ . Write [Xm , τ ] = a0 pm + · · · + am p0. Then, for n ≤ m, we have ak = 0 for all
k ≤ m − n if and only if

w j1(M) · · · w js (M)w1(λ)m−� ji [M] = 0

for all j1, · · · , js ≥ 1, s ≥ 0, with �s
i=1 ji ≤ m − n.

Corollary 1.6. If ak �= 0 for some k ≤ m − n, then w1(λ)n �= 0.

We remark that the stronger problem of classifying all triples ((Xm , τ );Rn), where (Xm , τ )

runs over the set of all representatives in a given Z2-bordism class for which the BUP holds
is much harder and closely related to the problem of finding the index (as defined above) of
a pair (Xm , τ ).

The following more refined classification question is open and certainly far more diffi-
cult than the classification question which has been considered in the present work. More
precisely, let α ∈ Nm(Z2) such that α is of the form a0 pn +a1 pn−1+· · ·+an−1 p1+ak p0
where ai ∈ Nn−i and a0 �= 0. Suppose n < m (otherwise the main question is known).
Given α ∈ Nm(Z2) first enumerate the classes of equivalent classes of pairs in the sense
of [4, Corollary 2.3] and a main question is to determine the involution classes [Xm , τ ] for
which the triples ((Xm , τ );Rn) satisfy the BUP as (Xm , τ ) runs over the elements of α. In
particular find such a classification for α ∈ Nm(BO(1)) of the form apn where a ∈ Nm−n .

2. Preliminaries

We begin by reviewing some basic facts about free Z2-bordism.

Definition 2.1. Two free involution pairs (Xm , τ ) and (X ′m , τ ′) are cobordant if there exists
a smooth compact (m + 1)-dimensional manifold W m+1, equipped with a free smooth
involution υ : W m+1 −→ W m+1 such that the boundary of W m+1 is the disjoint union
Xm ∪ X ′m , υ|Xm = τ and υ|X ′m = τ ′. This gives rise to a set of cobordism classes which
we denote byNm(Z2).



374 M. C. Crabb et al.

Recall that associated with a smooth free involution τ : Xm → Xm we have a closed smooth
m-dimensional manifold M = Xm/τ and an orthogonal real line bundle λ over M classified
by a map f : M → BO(1). The total space of λ is (Xm × R)/ ∼, where ∼ identifies (x, t)
to (τ (x),−t). Conversely, from any orthogonal real line bundle λ over a closed smooth
m-dimensional manifold M one obtains an associated smooth free involution by taking Xm

to be the total space of the unit sphere bundle S(λ) → M , equipped with the fibrewise
involution τ = −1 : S(λ) → S(λ) that interchanges the points of each fibre. From [3, 20-4;
p. 71] we have:

Proposition 2.2. The correspondence [Xm , τ ] �→ [M, f ] described above defines an iso-
morphism of N∗-modules between N∗(Z2) and N∗(BO(1)).

Using this correspondence, we shall work primarily with a pair (M, f ) (and the associated
real line bundle λ) representing a class in Nm(BO(1)) and then translate results into state-
ments about the free Z2-manifold (Xm , τ ) representing a class in Nm(Z2). The Hopf line
bundle over BO(1) = RP∞ will be denoted by H . Thus the line bundle λ is isomorphic to
f ∗H .

We begin with the Borsuk–Ulam property for ((Xm , τ ); Rn).

Lemma 2.3. Consider a line bundle λ over a closed m-manifold M. Then there is a map
ϕ : S(λ) −→ R

n such that ϕ(−v) �= ϕ(v) for all v ∈ S(λ) if and only if the bundle
nλ = R

n ⊗ λ over M has a nowhere zero section.

Proof. Given such a map ϕ, we can write down a nowhere zero section mapping x ∈ M to
(ϕ(v) − ϕ(−v)) ⊗ v ∈ R

n ⊗ λx for v ∈ S(λx ). Conversely, a nowhere zero section s can
be expressed as s(x) = ϕ(v) ⊗ v, v ∈ S(λx ), with ϕ(−v) = −ϕ(v) �= 0. ��
The case in which n is equal to the dimension m of M is completely settled by cohomology.

Lemma 2.4. Let M be a closed smooth m-manifold and let λ be a real line bundle over M.
Then mλ = R

m ⊗ λ admits a nowhere zero section if and only if w1(λ)m = 0.

Proof. We may assume that M is connected. The bundle ξ = mλ admits a nowhere zero
section if and only if the Euler class e(ξ) ∈ Hm(M;Z(ξ)) in the cohomology group of M
with integer coefficients twisted by the orientation bundle of ξ is zero. But 2e(ξ) = 0, since
e(ξ) = e(λ)m and 2e(λ) = 0. By Poincaré duality, Hm(M;Z(ξ)) is isomorphic to either
Z or Z/2Z. In the first case, we must have e(ξ) = 0, and then w1(λ)m = 0, too. In the
second case, reduction mod 2: Hm(M;Z(ξ)) −→ Hm(M;Z/2Z) is an isomorphism and
maps e(ξ) to w1(λ)m . ��
Proof of Theorem 1.1. The theorem follows at once from Lemma 2.3 and Lemma 2.4. ��
The cases in which n = 1 or n = 2 are also easily resolved by cohomology calculations.

Lemma 2.5. Let λ be a real line bundle over a closed manifold M. Consider the cases
(i) n = 1, (ii) n = 2. Then nλ admits a nowhere zero section if and only if (i) w1(λ) = 0,
(ii) w1(λ) ∈ H1(M; Z/2Z) is the reduction mod 2 of an integral class in H1(M; Z),
respectively.

Proof. (i). The real line bundle λ is classified by w1(λ) ∈ H1(M; Z/2Z) and admits a
nowhere zero section if and only if it is trivial.

(ii). The complex line bundle C ⊗ λ, isomorphic to 2λ as a real bundle, is similarly
classified by the first Chern class c1(C ⊗ λ) ∈ H2(M; Z) and admits a nowhere zero
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section if and only if it is trivial. Now c1(C ⊗ λ) = βw1(λ), where β is the Bockstein
homomorphism in the exact sequence:

H1(M; Z)
2−→ H1(M; Z) → H1(M; Z/2Z)

β−→ H2(M; Z),

as follows from the observation that β : H1(BO(1); Z/2Z) → H2(BO(1); Z) is an iso-
morphism. Hence βw1(λ) is zero if and only if w1(λ) is integral. ��

3. Connectedness

Let α ∈ Nm(BO(1)) be a Z2-bordism class. In this section we first show that, if m > 1,
there is a representative (M, f ) of α such that the associated Z2-manifold Xm = S(λ) is
connected. For n < m, there is a representative (M, f ) of α, with Xm connected, for which
the BUP holds for the triple ((Xm , τ );Rn)).

Proposition 3.1. If m > 1, then every class in Nm(BO(1)) has a representative (M ′, f ′)
with M ′ connected and admitting an embedding RPm−1 ↪→ M ′ such that λ′ = ( f ′)∗H
restricts to the Hopf bundle over RPm−1. It follows that S(λ′) is connected and that, if
n < m, every section of nλ′ has a zero (lying in the submanifold RPn ⊆ RPm−1 ⊆ M).

Proof. This may be proved by an elementary surgery argument as follows. Consider a class
(M, f ). By adding, if necessary, the disjoint union of two copies ofRPm and the classifying
map h : RPm → BO(1) of theHopf line bundle, wemay assume that at least one component
of (M, f ) is (RPm , h). We now use the connected sum to reduce the number of components
one at a time, connecting in one of the components (RPm , h) at the last step to produce
(M ′, f ′) cobordant to (M, f )with M ′ connected.By construction, M ′ contains an embedded
submanifold RPm−1 such that ( f ′)∗H restricts to the Hopf bundle. The condition that m is
strictly greater than 1, so that m − 1 ≥ 1, then guarantees that λ′ is non-trivial. ��
Remark 3.2. The case m = 1 is exceptional. The groupN1(BO(1)) has two elements 0 and
p1. The class p1 is represented by the manifold M = RP1 and the classifying map of the
Hopf line bundle λ = H , and S(λ) = S1 is connected. The only connected representative of
0 is the circle M = S1 with the trivial bundle λ, but in that case Xm = S(λ) is not connected.

Proposition 3.3. A map (M, f ) is cobordant in Nm(BO(1)) to a map (M ′, f ′) such that
( f ′)∗(m H) has a nowhere zero section if and only if

w1( f ∗H)m [M] = 0.

Proof. We may assume, by Proposition 3.1, that M is connected, and then the bordism
invariant w1(λ)m [M] is zero if and only if w1(λ)m = 0. Now apply Lemma 2.4. ��
Proof of Theorem 1.2. To see that the bordism invariant w1(λ)m [M] is equal to a0, it is
enough to check when M has the form N × RPm−i for some manifold N of dimension i
and λ is the pullback of the Hopf bundle over RPm−i . Then w1(λ)m = 0 if i > 0.

The assertion (ii) is immediate from Proposition 3.1 which provides a representative
(M, f ) with M connected and λ non-trivial, so that Xm = S(λ) is also connected.

If a0 = 1, we must have w1(λ)m �= 0, and, if a0 = 0 and M is connected, then
w1(λ)m = 0. Hence, parts (iii) and (iv) follow from Theorem 1.1. ��
Proposition 3.4. For 1 < n ≤ m, suppose that (M, f ) has the property that nλ admits a
nowhere zero section. Then there is a map (M ′, f ′) cobordant to (M, f ) in Nm(BO(1))
such that nλ′ admits a nowhere zero section, M ′ is connected and λ′ is non-trivial.
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Proof. Let h : RP1 → BO(1) classify the Hopf bundle H over the projective line. Then
Sm−1 × (RP1, h) is the boundary of Dm × (RP1, h) and n(h∗H) admits a nowhere zero
section. We can now argue as in the proof of Proposition 3.1 to construct (M ′, f ′) cobordant
to (M, f ) and containing an embedded RP1 on which λ′ restricts to H . ��

4. The cobordism Euler class and the BUP for higher codimension

We begin with some remarks on the cobordism Euler class. Consider an n-dimensional real
vector bundle ξ over the closed manifold M of dimension m. We recall that ξ has a canonical
cobordism Thom class uN (ξ) ∈ N n(D(ξ), S(ξ))) in the cobordism of the disc modulo the
sphere bundle; see, for example, [2]. The cobordism Euler class eN (ξ) ∈ N n(M) is the
restriction z∗uN (ξ) to the zero-section z of ξ .

Now suppose that the vector bundle ξ is smooth and consider a smooth section s of ξ

that is transverse to the zero-section z. The zero-set Z is then a smooth submanifold of M
of dimension m − n with its normal bundle isomorphic to ξ . This manifold Z ↪→ M repre-
sents a bordism class [Z ] ∈ Nm−n(M), which corresponds under the duality isomorphism
Nm−n(M) = N n(M) to the Euler class eN (ξ).

Remark 4.1. In mod 2 homology, Z represents an element of Hm−n(M) dual to the coho-
mology Euler classwn(ξ) ∈ Hn(M). This means that, for a class x ∈ Hm−n(M) restricting
to x |Z ∈ Hm−n(Z), we have (x · wn(ξ))[M] = (x |Z)[Z ] ∈ Z/2Z, where here [Z ] and
[M] are the respective fundamental classes.

We now specialize to the case of interest in which we have a map f : M → BO(1)
classifying a line bundle λ = f ∗H and take ξ = nλ.

Definition 4.2. The submanifold Z ⊆ M described above represents a class [Z ] ∈ Nm−n(M),
dual to the Euler class eN (λ)n = eN (nλ) ∈ N n(M). Its image f∗[Z ] ∈ Nm−n(BO(1))
under f will be denoted by en(M, f ).

Lemma 4.3. The class en(M, f ) ∈ Nm−n(BO(1)) depends only on the bordism class
[M, f ] ∈ Nm(BO(1)).

Proof. Suppose that M = ∂W is the boundary of a compact manifold W and that f :
M → BO(1) extends to a map h : W → BO(1). We may choose a smooth section
of h∗(nH) over W which is transverse to the zero-section and such that its zero-set V
intersects M transversely in its boundary Z = ∂V . Then (V, h|V ) bounds (Z , f |Z), and
hence f∗[Z ] = 0.

See, also, the proof of Lemma 4.5. ��
If nλ admits a nowhere zero section, then eN (λ)n = 0 and hence en(M, f ) = 0. Arguments
going back to the work of Koschorke [5] show that the vanishing of en(M, f ) is sufficient
for the existence of a nowhere zero section up to cobordism.

Proposition 4.4. Suppose that 1 ≤ n ≤ m. A map (M, f ) is cobordant in Nm(BO(1)) to
a map (M ′, f ′) such that the multiple nλ′ of λ′ = ( f ′)∗(H) has a nowhere zero section if
and only if en(M, f ) = 0.

Proof. Retaining thenotationused in the constructionof en(M, f ), suppose that en(M, f ) =
0. Then we have a compact manifold V of dimension m − n + 1 with boundary ∂V = Z
and a map g : V → BO(1) extending f |Z . Choose an inner product on the normal bundle
ν of the embedding Z ↪→ M and a tubular neighbourhood D(ν) ↪→ M . Over the closed
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disc bundle D(ν) the bundle nλ is identified (up to homotopy) with the pullback of ν from
Z and the section s corresponds to the diagonal (or identity) section.

Now the boundary ∂(M − B(ν)) of the complement of the open disc bundle B(ν)

is the sphere-bundle S(ν) = S(nλ|Z). This is the same as the boundary ∂S(g∗(nH)) =
∂S( f ∗(nH)|Z) of the sphere bundle of g∗(nH) over V . We can thus perform surgery to
construct the manifold

M ′ = (M − B(ν)) ∪S(ν) S(g∗(nH))

and extend f on M − B(ν) to a map f ′ : M ′ → BO(1) by using g. A nowhere zero section
s′ of nλ′ is obtained by gluing s on M − B(ν) and the tautological identity section of S(nλ′)
over S(g∗(nH)).

The manifolds M and M ′ are cobordant by the bordism

(M × [0, 1]) ∪D(ν)×{1} (D(g∗(nH)) × {1})
(after smoothing the corners) with boundary (M × {0}) ∪ (M ′ × {1}). ��
We recall in the next lemma the calculation of the bordism of RP∞.

Lemma 4.5. Let pi ∈ Nm(BO(1)) be the class represented by the real projective space
RPi and the classifying map RPi → BO(1) of the Hopf bundle. Then

Nm(BO(1)) =
⊕

0≤i≤m

Nm−i pi .

The map en : [M, f ] �→ en(M, f ) fits into a short exact sequence:

0 → Nm(P(Rn)) → Nm(BO(1))
en−→ Nm−n(BO(1)) → 0

in which the homomorphism en : N∗(BO(1)) → N∗−n(BO(1)) is N∗-linear and

en(pm) = pm−n if m ≥ n, en(pm) = 0 if m < n.

Some remarks on the proof. By the construction of en(M, f ), the homomorphism en ismul-
tiplicationby the cobordismEuler class eN (H)n .Wecan realizeNm(BO(1)) asNm(P(RN ))

for large N and then the sequence is the exact sequence of the pair (P(RN ), P(Rn)):

Nm(P(Rn)) → Nm(P(RN )) → Nm(P(RN ), P(Rn)) = Nm−n(P(RN−n)).

The calculation of en(pm) can be made by applying the construction of en(M, f ) to M =
RPm with f classifying the Hopf line bundle. One has a section of nλwith zero-setRPm−n

if m ≥ n and empty zero-set if m < n. ��
We can now state two corollaries of Proposition 4.4.

Corollary 4.6. (Compare [4, Proposition 2.2]) The class en(M, f ) vanishes if and only if
(M, f ) is cobordant to some (M ′, f ′) for which the map f ′ factors through the classifying
map P(Rn) = RPn−1 → BO(1). ��
Corollary 4.7. Given (M, f ), the coefficient an ∈ Nm−n in the expansion of the bordism
class [M, f ] as a0 pm +· · ·+am p0 is represented by the zero-set of a generic smooth section
of nλ.

Proof. The class en(N , f ) is represented by the zero-set Z of a generic section of nλ with
a classifying map Z → BO(1). Forgetting the classifying map, we have an = [Z ]. ��
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Proof of Theorem 1.4. Part (i) follows at once from Proposition 3.1.
For (ii), suppose that ak �= 0 where k ≤ m −n. Then en(M, f ) �= 0, by Lemma 4.5, and

so, by Proposition 4.4, every section of nλ has a zero. The assertion follows fromLemma 2.3.
In part (iii), we are given that en(M, f ) = 0. By Proposition 4.4, we may assume that

nλ has a nowhere zero section, and then, because n > 1, that M is connected and λ is
non-trivial, by Proposition 3.4. ��

5. The BUP for higher codimension and Stiefel-Whitney classes

The bordism class of (M, f ) in Nm(BO(1)) is determined by the collection of Stiefel-
Whitney numbers

w j1(M)w j2 (M) · · · w js (M)w1(λ)m−∑
ji [M],

where s ≥ 0, j1, . . . , js ≥ 1 and
∑

ji ≤ m. Our main result in this section is a criterion
for the vanishing of en(M, f ) in terms of these characteristic numbers.

Theorem 5.1. The class en(M, f ) vanishes if and only if

w j1(M) · · · w js (M)w1(λ)m−� ji [M] = 0

for all j1, . . . , js ≥ 1, s ≥ 0, with �s
i=1 ji ≤ m − n (that is, m − � ji ≥ n).

Proof. The result is clearly true if n > m. If n = m, it reduces to w1(λ)m [M] = 0.
For n < m, we look at the construction of en(M, f ) in terms of the zero-set Z . Now
en(M, f ) ∈ Nm−n(BO(1)) is zero if and only if all the characteristic numbers
w j1(Z) · · · w js (Z)w1(λ)m−n−� ji [Z ] with � ji ≤ m − n vanish. We must show that this

condition is equivalent to the vanishing of all the w j1(M) · · · w js (M)w1(λ)m−� ji [M] with
� ji ≤ m − n. But this follows from the congruence

w j1(Z) · · · w js (Z)w1(λ)m−n−� ji [Z ]
= w j1(T M − nλ) · · · w js (T M − nλ)w1(λ)m−n−� ji e(nλ)[M]
≡ w j1(M) · · · w js (M)w1(λ)m−� ji [M]

modulo terms involving w1(λ)n′
for n′ > n. (The first equality is a special case of Re-

mark 4.1.) ��
Proof of Theorem 1.5 and Corollary 1.6. We have ak = 0 for all k ≤ m − n if and only if
en(M, f ) = 0, by Lemma 4.5. The result of Theorem 1.5 is then immediate from Theo-
rem 5.1. Corollary 1.6 follows from the observation that en(M, f ) = 0 if w1(λ)n = 0.

��
Corollary 5.2. If w1(λ)n = 0, then en(M, f ) = 0. But for m > 1, if n < m, there is always
a pair (M ′, f ′) cobordant to (M, f ) such that w1(λ

′)n �= 0.

Proof. Ifw1(λ)n = 0, then all the characteristic numbers appearing in Theorem 5.1 are zero
and, hence, en(M, f ) = 0. Form > 1, Proposition 3.1 supplies (M ′, f ′)withw1(λ

′)m−1 �=
0. ��
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6. Higher dimensional trivial summands

In this section there is interest even when n is greater than the dimension m of the manifold.
Having formulated our basic question in terms of sections of the vector bundle nλ over

M , one can go on to ask, for each r > 1, whether (M, f ) is cobordant to some (M ′, f ′) such
that nλ′ admits r linearly independent sections, that is, a trivial subbundle of dimension r .
There is a similar criterion in a certain metastable range.

Recall that the space Ak(Rr ,Rn) of linear maps Rr → R
n with kernel of dimension k

is a manifold of dimension (n + k)(r − k) = rn − k(n − r + k).
Consider the vector bundle Hom(Rr , nλ), with fibre at x ∈ M the space of linear maps

v : Rr → R
n ⊗ λx , and let A1(R

r , nλ) be the subbundle with fibre at x the space of maps
v with dim ker v = 1.

Suppose that m < 2(n − r + 2). This dimensional restriction ensures that a generic
smooth section s of Hom(Rr , nλ) is transverse to A1(R

r , nλ) and has the property that
dim ker sx ≤ 1 for all x ∈ M . The subspace

Z = {x ∈ M | dim ker sx = 1}
is a smooth submanifold of M , of codimension n −r +1, equipped with a map Z → P(Rr )

to the projective space P(Rr ) of lines in Rr given by the 1-dimensional kernel.
The section s defines a section σ of nλ⊗Hr over M × P(Rr ) taking (x, [v]) to sx (v)⊗v,

where x ∈ M and v ∈ S(Rr ) ⊆ R
r is a unit vector. Moreover, this section σ is transverse

to the zero-section and its zero-set is diffeomorphic to Z . We see, therefore, that the class
[Z → P(Rr )] inNm+r−1−n(M × P(Rr )) corresponds under duality to the Euler class

eN (λ ⊗ Hr )n ∈ N n(M × P(Rr )),

where Hr denotes the Hopf line bundle over P(Rr ) and, in particular, it is independent of
the section s.

Definition 6.1. For 1 ≤ r ≤ n, let en,r (M, f ) ∈ Nm+r−1−n(BO(1) × P(Rr )) be the
image of [Z → P(Rr )] under the homomorphism induced by f .

Lemma 6.2. The class en,r (M, f )depends only on the bordism class [M, f ] ∈ Nm(BO(1)).

Proof. Using the interpretation of en,r (M, f ) in terms eN (λ ⊗ Hr )n (which also allows us
to define en,r (M, f ) without the dimensional restriction: m < 2(n − r + 2)), we can follow
the proof of Lemma 4.3. ��
Let κ be the line bundle over Z with fibre κx = ker sx at x ∈ Z . It is included as a subbundle
of the trivial bundle Z × R

r with orthogonal complement κ⊥ of dimension r − 1. We also
have an injective vector bundle map κ⊥ = R

r /κ ↪→ nλ|Z given by the restriction of s to Z
and so an orthogonal decomposition of nλ | Z as κ⊥ ⊕ ζ , say. The (n − r + 1)-dimensional
normal bundle ν of Z in M is identified with κ ⊗ ζ . Then with a careful choice of a tubular
neighbourhood D(ν) ↪→ M of Z , we can identify the restriction of nλ to D(ν) with the
pullback of κ⊥ ⊕ ζ in such a way that s is given over v ⊗ w (v ∈ S(κx ), w ∈ ζx ) in the
tubular neighbourhood D(κ ⊗ ζ ) by the map

R
r = κ⊥

x ⊕ κx → κ⊥
x ⊕ ζx = R

n ⊗ λx : (u, tv) �→ (u, tw) (t ∈ R).

Proposition 6.3. Suppose that m < 2(n − r + 1). Then a map (M, f ) is cobordant in
Nm(BO(1)) to a map (M ′, f ′) such that nλ′ = ( f ′)∗(nH) has r linearly independent
sections if and only if

en,r (M, f ) = 0 ∈ Nm+r−1−n(BO(1) × P(Rr )).
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Proof. If there is such a representative (M ′, f ′), then en,r (M ′, f ′) = 0 by construc-
tion. But en,r (M, f ) = en,r (M ′, f ′), because the obstruction depends only on [M, f ] ∈
Nm(BO(1)).

Suppose that en,r (M, f ) = 0. Then we have a compact manifold V with boundary
∂V = Z , a map g : V → BO(1) extending f and a 1-dimensional subbundle κ ′ of V ×R

r

restricting to the subbundle κ of Z × R
r over Z . The splitting of nλ | Z as κ⊥ ⊕ ζ extends

to a splitting of n(g∗H) as (κ ′)⊥ ⊕ ζ ′, since dim V = m + r − n ≤ dim ζ = n − r + 1.
We use surgery, as in the proof of Proposition 4.4, to construct a manifold

M ′ = (M − B(ν)) ∪S(ν) S(κ ′ ⊗ ζ ′).

The section s over M − B(ν) is extended from S(ν) = S(κ ⊗ ζ ) to S(κ ′ ⊗ ζ ′) by the same
procedure to produce a section s′ of Hom(Rr , nλ′) which is everywhere monomorphic. ��
There is a cohomological criterion, too, generalizing Theorem 5.1.

Proposition 6.4. Let 1 ≤ r ≤ n ≤ m. Then en,r (M, f ) = 0 if and only if, for q =
0, . . . , r − 1,

(
n

q

)
w j1(M) · · · w js (M)w1(λ)m−∑

ji [M] = 0

for all j1, . . . , js ≥ 1, s ≥ 0, such that
∑s

j=1 ji ≤ m − n + q (that is, m − ∑
ji ≥ n − q).

Proof. Let μ be the pullback of Hr to Z . The class en,r (M, f ) vanishes if and only if

w j1(Z) · · · w js (Z)w1(λ)kw1(μ)l [Z ] = 0

for all ji , k, l ≥ 0 such that
∑

ji + k + l = m − n + r − 1. We make the abbreviation

w j1,..., js (ξ) = w j1(ξ) · · · w js (ξ)

for any vector bundle ξ . Now Z embeds in M × P(Rr ) with normal bundle n(λ ⊗ Hr ). So
w j1... js (T Z)w1(λ)kw1(μ)l [Z ] =

w j1,..., js (T M − n(λ ⊗ Hr ) + r Hr )w1(λ ⊗ Hr )nw1(λ)kw1(Hr )
l [M × P(Rr )].

As in the proof of Theorem 5.1 the condition for the vanishing of en,r (M, f ) can be rewritten
as:

w j1,..., js (T M − n(λ ⊗ Hr ) + r Hr )w1(λ ⊗ Hr )n+kw1(Hr )l [M × P(Rr )] = 0

for all ji , k, l ≥ 0 with
∑

ji + k + l = m − n + r − 1 and then as

w j1(M) · · · w js (M)w1(λ ⊗ Hr )nw1(λ)kw1(Hr )
l [M × P(Rr )] = 0

for all ji , k, l ≥ 0 with
∑

ji + k + l = m − n + r − 1. Expanding w1(λ ⊗ Hr )n =
(w1(λ) + w1(Hr ))n , we can write this as

w j1(M) · · · w js (M)

(
n

r − 1 − l

)
w1(λ)m−∑

ji [M] = 0

for all ji , k, l ≥ 0 with
∑

ji + k + l = m − n + r − 1. The statement of the proposition is
obtained by substituting q for r − 1 − l. ��
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Corollary 6.5. If wn−q (nλ) = 0 for 0 ≤ q < r , then en,r (M, f ) = 0.

Proof. This follows immediately, because wn−q (nλ) = (n
q
)
w1(λ)n−q . ��

Remark 6.6. The arguments in this sectionmay be generalized to replace BO(1) by a general
CW-complex B andnH by ann-dimensional real vector bundleη over B. Given a pair (M, f )

consisting of a closedm-manifold M and amap f : M → B, representing a class inNm(B),
there is a precise obstruction inNm+r−1−n(B × P(Rr )), coming from the dual of the Euler
class eN (η⊗ Hr ), which vanishes if and only if (M, f ) is cobordant to a pair (M ′, f ′) such
that ( f ′)∗η has r linearly independent sections.
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