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5 Bäcklund solution for the sshG model 17

6 Final remarks 20

A Defect matrix 20

1 Introduction

Recently there has been great progress in the study of the integrable defects in two-

dimensional classical field theories. Defects, as originally introduced in [1, 2], can be

understood as internal boundary conditions linking fields of both sides of it, and described

by a local Lagrangian density. It was shown for several models in [1]–[9] that these defect

conditions are related to the Bäcklund transformations frozen at the location of the defect,

and preserve integrability of the original bulk theory after including some compensating

contributions to the conserved quantities. This kind of defect is named type-I if the fields

on either side of it only interact with each other at the defect. And it is called type-II if

they interact through additional degrees of freedom present only at the defect point [10].

This type-II formulation proved to be suitable not only for describing defect within the

a
(2)
2 Toda model, which had been excluded from the type-I setting, but it also provided

additional types of defect for the sine-Gordon and other Toda models [11]. Interestingly,

it was established a relationship between these two type of defects. At least for the sine-

Gordon model [10, 12], and in general for a
(1)
r affine Toda field theory [13], the type-II

defects can be regarded as fused pairs of type-I defects. However, the type-II defects can

be allowed in models that cannot support type-I defects, as it was shown for the Tzitzéica

or a
(2)
2 Toda model [10]. In fact, it was also shown in [10, 13] that the type-II defect in the

a
(2)
2 Toda model can be interpreted as being the result of folding a type-II defect in the

a
(1)
2 Toda model.
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The question of deriving the associated infinite set of conserved quantities in the pres-

ence of defects has been initially handled by using the Lax approach for a wide class of

models [14]–[17]. The integrable defect conditions are encoded within a defect matrix,

which allows to compute the modified conserved charges for the total system.

On the other hand, the question of involutivity of the modified conserved charges

has been addressed by using intensively the algebraic framework of the classical r-matrix

approach [18]–[24]. In this context, the description of the integrable defects requires to

introduce a modified transition matrix satisfying an appropriate Poisson algebra.

At first sight, it seemed not to exist a direct way of linking these two different

approaches for integrable defects. However, very recently a new approach to the sub-

ject has been proposed to provide a link between the two previous points of view by using

a multisymplectic formalism [25, 26]. This approach was successfully implemented for the

nonlinear Schrödinger (NLS) equation and the sine-Gordon model.

The main purpose of this paper is to propose a supersymmetric extension of the type-

II integrable defect for the N = 1 super sinh-Gordon (sshG) model, and to study the

integrability of the system through the Lagrangian formalism and Lax approach. The

presence of integrable defects in the N = 1 sshG model has been already discussed in [5, 27].

However, the kind of defect introduced in those papers can be regarded as a “partially”

type-II defect since only auxiliary fermionic fields appears in the defect Lagrangian, and

consequently it reduces to type-I defect for sinh-Gordon model in the bosonic limit, where

the fermionic fields vanish.

Our idea in this paper is rather to find a direct supersymmetric extension of the type-II

defect of the sine-Gordon model proposed in [10]. The program of finding supersymmet-

ric extensions of integrable type-II defects has started with the N = 1 super-Liouville

model [28]. The key point in deriving the defect Lagrangian was based on a generaliza-

tion of the super-Bäcklund transformation for the equation, by including a new (chiral)

superfield Λ(x, θ) in the formulation. Following the same line of reasoning, in section 2 we

propose a generalisation of the super-Bäcklund for the N = 1 sshG model by introducing

two new superfields in the description, so that the pure bosonic limit reduces to the type-II

defect for the sinh-Gordon model. In section 3, we introduce the Lagrangian description

for the type-II defect in the sshG model totally consistent with the new super-Bäcklund.

We also present the supersymmetry transformation that leave the total action invariant

and derive the modified conserved supercharge, energy and momentum. The bosonic and

fermionic limit are discussed as well.

The fusing procedure will be discussed in section 4. It will be shown that the type-II

defect for the sshG model derived from consistency with the proposed super-Bäcklund can

be obtained by fusing two defects of the kind given in [5] for the sshG model. In section 5 we

analyse the classical behaviour of one-soliton solutions of sshG equation passing through the

type-II defect. Section 6 contained some final remarks and comments on future directions

which have emerged from this work.

The integrability of the system will be discussed by computing the associated defect

matrices which generate the infinite set of the associated modified conserved quantities.

The explicit computations will be presented in appendix A.
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2 Type-II super-Bäcklund for N = 1 sshG equation

In this section we construct a new super-Bäcklund transformation for the N = 1 super-

symmetric sinh-Gordon (sshG) equation. Let us first introduce a bosonic superfield,

Φ = φ− iθ1 ψ̄ + iθ2 ψ − iθ1θ2F, (2.1)

where φ an F are bosonic fields, ψ and ψ̄ are fermionic fields, and θi, i = 1, 2, elements

of the Grassmann algebra. Then, the N = 1 sshG equation can be written in terms of

superfields as follows

D+D−Φ = im sinhΦ, (2.2)

where the superderivatives are given by

D+ = −i∂θ1 + θ1∂+, D− = i∂θ2 + θ2∂−, D2
± = ∓i∂±, {D+, D−} = 0. (2.3)

We denote the light-cone coordinates x± = x ± t, and then ∂± = 1
2(∂x ± ∂t). Using the

form of the superfield (2.1), we can write eq. (2.2) in components,

∂+∂−φ =
m2

2
sinh 2φ− imψ̄ψ sinhφ, (2.4)

∂−ψ̄ = −mψ coshφ, (2.5)

∂+ψ = −mψ̄ coshφ, (2.6)

with the auxiliary field given by F = m sinhφ. Now, we propose the following super-

Bäcklund transformation for the sshG equation connecting the two solutions Φ1 and Φ2 as

follows,

D−(Φ+ − Λ) = ω1 e
Λ
2 f cosh

(Φ−
2

)

, (2.7)

D+Λ = ω2 e−
(Φ+−Λ)

2 f̃ cosh
(Φ−

2

)

, (2.8)

D+Φ− = ω3 e
(Φ+−Λ)

2 f − ω2 e−
(Φ+−Λ)

2 f̃ sinh
(Φ−

2

)

, (2.9)

D−Φ− = ω1 e
Λ
2 f sinh

(Φ−
2

)

+ ω4 e−
Λ
2 f̃ , (2.10)

where Φ± = Φ1 ± Φ2, and we have introduced two fermionic superfields f and f̃ , as well

as a new bosonic superfield Λ, which satisfy respectively the following equations,

D+f =
im

ω1
e

(Φ+−Λ)

2 , D−f = − im

ω3
e

Λ
2 sinh

(Φ−
2

)

, (2.11)

D−f̃ =
im

ω2
e−

Λ
2 , D+f̃ =

im

ω4
e−

(Φ+−Λ)
2 sinh

(Φ−
2

)

. (2.12)

Here, {ωk}4k=1 are four arbitrary constant parameters. By cross-differentiating eqs. (2.9)

and (2.10) we find that if Φ1 satisfies the sshG equation then Φ2 also satisfies it. Be-

sides introducing a new bosonic superfield Λ in eqs. (2.7)–(2.12), the supersymmetry and

the Grassmannian property of the superderivatives D± require the introduction of not

only one fermionic superfield f like previously was proposed in [29], but two fermionic

– 3 –
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superfields (f, f̃). The additional superfield f̃ allows the possibility of having independent

contributions coming from the terms of the form exp(±Λ/2). The introduction of this new

superfield might be better understood in section 4 by discussing the fusing procedure.

Note also that even when Λ = 0 there is no direct limit between the super-Bäcklund

proposed here and the one given in [29], and then they will be regarded differently. In

addition, when ψ and ψ̄ vanish, eqs. (2.7)–(2.12) will reduce to the type-II Bäcklund

transformation for the sinh-Gordon model [10]. For that reason, they will be called type-II

super-Bäcklund transformation for the N = 1 sshG equation.

Now, let us introduce θ-expansions for the superfields Λ, f , and f̃ , namely

Λ = λ0 − iθ1λ2 + iθ2λ1 − iθ1θ2λ3, (2.13)

f = f1 − iθ1b1 + iθ2b2 − iθ1θ2f2, (2.14)

f̃ = f̃1 − iθ1b̃1 + iθ2b̃2 − iθ1θ2 f̃2, (2.15)

described by six bosonic {λ0, λ3, b1, b2, b̃1, b̃2}, and six fermionic {λ1, λ2, f1, f2, f̃1, f̃2} fields.

Then, we can write down the super-Bäcklund transformation (2.7)–(2.12) in components

following the same procedure previously implemented in [5, 27]. After some algebra the

auxiliary fields {F±, b1, b2, b̃1, b̃2, f2, f̃2, λ1, λ2, λ3} can be eliminated, and we obtain the

following simplified set of equations containing only the auxiliary fields λ0, f1, f̃1, namely

∂−(φ+−λ0) =−mω1

2ω3
eλ0 sinhφ− +

iω1

2
e

λ0
2 cosh

(φ−
2

)

ψ+f1−
iω1ω4

2
sinh

(φ−
2

)

f̃1f1, (2.16)

∂+λ0 = −mω2

2ω4
e−(φ+−λ0) sinhφ− +

iω2

2
e−

(φ+−λ0)

2 cosh
(φ−

2

)

ψ̄+f̃1

+
iω2ω3

2
sinh

(φ−
2

)

f1f̃1, (2.17)

∂+φ− =
mω2

ω4
e−(φ+−λ0) sinh2

(φ−
2

)

− mω3

ω1
e(φ+−λ0) − iω3

2
e

(φ+−λ0)

2 ψ̄+f1

− iω2

2
e−

(φ+−λ0)

2 sinh
(φ−

2

)

ψ̄+f̃1, (2.18)

∂−φ− = −mω1

ω3
eλ0 sinh2

(φ−
2

)

+
mω4

ω2
e−λ0 − iω4

2
e−

λ0
2 ψ+f̃1

+
iω1

2
e

λ0
2 sinh

(φ−
2

)

ψ+f1, (2.19)

ψ− = −ω1 e
λ0
2 sinh

(φ−
2

)

f1 − ω4 e
−λ0

2 f̃1, (2.20)

ψ̄− = ω2 e
− (φ+−λ0)

2 sinh
(φ−

2

)

f̃1 − ω3 e
(φ+−λ0)

2 f1, (2.21)

∂+f1 =
m

2ω1

[

e
(φ+−λ0)

2 ψ̄+ + ω2 cosh
(φ−

2

)

f̃1

]

, (2.22)

∂−f1 =
m

2ω3

[

e
λ0
2 sinh

(φ−
2

)

ψ+ − ω4 cosh
(φ−

2

)

f̃1

]

, (2.23)

∂+f̃1 = − m

2ω4

[

e−
(φ+−λ0)

2 sinh
(φ−

2

)

ψ̄+ + ω3 cosh
(φ−

2

)

f1

]

, (2.24)

∂−f̃1 =
m

2ω2

[

e−
λ0
2 ψ+ + ω1 cosh

(φ−
2

)

f1

]

. (2.25)
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These equations represent the type-II super-Bäcklund transformation for N = 1 sshG

model in components, which depend upon four arbitrary parameters {ωk}4k=1.

3 Type-II defect for N = 1 sshG model

Here we introduce a Lagrangian description of type-II defects in the N = 1 sshG model

which satisfies super-Bäcklund transformations frozen at x = 0.

3.1 Lagrangian description

The Lagrangian density can be written as follows,

L = θ(−x)L1 + θ(x)L2 + δ(x) LD, (3.1)

with

Lp =
1

2
(∂xφp)

2 − 1

2
(∂tφp)

2 + iψp(∂x + ∂t)ψp − iψ̄p(∂x − ∂t)ψ̄p + Vp(φp)

+Wp(φp, ψp, ψ̄p), (3.2)

where φp are real scalar fields, and ψp, ψ̄p are the components of Majorana spinor fields in

the regions x < 0 (p = 1) and x > 0 (p = 2) respectively. The bulk potentials are given by,

Vp = m2(cosh(2φp)− 1), Wp = −4im ψ̄pψp coshφp. (3.3)

Now, the defect Lagrangian density LD can be written in the following way,1

LD = φ−∂tλ0 −
1

2
φ−∂tφ+ +

i

2
(ψ̄+ψ̄− − ψ+ψ−) + if1∂tf1 + if̃1∂tf̃1 +B

(+)
0 (φ+ − λ0, φ−)

+B
(−)
0 (φ−, λ0) +B

(+)
1 (φ+ − λ0, φ−, ψ̄+, f1, f̃1) +B

(−)
1 (φ−, λ0, ψ+, f1, f̃1). (3.4)

Here, we also have introduced the bosonic field λ0(t) and the fermionic fields f1(t), and

f̃1(t), which are all associated with the defect itself at x = 0. The corresponding defect

potentials are given by,

B
(+)
0 = ω2

2 e
−(φ+−λ0) sinh2

(φ−
2

)

+
m2

ω2
1

e(φ+−λ0), (3.5)

B
(−)
0 = ω2

1 e
λ0 sinh2

(φ−
2

)

+
m2

ω2
2

e−λ0 , (3.6)

B
(+)
1 = i

[

m

ω1
e

(φ+−λ0)

2 ψ̄+f1 − ω2 e
− (φ+−λ0)

2 sinh
(φ−

2

)

ψ̄+f̃1 −
mω2

ω1
cosh

(φ−
2

)

f1f̃1

]

, (3.7)

B
(−)
1 =−i

[

m

ω2
e−

λ0
2 ψ+f̃1 + ω1 e

λ0
2 sinh

(φ−
2

)

ψ+f1 +
mω1

ω2
cosh

(φ−
2

)

f1f̃1

]

, (3.8)

1From now on, we will use the field coordinates φ± = φ1 ± φ2, ψ± = ψ1 ± ψ2, and ψ̄± = ψ̄1 ± ψ̄2 to

describe expressions associated to the defect.
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where {ωk}2k=1 are constant, and m is the mass parameter. In this setup, we can see that

the defect potentials (3.5)–(3.8) satisfy the following relations,

∂B
(+)
k

∂φ+
= −∂B

(+)
k

∂λ0
,

∂B
(−)
k

∂φ+
= 0, k = 0, 1, (3.9)

∂B
(±)
1

∂ψ−
= 0,

∂B
(±)
1

∂ψ̄−
= 0,

∂B
(+)
1

∂ψ+
= 0,

∂B
(−)
1

∂ψ̄+
= 0. (3.10)

The bulk fields equations are given by,

∂2
xφp − ∂2

t φp = 2m2 sinh(2φp)− 4im ψ̄pψp sinhφp,

(∂x − ∂t)ψ̄p = −2mψp coshφp,

(∂x + ∂t)ψp = −2mψ̄p coshφp, p = 1, 2. (3.11)

Then, the defect conditions at x = 0 can be written as follows:

∂xφ+−∂t(φ+−λ0) = −eλ0 sinhφ−
[

ω2
1 + ω2

2 e
−φ+

]

+ im

[

ω1

ω2
+

ω2

ω1

]

sinh
(φ1 − φ2

2

)

f1f̃1

+iω1e
λ0
2 cosh

(φ−
2

)

ψ+f1 + iω2e
− (φ+−λ0)

2 cosh
(φ−

2

)

ψ̄+f̃1, (3.12)

(∂x + ∂t)φ− = 2ω2
2e

−(φ+−λ0) sinh2
(φ−

2

)

− 2m2

ω2
1

e(φ+−λ0) − im

ω1
e

(φ+−λ0)

2 ψ̄+f1

−iω2e
− (φ+−λ0)

2 sinh
(φ−

2

)

ψ̄+f̃1, (3.13)

(∂x − ∂t)φ− = −2ω2
1 e

λ0 sinh2
(φ−

2

)

+
2m2

ω2
2

e−λ0 − im

ω2
e−

λ0
2 ψ+f̃1

+iω1e
λ0
2 sinh

(φ−
2

)

ψ+f1, (3.14)

ψ− = −ω1 e
λ0
2 sinh

(φ−
2

)

f1 −
m

ω2
e−

λ0
2 f̃1, (3.15)

ψ̄− = ω2 e
− (φ+−λ0)

2 sinh
(φ−

2

)

f̃1 −
m

ω1
e

(φ+−λ0)

2 f1, (3.16)

∂tf1 =
m

2ω1
e

(φ+−λ0)

2 ψ̄+ − ω1

2
e

λ0
2 sinh

(φ−
2

)

ψ+

+
m

2

[

ω1

ω2
+

ω2

ω1

]

cosh
(φ−

2

)

f̃1, (3.17)

∂tf̃1 = − m

2ω2
e−

λ0
2 ψ+ − ω2

2
e−

(φ+−λ0)
2 sinh

(φ−
2

)

ψ̄+

−m

2

[

ω1

ω2
+

ω2

ω1

]

cosh
(φ−

2

)

f1. (3.18)

These defect conditions are consistent with the type-II super-Bäcklund tranforma-

tion (2.16)–(2.25) for the sshG model frozen at x = 0, providing that relations ω1ω3 = m

and ω2ω4 = m are satisfied. Note that the number of equations specifying the defect con-

ditions is less than the number of equations describing the type-II super-Bäcklund. In fact,
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there is one less defect equation for each auxiliary field we have in the Bäcklund transfor-

mation.2 This feature distinguishes the type-II from the type-I defect, which Lagrangian

description leds directly to the frozen Bäcklund transformation itself, because there is no

auxiliary fields in the formulation.

Now, if we apply the operators ∂± to eqs. (3.15) and (3.16) respectively, and using

properly the above defect conditions, we can verify that the respective x-derivatives of the

auxiliary fields f1 and f̃1 are given by,

∂xf1 =
m

2ω1
e

(φ+−λ0)

2 ψ̄+ +
ω1

2
e

λ0
2 sinh

(φ−
2

)

ψ+ +
m

2

[

ω2

ω1
− ω1

ω2

]

cosh
(φ−

2

)

f̃1, (3.19)

∂xf̃1 = −ω2

2
e−

(φ+−λ0)
2 sinh

(φ−
2

)

ψ̄+ +
m

2ω2
e−

λ0
2 ψ+ +

m

2

[

ω1

ω2
− ω2

ω1

]

cosh
(φ−

2

)

f1. (3.20)

3.2 Modified conserved quantities

In this subsection we derive explicit expressions for the defect contributions to the modified

conserved supercharges, momentum and energy.

Defect supercharge. The supersymmetry transformations that leave invariant the bulk

action for the N = 1 sshG model, namely

δsφp = εψp + ε̄ψ̄p, (3.21)

δsψp =
iε

2
(∂x − ∂t)φp + imε̄ sinhφp, (3.22)

δsψ̄p = − iε̄

2
(∂x + ∂t)φp − imε sinhφp, (3.23)

with p = 1, 2, lead to the associated bulk conserved supercharges Qε and Q̄ε̄, which are

given as integrals of local fermionic densities as follows,

Qε =

∫ ∞

−∞
dx

(

ψ (∂t − ∂x)φ+ 2mψ̄ sinhφ
)

, (3.24)

Q̄ε̄ =

∫ ∞

−∞
dx

(

ψ̄ (∂t + ∂x)φ− 2mψ sinhφ
)

. (3.25)

However, when the defect is introduced into the theory we have seen that the variation of

the bulk action lead to surfaces terms, and then the variation of the defect Lagrangian has

to cancel them out exactly to preserve N = 1 SUSY. To do that, is necessary to use the

following supersymmetry transformations of the degrees of freedom at the defect,

δsλ0 = ε
(

ψ+ + ω1e
λ0
2 cosh

(φ−
2

)

f1

)

− ε̄ω2 e
− (φ+−λ0)

2 cosh
(φ−

2

)

f̃1, (3.26)

δsf1 = iω1ε e
λ0
2 sinh

(φ−
2

)

− imε̄

ω1
e

(φ+−λ0)

2 , (3.27)

δsf̃1 = − imε

ω2
e−

λ0
2 − iω2ε̄ e

− (φ+−λ0)

2 sinh
(φ−

2

)

, (3.28)

2In general, if there exist m equations describing the Bäcklund transformation for an integrable equation,

with n < m auxiliary fields, then the corresponding defect equations should be described by (m − n)

equations valid at the defect point.
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where ε and ε̄ are Grassmannian parameters. Let us compute the associated defect contri-

bution to the supercharges after introducing the defect at x = 0,

Qε =

∫ 0

−∞
dx

(

ψ1(∂t − ∂x)φ1 + 2mψ̄1 sinhφ1

)

+

∫ ∞

0
dx

(

ψ2(∂t − ∂x)φ2 + 2mψ̄2 sinhφ2

)

, (3.29)

Q̄ε̄ =

∫ 0

−∞
dx

(

ψ̄1(∂t + ∂x)φ1 − 2mψ1 sinhφ1

)

+

∫ ∞

0
dx

(

ψ̄2(∂t + ∂x)φ2 − 2mψ2 sinhφ2

)

. (3.30)

Taking the time-derivative lead us to

dQε

dt
=

[

ψ1(∂xφ1 − ∂tφ1) + 2mψ̄1 sinhφ1 − ψ2(∂xφ2 − ∂tφ2)− 2mψ̄2 sinhφ2

]

x=0
, (3.31)

and

dQ̄ε̄

dt
=

[

ψ̄1(∂xφ1 + ∂tφ1) + 2mψ1 sinhφ1 − ψ̄2(∂xφ2 + ∂tφ2)− 2mψ2 sinhφ2

]

x=0
. (3.32)

Now, by making use of the defect conditions (3.12)–(3.18) we find after some algebra that

the right-hand-side of eqs. (3.31) and (3.32) becomes a total time-derivative, and then the

modified conserved supercharges take the following form,

Q = Qε +QD, Q̄ = Q̄ε̄ + Q̄D, (3.33)

where the defect contributions are given by

QD = −2ω1 e
λ0
2 sinh

(φ−
2

)

f1 +
2m

ω2
e−

λ0
2 f̃1, (3.34)

Q̄D = 2ω2 e
− (φ+−λ0)

2 sinh
(φ−

2

)

f̃1 +
2m

ω1
e

(φ+−λ0)

2 f1. (3.35)

Defect Energy-Momentum. First of all, let us consider the canonical energy,

E =

∫ 0

−∞
dx

[

1

2
(∂xφ1)

2 +
1

2
(∂tφ1)

2 − iψ̄1∂xψ̄1 + iψ1∂xψ1 + V1 +W1

]

+

+

∫ ∞

0
dx

[

1

2
(∂xφ2)

2 +
1

2
(∂tφ2)

2 − iψ̄2∂xψ̄2 + iψ2∂xψ2 + V2 +W2

]

, (3.36)

with the bulk potentials given in eqs. (3.3). Then, by computing its time-derivative and

using the defect conditions (3.12)–(3.18), it can be shown that the modified energy given

by E = E + ED is conserved, where the defect contribution ED is given by,

ED =
[

B
(+)
0 (φ+ − λ0, φ−) +B

(−)
0 (φ−, λ0)

]

+
i

2

[

ψ̄+ψ̄− − ψ+ψ−
]

+
[

B
(+)
1 (φ+ − λ0, φ−, ψ̄+, f1, f̃1) +B

(−)
1 (φ−, λ0, ψ+, f1, f̃1)

]

. (3.37)

The conservation of the modified energy does not impose any constraints on the defect

boundary potentials. This fact was expected since the time-translation invariance has not

been broken. Now, let us consider the bulk contribution to the total canonical momentum

P =

∫ 0

−∞
dx

(

∂tφ1∂xφ1 − iψ̄1∂xψ̄1 − iψ1∂xψ1

)

+

+

∫ +∞

0
dx

(

∂tφ2∂xφ2 − iψ̄2∂xψ̄2 − iψ2∂xψ2

)

. (3.38)
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Analogously, by taking its time-derivative and using the bulk field equations (3.11), we get

the following expression,

dP

dt
=

[

1

2
(∂xφ1)

2 +
1

2
(∂tφ1)

2 − iψ̄1∂tψ̄1 − iψ1∂tψ1 − V1 −W1

]

x=0

−
[

1

2
(∂xφ1)

2 +
1

2
(∂tφ2)

2 − iψ̄2∂tψ̄2 − iψ2∂tψ2 − V2 −W2

]

x=0

, (3.39)

where the asymptotic contributions at x = ±∞ are neglected. Now, using intensively the

defect conditions (3.12)–(3.18), the right-hand side of the above equation reduces to a total

time-derivative since the defect potentials satisfy the two following conditions,

2
(

∂φ−B
(+)
0 ∂λ0B

(−)
0 − ∂λ0B

(+)
0 ∂φ−B

(−)
0

)

= V1 − V2, (3.40)

2
(

∂φ−B
(+)
0 ∂λ0B

(−)
1 − ∂λ0B

(+)
0 ∂φ−B

(−)
1

)

− 2
(

∂φ−B
(−)
0 ∂λ0B

(+)
1 − ∂λ0B

(−)
0 ∂φ−B

(+)
1

)

−i
(

∂f1B
(+)
1 ∂f1B

(−)
1 + ∂f̃1B

(+)
1 ∂f̃1B

(−)
1

)

= W1 −W2. (3.41)

Then we have that, the modified momentum P = P + PD is conserved, where the defect

contribution is given by,

PD =
[

B
(+)
0 (φ+ − λ0, φ−)−B

(−)
0 (φ−, λ0)

]

+
i

2

[

ψ̄+ψ̄− + ψ+ψ−
]

+
[

B
(+)
1 (φ+ − λ0, φ−, ψ̄+, f1, f̃1)−B

(−)
1 (φ−, λ0, ψ+, f1, f̃1)

]

. (3.42)

Interestingly, the conditions (3.40) and (3.41) are Poisson bracket (PB) relations whenever

the defect potentials B
(±)
k are regarded as functions of λ0, f1, and f̃1, and their respective

conjugate momenta,

Πλ0 =
φ−
2
, Πf1 = −if1, Πf̃1

= −if̃1. (3.43)

It is worth pointing out that the defect potentials B
(±)
k given in eqs. (3.5)–(3.8) are par-

ticular solutions of the above the PB relations. However, these conditions are valid in

general for any model with defect Lagrangian given by (3.4). It is important to point out

that the pure bosonic PB relation (3.40) has been previously derived in [10], where several

examples for type-II defects were given. In particular, its solutions allowed to encompass

the Tzitzéica-Bullough-Dodd model within the purely bosonic type-II framework. To our

knowledge, beside the defect potentials for the N = 1 sshG equation (3.5)–(3.8), the only

already known solution for this pair of PB relations (3.40) and (3.41) has been given in [28]

for the N = 1 super-Liouville equation. However, it is natural to believe that exists also

other possible solutions like in the bosonic case, and therefore it would be interesting to

look for more examples of possible supersymmetric extension of type-II integrable defects.

The results obtained for the defect contribution of the lowest conserved quantities

provide a necessary condition for integrability. However, a sufficient condition involves also

higher modified conservation laws which can be computed from the defect matrix. The

computation of the defect matrix associated to the type-II defect for the sshG model is

presented in appendix A.
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3.3 Bosonic limit: Type-II defect sinh-Gordon model

Now let us consider the case where the fermionic fields completely vanish. In this case, the

bulk Lagrangian densities

Lp =
1

2
(∂xφp)

2 − 1

2
(∂tφp)

2 +m2(cosh(2φp)− 1), p = 1, 2, (3.44)

describe the sinh-Gordon model, and the defect Lagrangian density can be rewritten as

follows

LD = φ−∂tλ0 −
1

2
φ−∂tφ+ +B

(+)
0 +B

(−)
0 . (3.45)

Here, the defect potentials are

B
(+)
0 = ω2

2 e
−(φ+−λ0) sinh2

(φ−
2

)

+
m2

ω2
1

e(φ+−λ0), (3.46)

B
(−)
0 = ω2

1 e
λ0 sinh2

(φ−
2

)

+
m2

ω2
2

e−λ0 , (3.47)

and the defect conditions can be rewritten in terms of fields (φ+, φ−, λ0) as follows,

∂xφ+ − ∂t(φ+ − 2λ0) = −ω2
1

2
eλ0 sinhφ− − ω2

2

2
e−(φ+−λ0) sinhφ−, (3.48)

∂xφ− − ∂tφ− = −2ω2
1 e

λ0 sinh2
(φ−

2

)

+
2m2

ω2
2

e−λ0 , (3.49)

∂xφ− + ∂tφ− = 2ω2
2 e

−(φ+−λ0) sinh2
(φ−

2

)

− 2m2

ω2
1

e(φ+−λ0). (3.50)

It is worth pointing out that the dependence on the parameters (ω1, ω2) is slightly different

from the choice made originally in [10], where the defect potentials are described by the

pair of parameters (σ, τ). However, note that the defect potentials (3.46) and (3.47) belong

to a family of equivalent two-parametric solutions of the constraint (3.40). This equivalence

class can be understand if we perform the following transformation,

B(+) → B(+) + ρ(+), B(−) → B(−) + ρ(−). (3.51)

Then, if B(±) are particular solutions for the bosonic PB relation (3.40), then the functions

ρ(±) have to satisfy the following constraint,

(

∂φ−B
(+)∂λ0ρ

(−) − ∂λ0ρ
(+)∂φ−B

(−)
)

= 0. (3.52)

By considering (3.46) and (3.47), the above relation becomes,

1

2
sinhφ−

[

ω2
2 e

−(φ+−λ0)∂λ0ρ
(−) − ω2

1 e
λ0∂λ0ρ

(+)
]

= 0. (3.53)

The possible solutions for ρ(±) characterize the equivalence class of the defect potentials

B
(±)
0 . In particular, if we consider the following functions,

ρ(+) = ω2
2 e

−(φ+−λ0) cosh2 τ, ρ(−) = ω2
1 e

λ0 cosh2 τ, (3.54)
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with the parametrization,

ω2
1 =

√
2mσ, ω2

2 =

√
2m

σ
, (3.55)

we obtain exactly the choice for the defect potentials made in [10]. It is worth pointing out

that this equivalence class is strongly reduced in the supersymmetric case, because of the

additional PB relation (3.41). In that case, we should perfom also a suitable transformation

on the defect potentials B
(±)
1 (3.7) and (3.8), since extra terms coming from derivatives

ρ(±) would appear and need to be compensated to satisfy (3.41). In section 4, it will be

seen how the “compensating” terms appear naturally by performing a fusing of two kind

of defects previously introduced in [5] for the sshG model.

3.4 Fermionic limit

A fermionic free field theory is obtained by setting the bosonic fields up to zero directly in

the total Lagrangian. Then, for the bulk Lagrangian we get

Lp = iψp(∂x + ∂t)ψp − iψ̄p(∂x − ∂t)ψ̄p − 4imψ̄pψp, p = 1, 2. (3.56)

The bulk fields equations are given by,

(∂x − ∂t)ψ̄p = −2mψp, (∂x + ∂t)ψp = −2mψ̄p. (3.57)

The defect Lagrangian takes the following form

LD =
i

2
(ψ̄+ψ̄− − ψ+ψ−) + if1∂tf1 + if̃1∂tf̃1 +B

(+)
1 +B

(−)
1 , (3.58)

where

B
(+)
1 =

im

ω1

(

ψ̄+ + ω2f̃1

)

f1, B
(−)
1 = − im

ω2

(

ψ+ + ω1f1
)

f̃1. (3.59)

The corresponding defect conditions at x = 0 take the form,

ψ− = −m

ω2
f̃1, ∂tf1 =

m

2ω1
ψ̄+ +

m

2

[

ω1

ω2
+

ω2

ω1

]

f̃1, (3.60)

ψ̄− = −m

ω1
f1, ∂tf̃1 = − m

2ω2
ψ+ − m

2

[

ω1

ω2
+

ω2

ω1

]

f1. (3.61)

However, note that the defect potentials (3.59) are not solutions of the PB relation (3.41)

in the fermionic limit, namely,

−i
(

∂f1B
(+)
1 ∂f1B

(−)
1 + ∂f̃1B

(+)
1 ∂f̃1B

(−)
1

)

= W1 −W2. (3.62)

It is not difficult to show that the only possible consistent solution is given for f̃1 =

±f1. This case reduces to the fermionic free field model previously discussed in [5]. After

imposing this constrain, the defect Lagrangian becomes,

LD =
i

2
(ψ̄+ψ̄− − ψ+ψ−) + 2if1∂tf1 + im

[

ω−1
1 ψ̄+ ∓ ω−1

2 ψ+

]

f1, (3.63)
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with the following defect conditions

ψ− = ∓m

ω2
f1, ψ̄− = −m

ω1
f1, ∂tf1 =

m

4

[

ω−1
1 ψ̄+ ∓ ω−1

2 ψ+

]

. (3.64)

Note also that the exact equivalence with the results derived in [5] would require to perform

the transformation ψ2 → −ψ2 in expressions (3.63)–(3.64), together with the following

reparametrizations,

m → −m

2
, ω1 →

β
√
m

2
√
2
, ω2 → ±

√
m√
2β

. (3.65)

4 Fusing defects

In this section we will construct a fused defect for the N = 1 sshG model by considering

initially a two defect system of the type-I introduced in [5, 27] at different points, and then

fusing them to the same point by taking a limit in the Lagrangian density. Let us consider

that one of the defects in placed at x = 0 and the other at x = x0 > 0. The Lagrangian

density for this system is given by,

L = θ(−x)L1 + δ(x)LD1 + θ(x)θ(x0 − x)L0 − δ(x− x0)LD2 + θ(x− x0)L2, (4.1)

where Lp, with p = 0, 1, 2, are the bulk Lagrange densities given by

Lp =
1

2
(∂xφp)

2 − 1

2
(∂tφp)

2 + iψp(∂x + ∂t)ψp − iψ̄p(∂x − ∂t)ψ̄p +m2 [cosh(2φp)− 1]

−4imψ̄pψp coshφp, (4.2)

and the two type-I defect Lagrangian densities at x = 0 (k = 1), and x = x0 (k = 2) can

be written as

LDk
=

1

2
(φ0∂tφk − φk∂tφ0)− iψkψ0 − iψ̄kψ̄0 − (−1)k

(

2igk∂tgk +B
(k)
0 +B

(k)
1

)

, (4.3)

where gk are the auxiliary fermionic fields defined in the respective defect positions. The

corresponding defect potentials can be written as3

B
(k)
0 =mσk cosh(φ0 + φk) +

m

σk
cosh(φ0 − φk), (4.4)

B
(k)
1 = 2i

√
m
[√

σk cosh
(φ0 + φk

2

)

gk(ψ̄0 + ψ̄k)−
(−1)k√

σk
cosh

(φ0 − φk

2

)

gk(ψ0 − ψk)
]

, (4.5)

where σk, with k = 1, 2 are two free parameters associated two each defect. Now, it has

been claimed that the defects are fused at Lagrangian level after taking the limit x0 → 0.

In that case, we note that there no longer exists bulk Lagrange L0 for the fields φ0, ψ0,

and ψ̄0, which only contribute to the total defect Lagrangian at x = 0 and then becoming

auxiliary fields. The resulting Lagrangian for the fused defect takes the following form,

L
||
= θ(−x)L1 + δ(x)LD + θ(x)L2, (4.6)

3Let us recall that equivalence with notation used in [5] requires that m → −m/2, ψ →
√
iψ, ψ̄ →

√
iψ̄,

and gk →
√
igk.
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with the defect Lagrangian LD = LD1 − LD2 at x = 0 given by

LD =
1

2
(φ0∂tφ− − φ−∂tφ0)− iψ−ψ0 − iψ̄−ψ̄0 + 2ig1∂tg1 + 2ig2∂tg2 +B0 +B1, (4.7)

The defects potentials B0 = B
(1)
0 + B

(2)
0 and B1 = B

(1)
1 + B

(2)
1 can be written now as

follows,

B0 =
m

2

[

e

(

φ+
2

+φ0

)(

σ1e
φ−
2 + σ2e

−φ−
2

)

+ e
−
(

φ+
2

+φ0

)(

σ1e
−φ−

2 + σ2e
φ−
2

)

+ e

(

φ+
2

−φ0

)(

1

σ1
e

φ−
2 +

1

σ2
e−

φ−
2

)

+ e
−
(

φ+
2

−φ0

)(

1

σ1
e−

φ−
2 +

1

σ2
e

φ−
2

)]

, (4.8)

and

B1 = i
√
m

[

e

(

φ+
4

+
φ0
2

)

(√
σ1 e

φ−
4 g1(ψ̄0 + ψ̄1) +

√
σ2 e

−φ−
4 g2(ψ̄0 + ψ̄2)

)

+e−
(

φ+
4

+
φ0
2

)

(√
σ1 e

−φ−
4 g1(ψ̄0 + ψ̄1) +

√
σ2 e

φ−
4 g2(ψ̄0 + ψ̄2)

)

+e

(

φ+
4

−φ0
2

)

(

1√
σ1

e
φ−
4 g1(ψ0 − ψ1) +

1√
σ2

e−
φ−
4 g2(ψ2 − ψ0)

)

+e−
(

φ+
4

−φ0
2

)

(

1√
σ1

e−
φ−
4 g1(ψ0 − ψ1) +

1√
σ2

e
φ−
4 g2(ψ2 − ψ0)

)]

. (4.9)

First of all, by considering the defect potential (4.8) of the fused defect, and performing

the following identifications,

φ0 =
λ

2
, σ1 = σe−τ , σ2 = σ eτ , (4.10)

we get,

B0 = mσ
[

e
(φ++λ)

2 cosh
(φ−

2
− τ

)

+ e−
(φ++λ)

2 cosh
(φ−

2
+ τ

)]

+
m

σ

[

e
(φ+−λ)

2 cosh
(φ−

2
+ τ

)

+ e−
(φ+−λ)

2 cosh
(φ−

2
− τ

)]

, (4.11)

that the bosonic part of the fused defect described in eqs. (4.7)–(4.9) is exactly the type-II

defect Lagrangian for the sinh-Gordon model introduced in [12]. In this setting, there

are no coupling terms for the bulk fields φ1 and φ2, which can be understood through the

fusing procedure. In order to show the equivalence to the original framework for the type-II

defects introduced in [10], the auxiliary field can be redefined as follows,

φ0 → −λ0 +
φ+

2
− ln

[

cosh
(φ−

2
− τ

)

]

. (4.12)

Then the bosonic part of eq. (4.7) takes the following form,

LD

∣

∣

∣

bosons
= φ−∂tλ0 −

1

2
φ−∂tφ++mσ

[

e(φ+−λ0)+ e−(φ+−λ0) cosh
(φ−

2
− τ

)

cosh
(φ−

2
+τ

)

]

+
m

σ

[

e−λ0 + eλ0 cosh
(φ−

2
− τ

)

cosh
(φ−

2
+ τ

)

]

, (4.13)
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which corresponds to the bosonic limit (3.45)–(3.47) of the type-II defect Lagrangian den-

sity for the sshG model derived through the super-Bäcklund transformation when τ = iπ
2 ,

and by identifying the parameters as follows,

ω2
2 = σ2ω2

1 = mσ. (4.14)

Let us now consider the fermionic part of the fused defect Lagrangian and discuss the

possibility of obtaining in any limit the type-II defect proposed in section 3. Since the

fields ψ0 and ψ̄0 do not have any bulk contribution to the fused Lagrangian L
||
(4.6), and

no time-derivatives of them are present in the defect Lagrangian (4.7), they are essentially

Lagrange multipliers which can be eliminated from the defect Lagrangian. To do that, we

use the defect equations involving the fields ψ0 and ψ̄0 when x0 → 0, to get

ψ0 = −ψ+

2
+
√
m

[

1√
σ1

cosh
(φ0 − φ1

2

)

g1 +
1√
σ2

cosh
(φ0 − φ2

2

)

g2

]

, (4.15)

ψ̄0 =
ψ̄+

2
−
√
m

[√
σ1 cosh

(φ0 + φ1

2

)

g1 −√
σ2 cosh

(φ0 + φ2

2

)

g2

]

. (4.16)

Now, by noting that

−iψ−ψ0 = − i

2
ψ+ψ− − 2im

σ

[

cosh
(φ−

2

)

+ cosh
(φ+

2
− φ0

)

]

g1g2, (4.17)

−iψ̄−ψ0 =
i

2
ψ̄+ψ̄− − 2imσ

[

cosh
(φ−

2

)

+ cosh
(φ+

2
+ φ0

)

]

g1g2, (4.18)

we find that the fermionic part of the defect Lagrangian (4.7) takes the following form,

LD

∣

∣

∣

fermions
=

i

2
(ψ̄+ψ̄− − ψ+ψ−) + 2ig1∂tg1 + 2ig2∂tg2 +B′

1, (4.19)

where, after using the identifications σ1 = σe−τ and σ2 = σeτ and performing the

shift (4.12) in the field φ0, the defect potential B′
1 reads,

B′
1 = i

√
mσ

[

e
(φ+−λ0)

2
(

µ1(φ−, τ)g1+µ2(φ−, τ)g2
)

+e−
(φ+−λ0)

2
(

ν1(φ−, τ)g1 + ν2(φ−, τ)g2
)

]

ψ̄+

− i
√
m√
σ

[

e
λ0
2
(

ν2(φ−, τ)g1 − ν1(φ−, τ)g2
)

+ e−
λ0
2
(

µ2(φ−, τ)g1 − µ1(φ−, τ)g2
)

]

ψ+

+2im
(

σ+
1

σ

)

cosh
(φ−

2

)

g1g2 + imσ

[

e(φ+−λ0)

cosh
(φ−

2 − τ
)
+ e−(φ+−λ0)cosh

(φ−
2

− τ
)

]

g1g2

+
im

σ

[

e−λ0

cosh
(φ−

2 − τ
)
+ eλ0cosh

(φ−
2

− τ
)

]

g1g2. (4.20)

Here we have defined the functions,

µ1 =

[

2

1 + e−(φ−−2τ)

]1/2

, µ2 =

[

2

1 + e(φ−−2τ)

]1/2

, (4.21)

ν1 =

[

e−φ− + e−2τ

2

]1/2

=
e−τ

µ1
, ν2 =

[

eφ− + e2τ

2

]1/2

=
eτ

µ2
, (4.22)
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satisfying the following relations,

µ2
1 + µ2

2 = 2, µ1ν2 = e
φ−
2 , µ2ν1 = e−

φ−
2 , (4.23)

ν21 + ν22 = 2 cosh
(φ−

2
− τ

)

cosh
(φ−

2
+ τ

)

=
[

coshφ− + cosh(2τ)
]

. (4.24)

In order to match to the type-II defect potential B1 = B
(+)
1 +B

(−)
1 given by (3.7) and (3.8),

the fermionic fields g1 and g2 must be redefined by a linear transformation in terms on new

fermionic fields f1 and f̃1. Taking into account the relations (4.23) and (4.24), we propose

a general linear transformation as follows,

g1 =
µ1

2
f1 −

µ2

2
f̃1, g2 =

µ2

2
f1 +

µ1

2
f̃1. (4.25)

As a result the fermionic part (4.19) of the defect Lagrangian becomes,

LD

∣

∣

∣

fermions
=

i

2
(ψ̄+ψ̄− − ψ+ψ−) + if1∂tf1 + if̃1∂tf̃1 − i

(

µ1∂tµ2 − µ2∂tµ1

)

f1f̃1

−i
√
mσ

[

(

e
(φ+−λ0)

2 + e−
(φ+−λ0)

2 cosh τ
)

ψ̄+f1 + e−
(φ+−λ0)

2 sinh
(φ−

2

)

ψ̄+f̃1

]

−i

√

m

σ

[

(

e−
λ0
2 + e

λ0
2 cosh τ

)

ψ+f̃1 − e
λ0
2 sinh

(φ−
2

)

ψ+f1

]

+im
(

σ +
1

σ

)

cosh
(φ−

2

)

f1f̃1 +
im

2σ

[

e−λ0

cosh
(φ−

2 − τ
)
+ eλ0cosh

(φ−
2

− τ
)

]

f1f̃1

+
imσ

2

[

e(φ+−λ0)

cosh
(φ−

2 − τ
)
+ e−(φ+−λ0)cosh

(φ−
2

− τ
)

]

f1f̃1. (4.26)

Now, by using the definition of the functions µ1 and µ2 in (4.21), we find

−i
(

µ1∂tµ2 − µ2∂tµ1

)

f1f̃1 =
i

2 cosh
(φ−

2 − τ
)
(∂tφ−)f1f̃1. (4.27)

Then, the above results are suggesting the introduction of a new shift in the λ0 field as

follows,

λ0 → λ0 +
i

2 cosh
(φ−

2 − τ
)
f1f̃1. (4.28)

Clearly, this redefinition of the auxiliary field λ0 does not contribute with any additional

term to the fermionic part of the defect Lagrangian (4.26). However, by performing the

shift (4.28) over the bosonic part of the defect Lagrangian (4.13), we get the following

additional terms,

− i

2 cosh
(φ−

2 − τ
)
(∂tφ−)f1f̃1 −

imσ

2

[

e(φ+−λ0)

cosh
(φ−

2 − τ
)
− e−(φ+−λ0) cosh

(φ−
2

+ τ
)

]

f1f̃1

− im

2σ

[

e−λ0

cosh
(φ−

2 − τ
)
− eλ0 cosh

(φ−
2

+ τ
)

]

f1f̃1. (4.29)
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The first term will cancel out the contribution coming from eq. (4.27), and the last two

terms will contribute to the final form of the defect Lagrangian density, which now can be

written in the following way,

LD = φ−∂tλ0 −
1

2
φ−∂tφ+ +

i

2
(ψ̄+ψ̄− − ψ+ψ−) + if1∂tf1 + if̃1∂tf̃1

+B
(+)
0 +B

(−)
0 +B

(+)
1 +B

(−)
1 , (4.30)

where the defect potentials are now given by,

B
(+)
0 = mσ

[

e(φ+−λ0) + e−(φ+−λ0)
(

sinh2
(φ−

2

)

+ cosh2 τ
)

]

, (4.31)

B
(−)
0 =

m

σ

[

e−λ0 + eλ0

(

sinh2
(φ−

2

)

+ cosh2 τ
)

]

, (4.32)

B
(+)
1 = −i

√
mσ

[

(

e
(φ+−λ0)

2 + e−
(φ+−λ0)

2 cosh τ
)

ψ̄+f1 + e−
(φ+−λ0)

2 sinh
(φ−

2

)

ψ̄+f̃1

]

+imσ
(

1 + e−(φ+−λ0) cosh τ
)

cosh
(φ−

2

)

f1f̃1, (4.33)

B
(−)
1 = −i

√

m

σ

[

(

e−
λ0
2 + e

λ0
2 cosh τ

)

ψ+f̃1 − e
λ0
2 sinh

(φ−
2

)

ψ+f1

]

+
im

σ

(

1 + eλ0 cosh τ
)

cosh
(φ−

2

)

f1f̃1. (4.34)

Then, this is the supersymmetric extension of the type-II defect derived in [12] for the

sshG model obtained through fusing of two type-I defects of the kind given in [5]. This

defect Lagrangian also contains two arbitrary parameters σ and τ . In addition, it should

be pointed out that the type-II defect Lagrangian (3.4)–(3.8) derived from consistency with

the type-II super-Bäcklund transformation for sshG model can be recovered in the limit

τ = iπ/2, after identifying the parameters

ω1 = −
√

m

σ
, ω2 =

√
mσ. (4.35)

Now, the corresponding defect conditions x = 0 can be written as follows,

∂xφ+ − ∂t(φ+−2λ0) =−m

[

σe−(φ+−λ0) +
1

σ
eλ0

]

sinhφ− − im
(

σ +
1

σ

)

sinh
(φ−

2

)

f1f̃1

+i
√
mσ e−

(φ+−λ0)
2 cosh

(φ−
2

)

ψ̄+f̃1 − i

√

m

σ
e

λ0
2 cosh

(φ−
2

)

ψ+f1

−im

[

σe−(φ+−λ0) +
1

σ
eλ0

]

cosh τ sinh
(φ−

2

)

f1f̃1, (4.36)
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(∂x + ∂t)φ− = 2mσ

[

e−(φ+−λ0)
(

sinh2
(φ−

2

)

+ cosh2 τ
)

− e(φ+−λ0)

]

+i
√
mσ

(

e
(φ+−λ0)

2 − e−
(φ+−λ0)

2 cosh τ
)

ψ̄+f1

−i
√
mσ e−

(φ+−λ0)
2 sinh

(φ−
2

)

ψ̄+f̃1

+2imσ e−(φ+−λ0) cosh τ cosh
(φ−

2

)

f1f̃1, (4.37)

(∂x − ∂t)φ− =
2m

σ

[

e−λ0 − eλ0

(

sinh2
(φ−

2

)

+ cosh2 τ
)

]

−i

√

m

σ

[

(

e−
λ0
2 − e

λ0
2 cosh τ

)

ψ+f̃1 + e
λ0
2 sinh

(φ−
2

)

ψ+f1

]

−2im

σ
eλ0 cosh τ cosh

(φ−
2

)

f1f̃1, (4.38)

ψ− =

√

m

σ

[

e
λ0
2 sinh

(φ−
2

)

f1 −
(

e−
λ0
2 + e

λ0
2 cosh τ

)

f̃1

]

, (4.39)

ψ̄− =
√
mσ

[

(

e
(φ+−λ0)

2 + e−
(φ+−λ0)

2 cosh τ
)

f1 + e−
(φ+−λ0)

2 sinh
(φ−

2

)

f̃1

]

, (4.40)

∂tf1 = −
√
mσ

2

(

e
(φ+−λ0)

2 + e−
(φ+−λ0)

2 cosh τ
)

ψ̄+ +
1

2

√

m

σ
e

λ0
2 sinh

(φ−
2

)

ψ+

−m

2

[

(

σ +
1

σ

)

+
(

σe−(φ+−λ0) +
1

σ
eλ0

)

cosh τ

]

cosh
(φ−

2

)

f̃1, (4.41)

∂tf̃1 = −
√
mσ

2
e−

(φ+−λ0)
2 sinh

(φ−
2

)

ψ̄+ − 1

2

√

m

σ

(

e−
λ0
2 + e

λ0
2 cosh τ

)

ψ+

+
m

2

[

(

σ +
1

σ

)

+
(

σe−(φ+−λ0) +
1

σ
eλ0

)

cosh τ

]

cosh
(φ−

2

)

f1. (4.42)

It is easy to see that defect conditions (3.12)–(3.18) are recovered in the limit τ = iπ/2

using the identifications (4.35). In addition, it can be shown directly that the type-II

defect potentials obtained by fusing procedure (4.31)–(4.34) also satisfy the Poisson bracket

constraints (3.40) and (3.41), guaranteeing that they belong to the two-parametric family of

equivalent solutions, and consequently the modified energy, momentum and supersymmetry

of the non-fused type-I defects are preserved after fusing them. This fact indicates classical

integrability of the fused defect. Nevertheless, it remains to derive the corresponding defect

matrix associated to the defect conditions obtained by fusing procedure (4.36)–(4.42). It

allows us to compute defect contributions to an infinite set of modified conserved quantities

for the sshG model. The explicit computations are presented in appendix A.

5 Bäcklund solution for the sshG model

In this section, we will consider the classical behaviour of a solution of the sshG equation

in the presence of the type-II defect.
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Let us first consider the following solution for the N = 1 sshG equation on each side

of the defect [5],

eφ1 =
1 + E1

1− E1
, eφ2 = −1 + E2

1− E2
, Ej = Rj e

ax+bt, j = 1, 2

ψ̄j = ǫ sj e
ax+bt

(

1

1 + Ej
+

1

1− Ej

)

, ψ1 = eθψ̄1, ψ2 = −eθψ̄2. (5.1)

where ǫ carries the Grassmannian character of the Majorana fields, z = R2/R1 represents

the delay suffered by the bosonic part of the solution, as well as ζ = s2/s1 represents

the delay suffered by the fermionic part of it. The constant a and b satisfy the relation

a2 − b2 = 4m2, and then can be conveniently chosen as,

a = −2m cosh θ, b = 2m sinh θ, (5.2)

where θ > 0 is the rapidity parameter. Note also that the solution (5.1) only have one

fermionic parameter ǫ, and therefore bilinear fermionic terms immediately vanish. In fact,

the fermionic solutions are not involved in the computation of the delay z obtained from

the bosonic defect conditions,

(∂x + ∂t)φ− = 2ω2
2e

−(φ+−λ0) sinh2
(φ−

2

)

− 2m2

ω2
1

e(φ+−λ0), (5.3)

(∂x − ∂t)φ− = −2ω2
1e

λ0 sinh2
(φ−

2

)

+
2m2

ω2
2

e−λ0 . (5.4)

From eqs. (5.3) and (5.4) we get the two possible expressions for the auxiliary field λ0,

e−λ0 = −ω2
2 e

−φ+(∂x − ∂t)φ− + ω2
1(∂x + ∂t)φ−

4m2 sinhφ+
, (5.5)

eλ0 = −ω2
2 e

φ+(∂x − ∂t)φ− + ω2
1(∂x + ∂t)φ−

2ω2
1ω

2
2 sinhφ+(coshφ− − 1)

. (5.6)

Then, we get two possibilities for the bosonic delay z, namely

z1 =

(

eη2+θ + ieη1

eη2+θ − ieη1

)2

, z2 =
1

z1
, (5.7)

where we have introduced the parametrization ωk = eηk , k = 1, 2. This expression can be

rewritten as

z1 = tanh

(

θ + η2 − η1
2

+
iπ

4

)

coth

(

θ + η2 − η1
2

− iπ

4

)

. (5.8)

Now, by considering z = z1 we find

eλ0 =
im

ω1ω2

(1 +R1d)(1 +R2d)

(1− ρR1d)(1− ρ̃R1d)
, (5.9)

– 18 –



J
H
E
P
0
6
(
2
0
1
5
)
1
2
5

where,

ρ = tanh

(

θ + η2 − η1
2

+
iπ

4

)

, ρ̃ = coth

(

θ + η2 − η1
2

− iπ

4

)

, d = ebt. (5.10)

It is important to note that by making η2 − η1 = η, and θ → −θ, we recover results

previously analysed in [10, 12].

On the other hand, we can find expressions for the auxiliary fermionic fields in the

same way implemented for the field λ0 . In this case, using the equations (3.15) and (3.16)

we find the following expressions for the auxiliary fermionic fields f1 and f̃1,

f1 = −
[

me−η2 ψ̄− + e
−
(

φ+
2

−η2
)

eλ0 sinh
(

φ−

2

)

ψ−

m2e
(φ+−λ0)

2
−(η1+η2) + e−

(φ+−λ0)

2
+(η1+η2) eλ0 sinh2

(

φ−

2

)

]

, (5.11)

f̃1 = −
[

me

(

φ+
2

−η1
)

ψ− − eη1 eλ0 sinh
(

φ−

2

)

ψ̄−

m2e
(φ+−λ0)

2
−(η1+η2) + e−

(φ+−λ0)

2
+(η1+η2) eλ0 sinh2

(

φ−

2

)

]

. (5.12)

An intriguing result is that the fermionic delay ζ turns to be arbitrary, in the sense that

the defect conditions do not provide any constraint that allows us to determine s2 in terms

of s1, at least for one-soliton solution. The consistency of the defect conditions for the

fermionic fields suggests that somehow the auxiliary fields f1 and f̃1 compensate the delay

suffered by the fermion fields passing through the defect. This curious fact could be better

understand if one consider more general soliton-solutions for the sshG-model.

However, as it might been expected from the results obtained in [5] for a fermion/boson

system passing through a defect, the fermionic delay ζ would be the same as the bosonic

delay z. In particular we would have an additional constraint on the auxiliary fermionic

fields. By assuming that the fermionic delay is given by

ζ = z =

(

eη2+θ + ieη1

eη2+θ − ieη1

)2

, (5.13)

we find that the two auxiliary fermionic fields f1 and f̃1 are related as,

f1 = −
[

(1 +R1d)(1 + zR1d)

(1−R1d)(1− zR1d)

] 1
2
(

1 +
√
z R1d

1−√
z R1d

)

f̃1. (5.14)

Although
√
z has two roots, only the negative root is considered for consistency with the

fermionic defect conditions in order to obtain the correct result for the fermionic delay. In

the fermionic limit (R1 → 0) the auxiliary field f1 becomes −f̃1, which is consistent with

results obtained in subsection 3.4.

Considerations of a general class of solutions of the type-II defect conditions following

the line of [5], which could allow changes in the character of the soliton could give a light

to understand the apparent arbitrariness in determining the fermionic delay. This relevant

issue raised from this work is important to address future investigations and deserves to

be deeply studied.
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6 Final remarks

In this paper, we have derived a type-II integrable defect for the N = 1 supersymmetric

sinh-Gordon model by using two different methods, namely, superextension of the Bäcklund

transformation and the fusing procedure. A new super-Bäcklund for the N = 1 sshG equa-

tion was given in section 2, described by the three superfields Λ, f and f̃ . The defect

conditions consistent with this new transformation were derived in section 3, the super-

symmetric invariance was properly shown, as well as the derivation of the modified con-

served energy and momentum. Interestingly, the bosonic limit corresponds to the type-II

Bäcklund transformation for the sinh-Gordon model [10, 16]. Also, it has been shown that

the type-II defect derived for the sshG model can be obtained by fusing two defects of the

kind previously derived in [5].

In view of the results, it would be interesting to consider the possibility of finding su-

persymmetric extensions of the type-II defects for other models with extended supersym-

metry, for instance the N = 2 super-Liouville and sshG equations. Associated integrable

defects could be found as a results of the fusing defects of the kind already known [7].

Also, it is possible to find new integrable boundary conditions for the sshG model by

using the type-II integrable defect for the sshG following the line of [30]–[32]. Some of

these questions are expected to be developed in future investigations.

Acknowledgments

ARA would like to thank FAPESP São Paulo Research Foundation for financial support

under the PD Fellowship 2012/13866-3. NIS, JFG and AHZ thank also CNPq for financial

support. We are also grateful to the referee for the careful review, and helpful comments

and suggestions.

A Defect matrix

Let us consider the Lax pair A(p)
± depending on the respective fields φp, ψp, and ψ̄p, written

in the following form,4

A(p)
+ =









λ1/2 − ∂+φp −1
√
iψ̄p

−λ λ1/2 + ∂+φp λ1/2
√
iψ̄p

λ1/2
√
iψ̄p

√
iψ̄p 2λ1/2









, (A.1)

A(p)
− =











m2

4 λ−1/2 −m2

4 λ−1e2φp

√
im
2 λ−1/2ψp e

φp

−m2

4 e−2φp m2

4 λ−1/2
√
im
2 ψp e

−φp

−
√
im
2 ψp e

−φp −
√
im
2 λ−1/2ψp e

φp m2

2 λ−1/2











, (A.2)

4Note that equivalence with notation originally used in [27] would require that m = −2, ψp =
√
iψp and

ψ̄p =
√
iψ̄p.
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where λ here represents the spectral parameter and should not be confused with the any

component of the superfield Λ. The graded matrix K connecting two different solutions of

the associated linear problem for the N = 1 sshG equation, namely Ψ1 = K(λ)Ψ2, where

∂±Ψp(x±, λ) = −A(p)
± Ψp(x±, λ), p = 1, 2, (A.3)

satisfies the following equations,

∂±K = KA(1)
± −A(2)

± K. (A.4)

First of all, to make the derivation of the defect matrices clearer for the reader we will now

present the system of equations (A.4) explicitly in components (see also [27]). Then, by

considering the following λ-expansion for K,

Kij = αij + λ−1/2βij + λ1/2γij , (A.5)

where αij , βij , and γij being the entries of 3× 3 graded matrices, we get the following:

λ
+3/2-terms:

γ12 = γ13 = γ32 = 0, γ11 = γ22. (A.6)

λ
+1-terms:

α12 = γ13
√
iψ̄1, (A.7)

γ13 = −γ12
√
iψ̄1, (A.8)

γ32 = −γ12
√
iψ̄2, (A.9)

α11 − α22 =
√
i
(

ψ̄2 γ31 − γ23 ψ̄1

)

, (A.10)

α13 + γ23 =
√
i
(

ψ̄2 γ33 − γ11 ψ̄1

)

, (A.11)

γ31 + α32 =
√
i
(

ψ̄1 γ33 − γ11 ψ̄2

)

. (A.12)

λ
−3/2-terms:

β21 = β23 = β31 = 0, β22 = β11e
2φ− . (A.13)

λ
−1-terms:

α21 =
2
√
i

m
ψ2 β31 e

− (φ+−φ−)

2 , (A.14)

β23 = −2
√
i

m
β21 ψ1 e

(φ++φ−)

2 , (A.15)

β31 =
2
√
i

m
ψ2 β21 e

(φ+−φ−)

2 , (A.16)

α11 e
φ− − α22 e

−φ− =
2
√
i

m
e

φ+
2
(

α23 ψ1 e
−φ−

2 + e
φ−
2 ψ2 α31

)

, (A.17)

α11 e
φ− − α22 e

−φ− = −2
√
i

m
e−

φ+
2
(

ψ2β32 e
−φ−

2 + e
φ−
2 β13 ψ1

)

, (A.18)

α31 e
(φ++φ−) + β32 = −2

√
i

m
e

φ+
2
(

β33 ψ1 e
φ−
2 − β22 ψ2 e

−φ−
2
)

, (A.19)

α23 e
(φ+−φ−) + β13 = −2

√
i

m
e

φ+
2 (β11 ψ1e

φ−
2 − β33 ψ2e

−φ−
2 ). (A.20)
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We can see that eq. (A.6) and (A.7) implies immediately that α12 = 0, and similarly from

eqs. (A.13) and (A.14) we find that α21 = 0. A set of differential equations arise from the

λ0 and λ±1/2 terms, which are presented below:

λ
0- terms:

∂+α11 = −α11 ∂+φ− +
√
i(β13 ψ̄1 − ψ̄2 α31), (A.21)

∂+α13 =
α13

2
∂+(φ+ − φ−) + β13 + α23 −

√
iψ̄2 α33 +

√
i(α11 + β12)ψ̄1, (A.22)

∂+α23 = −α23

2
∂+(φ+ − φ−) +

√
i(β22 ψ̄1 − ψ̄2 β33), (A.23)

∂+α22 = α22 ∂+φ− +
√
i(α23 ψ̄1 − ψ̄2 β32), (A.24)

∂+α31 = −α31

2
∂+(φ+ + φ−) +

√
i(β33 ψ̄1 − ψ̄2 β11), (A.25)

∂+α32 =
α32

2
∂+(φ+ + φ−)− α31 − β32 + α33

√
iψ̄1 −

√
iψ̄2(β12 + α22), (A.26)

∂+α33 =
√
i(β32 + α31)ψ̄1 −

√
iψ̄2(α23 + β13), (A.27)

∂−α11 = −
√
im

2
e−

φ−
2 (α13 ψ1e

−φ+
2 + e

φ+
2 ψ2 γ31), (A.28)

∂−α13 = −
√
im

2
e

φ+
2 (e−

φ−
2 ψ2 γ33 − γ11 ψ1 e

φ−
2 ), (A.29)

∂−α22 = −
√
im

2
e

φ−
2 (e−

φ+
2 ψ2 α32 + γ23 ψ1 e

φ+
2 ), (A.30)

∂−α23 =
m2

4

(

γ23 + α13 e
−(φ+−φ−)

)

+

√
im

2
(γ21 e

(φ++φ−)

2 + α22 e
− (φ++φ−)

2 )ψ1

−
√
im

2
e−

(φ+−φ−)

2 ψ2 α33, (A.31)

∂−α31 = −m2

4

(

γ31 + α32e
−(φ++φ−)

)

+

√
im

2
ψ2(e

− (φ+−φ−)

2 α11 + e
(φ+−φ−)

2 γ21)

−
√
im

2
α33ψ1 e

− (φ++φ−)

2 , (A.32)

∂−α32 = −
√
im

2
e

φ+
2 (γ33 ψ1 e

φ−
2 − e−

φ−
2 ψ2 γ11), (A.33)

∂−α33 =

√
im

2
(γ31e

(φ++φ−)

2 + α32 e
− (φ++φ−)

2 )ψ1 +

√
im

2
ψ2(e

− (φ+−φ−)

2 α13 + e
(φ+−φ−)

2 γ23).

(A.34)

λ
−1/2-terms:

∂−β11 =
m2

4
e−φ−(γ21 e

φ+ − β12 e
−φ+)−

√
im

2
e−

φ−
2 (β13 ψ1 e

−φ+
2 + e

φ+
2 ψ2 α31), (A.35)

∂−β12 =
m2γ11

4
eφ+(e−φ− − eφ−)−

√
im

2
e

φ+
2 (α13ψ1 e

φ−
2 + e−

φ−
2 ψ2 α32), (A.36)

∂−β13 =
m2

4

(

γ23 e
(φ+−φ−) + α13

)

+

√
im

2
(α11 e

(φ++φ−)

2 + β12 e
− (φ++φ−)

2 )ψ1

−
√
im

2
e

(φ+−φ−)

2 ψ2 α33, (A.37)
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∂−β22 =
m2

4
eφ−(β12 e

−φ+ − γ21 e
φ+)−

√
im

2
e

φ−
2 (α23 ψ1 e

φ+
2 + e−

φ+
2 ψ2 β32), (A.38)

∂−β32 = −m2

4

(

α32 + γ31 e
(φ++φ−)

)

+

√
im

2
ψ2(e

(φ+−φ−)

2 α22 + e−
(φ+−φ−)

2 β12)

−
√
im

2
α33 ψ1 e

(φ++φ−)

2 , (A.39)

∂−β33 =

√
im

2
(β32e

− (φ++φ−)

2 + α31e
(φ++φ−)

2 )ψ1 +

√
im

2
ψ2(e

− (φ+−φ−)

2 β13 + e
(φ+−φ−)

2 α23),

(A.40)

∂+β11 = −β11 ∂+φ−, (A.41)

∂+β12 = β12 ∂+φ+ + β22 − β11 +
√
i(β13 ψ̄1 − ψ̄2 β32), (A.42)

∂+β13 =
β13
2

∂+(φ+ − φ−) +
√
i(β11ψ̄1 − ψ̄2β33), (A.43)

∂+β22 = β22 ∂+φ−, (A.44)

∂+β32 =
β32
2

∂+(φ+ + φ−) +
√
i(β33 ψ̄1 − ψ̄2 β22), (A.45)

∂+β33 = 0. (A.46)

λ
+1/2-terms:

∂−γ11 = 0, (A.47)

∂−γ21 =
m2γ11

4
e−φ+(eφ− − e−φ−)−

√
im

2
e−

φ+
2 (γ23 ψ1 e

−φ−
2 + e

φ−
2 ψ2 γ31), (A.48)

∂−γ23 = −
√
im

2
e−

φ+
2 (e

φ−
2 ψ2 γ33 − γ11 ψ1 e

−φ−
2 ), (A.49)

∂−γ31 = −
√
im

2
e−

φ+
2 (γ33 ψ1 e

−φ−
2 − e

φ−
2 ψ2 γ11), (A.50)

∂−γ33 = 0, (A.51)

∂+γ11 = −γ11 ∂+φ− + γ21 − β12 +
√
i(α13 ψ̄1 − ψ̄2 γ31), (A.52)

∂+γ22 = γ22 ∂+φ− − γ21 + β12 +
√
i(γ23 ψ̄1 − ψ̄2 α32), (A.53)

∂+γ21 = −γ21 ∂+φ+ + β11 − β22 +
√
i(α23 ψ̄1 − ψ̄2 α31), (A.54)

∂+γ23 = −γ23
2

∂+(φ+ − φ−) + β13 + α23 −
√
iψ̄2 α33 +

√
i(α22 + γ21)ψ̄1, (A.55)

∂+γ31 = −γ31
2

∂+(φ+ + φ−)− β32 − α31 +
√
iα33 ψ̄1 −

√
iψ̄2(α11 + γ21), (A.56)

∂+γ33 =
√
i(α32 + γ31)ψ̄1 −

√
iψ̄2(α13 + γ23). (A.57)

Note that besides having α12 = α21 = 0, we find from eqs. (A.6), (A.13), (A.46), (A.47)

and (A.51) that γ11 = γ22 = c11, γ33 = c33, β11 = b11e
−φ− , β22 = b11e

φ− , and β33 = b33,

where the Latin letter bij and cij denote arbitrary constants. For convenience, we chose

b33 = b11 and c33 = c11. Then, substituting in eqs. (A.11) and (A.12), we get

α13 + γ23 = −(γ31 + α32) = −
√
i c11ψ̄−. (A.58)
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In addition, from eqs. (A.29), (A.33), (A.49), and (A.50), we find

∂−(α13 + α32) = 0, ∂−(γ31 + γ23) = 0, (A.59)

and therefore we will consider the simple solution with α13 = −α32 and γ31 = −γ23. By

introducing the following parametrization

β12 = b12 e
(φ+−λ0), (A.60)

and substituting in eqs. (A.36) and (A.42), we obtain

∂+λ0 = −2b11
b12

e−(φ+−λ0) sinhφ− −
√
i

b12
e−(φ+−λ0)(β13 ψ̄1 − ψ̄2 β32). (A.61)

∂−(φ+ − λ0) = −m2c11
2b12

eλ0 sinhφ− −
√
im

2b12
e−

φ+
2

+λ0α13

[

ψ+ cosh
(φ−

2

)

+ ψ− sinh
(φ−

2

)

]

,

(A.62)

By comparing with eqs. (4.36)–(4.42) we find the following constraints on the parameters

from the bosonic terms of the above equations,

b11
b12

=
mσ

4
,

c11
b12

=
1

mσ
, (A.63)

and from the second term in (A.62) we get,

α13 = −
√
imσ c11 e

(φ+−λ0)

2 f1. (A.64)

From (A.58) we get

γ23 = −
√
imσ c11 e

− (φ+−λ0)

2

[

sinh
(φ−

2

)

f̃1 + cosh τ f1

]

, (A.65)

and from eqs. (A.19) and (A.20) and the defect conditions, we find

α31 e
(φ++φ−) + β32 =

2
√
ib11√
mσ

e
(φ++φ−)

2

[

(

e−
λ0
2 + e

λ0
2 cosh τ

)

f̃1 − e
λ0
2 sinh

(φ−
2

)

f1

]

, (A.66)

α23 e
(φ+−φ−) + β13 =

2
√
ib11√
mσ

e
(φ+−φ−)

2

[

(

e−
λ0
2 + e

λ0
2 cosh τ

)

f̃1 − e
λ0
2 sinh

(φ−
2

)

f1

]

. (A.67)

A compatible solution for eqs. (A.66) and (A.67) is given now by

α23 = α31 e
φ− , α31 =

2
√
i√

mσ
b11 e

− (φ+−λ0)

2 e−
φ−
2

[

cosh τ f̃1 − sinh
(φ−

2

)

f1

]

, (A.68)

β32 = β13 e
φ− , β13 =

2
√
i√

mσ
b11 e

(φ+−λ0)

2 e−
φ−
2 f̃1. (A.69)

Now, by considering eq. (A.46), namely

∂−β33 =

√
im

2
(β32e

− (φ++φ−)

2 + α31e
(φ++φ−)

2 )ψ1 +

√
im

2
ψ2(e

− (φ+−φ−)

2 β13 + e
(φ+−φ−)

2 α23),

=

√
im

2

[

β13e
− (φ+−φ−)

2 + e
(φ+−φ−)

2 α23

]

ψ− = 0,
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the consistency of the above results is verified. In addition, eq. (A.61) takes the follow-

ing form

∂+λ0 = −2b11
b12

e−(φ+−λ0) sinhφ− − 2ib11
b12

(

1 + e−(φ+−λ0) cosh τ
)

sinh
(φ−

2

)

f1f̃1

+
2ib11

b12
√
mσ

e−
(φ+−λ0)

2 cosh
(φ−

2

)

ψ̄+f̃1. (A.70)

Let us now consider the eqs. (A.35) and (A.52) involving β11 and γ11, namely

∂−φ− = − m2

4b11
γ21 e

φ+ +
m2b12
b11

e−λ0 +
i

2

√

m

σ

(

e
λ0
2 cosh τ − e−

λ0
2

)

ψ+f̃1

− i

2

√

m

σ
e

λ0
2 sinh

(φ−
2

)

ψ+f1 −
im2b12
4b11

eλ0 cosh τ cosh
(φ−

2

)

f1f̃1, (A.71)

∂+φ− =
γ21
c11

− b12
c11

e(φ+−λ0) +
i
√
mσ

2

(

e
(φ+−λ0)

2 − e−
(φ+−λ0)

2 cosh τ

)

ψ̄+f1

− i
√
mσ

2
e−

(φ+−λ0)

2 sinh
(φ−

2

)

ψ̄+f̃1. (A.72)

Then, by comparing with the defect conditions (4.36)–(4.42), we find that a suitable solu-

tion for γ21 is given as follows,

γ21 = b12 e
−(φ+−λ0)

[

sinh2
(φ−

2

)

+ cosh2 τ + i cosh τ cosh
(φ−

2

)

f1f̃1

]

. (A.73)

In addition, the constraints (A.10), (A.17)–(A.18) for α11 and α22 take the following form,

α11 − α22 =−imσc11 sinh
(φ−

2

)

f1f̃1, (A.74)

α11 e
φ− − α22 e

−φ− = imσc11 sinh
(φ−

2

)

f1f̃1, (A.75)

and then, we get

α22 = α11 e
φ− , α11 =

i

2
mσc11 e

−φ−
2 f1f̃1. (A.76)

Finally, by considering eq. (A.31) we find the following relation,

α33(ψ+ − ψ−) = −mσc11

[

i cosh
(φ−

2

)

f̃1f1 + cosh τ

]

(ψ+ − ψ−). (A.77)

Now, using that f̃1f1ψ− = 0, we conclude that

α33 = −mσc11

[

i cosh
(φ−

2

)

f̃1f1 + cosh τ

]

, (A.78)

is a consistent solution for the eqs. (A.27) and (A.34). Therefore, we have found a different

solution for the defect matrix, and can be written as follows

K =









K11 K12 K13

K21 K22 K23

K31 K32 K33









, (A.79)
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where

K11 =
i

2
mσc11 e

−φ−
2 f1f̃1 + λ−1/2b11 e

−φ− + λ1/2c11, (A.80)

K12 = λ−1/2b12 e
(φ+−λ0), (A.81)

K13 = −
√
imσ c11 e

(φ+−λ0)

2 f1 + λ−1/2 2
√
i√

mσ
b11 e

(φ+−λ0)

2 e−
φ−
2 f̃1, (A.82)

K21 = λ1/2b12 e
−(φ+−λ0)

[

sinh2
(φ−

2

)

+ cosh2 τ + i cosh τ cosh
(φ−

2

)

f1f̃1

]

, (A.83)

K22 =
i

2
mσc11 e

φ−
2 f1f̃1 + λ−1/2b11 e

φ− + λ1/2c11 (A.84)

K23 =
2
√
i√

mσ
b11 e

− (φ+−λ0)

2 e
φ−
2

[

cosh τ f̃1 − sinh
(φ−

2

)

f1

]

−λ1/2
√
imσ c11 e

− (φ+−λ0)

2

[

sinh
(φ−

2

)

f̃1 + cosh τ f1

]

, (A.85)

K31 =
2
√
i√

mσ
b11 e

− (φ+−λ0)

2 e−
φ−
2

[

cosh τ f̃1 − sinh
(φ−

2

)

f1

]

+λ1/2
√
imσ c11 e

− (φ+−λ0)

2

[

sinh
(φ−

2

)

f̃1 + cosh τ f1

]

, (A.86)

K32 =
√
imσ c11 e

(φ+−λ0)

2 f1 + λ−1/2 2
√
i√

mσ
b11 e

(φ+−λ0)

2 e
φ−
2 f̃1, (A.87)

K33 = −mσc11

[

i cosh
(φ−

2

)

f̃1f1 + cosh τ

]

+ λ−1/2b11 + λ1/2c11, (A.88)

where the constants parameters satisfy the following relations,

b11 =
mσ

4
b12, b12 = mσc11. (A.89)

The solution for the differential equations (A.4) leads to the following equations,

∂−(φ+ − λ0) = −m

2σ
eλ0 sinhφ− − im

2σ

(

1 + eλ0 cosh τ
)

sinh
(φ−

2

)

f1f̃1

− i

2

√

m

σ
e

λ0
2 cosh

(φ−
2

)

ψ+f1, (A.90)

∂−φ− =
m

σ

[

e−λ0 − eλ0

(

sinh2
(φ−

2

)

+ cosh2 τ
)

]

− i

2

√

m

σ

[

(

e−
λ0
2 − e

λ0
2 cosh τ

)

ψ+f̃1 + e
λ0
2 sinh

(φ−
2

)

ψ+f1

]

− im

σ
eλ0 cosh τ cosh

(φ−
2

)

f1f̃1, (A.91)

∂+φ− = mσ

[

e−(φ+−λ0)
(

sinh2
(φ−

2

)

+ cosh2 τ
)

− e(φ+−λ0)

]

+
i
√
mσ

2

(

e
(φ+−λ0)

2 − e−
(φ+−λ0)

2 cosh τ
)

ψ̄+f1

− i
√
mσ

2
e−

(φ+−λ0)
2 sinh

(φ−
2

)

ψ̄+f̃1

+imσ e−(φ+−λ0) cosh τ cosh
(φ−

2

)

f1f̃1, (A.92)
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∂+λ0 = −mσ

2
e−(φ+−λ0) sinhφ− − imσ

2

(

1 + e−(φ+−λ0) cosh τ
)

sinh
(φ−

2

)

f1f̃1

+
i
√
mσ

2
e−

(φ+−λ0)
2 cosh

(φ−
2

)

ψ̄+f̃1, (A.93)

ψ− =

√

m

σ

[

e
λ0
2 sinh

(φ−
2

)

f1 −
(

e−
λ0
2 + e

λ0
2 cosh τ

)

f̃1

]

, (A.94)

ψ̄− =
√
mσ

[

(

e
(φ+−λ0)

2 + e−
(φ+−λ0)

2 cosh τ
)

f1 + e−
(φ+−λ0)

2 sinh
(φ−

2

)

f̃1

]

, (A.95)

∂+f̃1 = −
√
mσ

2
e−

(φ+−λ0)
2 sinh

(φ−
2

)

ψ̄+ +
mσ

2
cosh

(φ−
2

)

f1 (A.96)

+
mσ

2
e−(φ+−λ0) cosh τ cosh

(φ−
2

)

f1 (A.97)

∂−f̃1 =
1

2

√

m

σ

(

e−
λ0
2 + e

λ0
2 cosh τ

)

ψ+ − m

2σ

[

1 + eλ0 cosh τ
]

cosh
(φ−

2

)

f1, (A.98)

∂−f1 = −1

2

√

m

σ
e

λ0
2 sinh

(φ−
2

)

ψ+ +
m

2σ

[

1 + eλ0 cosh τ
]

cosh
(φ−

2

)

f̃1, (A.99)

∂+f1 = −
√
mσ

2

(

e
(φ+−λ0)

2 + e−
(φ+−λ0)

2 cosh τ
)

ψ̄+ − mσ

2
cosh

(φ−
2

)

f̃1

−mσ

2
e−(φ+−λ0) cosh τ cosh

(φ−
2

)

f̃1, (A.100)

which correspond to the type-II super-Bäcklund transformation for the N = 1 sshG

model with two arbitrary parameters (σ, τ) derived through the fusing defects in section 4.

Consistency with the super-Bäcklund presented in section 2 is shown by parametrizing

τ = iπ/2, and

ω1 = −ω4 = −
√

m

σ
, ω2 = −ω3 =

√
mσ. (A.101)

Finally, we note that this form of the type-II super-Bäcklund transformation can also be

written in terms of superfields in the following way,

D−(Φ+−Λ) =−
√

m

σ
e

Λ
2 f cosh

(Φ−
2

)

, (A.102)

D+Λ=
√
mσ e−

(Φ+−Λ)
2 f̃ cosh

(Φ−
2

)

, (A.103)

D+Φ− =−
√
mσ

[(

e
(Φ+−Λ)

2 + cosh τ e−
(Φ+−Λ)

2

)

f+e−
(Φ+−Λ)

2 sinh
(Φ−

2

)

f̃

]

, (A.104)

D−Φ− =

√

m

σ

[

(

e−
Λ
2 + cosh τ e

Λ
2

)

f̃ − e
Λ
2 sinh

(Φ−
2

)

f

]

, (A.105)

where the auxiliary fields satisfy the relations,

D+f = −i
√
mσ

[

e
(Φ+−Λ)

2 − cosh τ e−
(Φ+−Λ)

2

]

, D−f = i

√

m

σ
e

Λ
2 sinh

(Φ−
2

)

, (A.106)

D−f̃ = i

√

m

σ

[

e−
Λ
2 − cosh τ e

Λ
2

]

, D+f̃ = i
√
mσ e−

(Φ+−Λ)
2 sinh

(Φ−
2

)

, (A.107)
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and can also be split in components by using expansions of the superfields Λ, f , and f̃

given in (2.13)–(2.15).
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any medium, provided the original author(s) and source are credited.

References

[1] P. Bowcock, E. Corrigan and C. Zambon, Classically integrable field theories with defects,

Int. J. Mod. Phys. A 19S2 (2004) 82 [hep-th/0305022] [INSPIRE].

[2] P. Bowcock, E. Corrigan and C. Zambon, Affine Toda field theories with defects,

JHEP 01 (2004) 056 [hep-th/0401020] [INSPIRE].

[3] P. Bowcock, E. Corrigan and C. Zambon, Some aspects of jump-defects in the quantum

sine-Gordon model, JHEP 08 (2005) 023 [hep-th/0506169].

[4] E. Corrigan and C. Zambon, Jump-defects in the nonlinear Schrödinger model and other

non-relativistic field theories, Nonlinearity 19 (2006) 1447 [nlin/0512038].

[5] J.F. Gomes, L.H. Ymai and A.H. Zimerman, Classical integrable super sinh-Gordon equation

with defects, J. Phys. A 39 (2006) 7471 [hep-th/0601014].

[6] E. Corrigan and C. Zambon, On purely transmitting defects in affine Toda field theory,

JHEP 07 (2007) 001 [arXiv:0705.1066] [INSPIRE].

[7] J.F. Gomes, L.H. Ymai and A.H. Zimerman, Integrablility of a classical N = 2 super

sinh-Gordon model with jump defects, JHEP 03 (2008) 001 [arXiv:0710.1391] [INSPIRE].

[8] E. Corrigan and C. Zambon, Comments on defects in the a(r) Toda field theories,

J. Phys. A 42 (2009) 304008 [arXiv:0902.1307] [INSPIRE].

[9] A.R. Aguirre, J.F. Gomes, L.H. Ymai and A.H. Zimerman, Thirring model with jump defect,

PoS ISFTG (2009) 031 [arXiv:0910.2888] [INSPIRE].

[10] E. Corrigan and C. Zambon, A new class of integrable defects, J. Phys. A 42 (2009) 475203

[arXiv:0908.3126] [INSPIRE].

[11] E. Corrigan and C. Zambon, Integrable defects in affine Toda field theory and infinite

dimensional representations of quantum groups, Nucl. Phys. B 848 (2011) 545

[arXiv:1012.4186] [INSPIRE].

[12] E. Corrigan and C. Zambon, A transmission matrix for a fused pair of integrable defects in

the sine-Gordon model, J. Phys. A 43 (2010) 345201 [arXiv:1006.0939] [INSPIRE].

[13] C. Robertson, Folding defect affine Toda field theories, J. Phys. A 47 (2014) 185201

[arXiv:1304.3129] [INSPIRE].

[14] V. Caudrelier, On a systematic approach to defects in classical integrable field theories,

Int. J. Geom. Meth. Mod. Phys. 5 (2008) 1085 [arXiv:0704.2326] [INSPIRE].

[15] A.R. Aguirre, J.F. Gomes, L.H. Ymai and A.H. Zimerman, Grassmannian and bosonic

Thirring models with jump defects, JHEP 02 (2011) 017 [arXiv:1012.1537] [INSPIRE].

[16] A.R. Aguirre, T.R. Araujo, J.F. Gomes and A.H. Zimerman, Type-II Bäcklund
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