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Resumo

A presente dissertacgao trata-se de uma revisao sobre amplitudes MHV na teoria
de Yang-Mills e em sua extensao maximalmente supersimétrica. A demonstracao
da férmula geral para tais amplitudes é dada no terceiro capitulo.

Uma vez que o formalismo de twistors se apresenta como um interessante ar-
caboucgo tedrico para o estudo de tais amplitudes, uma discussao sobre o mesmo é
considerada, bem como sua extensao supersimétrica.

Ao final, o cédlculo de quatro e cinco pontos para amplitudes MHV em teoria
de supercordas é apresentado. Para tal, foi utilizada a prescricao fornecida por

Berkovits e Maldacena em [11].

Palavras Chaves: Amplitudes MHV, Teorias de Yang-Mills, Teorias de Yang-Mills

Maximalmente Supersimétricas, Twistors e Teoria de Supercordas.

Areas do conhecimento: Teoria Quantica de Campos; Teoria de Cordas; Super-

simetria.
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Abstract

In the present work, we have provided a review about MHV amplitudes in Yang-
Mills and maximally supersymmetric Yang-Mills theory. A proof of MHV formula
was given in the third chapter.

Since twistor formalism provides an interesting framework to study such ampli-
tudes, a discussion about it is also considered as well as its supersymmetric extension.

At the end, we have computed MHV four-point and five-point gluon tree ampli-
tudes in superstring theory, using a prescription given by Berkovits and Maldacena
[11].



Contents

Introduction

MHYV Amplitudes in Twistor Space

2.1 A Survey on Helicity Spinors . . . . . . . . . .. .. ... .. ...
2.2 Description of MHV Amplitudes . . . . . . ... ... ... ....
2.3 Twistor Theory and Conformal Invariance . . . .. .. ... ...

2.4 Supersymmetric Extension to Twistor Space . . . . . . . . . . ..

Proving Parke and Taylor Proposition

3.1 BCFW Recursion Relation and Cauchy Theorem . . . . .. . ..
3.2 Helicity Dependent Yang-Mills Vertices . . . . . .. .. ... ...
3.3 MHYV Formula from BCFW Recursion Relation . . .. ... ...
3.4 Heuristic Deviation and Maximally Supersymmetric Extension . . . .
3.5 MHV Amplitudes in N' = 4 Supersymmetric Yang-Mills . . . . . .

MHYV Tree Amplitudes in Superstring Theory

4.1 MHYV Tree Amplitude Prescription . . . . . ... ... ... ...
4.2 The o — 0 Limit of the Amplitude . . . . .. ... ... ... ..
4.3 Computation for Four-Point and Five-Point Gluon Amplitudes . . . .

Conclusions

25
25
27
29
31
36

39
39
41
43

46



Chapter 1
Introduction

The physics scenario in the middle of last century was considerably different from
what we have nowadays. In the 60’s, after the success of QED, people attempted
to use the quantum field theory recipe to study the interaction between mesons and
baryons. Actually, problems emerged because perturbation theory fails to describe
such interaction. Moreover, at that period, the distinction between weak and strong
interaction was not clear at all.

In 1968, Gabriel Veneziano conjectured a formula to four-meson scattering am-
plitude that reproduces the resonances observed in experimental data. After some
time, physicists realize this amplitude comes from a quantum theory of relativistic
open strings. In fact, string theory was born as a theory to describe mesons.

In the 70’s, the physicists realized that the SU(3) Yang-Mills theory seems to
be the correct description of strong interactions, mainly after Gross, Politzer and
Wilczek calculate the beta function of this theory. Such computation shows us this
theory has asymptotic freedom; what gave the physicists an insight about the quark
confinement. Up to 1984, string theory was almost totally abandoned, when it
reappeared as the most promising theory of quantum gravity.

Nowadays, much has been talked about the Large Hadron Collider. Since it
collides protons, QCD definitely reaches a high position in comparison to other
interactions, becoming the most important force in such scattering. This collision
may produce gluon jets of great energy. If we extrapolate the energy of the process,
we will see that the tree-level n-gluon scattering amplitudes will dominate (n — 2)-
jet product. However, a technical problem emerges here. When n increases, these
amplitudes will have more and more terms, even at tree level. Nevertheless, if
we consider the gluons having a well-defined helicity, simplifications occurs and
the computations becomes rather simple. For example, to four-gluon scattering,

we must consider just one amplitude and sum over the permutations among the



external legs; to five-gluon scattering, we must consider just two different amplitudes.
Furthermore, such amplitudes have an amazing simple form.

These amplitudes regarded in four and five-gluon scattering are examples of
maximally helicity violating amplitudes, or MHV amplitudes for short. These MHV
amplitudes have been providing an intense object of study for the last six years in
maximally supersymmetric Yang-Mills theory and in superstring theory as well.

In the next chapter of this present work, we will present some background in-
formation about little group in different signatures, momentum and helicity vectors
in spinor form. After this, an introduction about twistor formalism is given. In
fact, that is essential to follow the most recent papers about the subject. In some
cases, the action on twistor space is the starting point. Twistor theory is used to
prove the conformal invariance of the MHV tree amplitudes and the way to recover
space-time quantities from twistor space is also provided. At the end of this chapter,
the subject of supertwistors will be introduced heuristically.

In chapter three, we will demonstrate the BCFW recursion relation and will use
it to proved MHV formula. Some authors begin with BCFW recursion relation to
study some features about massless theories. A more detailed discussion on MHV
amplitudes in maximally supersymmetric Yang-Mills theory is presented, where we
find the supersymmetric Ward identities to MHV amplitudes.

We will not cover subjects as equivalences between MHV amplitudes in gauge
theories and amplitudes in superstring theory. However, some remarks on MHV
amplitudes in superstring theory are, in some sense, essential. So, in the chapter
four, we will present the prescription given by Berkovits and Maldacena [11] to
compute MHV amplitudes in superstring theory. We will show that it reproduces
the correct result to low energies and computations for four-point and five-point
MHYV tree amplitude will be also presented.

In the most papers about the subject, the notation (i j) and [i j] is used instead
(M) and (XZX]), however, we decided to follow the convention adopted by Wess
and Bagger [17].



Chapter 2

MHYV Amplitudes in Twistor
Space

Following the spirit of S-matrix theory, we are going to focus on the observables aris-
ing from n-gluon scattering amplitudes. The quantities that characterize the gluons
are their momenta and helicities. Of course these quantities are not directly measur-
able, since we cannot find gluons in free state, however, at very high energies, four
and five-gluon scattering dominate two and three-jet production in hadron colliders
and these amplitudes are highly dependent from gluon helicities and momenta.

It would be interesting to study the behavior of the scattering process that most
violate the initial state of helicity. In terms of crossing symmetry, we can consider
all gluons as incoming and, at this configuration, the maximally violating helicity
(MHV) amplitude would be obtained when all incoming gluons have the same helic-
ity. In 1986, Parke and Taylor [1] conjectured that this scattering amplitude always
vanishes at tree level as well as the amplitude with just one gluon of different he-
licity. Then, it was named MHV amplitudes the first nonvanishing configuration at
leading order; that is, the amplitudes that have two gluons with opposite helicities
from the others. More than this, they proposed (and checked for the first cases) an
expression to n-gluon scattering in MHV regimen. This conjecture was proved by
Berends and Giele [2] in 1988.

Although, these works greatly simplified the old Feynman graphs procedure,
they just really caught the most of physicists’ attention when E. Witten [9], in 2003,
found an equivalence between these amplitudes and the D-instanton expansion of a
certain string theory.

In this chapter, we will assume this conjecture to be true without prove and

explore its properties.



2.1 A Survey on Helicity Spinors

Before initiate, we must consider some properties of Lorentz group acting on a
flat space-time manifold. We are going to focus on a Minkowski space-time with
signature (+ — ——), but, at some point in this chapter, it will be convenient to
extend the analysis considering other signatures.

Points on space-time are labeled by four real coordinates and they are in one-to-
one correspondence with 2 x 2 Hermitian matrices, in such way that we can write

down this map explicitly as follows:

(°,7) = 2"1 -7 -7, (2.1)

with @ being the Pauli matrices. Defining the four-dimension notation, o* =

(1, @), the inverse map can be obtained by:

T, = %tr (ohx) . (2.2)

It is straightforward to observe that taking the determinant of this matrix (x),
we get hold of the norm of the position vector. Since we are considering matrices,

the action of Lorentz group is translated into:

x' = AxA', (2.3)

where A, AT must belong to SL (2,C), to keep x’ Hermitian and preserve the vector
norm.

We must note that A and —A correspond to the same transformation, so, it
means the Lorentz group SO (3,1) is isomorphic to quotient group SL (2,C) /Z,.
However, —A cannot be continuous expanded from identity matrix, then, we can
equivalently say that SO (3,1) is locally isomorphic to SL(2,C). We gain an-
other structure when consider this new representation of Lorentz group. Actually,
SL(2,C) vector representation, or spinor, is absent in the SO (3,1) one.

Equivalent representations are those, such that, we reach one from other by sim-
ilarity transformation. From trace cyclic property, it implies that the trace of both
matrix representations must be the same. Thus, SL (2,C) admits two inequiva-
lents representations; one is the complex conjugate from the other. Depending on
which representation the spinor belongs, it can be classified into negative (1/2,0)
and positive chirality (0,1/2). A space-time vector is translated into (1/2,1/2)
representation.

Although our space-time is, at least locally, Minkowskian with signature (+ — ——),

we often have to perform a Wick rotation in the timelike coordinates to properly



define quantities on path integrals. To do so, we must complexify the entries, that
is, we must allow the coordinates as well as the vector components to be complex.
Minkowski space appears as just a section of this bigger space (C*,n). There are two
more sections of importance, one is the Euclidean section, which the spacial entries
are pure imaginary, and the one whose signature is (+ + ——), where one spacial
entry is pure imaginary.

After this complexification, the Lorentz group becomes locally isomorphic to
SL(2,C) x SL(2,C). It is easy to see from (2.3), because the Hermitian condition
need not be satisfied. The most general transformation that preserves the norm is
x' = AxB. Until the end of this section, all analysis will hold in this complexified
Minkowski space. Looking at its sections, we find that the Euclidean one is iso-
morphic to quaternion space* and we obtain that SO (4) is locally isomorphic to
SU (2) x SU (2). Their spinor representations are independent and pseudoreal’. To
signature (+ + ——), we must consider, for convenience, z> — ix®. Doing this, we
see that x becomes real, so, we must restrict A, B € SL(2,R) and the spinor repre-
sentations being independent and real. In other words, SO(2, 2) is locally isomorphic
to SL(2,R) x SL(2,R).

Because we are studying gluons, we shall consider the massless particle momen-
tum. Once the momentum is lightlike, we find that det (p) = p,p* = 0, what means
that p necessarily has a zero eigenvalue and is not rank two, then, it can be written

as:

Pad = AaAd- (2.4)

It is clear that if a lightlike vector p is given, the expression (2.4) does not suffice

to determine A and A itself. Both spinors can be determined only up to a scaling:

A= ul, A — u, (2.5)

for u € C*. In signature (+ — ——), to paq be Hermitian, it is needed A=4X*and
u is restricted to satisfy |u| = 1. As mentioned before, for signature (+ + ——), A, X
must be independent and )\,X, u € R*.

Using the determinant formula, we can determine by intuition the "metric ten-

sor” to spinors, or, equivalently, how to raise and lower indices:

*Note that xx'=|x|1, where |x| = det (x).
T Actually, this brief discussion on Euclidean section is for completeness, it will not be used in

the rest of this work, since a lightlike vector cannot exist in Euclidean signature.
iThe negative sign holds when p° < 0.



det (pad> = GQﬁEQB)\aXa)\gXB,

where € is the totally antisymmetric tensor. The quantity e,s\*w? is an invariant
under Lorentz group, what implies that the Levi-Civita tensor acts as a metric in

spinor space. Applying the same mapping to space-time metric tensor as did to
m

position vector, that is, 44 = 7,0,,, We find that, in spinor form, it becomes:

_ " _ .
Nacs = Wugaaagg = €aafpp-

Thus, the inner product of two vectors is p - ¢ = eaﬁedgpadqﬁg. Since we are
considering massless particles, both Casimirs of the Lorentz group collapse to zero,
so, it is complicated to talk about spin of these massless particles. In fact, the
Pauli-Lubanski vector becomes proportional to momentum vector and we are able
to associate a spin projection on the momentum direction, what is called helicity.

Since helicity vector has the same orientation than momentum, we find:

e-p=0. (2.6)

In terms of spinors, we have two possible solutions: either € is proportional to A
or proportional to . Each solution corresponds to a sign of the helicity. Following
the convention found on papers about the subject, we define positive and negative
helicity as:

oz/\o'z — /\oc &
er, = c , €y = afa (2.7)
(eA) (&)

The factors (eX)™" and (A8)~! appear to keep et - £~ = 1. Here, we used the
notation (eA) = €,5e* N and (A&) = €,3A*2”. The gauge invariance implies that the

amplitude have to be invariant under the following transformations:

e eta) £— E+ B (2.8)
with o, 8 € C.

Under (2.5), e™ has the same scaling as A™2, what implies that A carries helicity
—1/2. Using this in order to determine the helicity of one particle in the scattering

amplitude, we intuitively® have:

81t can be directly observed when the amplitude A ()\i, Xi, hi) is an homogeneous function of

)\1' or >\z



<)\? aia . Xfé&) A (Ai,Xi, hi> — _onA (Ai,Xi,hi) . (2.9)

This equation holds for helicity to massless particles of any spin. Writing A (N, Xi, h;)

in a way that energy-momentum conservation is found explicitly, we have:

A (Ai,X-, hi> — i (2m)' ot (i A?X?) A ()\Z»,Xi, hi> . (2.10)
=1

It is easy to observe that A(\;, Xi, h;) satisfies the same equation as ﬁ()\i, Xi, h;).
The expression (2.9) will be deduce in a more formal and elegant way from twistor

formalism.

2.2 Description of MHV Amplitudes

At this point, the reader can argue that, differently than was stated, the gluon
cannot be characterized just by its momentum and helicity, because it has one
extra quantum number, what we call color. In fact, the reason to the color be
neglected from this analysis is because it can be stripped off from the amplitude.
We can factorize a term tr (T*'7?...T%") from each scattering configuration and

total amplitude becomes the sum over all possibilities:

M=% ﬁ(xi,ii, hi) tr (TT9.. T, (2.11)

perm
where the T%s are the generators of SU (N), correspondent to i-th particle. Of
course, this final amplitude must have Bose symmetry. To induce the expression
(2.11), we must note that the vertices of the theory are proportional to tr (T“TbT C)
or tr (T°T*TT?). If one of the indices label the propagator, it will be contracted.

Then, the amplitude must be proportional to such products:

tr (1. T tr (T?...T") .

Using the relation obtained for SU (N) group, in which:

1
(T*)] (T*)} = 010 — 50507 (2.12)

we recover (2.11). We can see that the trace contribution cancels inside the summa-
tory. Let the S-matrix initial state be the gluons 1 and 2. By crossing symmetry,

the amplitude changes the sign when we permutate them. Since the four-gluon



vertices vanish, the term coming from the trace contribution becomes tr (7T*'7%),
that is symmetric under such exchange. A heuristic way to observe this is starting
from U(N), because we do not have such term. However, U(N) decomposes into
SU(N) x U(1), but U(1) has trivial S-matrix, in other words, it does not admit
self-interaction, so, the trace term must not contribute.

The general picture states that, instead of working on the old-fashioned Feynman
diagrams, we are dealing with the double line ones, in which, each line corresponds
to ”color propagation”.

We can infer by the chapter description that MHV amplitudes completely deter-

mine four and five-gluon scattering. To four-gluon amplitude, we have:
AH+++) =AH++-)=A+—-—)=A(————) =0,

as well as their permutations. The unique contributions come from A (+ + ——)
and its permutations. For five-gluon scattering amplitude, we must just look at
A(++——-), A(+++ — —) and the permutations of each one. This is of great
simplicity, if we compare to the usual procedure based on Feynman diagrams.
Although we have being cited MHV amplitudes many times, we have not shown
Parke and Taylor proposition. To do so, suppose that gauge bosons r and s
(1 <r < s <n) have negative helicity and the others have positive helicity. Tree

level amplitude for this process is:

4
.A: gnf2 n()‘r/\S) 7 (213)
l:[l<>\z‘)\i+1)

where n > 3 and g is the gauge coupling constant; in addition, we set A\,11 = A1 to
condense the notation. Note that this amplitude has the requisite homogeneity in
each variable. As expected, to positive helicity gluons, A; (i # r, s) has —2 homoge-
neous degree, because it appears twice in the denominator. And, for i = r, s, \; has
homogeneous degree +2, since it appear twice in the denominator and four times in
the numerator. If gauge bosons r and s have positive helicity and the others have
negative helicity, the amplitude becomes:

(ArAy)!

E(AiAi+1)

The case of n = 4 is really interesting, because the same amplitude seems to be

A=g"? (2.14)

holomorphic and antiholomorphic at the same time. It appears to have a contradic-
tion, since, for example, the amplitude A (17,27,37,47) is a special case of both

constructions:



A= g~ : (2.15)
[[1 (/\z>\z+1>
and,
.Y V4
A= 92%. (2.16)
T (M)

The resolution of this misleading is instructive if we realize that momentum conser-
vation constrains holomorphic parts to antiholomorphic ones. To be more specific,
we shall consider Y A*A¢ = 0, and take inner product with \; and .. For any j

and k£ we have:

i (Aj) (szk> =0. (2.17)

i=1
Setting, for example, 7 = 1, k = 3 and j = 2, k = 4, we get, respectively,
()\1)\2) ()\2)\3) = —()\4)\1) ()\3)\4) and ()\1)\2) ()\4)\1) = — ()\2)\3) ()\3)\4) Replacing

these identities into (2.15), we obtain:

At (o) )

We have multiplied (2.15) by a delta of momentum conservation, because these
identities no longer hold when the total momentum is not conserved. Using these
momentum conservation once more, we find that p; + ps = — (p3 + ps4). Taking the
square of these equality, we show that (2.15) is equal to (2.16), proving that there

are no inconsistences.

2.3 Twistor Theory and Conformal Invariance

Since all previous discussion is about massless particles, null lines become geomet-
rically important features. Nevertheless, p,4 is not enough to determine completely
such lines. Actually, if we wish to assign a set of coordinates to a null line, geomet-
rically, we may take into account its moment about the origin, or, in physical terms,
the angular momentum of the particle whose trajectory is the null line in question,

in addition to pae.

MadﬁB _ l,ad)\ﬂ;{ﬂ. _ xﬁBAaXd_ (2,18)

10



However, this ten quantities (p”, M*?) form a highly redundant representation,

because, in addition to them, we have an extra constrain:

€vporP’ M7T =0, (2.19)

which reduce four real degrees of freedom and together with p, being a lightlike
vector, we find this set of (Pliicker-Grassmann) coordinates just as five independent
real numbers. It is convenient, from this point, translate the analysis above to spinor

form. Making use of the relation 22\ = 2P \> 4 #2279\ and defining;

pt = ix®\,, (2.20)
i = —iz®\,, (2.21)

we obtain that equation (2.18) becomes:

Afeass _ [Eaﬂu(dXB) _ Edﬁ/\(aﬁﬁ)] _ (2.22)

Before continue, we must focus on the differences that arise here in working on
(+ — ——) or (+ + ——) signature. In Minkowski space-time, since fi, A are complex

conjugated from p, A, we totally determine a null line by the quantity that is called

74 = ( ‘;Z > . (2.23)

Forgetting the previous motivation for a while, we define the twistor space T as

twistor:

the set of all Z4 whose definition is (2.23), where y, A are general (complex) spinors.
Although we built twistor by null lines, not all twistors in T can be associated to

light rays in space-time. Introducing the dual of twistor by:

Zy= < §d ) , (2.24)
fia

and defining the contraction in such way that:

Z2Z4 = A + X°fla, (2.25)

we find from incident relations (2.20) and (2.21) that the condition to twistor rep-
resents a null line on space-time is 77 A4 = 0. This subset of T is called the space
of null twistors (N). We may observe that twistor space T is isomorphic to C*, so

N has seven real dimensions. It implies that a null line is being characterized by

11



seven independent real parameter. In order to fix this misleading, we must note that
a scaling in the momentum p,s determines the same light ray we had before the
scaling. It reflects that a null line cannot be associated to just one point on N. This
redundancy can be solved if we regard Z4 as equivalent to aZ4, with o complex.
The complex projective space (CP) is the quotient space whose the equivalence re-
lation, which defines it, is (z', 22, ..., 2") ~ (az!, az?,...,a2") to a € C*. Thus, we
define the projective twistor space PT as an isomorphic space to CP3. The same
form, PN is the subspace of PT that satisfies Z Az 4 = 0. This space is characterized
by five real parameters.

It implies that entire light rays are represented as one point on projective twistor
space! It is impressive, but we may ask ourselves: how about points on space-time?
What are they on PN? A point P on space-time is determined by the intersection
of light rays. These light rays form a future and a past light cone on space-time. Of
course, the past cone completely establish the future one, so, we shall consider just
the past cone without the point P, in order to determine the referred point. However,
each light ray on this past cone without P is mapped onto one point on projective
null twistor space and, since this mapping is not one-to-one, it is convenient to define
an equivalence relation among points over the same null line, in such way that the
map from this quotient space to PN is a bijection. Now, it is possible to map points
on this quotient space to points on PN and this map must be independent on the
quotient space representatives. Thus, we can choose these representatives by points
lying on the past cone whose time coordinate of each one is equal. This quotient
space is isomorphic to S?, then, points on space-time is represented on projective
null twistor space by Riemann spheres. That is why people often consider twistor
theory as an attempt to provide a non-local picture.

To finish these geometric remarks about correspondences between space-time and
twistor space, we must realize that all this analysis holds when A # 0, however, it
possible to define a nonvanishing null twistor when A = 0. We might ask what can be
associated to this null twistor. Actually, we will not go so deep into details because
it plays no role in what we have proposed to this present work, but, from equation
(2.20), we see that these twistors represent limiting ”light rays at infinity”. This
light rays do not lie in Minkowki space, but they belongs to conformal compactified
Minkowski space in which we added a light cone at space-time infinity.

The quantity 747 4 must be real, because Xd,ud = m Yet, we have no
guarantees that ZAZA > 0, so, PN splits the projective twistor space into two parts:
subspace of right-handed twistors (ZAZ 4 > 0), subspace of left-handed twistor
(ZAZ 4 < 0). Up to now, the subspaces of right-handed and left-handed twistors

12



have loose physical meaning. To understand it, we should look at the Pauli-Lubanski

vector:

S =% (%p A M) . (2.26)

Taking the square of this expression, we find:

1
SPSp = _iMﬂTMfapﬁpn + MTUMnUprK-

Using the definitions (2.4), (2.22) and keeping the terms which are proportional
to (AN) (XX), because, as it was stated, the Pauli-Lubanski vector becomes propor-

tional to massless particle momentum, we obtain the following result:

, 1 N2 -~
S S0a = 7 (ZAZA> (A\a) ()\a)\d> . (2.27)
This expression provides the particle helicity is given by:
I
h = §Z Z4. (2.28)

Obviously, we must not expect this holds without ambiguities at quantum level,
because we have not worried about product ordering. However, twistor commutation
rules can be determined by Poincaré algebra. From [p?, p?] = 0, we find commutation

rules between A and . Using:

[MP?, pT] =i (""" —n°"p"), (2.29)
we are able to establish the commutators between A and u, A and i, X and 1, X and
. The last commutator, that is, [u, 1] is finally obtained by:

[Mpo, MIIT] _ (inMO'I/ . UUVMPT + 77,01/]\4’07’ . noTMpy) ) (230)

Thus, it is possible to determine twistor algebra:

(24, 2P = [Za, Z5) = 0, (2.31)

and

(74, Zp] = 04 (2.32)

In quantized form, the helicity operator must be symmetrized, then, equation
(2.28) have to be modified to:

h— (ZAZA v ZAZA> . (2.33)

I,
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Commutator (2.32) provides that, in Z-picture, the operator Z A is represented

by — Making use of this on previous equation:

8ZA
1 0

h = Zh—— +2 2.34
5 (2555 +2) (2.3)

In terms of components, we can write this down as:

1 0
h=—=(\* : 2.35
3 (e i +2) (2.35)
It was used in the last expression that p® a T = ,uaﬁ From the identifications
e — 8% and A% — —83 , we recover (2.9) by (2.35).

All analysis about quantization and helicity operator remains valid to signature
(+ 4+ ——), because we obtain Poincaré algebra to this signature simply replacing
n*? for the metric of such space into commutations rules (2.29) and (2.30). However,
a null line cannot be entirely characterized by a point in this new twistor space; A
is real and p is pure imaginary, so, T is isomorphic to C? or, equivalently, R* and
four real parameters are not enough to totally describe the null line. Furthermore,
the same scaling redundancy also holds, but now, with a real parameter. Then, we
have to make this space a projective space (IPT = RIP’3) and to determine a null line
completely, we must have PT x PT*.

If real projective twistor space is unable to totally determine a light ray by
itself, it seems to have no gain in consider it. Yet, since scattering amplitudes are
functions just of A\ and X, they can be Fourier transformed to twistor space, that is,
to amplitudes dependent just on Z or 7 , and signature (+ + ——) is appropriated
to do so, because we can properly define this Fourier transform. On the other hand,
defining the same thing to signature (+ — ——) yields a highly non-trivial picture?
(at least for me). Often, in an unappropriated manner, we shall denote f(Z) as a
holomorphic function and f (Z ) as an antiholomorphic function, even when X and (L
are not complex conjugated to A and u, respectively.

Using the fact (,LLX) is pure imaginary in signature (4+ + ——), we are able to

define the amplitude in twistor space for each gluon by:

A(z) =i(2r) / 1 [(fgg] exp (Z MXZ-) 5t (Z A?X?)A(Ai,x) (2.36)

MHYV amplitudes are invariant under action of Poincaré group, and we expect

to be conformal invariant as well, because beta function vanishes at three level. In

Y Anticipating things, to signature (+ — ——), an integral in X must be a contour integral over

a pole of the function.

14



order to confirm these suspicious, we will check them on twistor space. Momentum
operator to a system of particles is just the sum of each particle momentum operator,

as well as to other conformal generators. In quantum twistor space they become:

0
Poo = =) Aag 2.37
Xi: ot (2.37)
Mosps = i(€apan + €aplas) - (2.38)

In the last equation, we have split the Lorentz generators in a direct sum of each
SL (2,R) generators. The explicit form for the J’s are:

0
0
Jaﬁ' = 5 § (:U’za +/JJZ’38,U/ ) (240)

’L

In order to determine the dilatation generator, we must consider the conformal
algebra. From [Pog, D] = Pog and [M, 445, D] = 0, we find:

1 . 0 y 0
D= —52 <)\i e 8#?) : (2.41)

7

The special conformal generator can be obtained at the same way. Using [D, K] =

K., this operator, in terms of twistor variables becomes:

9
— ——- 2.42
Ei Hio gy (2.42)

Action of (2.37) on (2.36) is obvious and provides us:

pe[A@)] = 2 [TT[ER] e (Su)
x (Z AgX?) 5 (Z Ang) A </\ Xi) .

Nevertheless, xd(x) acting in any test function gives zero. To prove translation
invariance it is not necessary to know the form of A(\;, \;), because the amplitude
is written in a way that momentum conservation is found explicitly. It does not

hold to others generators, so, we must determinate which MHV amplitude we will

consider. As (2.36) privileges A instead of X, we ought to focus on amplitude (2.13).

15



Replacing the delta function by its integral representation and applying (2.40) to
this amplitude, we have:

Jap [.Z(ZZ)] = — 27T2n Zm(a/dﬂ‘xn 52 (,u] 7:1)55)\]‘6> AN,

n 2 }_m,(sa]
T [A@)] = - znZ /d d <xa%>“>]mi>+

+o'4<—>ﬁ.

Making use of the chain rule and integrating by parts:

JézB [j(zz)] = - 2n Z za/ ang'Ya i’:;)\ ) H(SQ (N? — Z.xé(;/\j(S) A()\z> +
+a ﬁ

It proves the invariance of the amplitude under the action of Lorentz generators

J,4, because #{EZ‘;M = 0. Doing the same for J,3, we might note that:
7 i(2m)" T2 (5 6
Jos [A(zi)] — Wjaﬂ [A(M)] /d ik (uj — iz Aj(;) +
i ,
Jj=1

= TR C LR

Considering just the fist term for a while, we have:

)\(Oé)\@) )\(@)\@) /\(04)\/3) )\(a)\ﬁ)
af N — . % i+1 7 i—1 . r s r As
TG AW{; [(Aml)*(m_l) oo oo [

which clearly vanishes. Now, we must prove the second term on (2.43) is zero.

no 9|8 (g —ixh,
/ d%JHljaﬁ [0 (18 — i) | = ;AE“ / d%H;,;ﬁw [ <a“ : W;i) ]‘N’
- X d“xHﬂf 07 15 e h)
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It show us the amplitude is Poincaré invariant, as we have already known. In
order to check the amplitude dilatation symmetry we must note that:

D=— Z(h +)\f‘a§a>—n:—Z()\?aiia)—Q(n—Q). (2.44)

7 %

And, using:

> (A“aia) AN =—=2n—-4) A\,

A

we have that the action of the dilatation operator on A (Z;) provides:

p[A(z)] = i;i@jA(A)Z / d%ﬁ ()\? a(za) (67 (4 —ix%75) | +44(2).
p|A(z)] = Z/d“ { PN i) af:; )}
Xﬁ [5 (15 — %) | A2

a x’Y"Y

Integrating by parts, we see that D[A(Z)] = 0. To conclude this analysis, we

must look at special conformal generators acting on this amplitude.

Ko [X(Z)} — %/cﬂx}(ad [A(Ai)]jljl(s2 (uﬁ—@'xﬁSAj(;) -

+i ;2334 Ao [ d4x}i[1Kaa 1 (5 = ") |

Focusing on the first term:

ad N A Hz‘d A?—i—l M?)‘?—l /M(ﬂa)\?) )\fnauf)
K [A(N\)] —A(AZ){; [(AMM) + (MH)] 4(A » 4(&&) ,

Since it can be put inside the integral, using the delta function, we can replace

18 by ia®)j5. From identity €% (A;A;) = AJA? — A2N?, we find:

Kad [A ()‘z>] = —4Z'ZEadA (>\z) .

Making use of the same trick to second term:

17



s[5 o= 090)] = s 2 50 5 (= 0)]
n

After integration by parts, one can show that K,4[A (Z)] = 0 and the amplitude
is conformal invariant as we expected.

Despite of the beauty of its geometrical structure, twistor theory must bring us
simplicity to be kept as a useful tool to study Yang-Mills, or, mainly, maximally
supersymmetric Yang-Mills theory, since this theory is superconformal. In order to
provide this simplicity, we must observe that, in working on twistor space, we break
the symmetry between positive and negative helicities, because we are privileging
a chiral representation instead of the anti-chiral one. However, if we switch the
analysis to dual twistor space, we reverse things in such way that functions on it
do not have homogenous degree (—2h — 2) anymore, but (2h — 2). If we consider
holomorphic parts to describe particles of helicity minus one and antiholomorphic
parts to helicity plus one, the result function has vanishing homogenous degree.

Regarding the four gluon amplitude (2.15) and Fourier transforming negative

helicities to twistor space and positive ones to dual twistor space, we have:

~ ~ ~ ) 2 o~ ~
A <Z17 ZQ, Z3, Z4> = (;i)4 / d4$d2)\1d2)\2d2>\3d2)\4()\1)\2)3 X
R12

[(s30)+ (2X2)+Oafia)+ (Aafia)+izaa ARG ]
(A2A3) (A3As) (AsAi)

As we are dealing with two-dimensional vector spaces, we can expand A3z, A4 in

(&

X

terms of A\;, Ay and integrate over these coefficients.

A3 = agA; + b3Ag,
)\4 = a4)\1+b4)\2.

Doing the same thing to Xl and Xg, we have that, in terms of Xg and X4, they

are given as:

A= 513:3 +31X4,
)\2 = 52X3 +52X4.

Under these transformations, the measure becomes:

18



X P Xod®A3d® Ny = [(M o) Ms\)]? dPa d2b d>a d?b.
Substituting these into the amplitude and integrating over d*a dQE, we get:
» ) 6[a3(2123)+b3(2223)+a4(2124)+b4(2224)]

~ ~ g 2 2
A ( 1, &2, &3, 4) (271')4 /R4 a a3b4 (a3b4 - b3a4> .

« /R () + O X 8l ) + ()] %

x0[(12hs) + 1 (AarAs)J0 (12 ha) + iAo Aa)][(Asha) (A A2)]

However, to solve the integral on x, we might note that:

d (Ale) d (Alxi4) d ()\QIX3> d (Agxi4) - [(X3X4) (AlAQ)] " i

Integrating over the rest of the variables and using that sgn (y) = [, %“ exp (iay),
we find the astonishing result from four-gluon scattering amplitude:
~ ~ ~ ig? ~ ~ ~ ~
A (21722723,Z4> = ngn [<Z1Z?,) (ZQZ?,) (Z1Z4) (2224)] , (2.45)
T

which, of course, provides an amazing simple result in comparison to result obtained
by the conventional techniques. This intricate space in which we are considering so

twistor space as its dual is called ambitwistor space.

2.4 Supersymmetric Extension to Twistor Space

It would be interesting to recover space-time field from a function on twistor space.
According to previous considerations, a particle with helicity A must be associated
to a homogenous holomorphic function of degree (—2h — 2) on twistor space. In
order to obtain a space-time scalar field, we must note that the x-dependence comes
from incident relations and to have a field with homogenous degree zero we must
integrate over X's. If we consider signature (+ — ——), the integral cannot be an
integral over all domain, because the later is C* and we cannot cover all domain
integrating just on A. However, we are still able to define a line integral in C? and
its Lorentz invariant measure must be A*d),. By the homogenous degree of the
integrand, we might infer that it has at least has two poles, then, this integral must

be a contour integral over one of these poles:
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]' 6]
o (x) = 2_71'1%7)\ d o f (Z). (2.46)
Being more careful and specific, we shall define this contour in a more appropri-
ated manner. Since we are avoiding the situation in which secondary spinor part of
the twistor vanishes, that is, A = 0, we can, for example, restrict ourselves to sub-

space of CP? where \' # 0, and switch to inhomogenous coordinates (%, = 1 i—f)

Doing this, we can see that the domain of X is not more C2, but CP'. The contour
C must be diffeomorphic to S! and belong to CP'. Because CP' 22 S?, we know the
domain cannot be entirely covered by just one chart, we need at least two chats in
order to do so. Then, we can manage to put each pole in different hemispheres of
the two-sphere and set the contour to be the equator, by appropriate choice of CP!
coordinate set.

In fact, from these results, we are able to prove that a space-time point is as-
sociated to a Riemann sphere on projective twistor space in a more formal way.
As stated before, a set of intersecting light rays determine a point on space time.
Considering just light rays which belong to non-compactified Minkowski space, what
means A # 0, we can define inhomogenous coordinates at CP* as above. However,
light rays must satisfy incident relations, so, a point in space-time is determined just
by A up to a scaling in twistor space. It proves that z is mapped to CP' in CP?.

We can observe that a scalar field defined by (2.46) satisfies massless Klein-
Gordon equation.

2
000t (z) = % 7{ Mg (AN) gﬂi—éﬁ =0.

The extension to other fields is rather straightforward. For negative helicities,

f (Z) have homogenous degree (—2h — 2), so, to integrand have homogenous degree

—2, we must have:

1
Boyag...cmy, (T) = =— 7{ N dXsAas Ay Aoy f (Z) . (2.47)

271 I

Obviously, equation of motion to this field is:

8ald¢a1a2..-a2h (l‘) =0.

To positive helicity fields, we must increase the degree of homogeneous function,
SO:

1 g 0 0
1 o G = — @ : — Z). 2.4
¢ala2...a2h (x) 27_(_2 fé)\ d)\Oé alu/al aan a/,Lth f ( ) ( 8)
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The same form, equation of motion to this field is:

aad1¢a1a2...a2h (l’) = 0.

A further remark on Maxwell field strength or Yang-Mills one in perturbative
regimen is required. The field strength is written as F' = dA and it becomes f = pAe
in momentum space. Translating to spinor form, we split the field strength into a
self-dual and an anti-self-dual part. The self-dual represents the negative helicity
gluon and the anti-self-dual the positive helicity gluon. We can see this from f = pAe
and consider either ¢ = €™ or ¢ = ¢~. To former, we get fasps X eagxd:\/[; and,
equivalently, to later, the result is f ;55 X €55 aAg. So, the entire field strength
must be expressed as a direct sum of them:

F &8s = Eaﬁq)dB + Edgq)ag. (2.49)

«

Twistor formalism segregate different helicities and it is suitable to theories that
naturally distinct chiral parts from antichiral ones like supersymmetric theories. As
it is well-known, supersymmetry is a symmetry that relates fermions and bosons.
The generators of these transformations take bosons in fermions and vice-versa. The

algebra associated to them satisfies the following anticommutation rules:

{QaQus} = 200,00, (2.50)
{QL.Q}} = {Qurn Q) =0. (2.51)

Indices I, J go from 1 to N and indicate the number of supersymmetries the
theory have. In order to focus on representations of this supersymmetric algebra cor-
responding to massless one-particle state, we will start by setting, for convenience,
the space-time coordinates in such way that momentum becomes (F, 0,0, —FE). Us-
ing this on anticommutation rules, we find the unique nonvanishing anticommutator

1s:

{Q1,Qi,} = 4E0]. (2.52)
However, it is nothing but N copies of a Clifford algebra we are used to when

considering fermion canonical quantization. Defining;:

1
T= —Q1, 2.53
! 2VE ! (2:53)

1

nt .
(@) = @ (2:5)
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we have a ”creation and annihilation” operator algebra, so, it must have an state
€2) that is annihilated by any of (a’ )T. The same form, there must be a state |2*)
that is annihilated by every a’.

All possible one-particle states are obtained from the action of these operators on
both sates, that is, [Q2), a’ |Q),..., a'...a™ |Q) and [Q*), (a!)T |Q%),..., (a")T...(a")T|Q*).
As a’ and (a’)" take bosons in fermions and vice-versa, the action of a! in a state
must raise the helicity by 1/2 and the action of (a!)T must lower it by 1/2. Tt infers
that |Q) as well as |Q2*) are eigenstates of helicity. If |2) has helicity —h, we will
have N states of helicity —h+1/2, N(N —1)/2 states of helicity —h+1 and so forth.
Generally, to helicity —h + p/2, we find (/;/ ) states. On the other hand, by CPT
invariance, |©2*) must have helicity h, and to helicity h — p/2, we find the same (/;f )
states. It is straightforward to note that when h = A//4 we cannot split the states
in a chiral multiplet and in an anti-chiral one. In fact, we can identify a'...a’¥ |Q)
to |Q2*), because they have the same helicity. This forces us to consider all particles
in the same multiplet. So, maximally supersymmetric Yang-Mills theory has N’ = 4
supersymmetries. By the way, this theory has great implications in Superstring
theory and we will consider that until the end of this chapter.

From the considerations above, we can say that we are able to obtain all helicities
through h = —1 in N = 4 supersymmetric Yang-Mills. As we put all this fields in
a multiplet, we need label the action of a’ by a fermionic parameter. Denoting this

Grassmanian parameter as 77, we are able to define the multiplet as:

6IJKL

3!
Quantities a_ and a are the self-dual and anti-self-dual gluon respectively. The

F=a_+n,5 +nmge’™ + NIMKNLST + MN2n3Naa . (2.55)

fermions 37, s; are (—1/2)-helicity and (1/2)-helicity gluinos, and ¢/% are the six

scalars. Then, we can guess the helicity operator form to this theory:

1 0
h= _H?;ma_m' (2.56)

Clearly, it includes a dependence of 1y in f (Z). This heuristic procedure shows
us that, in the N' = 4 supersymmetric Yang-Mills, the formalism of twistor must be

extended to supertwistors, whose are defined by such a quantity:

z¥ = N |. (2.57)
nr

The set of all these supertwistors introduces the supertwistor space T = C44
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with for bosonic coordinates (Z4) and four fermionic ones (1;). Yet, for the same
arguments we provided in the discussion about twistor space, it becomes convenient
to consider, instead of ?/I\‘, the projective supertwistor space Iﬁ[‘, defined by the equiv-
alence relation (Z4,n;) ~ (tZ4,tn;) for nonzero complex t. Thus, the projective
supertwistor space is a copy of the supermanifold CP3!*.

Helicity operator in CP3* can be written by (2.35) as well and it constrains the

form of functions on supertwistor space:

Z;“'%f,f (ZA’) — 0. (2.58)

In other words, we might say that for each external particle the scattering am-
plitude is homogenous in supertwistor coordinates.

The conformal generators remain unchanged in this extended space, however, in
addition, there are sixteen supersymmetry generators (2.50). The term %Zmaim
in helicity operator means sort of a number operator, i.e., >_(af)7(al). Thus, we are
able to associate aim to (al) and n; to (a’)’. From (2.53) and (2.54), we can obtain

the form of supersymmetry generator in supertwistor space:

0
o9 2.5
@ = 2:59)

— 0
Qar = —r EICS (2.60)

But, the superconformal algebra is not closed if we include just these generators.

We must add more sixteen fermionic ones that come from [K, Q)] and [K, Q)]:

0
Sar Uipyve (2.61)
—I 0
S 2.62
p Mg (2.62)

Finally, the last set of generators are the ones which provide the R-symmetry.
In fact, this N' = 4 super Yang-Mills comes from a N/ = 1 super Yang-Mills in
ten dimensions. Nevertheless, before compactification, the fields had been invariant
under SO (9,1) and, after compactification, the SO (6) symmetry arising for six-
dimensional compactified manilfold before compactification appears as an internal
symmetry and, since SO (6) = SU (4), the R-symmetry becomes a global SU (4)
symmetry. Generators of SU (4) are traceless, so we complete the set of supercon-

formal generator with:
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0 1 0
J: ___5] _
T 771877] 4 InKanK

All this analysis shows us that we do not need to focus on the external particles

(2.63)

by themselves, but, rather, we can consider the multiplet in a condensed form. So,
MHYV amplitudes to this Yang-Mills theory takes the following form:

=gt (o) o (i) [T o5 Alm) N

The quantity 7! is the eigenvalue of operator 8%[. We recover (2.13) after inte-

gration over d*n,d*n,, when r and s label the self-dual gluons. Moving to signature
(+ 4+ ——) in order to properly define the Fourier transform, we find the amplitude

in supertwistor space by:

/ H [Ml exp [Z (MM + nzmz)] A (A,X, %7) . (2.65)

Using the integral form of deltas functions, we find:

~ 52 ,LL iyad)\ia) ot (7711 + eal)\q)
4, 18 i ¢
A(2) = / d'yd 91‘[ [ o) : (2.66)

It provides the incident relations on supertwistor space. However, since we are in
a chiral representation, y,, must not be identified with space-time point x4 itself,

. . il . . . . 3
but it translated from i,;0,. It is easy to see this when we consider Q! in (y, 0, 9)

representation:

0

I —_—
QL = 56 (2.67)

By nir = 0% \ia, we recover (2.59).
Equivalently as before, we can get the superfield from a function on a super-

twistor space (RP3|4 or C]P’3|4), using the incident relations and integrating over
Al

_ Ndhg - (o
® (y,0,0) :}é oo P (Amy Aa,e?w. (2.68)
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Chapter 3

Proving Parke and Taylor

Proposition

In the last chapter, we assumed MHV formula to be true without prove. In this
chapter, we will prove this conjecture following Brito, Cachazo, Feng and Witten’s
proof [7], provided in 2005. This demonstration is based on a recursion relation
found by the former three authors [6] in 2004.

After proved Parke and Taylor proposition to Yang-Mills theory, we will focus
on properties that arise when a theory satisfies BCFW recursion relations, studying
its vertices and checking its consistency conditions. Some remarks on N = 4 super-
Yang-Mills theories are considered.

A general proof to MHV formula in maximally supersymmetric Yang-Mills theory
is not given, because when consider MHV amplitude with gluons on the external legs,
the demonstration is the same to the theory with no supersymmetries. Differences
appears when we consider external legs of gluinos or scalar fields, however a comment

on them will be given.

3.1 BCFW Recursion Relation and Cauchy The-

oremnm

All analysis of last chapter holds when gluon momenta are lightlike, however, it is
not true at all, because we can find virtual gluon propagators that obviously do not
satisfies this condition. It seems to be an obstacle in treating gluon scattering at
such way. An interesting manner to handle this is to allow gluon momentum to be
complex, but still lightlike. When working on complexified Minkoswki space-time, A

and \ are independent, what permits propagator momenta to be on shell. To make
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this argument clear, let the S-matrix initial state be two gluons with momenta p;
and po, for example. Forgetting the contribution of the four-gluon vertex, we can
see that the three-gluon vertex propagator must carry momentum ps = — (p1 + po).
On shell conditions state p? = p2 = p2 = 0, what, in terms of spinors, can be written

as:

(AA2)(Maxa) = (AaAs)Aads) = (AsA1)(Ashy) = 0. (3.1)

However, if Xl and Xg are proportional to XQ, they must be proportional to each
other as well. In complexified Minkowski space, we can have two non-trivial solutions
to equation (3.1), either (\;\;) vanishes or (XZX]) does.

In order to propagator have complex momentum, we must analytically continue
the momenta of, at least, two gluons in scattering amplitude. A way to do so is
setting p, and ps to p,. + zq and ps — zq, respectively; with ¢ being a lightlike vector,

z a complex number and:

proq=ps-q=0.
Clearly, it satisfies momentum conservation. This analytical continuation can be

reached by choosing:

Ao At 2 (3.2)

s — s — 2A (3.3)
This new amplitude will depend on z and we recover the amplitude we are looking

for when this complex number are set to zero. However, we can obtain A (z = 0) by
the residue of the function 271 A (z). If we suppose that:

lim A(z) =0,

|z]—o00

we find:

f @dz o, (3.4)

when the contour goes to infinity. Using Cauchy theorem, this integral is also equal
to the sum of the integrand residues. It is straightforward to observe that poles of
this function come from propagators having z-dependence. Because q is lightlike,

one can see that these poles are single poles.
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In principle, we are able to split this scattering in two parts and, in order to
propagator carries z-dependence, each part must have one particle with complex

momentum. So, the amplitude acquires the following form:

1
A(z) = AL (2) %AR (2) -
In above expression Py (z) = py + zq is the propagator momentum, Ay (z) and
Ar (z) are the amplitudes of the left and the right diagram after the cut, respectively.

From (3.4), we have:

. 1
A (0) = —%ZEIZHL |:AL (Z) WAR (Z) (Z — ZL):| . (35)
Poles are placed in z;, = —2;; zL,q. Then, we find the BCFW recursion relation:

A0 = 3 A er) )| (36)

poles L

It is interesting to note that we found a recursion relation between tree level

amplitudes.

3.2 Helicity Dependent Yang-Mills Vertices

In order to prove MHV formula using the BCFW recursion relation, we must know
the form of helicity dependent Yang-Mills vertices. Since in signature (+ + ——) the
momentum spinors are independent, it becomes convenient to work in this signature,
otherwise, we must complexify the space-time in the same way as we did in the last

section. In Feynman gauge, the action to pure Yang-Mills theory is:

S:—i/tr(F/\*F)—%/tr[(d*A)/\*(d*A)], (3.7)

where F' = dA—igAANA and A = AjTdx". In terms of components, the three-gluon

vertex becomes:

639
li — WP VO O, VP 4/ 4 R TaTch )
o a SA () 0AL () A () Y (™ =) / A 0,0% (w — ') tr ( )

However, Lorentz indices are not observables, so, we must contract this vertex

with the gluon helicity vectors:

ig [(61 . pg) (82 . 63) — (82 : pg) (81 . 53)] tr (TaTbTC) .
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Doing the same to four-gluon vertex, we find:

92 [(61 . 83) (52 . 84) — (82 . 83) (81 . 64)] tr (TaTchTd) .

Let us focus on the last expression for a while. If we consider all gluons with
the same helicity, it is easy to see that this vertex vanishes. By (2.7), we are free to
choose helicity spinors e,, £4. Choosing all of them equal, helicity vectors will be
proportional to each other and the vertex clearly vanishes. The same analysis holds
when we have three gluons carrying the same helicity and one carrying opposite
helicity.

To vertices with two anti-self-dual gluons and two self-dual ones, we must note

that cyclic property of the trace infers:

A+ —)=A(—++-)=A(— —++) = A+ ——+).

So, we only need to consider A (+ + ——). Setting £ = &5 and £§ = &Y, we
can easily see that these vertices vanish. Nevertheless, it is still left to regard
A(+—+—-) = A(—+ —+). To see that they are zero, we must choose, for ex-
ample, £¢ = 5 = \$ and & = £¢.

Now, we have to ponder about three-gluon vertices. As stated before, to this
7amplitude” satisfies momentum conservation and on-shell conditions, either (\;\;)
or (X,}v\]) products vanish. Vertices in which all gluons carries the same helicity, we
just have one kind of such products on denominator, so they will not cause problems
to us. Assigning & = 5 = ¥ or £ = £5 = £ we find that these kind of vertices
are zero.

However, to vertices with two self-dual and one anti-self-dual gluons, or vice-
versa, we must be a little bit careful, because we will have so (\;\;) as (XIX])
products in the denominator. We have to impose that these vertices are finite, so,
we must choose carefully which of the products can be set to zero in order to satisfies
this condition.

Supposing that gluons 2 and 3 have negative helicities and assuming £ = £%,

the amplitude becomes:

A(+——) = ig(e 'p1)~(€1 . 53),~
A+ ——) = ig (e1)3) (iliz) (E2)) S)\2)\1)
(e1A1) (A3€2) (A2E2)

To not have a trivial solution, we must assume (\;A;) = 0, so, we cannot simply

assign €9 = Xl. Setting £ = A9 and using that:
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(M) (ME2) = — (hads) (Asf),

Msh) (NE2) = = (Asde) (o),
we get:
)’
AH+—-) = i) O (3.8)

The amplitude preserves MHV formula! Then, we can "guess” the amplitude
A(—++) *, simply replacing \; by ;.

o (ky
A(=++4) = NI (3.9)
3.3 MHYV Formula from BCFW Recursion Rela-

tion

We will use BCFW recursion relation in order to prove Parke and Taylor conjecture.
First of all, we need to demonstrate that a scattering amplitude with all gluons
carrying the same helicity vanishes. In the split diagram, the propagator will have
positive helicity in one part and negative in the other by crossing symmetry. Then,
one of these graphics will have all gluons carrying the same helicity and the other
will have one gluon having opposite helicity from the others. It means that if we
prove that an amplitude in which n gluons carry the same helicity vanishes, so the
same amplitude with n + 1 gluons will.

Since the four-gluon vertices are zero, the four-gluon scattering depends just on
three-gluon vertices. However, a three-vertex in which all gluons have the same
helicity is zero. It proves, by recurrence, that a n-gluon scattering amplitude with
all external legs have the same helicity is zero.

The next sort of amplitude we will focus is the amplitude where one gluon have
opposite helicity from the others. After the splitting, we have two possibilities, either
we have one diagram with all gluon carrying the same helicity and one MHV diagram
or two diagrams where we have one gluon with opposite helicity from others. The
first possibility vanishes and let us focus on the last possibility.

Before continue, we must remember that to satisfies BCFW recursion relation the

analytically continued amplitude have to be zero when the complex parameter goes

*The minus factor drops out because, in the limit of signature (+——-), A(+——) =

[A(=++)]"
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to infinity. A nalve power counting indicates how we have to deform the momentum
of the two gluons. Each propagator carries a z~* dependence and each vertex carries
a z dependence. If we have n propagators, we will have n + 1 vertices. So, naively,

we have:

lim A(z) x z

|2|—00

However, the helicity vectors also depend on z. Then, if we deform the momen-
tum of an anti-self-dual gluon by A\, — A\, + 2\, and the momentum of a self-dual
gluon by XS — XS — ZXT, we include a 272 dependence on the amplitude and we can
apply BCFW recursion relation.

In order to prove that the amplitudes A(— — ...+ ...—) and A(++ ... — .. 4)
vanish, we need the result of A (— — +—) and A (+ + —+). Considering A (— — +—)
and deforming p; and p3 to satisfy BCFW recursion relation, we can observe that
poles appear in s and t channel. We will denote the analytically continued quantities

by a hat over them. Let XLXL be the complex propagator, the amplitude becomes:

Ly 2 (A2)’ 1 (XL)VL)?)
A(==+-) =g (o) (un) uda) (k) (Auhs) (R )

Making use of (2.17) carefully to not regard terms from propagator on-shell

—{—(2<—>4).

conditions:
Ards)Asda) = —(Arhg)Aade)
(Mads)Ashi) = —(Aad)(Aphy)
(Adn) Aods) = = (Ade) (o)
MoAn) A1) = —zr (Aad) (s
Replacing these relations on the amplitude and using that z;, = g 5 Ve find:
XsA1)(Ashg)? M
A= —4-) = 2 AsA1) (s ha)” (Aahs) — (s 2)()\4/\1) +(2<4). (3.10)
(A1A2)3(AsA2) (Mahs)

However, from momentum conservation, the term inside the square brackets
is zero and it proves the amplitude is zero. The procedure to demonstrate that
A(+ + +—) = 0 is the same.

30



Finally, we are going to consider MHV amplitudes. After the splitting, one
diagram will be a MHV diagram and the other one will be a diagram where one gluon
have opposite helicity from the others. Before stating that this amplitude vanishes,
we must remember there is one kind of nonzero diagram which have one gluon with
opposite helicity from the others, i.e., the three-gluon amplitude. Thus, in order to
have a nonvanishing configuration, we must split the diagram in such a way that one
of the graphs will be a MHV amplitude and the other is a three-gluon amplitude.
Then, supposing the MHV formula is true, the amplitude A (+ — + + ... + —), after

deforming p; and p, is:

2 (Xl/X\L)3 1 (AL An)?
Barr)(idz) nde) (Ake) Aeda) Asha)-.-(nida)

A —++ .+ —)=g"

Other contributions might arise when we left the gluon n in the three-gluon

amplitude. Nevertheless, they vanish because we will have a term like:

(NiA)?
) (idn)

that is zero from (2.17). Focusing on the products involving hat quantities, we have:

~

MsA) L) = —(Asd2) (o),
AA)Orhe) = —(Ad)(uke),
A Oud) = =) (o).

Then, the amplitude becomes:

(AHA2>4
(A1 A2) (A2A3) - (A1 An) (A1)
Since the three-gluon MHV amplitude satisfies MHV formula as proved before,

A+ —++.. +-)=g"2 (3.11)

it concludes the proof that n-gluon MHV scattering has such that form.

3.4 Heuristic Deviation and Maximally Supersym-

metric Extension

Let our starting point be the BCFW recursion relation. We will name by con-
structible theory a theory of massless particle that satisfies BCF'W recursion relation

and the three-particle vertices completely determine the four-particle amplitude.
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Again, working on signature (+ + ——), either (\;\;) or (XXJ) vanish, but Lorentz
invariance restricts the three-particle amplitude to be a generic function of (A;\)
and (XZXJ) We can conclude that this amplitude split into a sum of a function
dependent just on (\;);) and another one dependent just on (XZXJ) In an abuse of
notation, we will call such functions as holomorphic and anti-holomorphic part of
the amplitude, even \ and X not being complex conjugated from each other. So, the

three-vertices of a massless-particle theory have the following form:

A= Au [(Mads), Qada), Dsd)] + Aa [ Oide), Cads), (X?,Xl)] . (3.12)

We will initiate from a generic description and then particularize to theories of

interest. Applying the helicity operator onto last expression, we obtain:

0
<)\z‘aa/\q + 2hi> Ap [(>\1)\2), ()\2)\3)’ ()\3)\1)] = 0,

-~ 9 s
X =2 | Ay [(e), Bada), Cah)| = 0.
%

Supposing the amplitude is an homogenous function, a particular solutions to
previous equations are given by:

F = ()\1)\2>h3—h1—h2 ()\2/\3>h1—h2—h3 (/\3/\1)h2—h3—h17

G = (Ahg) Tothuthe (X, )\ ) hthaths (X X ) ~hethath,

If we write the general solutions to these equations as Ay = kg F and A4 = k4G,

we find that kg and k4 must be annihilated by /\;?‘8% and Xf‘a% respectively.
Discarding solution like delta function, the only result for ky and & 4 are constants.

We, then, infer the exact three-particle amplitude:

A =k F + k4G (3.13)

To determine the constants, we have to impose the amplitude is finite when
the products (A\;);) and (XZX]) are taken to zero. Simple inspection shows that if
hy+ hs+ hs, is negative then we must set k4 = 0 in order to avoid the such problem,
while if hq + hy + hs is positive then xky must be zero.

Specifically, for a renormalizable theory of several spin one particles, we find that

every possible ”three-gluon” vertices are:
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( ) = KR () (M) (Ashr),
(@) = e
(AM1A2) (AzAr)
(a,b%,¢") = K0 A) Pads) Aahi).
(017, ) D)

) i)

abc

From here, we also can see that three-vertices with all "gluons” carrying the
same helicity must vanish, because the coupling constant must have inverse of mass
dimension and we do not have such a constant in the theory. Moreover, due to
crossing symmetry, the amplitude must be invariant under the index permutations, it
implies that, for odd spin, the coupling constant must be completely antisymmetric
in its indices. Then, a theory of less than three massless particles of odd spin
must have a trivial three-particle S-matrix. Other consideration is to the theory be
Hermitian in signature (+ — ——) we must have k%° = (k)"

For simplicity, let us split k%¢ and k% in a dimensionless parameter fu. and a
coupling constant g. The deformation to complex momentum must be independent
of which particles are considered, since the amplitude becomes zero at |z| — oo. So,

we shall consider the amplitude A (a™,b™,c¢*,d™). Deforming p; and p4, we have:

Aog)?
A(174) a+,b_7c+7d_ - 2 |: ave ) ec ( s +
( ) g 2 Jave S Tir2) Aars) Asha) (Aahy)
(AaNg)?
+ JaceSe :
f fbd()\l/\g)(/\gz\z)(/\4)\1)
Now, doing the same to p; and py, we find:
AoAg)?
.A(LQ) a+,b_7c+7d_ - 2 |: aae.) ec ( s +
( ) g 2 Jade [ ") MaAs) AsA) (Ashy)
(A2Ay)?
+ JaceSe :
J fdb(AlAg)(AgAl)(AMs)

However, both quantities should be equal and it implies:

A (a+,b_,c+,d_) — A12) (a+,b_,c+,d_) = 0.

TObviously, the coupling constant g is dimensionless as well, however, it may run its value over

the energy scales. We are prohibing this to fupe.
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Using that (/\1)\2)()\3)\4) + ()\1)\4)()\2)\3) = ()\1)\3)(/\2)\4), we ﬁnally get:
(A2Ag)!
(A1 A2)(A2A3) (AsAy

This condition is nothing but the Jacobi identity! We have found that the four-

particle consistency condition implies that a theory of several vector bosons can be

)()\4/\1> Z (fabefecd + fadefebc + facefebd) = 0.

non-trivial only if the dimensionless parameters f,;,. are the structure constants of
a Lie algebra.

In principle, we can simply extend this analysis to N' = 4 supersymmetric Yang-
Mills by adding more fields with different spin and considering all possible vertices
of the theory. However, complications might appear such as the complex amplitude
to scalar goes as a constant in infinity. The origin of these problems is because the
helicity eigenstates are not eigenstates of supersymmetry generators and it makes the
supersymmetry not explicit. In fact, if we do not have the supersymmetry explicit
we need to be really careful to not make such a deformation that not preserves it.
So, instead of considering all amplitudes one-by-one, we should regard all possible
scattering at the same time. In other words, the external legs must be the superfields,
instead the fields. To clear these arguments, we must state that we can represent
all one-particle state in the theory in the of the analog of coherent states. Defining
the two types of coherent states in analogy to what we have learned in the first

undergraduate course about quantum mechanics:

ﬁ? >\; 5\/> = e@?ﬁ)aﬁl

1, A,X> , (3.14)

777 A) X> = eQéwanI

1, A,X> . (3.15)

The spinors w® and @y satisfies (wA) = (@A) = 1. Clearly, we can define
just up to a shift ws ~ wg + ¢y and the same holds to w®. As we have already

known from section 2.4:

QLI+1) = Aa|+1/2), (3.16)
Qr1-1) = X¥|-1/2),. (3.17)

The shift does not affect the coherent state, since Xaa? |—1) = 0. From now on,
we will neglect the momentum labels, unless it would be necessary to keep them.
The n and 7 representations are equivalents and it is easy to see that the former

diagonalizes Q and @ is diagonalized by the later.
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Qall) = ATl ), (3.18)
Qrlm = Nngln). (3.19)

Since the representation are equally valid, we need to relate them via a Grass-

mann Fourier transform:

W = [dner, (3:20)
W = [T, (3:21)

We can consider each external state either in 7 representation or in 7 one, so,
generally, the amplitude might dependent on both representations, that is, 7; and
n;. Nevertheless, in some cases, it may be convenient to consider all external states
in the same representation, let it be 17. The amplitude will depend just on 7 and
it must be invariant under supersymmetric transformations. So, we need to know
how the coherent state behaves under supersymmetry transformations. Making use
of (3.18) and (3.20), we find:

eQalt ) = et (M) 7, (3.22)
P = [+ (0). (3.23)

Regarding 7 instead of 7, the result will be reversed. Using these state properties

under supersymmetry, we obtain that the amplitude must satisfies:

Ay = A7+ Q) (3.24)
and
Ai) = e MDA (3.25)

Expression (3.24) tells us that we can set to zero up to two 7, by translation. To

see that, let Xl and Xg be non-proportional spinors, then, we can write:

EI = (II’Xl + bIXQ.

After the translation, we obtain 7, — 7, + (X1X2)b and 175 — 15 — (Xlxg)a. It is

possible to cancel 7; and 75 by choosing:
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AT _ ﬁéxl - ﬁ{x2
(A1A2)
By the other hand, expression (3.25) just implies that, necessarily, > ;A1 = 0.

(3.26)

That indicates the amplitude is proportional to a delta function, as in the case of

translation invariance of the amplitude. Then:

Ar) = o (32 ni) A (3.27)

We might ask about how the application of the operator Q1 affects this am-
plitude. In fact, a translation of 7; will provide a shift on the argument of the
delta function. However, this increment will be equal to Z" > i Aij, that is zero by
momentum conservation.

From this amplitude formula, we can explicitly see that a deformation on A, does
not preserve the supersymmetry. In order to keep it, we have to modify BCFW
recursion relation to consider the N' = 4 supersymmetric Yang-Mills theory. To
cancel the contribution coming from momentum analytic continuation, we have to
deform 75 — ns — 21,

The next check is to see if the complex amplitude vanishes at infinity. However,

we can set 1, and 7, to zero and the form of Z to do so is:

g mEN A BN
()‘7)‘8 (Z>) ()‘r)\s>

It means that QN"I carries no z-dependence and we are able to we excluded the
n-dependence from the external states that have complex momentum. Because of
this, the behavior at infinity of the scattering is the same as we have to Yang-Mills

theory.

3.5 MHYV Amplitudes in N = 4 Supersymmetric
Yang-Mills

Supersymmetry constrains the form of scattering amplitude, so, MHV amplitudes
in maximally supersymmetric Yang-Mills must satisfies (3.27). It is easy to see that
if all external states of a tree-level scattering are gluons, we will just have gluons on
the propagators and the amplitude becomes exactly the same as in pure Yang-Mills
theory. Thus, we can use the amplitude in N/ = 4 super-Yang-Mills to obtain the
MHV formula.
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First of all, we must prove that the amplitudes A (+ +...+) and A (+... + —)
vanish. The positive helicity gluon comes from fourth-order terms in 7, then, the
amplitude A (+ + ...+) is obtained by:

A(++..4) = /d4771...d477n./4 (M1 ey ) - (3.28)

It is always possible to set 7, = 0, by supersymmetric transformations, and
the integration over 7; gives a zero result because the integrand does not have
ni-dependence. To the amplitude A (+... + —), we must have a integral over 7,

because the self-dual gluon comes from the fourth-order term in this variable.

A<+ + —) = /d47’]1d47’]2...d477n./4 (7’]1,7]2’...7?]71) . (329)

Again, we can use the supersymmetry transformations to translate 17; and 7, to
zero. It modifies the other n's as well, but it will give no contribution to the analysis

because they will be integrated. From the last section analysis, we find:

Aot =) = [ dimdi T A 40,0, ).

It vanishes, because the only dependence on 7; and 7, comes from An; + Bns
and the Grassmann integral over this orthogonal combination gives zero. Finally,

considering the MHV case, we have the amplitude given by:

A (+ + ——) == /d47]1d47]2...d477n_1d47]n¢4 (7]1, 772’..., ﬁn—h ﬁn) . (330)

Doing the same procedure as before, we get:

"4 (7717 2, ﬁnfla 7771) = e[ﬁn—l(A1771+Bl772)+7~]n(A2771+B2772)]A (Oa 07 77:/;, ceey ﬁnfla ﬁn) :

However, it is nothing more than a changing of representation. We are Fourier
transforming the 7,,_; and 7, representations into the (Ayn; + Binz) and (Aamy + Bans)
ones. Then, renaming (A1, + Bing) and (Asny + Bans) by 1,1 and 7, we find the

amplitude in terms of this new variables as:

~ _ 0
A (+ + __) = /d477n1d477n-'-d477n1d477n —<T]1772)
0 (nnflnn>

=11 0m2) A (0,0, 175, ..., Trae1, Tl -
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Before determining the Jacobian, we need to know the factors A;, A,, By and
Bs. Using the analogous of equation (3.26) to (, we are able to determine such

factors. Then, we can obtain the Jacobian:

d(mn) {(Anh) Anm1d2) = (Aad2) Quci )]’
O (Na-17n) (A Ao)” .
Yet, we have that (A, A1) (An—1A2) — (AnA2) (An—1A1) = (M) (A_1A\,). Substi-
tuting it on the expression to A (+... + ——), we find:

Aocid) ] I
A(+ -+ ——) = {ﬁ} /d477n1d477n---d477n1d477n X

Xe(ﬁnflnnfl"!‘ﬁnnn)A (07 0, 77§57 oo Tt ﬁn) )

We can recognize this as the n representation of A (— — +...4). So, we find the
Ward identities for MHV amplitudes:

A(+..+——) = [%] A(——+.4). (3.31)

We can easy observe that this implies:

A =" =) = (WA A (3.32)

The function A is independent of the minus helicity state entries. From the

result of Yang-Mills theory, we know that:

A=TT, O™ (3.33)
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Chapter 4

MHYV Tree Amplitudes in
Superstring Theory

Twistor-string theory has been successfully used to recover tree-level gluon scattering
amplitudes. So, since in the most of the cases it deals with MHV amplitudes, some
remarks on them in superstring theory are, in some sense, essential. However, in this
chapter, we will follow another direction to consider MHV amplitudes in superstring
theory.

In 2008, Berkovits and Maldacena [11] provided an interesting prescription to
compute MHV amplitudes in superstring theory. Although it holds just to MHV
amplitudes, this formula greatly simplify the computations. That is because when
consider a superstring formalism such as pure spinor or RNS, many more fields must
be taken into account and no simplifications occur before consider all momenta in
four dimensions and all integrated vertex operator helicities to be positive and four-
dimensional as well. Calculus of MHV amplitudes using this prescription is given in
this chapter. It is shown they provide the correct results to four-point and five-point

amplitude as well as to the limit when o/ — 0.

4.1 MHYV Tree Amplitude Prescription

As we saw, supersymmetry fixes the form of MHV amplitude in A/ = 4 supersym-

metric Yang-Mills as the following:

A (N X ) = 97725t (3D AXE) o (D0 Al ) A, X).
This result arises just by a pure supersymmetry analysis and should be valid at

any energy scale. So, generally, .A()\Z-,}v\i) ought to depend on o' and must lead us

the well-known result:
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n

AN, N) = H (Aidien) ™,

i=1
when o/ — 0. Since the fields on external legs live in four dimension and we are not
considering loop corrections, kinematics shows us that all analysis is restricted to
four dimensions. Momentum conservation must hold in every step of the scattering.
A way to constrain the external fields live in four dimensions is to attach open string
endpoints on N parallel D3-branes placing at the same point on the compactified
six-dimension space.

The conjecture states that MHV superstring amplitude has the form:

~ 1

AR = A Do) o) <V1 (21) V2 (72) V3 (22) 11/ a0, (ZT>> 4D

Zr—1

where the non-integrated vertex operators is V, (z,) = exp [iA?Xf:Ead (zr)} and the
integrated one is:

U, (2) = [efof)xad (2) +1i (er) (Xr{/?)} Vi (2). (4.2)

Different as before, we set (¢,A,) = 1, that is the reason to not appear the

normalization factor on the denominator. By a gauge transformation, €, — ¢, 4+ul,,

U, (z.) changes by a total derivative. The angle brackets mean the path integral

expectation value of the vertex operator product. After fixing the gauge symmetries

for the action, the conformal Killing vectors can be used to fix the three vertex
operator to arbitrary points (z1, 29, 23) on the boundary.

In order to continue, we must know the field OPEs. The x4 fields satisfy the
usual OPE:

Tae (Y) Tgp (2) ~ —deagesg (Infy — 2[ +1Infy — 2]) . (4.3)

The Grassmannian fields v, and TZB have conformal weight (1/2,0) and satisfy
the OPE:

Oz’ﬁdﬂ'

y—z

Ve (y) Y5 (2) ~ (4.4)
Note that relabeling v, and @ZB to Yaa, the integrated vertex operator becomes
the standard RNS vertex operator for a self-dual gluon.
This prescription seems to be in some how relate to the open self-dual string

with A = 2 worldsheet supersymmetry. There is just a single physical state in
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this theory spectrum and this state corresponds to a self-dual gluon, in signature
(+ 4+ ——). Its action is the same action that generates the OPEs (4.3), (4.4):

g1 / 4?2 (lﬁxo‘dgxad + {Edé%) .
o 2

The superconformal generators with conformal weight (2,0) are:

T = % (8900“5“0%@ + P g + @bd@?l)va) ;

Gt = a0zt G = adr%, J =, (4.5)

The superconformal primary field V' = exp (ipaamad) can be associated to the
physical self-dual Yang-Mills state and the integrated vertex operator is obtained
from V by:

/ d2G-GHV = / A\~ [Xd&ﬁd it (M) (Xiz?)] ¢, (4.6)

We have the freedom to choose the helicity vector conveniently, so, if we set
et =0and e~ = (A\*)™', we find that the last equation is equal to A*A~ [ d2U (z).
However, similarities broke down when considering the n-point amplitude prescrip-

tion. To open self-dual string the expression is

Apn—o = <(G+V1 (21)) (GTVa (22)) V5 (z3) H / dzU, (zr)> : (4.7)

In the last equation, the fermionic zero-mode measure factor is <wdw‘j‘> =1 and
the superconformal generators have been twisted so that ¢ carries zero conformal
weight. This amplitude vanishes when n > 3 as it is expected for self-dual Yang-Mills
tree amplitudes.

The n-point tree amplitude (4.1) is slightly different and provides the right re-
sult to MHV amplitude in low-energy limit. The superconformal generators are

untwisted in this prescription.

4.2 The o/ — 0 Limit of the Amplitude

In this section, we will to prove this prescription reproduces the known result when
o/ — 0. To do so, it is convenient to express the vertex operator in a ”supersym-

metric form”:
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U ) = i [ [ dfoep iR () + xo (W0 (20) +

+Xr (Xzz (zr)) X X E N DT (ZT)} : (4.8)
where x, and Y, are Grassmann parameters. Evaluating the contractions, using
that ([JV,) o< [T |2 — 25| and choosing &, properly to have (g,£,) = 0 for all

r<s
r and s, we obtain:

1 = I
)\ A — d , d . dN'r' . — | PPy
A( 4 P) (A1A2)<>\2)\3)()\3)\1> g/ < / X / X g |Z ZJ| X

(5)

Zi j

X exp |o (xaXi (€M) + X5X5 (E5A) + XaXs + x5Xa) | - (4.9)

We can see that we do not have double poles when (2; — z;) — 0, because:

exp[p] =1+ p,
with p = a’% (XiXi (€M) + xiX; (€M) + xiX; + X;Xi). Since each term in the
i Zj
exponential is proportional to o/, these terms can only contribute in the limit o/ — 0

1

if there appear factors of (o/)~' coming from the integration over z.. Such factors

can arise from contact terms when z,_; — z,, since

Zp—1+€ J o prpr1—1 1
ZT‘ZT—Zr_l‘ A —
Zr—1 APy Pr—1

So, contributions come from (z, — 2,_1)~! terms, that is, contractions involving
adjacent vertex operators. After integrating over the Grassmannian parameters, we

have:

. . e T
Jm A= J?Tog / iz (/\1|/\2)(/\2>\3|)()\3)\1)|
n=3 [n—s o/ (XqX,H) (Eghg-1) n (XtXtH) (eehe41)
" =0 | =4 "a T Al t=n—s+1 T |
. 1 n—=3 |n—s (quq_1> (€4Ag-1)
Jm A= (AA2)(A2As)(AsAr) = g Pq " Pg-1 "
n (tht—l-l) (etAet1)
8 tem st 1 —Pt " Pt+1

42



Then, we can see that it lead us the correct result:

lim A= ][ O\ As)™

a’'—0
r=1

4.3 Computation for Four-Point and Five-Point

Gluon Amplitudes

The next step is to consider the proposition to compute n-point MHV tree amplitude
in superstring theory.

Evaluating the contractions to four-point amplitude, we find:

< —ia/ (27g) (u)y) "M A)(Ars)
A()\p/\p) - (/\1/\2)(/\2)\3) ( / dz Z 24 — Zq H |

r<s
(4.10)

Setting, for convenience, (21, 29, 23) to (1, 00,0):

llm H |er- — Zq‘als’r'q — |Z4|a’543 ’24 _ 1|0/S41 .
2—00

r>q

In the last expression, we defined s, = p,-p, and used that »_ s,, = 0, by (2.17).

Choosing £ = \§ ()\3/\4)71 and renaming the Mandelstam variables s1o, s93 and s13

to s, t and u, respectively, we have:

Ty m/(xlxl) ! ot—1 _a's
AN, = ) Do) ()\3>\4)/0 dzy (1 — z4) 28,
AR = eI T v (@11)

r=1

which is the correct open superstring four-point amplitude. Clearly, we recover the
maximally supersymmetric Yang-Mills result setting o/ = 0, however, it might be
interesting to regard the low energy behavior of (4.11). Using that I'(1+¢) =~
1 — e+ 3 [v* + ¢ (2)] €%, with v being the Euler-Mascheroni constant, we find:

AN = [14 @) ¢ st} T A (4.12)

r=1
Now, we will consider the five-point amplitude computation. After evaluating

the contractions, we obtain:
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_ B (a/)2 /z1 /21 o5 I (X4X5)2
*A<>‘P)‘P) - ()\1A2)(A2>\3) ()\3/\1> v dZ4 Ny dZ5 g |ZP Z’f‘| 2+

| (24 — 25)

B Z (e47g) (AaAg) Z (e5Ae) (AsAe) — (e4e5) (Mads) . (4.13)

2
Gl AT Z5 — %t o (z4 — 2s5)

t#5
If we set 4 = wves, it is easy to see that we have no double poles. In addition,
choosing 5 = ()\3)\5)_1 A3, there are no more poles at z3. Then, fixing (21, 29, 23) by

(00,0,1):
lim (\zl\a/s” 2 — 1|52 |2y — 2|51 |2y — 25|a/815> =1.
21—00

Making the substitutions z; = 27! and 25 = (xy)_l, after some manipulation,

we have:

AT = ﬁ o / i [ a0 [Q0e)00 )]

[ A3A1 YA hs) . (X4X5><A5A1><X1X2>]
1—y ’

(4.14)
where,

T (z,y) = 223y 2515 (1 — )5 (1 — )™ (1 — 2y)**> .

Defining the linear independent integrals

1 1
A
£ o= /d:c/d il
0 0 Ty
1 1
T
fo = /dx/ dy (:B,y)’
0 0 I —xy

after integrating by parts, we reach the result to five-point gluon scattering ampli-
tude:

3 (a)?

ANpAp) = — S15523f1 + (>\3)\2)(X3X5)()\5)\1)(X1X2)f2] . (4.15)
rl;ll (AT)‘rJrl)

Nevertheless, using that:
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1 S45 534 ’
= —— —(@(Z2+2)+0
h 2593551 C( ) (823 * 851) * (a )’

f2 = C(Z)—FO(O/),

we are able to determine the low energy behavior of the amplitude:

I+ O/QC (2) (/\3>\2)(X3X5)()\5/\1)(X1X2) — 545551 — 523534

AMA) = h (4.16)
H (/\TAH-I)

Since supersymmetry prohibes the term F'3 in the effective action obtained from
superstring theory, the amplitude must not have a linear dependence on o/, as

observed.
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Chapter 5
Conclusions

In the second chapter, we considered MHV tree amplitudes in twistor space. From
(2.45), we could see the simplicity of a scattering amplitude form when properly
Fourier transformed to twistor space. So, if we are able to define Yang-Mills and N =
4 supersymmetric Yang-Mills vertices in twistor space, we can compute scattering
amplitudes in a simpler way than we use to. Once we have the expressions on twistor
space, we can go back to space time by a contour integral. Other remark is that
computations on supertwistor space have simpler form, because functions defined
on it must have homogenous degree zero.

In the third chapter, after proved MHV formula using the BCFW recursion rela-
tion, we obtained the supersymmetric Ward identities to MHV amplitudes. In this
analysis, these amplitudes seem to emerge naturally from a maximally supersym-
metric context. In fact, all discussion can be applyied to N' = 8 supergravity as
well.

Both of these maximally supersymmetric theories arise from the correspondent
N =1 ten-dimensional theory massless modes after compactification. So, it might
be interesting to consider amplitudes in higher dimensions in order to understand
how MHV amplitudes arise from a ten-dimensional scattering. Other possible anal-
ysis is to find the differences between scattering that provides MHV amplitudes and
the other ones that produce non-MHV amplitudes.

In the last chapter, we used (4.1) to compute four-point and five-point MHV tree
amplitudes in superstring theory. However, there are some remarks about this kind
of amplitude with more external states. Even this prescription simplifies the com-
putation, the calculus to six-point amplitude increases considerably the complexity.
That is because we have many more contractions to evaluate. In [10], we can see
that the n-point MHV amplitude in superstring theory is given in terms of (n — 3)!

linearly independent integrals. Also, an open question is we do not know how to
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derive such prescription from a superstring formalism.

Another interesting direction to follow comes from [13], where Berkovits consid-
ered the ten-dimensional super-Yang-Mills in terms of supertwistors. In this paper,
he found a relation between the twistor superfield ®(Z) and the ten-dimensional
super-Yang-Mills vertex operator A*A,(x, #). This vertex operator is the same one
that appears in the superstring pure spinor formalism, but in super-Yang-Mills case
the momentum spinor play the role of pure spinor ghosts. In principle, we can use
this framework to study the ten-dimensional amplitudes that originate the MHV

amplitudes in four dimensions.
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