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1 Introduction

Recently there has been great progress in the study of the integrable defects in two-
dimensional classical field theories. Defects, as originally introduced in [1, 2], can be
understood as internal boundary conditions linking fields of both sides of it, and described
by a local Lagrangian density. It was shown for several models in [1]-[9] that these defect
conditions are related to the Backlund transformations frozen at the location of the defect,
and preserve integrability of the original bulk theory after including some compensating
contributions to the conserved quantities. This kind of defect is named type-I if the fields
on either side of it only interact with each other at the defect. And it is called type-IT if
they interact through additional degrees of freedom present only at the defect point [10].
This type-II formulation proved to be suitable not only for describing defect within the

o

Toda model, which had been excluded from the type-I setting, but it also provided
additional types of defect for the sine-Gordon and other Toda models [11]. Interestingly,
it was established a relationship between these two type of defects. At least for the sine-
Gordon model [10, 12], and in general for at? affine Toda field theory [13], the type-II
defects can be regarded as fused pairs of type-I defects. However, the type-II defects can
be allowed in models that cannot support type-I defects, as it was shown for the Tzitzéica
or ag2) Toda model [10]. In fact, it was also shown in [10, 13] that the type-II defect in the

2 Toda model can be interpreted as being the result of folding a type-II defect in the

a
agl) Toda model.



The question of deriving the associated infinite set of conserved quantities in the pres-
ence of defects has been initially handled by using the Lax approach for a wide class of
models [14]-[17]. The integrable defect conditions are encoded within a defect matrix,
which allows to compute the modified conserved charges for the total system.

On the other hand, the question of involutivity of the modified conserved charges
has been addressed by using intensively the algebraic framework of the classical r-matrix
approach [18]-[24]. In this context, the description of the integrable defects requires to
introduce a modified transition matrix satisfying an appropriate Poisson algebra.

At first sight, it seemed not to exist a direct way of linking these two different
approaches for integrable defects. However, very recently a new approach to the sub-
ject has been proposed to provide a link between the two previous points of view by using
a multisymplectic formalism [25, 26]. This approach was successfully implemented for the
nonlinear Schrodinger (NLS) equation and the sine-Gordon model.

The main purpose of this paper is to propose a supersymmetric extension of the type-
IT integrable defect for the N = 1 super sinh-Gordon (sshG) model, and to study the
integrability of the system through the Lagrangian formalism and Lax approach. The
presence of integrable defects in the N = 1 sshG model has been already discussed in [5, 27].
However, the kind of defect introduced in those papers can be regarded as a “partially”
type-II defect since only auxiliary fermionic fields appears in the defect Lagrangian, and
consequently it reduces to type-1 defect for sinh-Gordon model in the bosonic limit, where
the fermionic fields vanish.

Our idea in this paper is rather to find a direct supersymmetric extension of the type-I1
defect of the sine-Gordon model proposed in [10]. The program of finding supersymmet-
ric extensions of integrable type-II defects has started with the N = 1 super-Liouville
model [28]. The key point in deriving the defect Lagrangian was based on a generaliza-
tion of the super-Bécklund transformation for the equation, by including a new (chiral)
superfield A(z,0) in the formulation. Following the same line of reasoning, in section 2 we
propose a generalisation of the super-Béacklund for the N = 1 sshG model by introducing
two new superfields in the description, so that the pure bosonic limit reduces to the type-II
defect for the sinh-Gordon model. In section 3, we introduce the Lagrangian description
for the type-1I defect in the sshG model totally consistent with the new super-Béacklund.
We also present the supersymmetry transformation that leave the total action invariant
and derive the modified conserved supercharge, energy and momentum. The bosonic and
fermionic limit are discussed as well.

The fusing procedure will be discussed in section 4. It will be shown that the type-I1
defect for the sshG model derived from consistency with the proposed super-Bécklund can
be obtained by fusing two defects of the kind given in [5] for the sshG model. In section 5 we
analyse the classical behaviour of one-soliton solutions of sshG equation passing through the
type-1II defect. Section 6 contained some final remarks and comments on future directions
which have emerged from this work.

The integrability of the system will be discussed by computing the associated defect
matrices which generate the infinite set of the associated modified conserved quantities.
The explicit computations will be presented in appendix A.



2 Type-II super-Backlund for N = 1 sshG equation

In this section we construct a new super-Béacklund transformation for the N = 1 super-
symmetric sinh-Gordon (sshG) equation. Let us first introduce a bosonic superfield,

D = ¢ — il 1) + 631 — 10,105 F, (2.1)

where ¢ an F are bosonic fields, 1) and 1) are fermionic fields, and 6;, i = 1,2, elements
of the Grassmann algebra. Then, the N = 1 sshG equation can be written in terms of
superfields as follows

DyD_® = imsinh @, (2.2)
where the superderivatives are given by
Dy = —idp, + 010y,  D_=idy, +020_, DI =Fidy, {Dy,D_}=0. (2.3)

We denote the light-cone coordinates x4+ = x + ¢, and then 0+ = %(81, + 0y). Using the
form of the superfield (2.1), we can write eq. (2.2) in components,
2

8.0_¢ = % sinh 2¢ — émap sinh ¢, (2.4)
O_1p = —map cosh ¢, (2.5)
d41p = —map cosh ¢, (2.6)

with the auxiliary field given by F' = msinh¢. Now, we propose the following super-
Backlund transformation for the sshG equation connecting the two solutions ®; and ®5 as
follows,

D_(®, — A) = w; €3 f cosh (%) (2.7)
DiA = ws e*(q)+2_A) f cosh (%), (2.8)

D, d_ = w; ew f—ws e‘w f sinh (%), (2.9)
D_®_ = w e f sinh (%) Ywie s ], (2.10)

where &, = &1 + &5, and we have introduced two fermionic superfields f and f , as well
as a new bosonic superfield A, which satisfy respectively the following equations,

im (@L—A) j i
Dof =" D_f=-"""¢% sinh (—) (2.11)
w1 w3 2
o S im _(4-4) o
D_f = o e_%, D.f= m e~ E sinh (—) (2.12)
w2 w4 2

Here, {wy}}_, are four arbitrary constant parameters. By cross-differentiating eqgs. (2.9)
and (2.10) we find that if ®; satisfies the sshG equation then ®, also satisfies it. Be-
sides introducing a new bosonic superfield A in eqs. (2.7)—(2.12), the supersymmetry and
the Grassmannian property of the superderivatives Dy require the introduction of not
only one fermionic superfield f like previously was proposed in [29], but two fermionic



superfields (f, f ). The additional superfield f allows the possibility of having independent
contributions coming from the terms of the form exp(£A/2). The introduction of this new
superfield might be better understood in section 4 by discussing the fusing procedure.

Note also that even when A = 0 there is no direct limit between the super-Backlund
proposed here and the one given in [29], and then they will be regarded differently. In
addition, when ¢ and ¢ vanish, eqs. (2.7)-(2.12) will reduce to the type-II Bicklund
transformation for the sinh-Gordon model [10]. For that reason, they will be called type-II
super-Bécklund transformation for the N = 1 sshG equation.

Now, let us introduce #-expansions for the superfields A, f, and f , namely

A = X — 010 + il A1 — 101023, (2.13)
[ = f1 —i01b1 +i02by — 16102 f2, (2.14)
f = fi —ib1by + i02bs — 6105 fo, (2.15)

described by six bosonic {\g, A3, b1, ba, b1, 52}, and six fermionic {1, A2, f1, fo, f1, fz} fields.
Then, we can write down the super-Bécklund transformation (2.7)—(2.12) in components
following the same procedure previously implemented in [5, 27]. After some algebra the
auxiliary fields {Fx, by, by, b1, b2, f2, fa, A1, A2, A3} can be eliminated, and we obtain the
following simplified set of equations containing only the auxiliary fields g, f1, fl, namely

_ _ M o iwr ¢; _lwiwg ¢; 3
0-(64—No) =~ > Msinhé + e cosh( : >¢+f1 ; smh( 5 )flfl, (2.16)
; (64— 20) .
0% =~ 0N ginh g 22 e o (%)
4
520 o () 1 (2.17)
Dy = T2 o=(@+-20) gipp? (¢;> I3 (@4 =do) %ewij—kfl
wq w1
j (64+—20) N\ =
—%e* 5" sinh (%>¢+f1, (2.18)
9.6 = — ML g2 (&) T
w3 2 w2 2
—i—%e%o sinh (%)%rfl; (2.19)
Yo = —wq e%o sinh (%)ﬁ — Wy ef%ofl, (2.20)
_ (¢4 20) N (6+=20)
Yo = woe” *7= sinh (%)fl —wse g f1, (2.21)
(b4+-20) — N\ =
Oy fi = % [erzij + wy cosh <¢2>f1] , (2.22)
1
_m Ao, ¢— qb, r
.12 s (5 o (). ez
= oom | _(P+20) | o_\ - o—
0L f1 = ~%on [e p s1nh< > )er -I-wsCOSh( 5 >f1:| ) (2.24)
~ m Ao —
o_fi = o [e— 2 4h, + wy cosh (¢2>f1] . (2.25)



These equations represent the type-II super-Bécklund transformation for N = 1 sshG
model in components, which depend upon four arbitrary parameters {wk}izl.

3 Type-II defect for N = 1 sshG model

Here we introduce a Lagrangian description of type-II defects in the N = 1 sshG model
which satisfies super-Bécklund transformations frozen at = = 0.

3.1 Lagrangian description

The Lagrangian density can be written as follows,

L= 9(—$)£1 + Q(x)ﬁz -+ 5(56) Lp, (3.1)
with
Ly = 5.0 = 3(006,)? + (0 + D)oy — 1000 — 0Ty + Vi(y)
+Wp(bps ¥, p), (3.2)

where ¢, are real scalar fields, and v, 1/;p are the components of Majorana spinor fields in
the regions x < 0 (p = 1) and « > 0 (p = 2) respectively. The bulk potentials are given by,

V, = m*(cosh(2¢,) — 1), W, = —4im b, cosh ¢p. (3.3)

Now, the defect Lagrangian density £p can be written in the following way,!

Lp = ¢_0ho — %¢—5t¢+ + %@ﬁz— — )+ ifi0ifr +ifidc i+ BSY (64 — Moy o)
—|—B((]_)(¢7, )\O) + B£+)(¢+ - )‘07 ¢77&+a f17 fl) + B§_)(¢*7 )‘Oa ¢+, fla fl) (34)

Here, we also have introduced the bosonic field A\g(t) and the fermionic fields f;(¢), and
f1(t), which are all associated with the defect itself at = 0. The corresponding defect
potentials are given by,

2

() _ 2 =651 =30) sinp2 (D= ) 1 T (64—20)

B, w5 e sinh ( 5 ) + 7 e , (3.5)
() 2 o nn? (8= 2 ™

By ' =w;i e sinh <7> + w—%e , (3.6)

Im (14— - _ (@4 =20) | O\ - = mwa9 o 5

BYF) =1 [M e 2z Yifi—wse 2 sinh (7)1[4]‘1 - o1 cosh (2>f1f1] ) (3'7)
_ Im _x X (P mwi O\ . 7

B% ) = —7 |:u12 e 2 1/}+f1 —+ wi e 2 Slnh (7>’(/)+f1 =+ s COSh <2>f1f1:| 5 (38)

'From now on, we will use the field coordinates ¢+ = ¢1 £ ¢, s = b1 £ o, and Y+ = 1 £ o to
describe expressions associated to the defect.



where {wk}%zl are constant, and m is the mass parameter. In this setup, we can see that

the defect potentials (3.5)—(3.8) satisfy the following relations,

oB{"  aBlV 0By _ o1
8¢+ — a)\o ) 8¢+ - Y — Y
B _ B _ oB” _ e
o o obr O auy
The bulk fields equations are given by,
(ﬁ(ﬁp — 8t2¢p = 2m? sinh(2¢,) — 4im 1, sinh ¢y,
(0 — at)iﬁp = —2mp cosh ¢y,
(02 + O¢)by = —2m b, cosh ¢y, p=12.
Then, the defect conditions at = 0 can be written as follows:
Dy —Op(py—Ng) = —e 0 sinh ¢p_ [wl +wie ¢+} +im [wl + 002] sinh <¢1
w2 w1

. X o— . _r=20)
+iwie2 cosh (7>¢+f1 + iwsge 3

(P —A

2m?2

(0 + O p— = 2wie™(#+720) ginh? (%) - w% eld+—20) _ w—le p
—iwge*M sinh (%)dﬁfh
(0y — Op)p— = —2w} e sinh? (%) + 2{:’; e Mo — ZZe‘Azo¢+f1
tiwyes Slnh( )¢+f1,
Yo = —wie 3 smh< )f1 — *6_71?1,
G = e b () i - e
Ofr = 27216(¢+2A0)¢+ - %67 sinh (%)1/4
—I—% [:: + wi] cosh ((l;_)fl,
O = e Fupy =2 i (),
—% [Z; + Zj] cosh <¢2_)f1.

mm (é4—Xg) —
Ui fi

(3.11)

¢2)f1f1

v cosh (%)@Jrfl, (3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

These defect conditions are consistent with the type-II super-Backlund tranforma-

tion (2.16)—(2.25) for the sshG model frozen at = = 0, providing that relations wiws = m

and wowy = m are satisfied. Note that the number of equations specifying the defect con-

ditions is less than the number of equations describing the type-II super-Backlund. In fact,



there is one less defect equation for each auxiliary field we have in the Backlund transfor-
mation.? This feature distinguishes the type-II from the type-I defect, which Lagrangian
description leds directly to the frozen Backlund transformation itself, because there is no
auxiliary fields in the formulation.

Now, if we apply the operators d1 to egs. (3.15) and (3.16) respectively, and using
properly the above defect conditions, we can verify that the respective z-derivatives of the
auxiliary fields f; and f; are given by,

_om @20 o w2 L (P m|wy Wi -\ 7
8xf1—2w1e T 4y + 5 € S1nh(2)¢+—|—2 [Wl—w2}cosh<2)f1, (3.19)

: wa (P42 O\ - m o _ X m[wi  wo o
Ozf1 = <€ 2 sinh (7)¢+ + Yo e 21y + 5 [002 wJ cosh <7>f1 (3.20)

3.2 Modified conserved quantities

In this subsection we derive explicit expressions for the defect contributions to the modified
conserved supercharges, momentum and energy.

Defect supercharge. The supersymmetry transformations that leave invariant the bulk
action for the NV =1 sshG model, namely

Os¢p = ¥y + Eyp, (3.21)
Sty = % (9y — O¢)pp + imEsinh ¢y, (3.22)
S5ty = —Zg (Or + Or)pp — ime sinh ¢y, (3.23)

with p = 1,2, lead to the associated bulk conserved supercharges Q. and Qg, which are
given as integrals of local fermionic densities as follows,

Q. = /OO dz (¢ (0 — 0z)¢ + 2mipsinh @), (3.24)
Q: = /OO dx (7]1 (0y + Oz) ¢ — 2map sinh qb) : (3.25)

However, when the defect is introduced into the theory we have seen that the variation of
the bulk action lead to surfaces terms, and then the variation of the defect Lagrangian has
to cancel them out exactly to preserve N = 1 SUSY. To do that, is necessary to use the
following supersymmetry transformations of the degrees of freedom at the defect,

(¢4 —X0)

5(¢+ + wle%o cosh (%)ﬁ) —E&wge 2 cosh (%)fl, (3.26)

0sAo

A _ e (4—20)
0sf1 = iwre 670 sinh (ﬂ) — @e a , (3.27)
2 w1
- ] A (¢4 —X0) _
0sf1 = *@6_70 — lwof e 7= sinh (ﬂ» (3.28)
w2 2

2In general, if there exist m equations describing the Bicklund transformation for an integrable equation,
with n < m auxiliary fields, then the corresponding defect equations should be described by (m — n)
equations valid at the defect point.



where € and € are Grassmannian parameters. Let us compute the associated defect contri-
bution to the supercharges after introducing the defect at x = 0,

0 00
Q- :/ dx (1/)1(8,5 — 0z)¢1 + 2majy sinh d)l) +/0 dx (wg(f)t — Oz) 2 + 2mapg sinh qbg), (3.29)

0 (%s)
Q= :/ dx (1;1(815 + 0y )1 — 2mapy sinh d)l) +/0 dx (1,52(015 + 0z) 2 — 2mapg sinh ¢2)- (3.30)

Taking the time-derivative lead us to

dféa _ [¢1(3z¢1 — O1) + 2mapy sinh ¢y — 2 (Orha — Oypa) — 2mabe sinh ¢2:| Ly (3.31)
and
dgja— _ [@Zl(amcfn + 1) + 2mapy sinh ¢y — Vo9 ¢p2 + Oppa) — 2mba sinh ng] Y (3.32)

Now, by making use of the defect conditions (3.12)—(3.18) we find after some algebra that
the right-hand-side of egs. (3.31) and (3.32) becomes a total time-derivative, and then the
modified conserved supercharges take the following form,

Q=Q:+Qp, Q = Q=+ Qp, (3.33)

where the defect contributions are given by

A _ 2 Ao ~
Qp = —2w 2 sinh <¢—>f1 + —me_TOfl, (3.34)
2 w2
_ (64 —20) N\ =~ 2 (¢ —20)
Qp = 2wpe” 2z sinh <%)f1 p M (3.35)
w1

Defect Energy-Momentum. First of all, let us consider the canonical energy,
0 1 5 1 9 oA T
E = dx 5(83@1) + 5(3@1) — 10001 + 010001 + Vi + Wi | +
—00
oo

+ /0 do [;(am)? b 3 (Ou82)? — aDula + ithadutis + Vi + Wg} . (3.36)

with the bulk potentials given in egs. (3.3). Then, by computing its time-derivative and
using the defect conditions (3.12)—(3.18), it can be shown that the modified energy given
by £ = E + FEp is conserved, where the defect contribution Fp is given by,

Ep = [BS7(04 — 20,6) + B (0, h0)] + & [y — s
+ [ 64 = 20,6 i, fi 1)+ B (6o do v, fi )] (337)

The conservation of the modified energy does not impose any constraints on the defect
boundary potentials. This fact was expected since the time-translation invariance has not
been broken. Now, let us consider the bulk contribution to the total canonical momentum

0
P - / 0z (846101 — 1T Dy — 161 Dytfn) +

+oo
+ /0 0z (Orpadads — i20uio — itboDuihn) (3.38)



Analogously, by taking its time-derivative and using the bulk field equations (3.11), we get
the following expression,

dP

- [;@m)? 43 (0u01)” — Dy — iy Wl]

=0
1 1 AT
- [2(3m¢1)2 + 5(3@2)2 — W20pth2 — 1ha0ythr — Vo — W2:| ; (3.39)
=0
where the asymptotic contributions at x = 400 are neglected. Now, using intensively the
defect conditions (3.12)—(3.18), the right-hand side of the above equation reduces to a total
time-derivative since the defect potentials satisfy the two following conditions,

2 (05 BS 00 B — 00 BS 0y B) =i - W, (3.40)
Q(QLBﬁkmBYW—@gﬁ”@LBYv—a(@LBﬁbMBﬁf—@J%”@_BﬁQ
~i (05, B 0B + 05, B0 B ) = Wi — W (3.41)

Then we have that, the modified momentum P = P + Pp is conserved, where the defect
contribution is given by,

Pp = [B(+)(¢+—)\0>¢7) e Ao} [Bede ]
+ (BI04 = 20,0, 01 1, 1) - (¢ Dot fu )] (342)

Interestingly, the conditions (3.40) and (3.41) are Poisson bracket (PB) relations whenever
the defect potentials B,(Ci) are regarded as functions of \g, f1, and fi, and their respective
conjugate momenta,

My, = — Oy, =—if;, Ty =—ifi (3.43)

It is worth pointing out that the defect potentials B,(f) given in egs. (3.5)-(3.8) are par-
ticular solutions of the above the PB relations. However, these conditions are valid in
general for any model with defect Lagrangian given by (3.4). It is important to point out
that the pure bosonic PB relation (3.40) has been previously derived in [10], where several
examples for type-II defects were given. In particular, its solutions allowed to encompass
the Tzitzéica-Bullough-Dodd model within the purely bosonic type-II framework. To our
knowledge, beside the defect potentials for the N = 1 sshG equation (3.5)—(3.8), the only
already known solution for this pair of PB relations (3.40) and (3.41) has been given in [28]
for the N = 1 super-Liouville equation. However, it is natural to believe that exists also
other possible solutions like in the bosonic case, and therefore it would be interesting to
look for more examples of possible supersymmetric extension of type-II integrable defects.

The results obtained for the defect contribution of the lowest conserved quantities
provide a necessary condition for integrability. However, a sufficient condition involves also
higher modified conservation laws which can be computed from the defect matrix. The
computation of the defect matrix associated to the type-II defect for the sshG model is
presented in appendix A.



3.3 Bosonic limit: Type-II defect sinh-Gordon model

Now let us consider the case where the fermionic fields completely vanish. In this case, the
bulk Lagrangian densities

L, = %(%%)2 - %(@%)2 +m?(cosh(2¢p) — 1), p=1,2, (3.44)

describe the sinh-Gordon model, and the defect Lagrangian density can be rewritten as
follows

1 _
Lo =¢-0ho — 56-0rs + BG4 BT, (3.45)

Here, the defect potentials are

Bé+) = 2 —(6+=20) ginh? (%) + —e(¢+ ’\0) (3.46)
( ) Ao 2 ¢ m2 —)\0
By ) = wiesinh <7) + w—g , (3.47)

and the defect conditions can be rewritten in terms of fields (¢4, d—, Ag) as follows,

2
Butrs — Dy — 200) = —% M sinh é_ — % e~ (+=20) ginh ¢ _, (3.48)
2

_ _ Ao 2 QL 2m”

Opp— — Opp— 2w} e sinh <2 )—i— 2 e 0, (3.49)
2 ~(64—30) g2 (2= ) _ 27 (@—0)

Opp— + Orp— = 2wy e~ ‘P77 ginh (—) — e T, (3.50)

2 w7

It is worth pointing out that the dependence on the parameters (w1, ws2) is slightly different
from the choice made originally in [10], where the defect potentials are described by the
pair of parameters (o, 7). However, note that the defect potentials (3.46) and (3.47) belong
to a family of equivalent two-parametric solutions of the constraint (3.40). This equivalence
class can be understand if we perform the following transformation,

B®) - B 4 () ) ) 4y, (3.51)

Then, if B®) are particular solutions for the bosonic PB relation (3.40), then the functions
p®) have to satisfy the following constraint,

(8¢_B(+)a)\op(_) - 8)\0p(+)8¢_B(_)) =0. (3.52)

By considering (3.46) and (3.47), the above relation becomes,

1
Esmhgb [w e~ @+ 20)g, ol - —w? ey, p(+)} =0. (3.53)

The possible solutions for p(*) characterize the equivalence class of the defect potentials
BF)
0

. In particular, if we consider the following functions,

p) = w? e (#+720) cogh? 7, ) = w?et cosh? 7, (3.54)

,10,



with the parametrization,

2
w? = V2meo, ws = \fm’ (3.55)

g

we obtain exactly the choice for the defect potentials made in [10]. It is worth pointing out
that this equivalence class is strongly reduced in the supersymmetric case, because of the
additional PB relation (3.41). In that case, we should perfom also a suitable transformation

on the defect potentials BF) (3.7) and (3.8), since extra terms coming from derivatives

)

seen how the “compensating” terms appear naturally by performing a fusing of two kind

would appear and need to be compensated to satisfy (3.41). In section 4, it will be

of defects previously introduced in [5] for the sshG model.

3.4 Fermionic limit

A fermionic free field theory is obtained by setting the bosonic fields up to zero directly in
the total Lagrangian. Then, for the bulk Lagrangian we get

Ly = ip(0r + Oy — ihp(0r — Op)hy — dimahpihy,  p=1,2. (3.56)
The bulk fields equations are given by,

(0 — Op)iby = —2m by, (02 + Op)by = —2m by, (3.57)

The defect Lagrangian takes the following form

Lp= %@Mﬁ— — b )+ ifi0cf1 +ifiocfi+ BT + B, (3.58)
where
Bﬁ) = % (1Z+ +W2f1) f1, Bg_) = _g(¢+ + wlfl)fl' (3.59)

The corresponding defect conditions at x = 0 take the form,

Vo= —f Ofi= e [M + WQ] fi, (3.60)
w9 2w1 2wy wi

Vo= = f dfi= e — [M+wz} fi. (3.61)
w1 2w9 2 lwy  wi

However, note that the defect potentials (3.59) are not solutions of the PB relation (3.41)
in the fermionic limit, namely,

— (afl BNy, B +o; BIYo; BP) = Wy — Wa. (3.62)

It is not difficult to show that the only possible consistent solution is given for f; =
+f1. This case reduces to the fermionic free field model previously discussed in [5]. After
imposing this constrain, the defect Lagrangian becomes,

Lo = L — st) + 20y +im [ Gy F g 0] fi (3.63)

— 11 —



with the following defect conditions
m — m m 1 _
Vo =F—fi,  do=-—fi,  Afi= el Fwylvs]. (3.64)
w2 w1 4

Note also that the exact equivalence with the results derived in [5] would require to perform
the transformation 1y — —1) in expressions (3.63)—(3.64), together with the following
reparametrizations,

pvm

vm
N

4 Fusing defects

In this section we will construct a fused defect for the N = 1 sshG model by considering
initially a two defect system of the type-I introduced in [5, 27] at different points, and then
fusing them to the same point by taking a limit in the Lagrangian density. Let us consider
that one of the defects in placed at x = 0 and the other at z = x¢p > 0. The Lagrangian
density for this system is given by,

L=0(—x)L1+6(x)Lp, +0(x)0(xo — x)Lo — 6(x — x0)Lp, + 0(x — x0)L2,  (4.1)

where £, with p =0, 1,2, are the bulk Lagrange densities given by

1 1 , - _
Ly = 5(Oatp)* = 5(0u8p)* + ithp(Os + O)bp — 10 (0s — D)y + m? [c0sh(26y) — 1]
—4imabyip, cosh ¢y, (4.2)
and the two type-I defect Lagrangian densities at z =0 (k = 1), and z = 2 (k = 2) can
be written as

L, = 5(00dd — duduo) — it — o — (~1)F (2igedugs + BY + BV, (43)

where g; are the auxiliary fermionic fields defined in the respective defect positions. The

corresponding defect potentials can be written as®

B(()k) = moy cosh(¢o + o) + % cosh(¢o — o), (4.4)

¢o0 + P
2

)gk(% + ) — (\_/%k cosh <¢0 ; (Z)k)gk(”tﬂo - W)]v (4.5)

where o, with £k = 1,2 are two free parameters associated two each defect. Now, it has

B%k) = QiM[\/ﬁCOSh (

been claimed that the defects are fused at Lagrangian level after taking the limit ¢ — 0.
In that case, we note that there no longer exists bulk Lagrange Lg for the fields ¢, 9o,
and 1)y, which only contribute to the total defect Lagrangian at x = 0 and then becoming
auxiliary fields. The resulting Lagrangian for the fused defect takes the following form,

L, =0(~x)L1 + 6(z)Lp + 0(x)La, (4.6)

3Let us recall that equivalence with notation used in [5] requires that m — —m/2, ¥ — Vi, ¥ — Vi,
and gr — Vigk.
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with the defect Lagrangian Lp = Lp, — Lp, at x = 0 given by
1 . - ) .
Lp = 3 (P00 p— — G_0rpo) — ith_1hg — iWp_1)g + 2ig10¢g1 + 2ig20:g2 + By + B1, (4.7)

The defects potentials By = B‘gl) + B(()Q) and By = B%l) + B§2) can be written now as
follows,

¢+ b b _(¢+= b b
By = % [6( 2 +¢0) <01e2 +026_2> +e ( 2 +¢O> (016_2 +0262>
O+ _ 1 o— 1 b ¢+ _ 1 - 1 o-
+e( ) <e2 + e2> +e (5=a) <e2 + €2>] , (4.8)
o1 o)

and
By = iym [e(4+¢20) <\/0>16q1_ g1 (o + 1) + \/0»26_% 92(o +1/12))
(%4 %0) Lo oo o
+e Va2 (\/076 T g1(Yo + Y1) + oz e 92(1/104‘1/12))

®

(4 -o0) (1 oo L e
el 72 <¢ae 1 g1(¢0—¢1)+\/7—2€ 4 g2(¢2_¢0)>

_|_e_(¢T+_%O) <\/% e_% g1(¢o — Y1) + \/% 6% 9212 — ¢0)> ] : (4.9)

First of all, by considering the defect potential (4.8) of the fused defect, and performing
the following identifications,

b0 = %’ o =oe 7, oy =o0c¢, (4.10)
we get,
By = mo [e(m;M cosh (% — 7') + e_w cosh <¢7— + T)]
—i—% [€<¢+2—*> cosh <¢7_ + 7') + e_w cosh <¢7_ — 7')], (4.11)

that the bosonic part of the fused defect described in eqs. (4.7)—(4.9) is exactly the type-II
defect Lagrangian for the sinh-Gordon model introduced in [12]. In this setting, there
are no coupling terms for the bulk fields ¢ and ¢9, which can be understood through the
fusing procedure. In order to show the equivalence to the original framework for the type-II
defects introduced in [10], the auxiliary field can be redefined as follows,

P+ ¢
b0 — —Xo + CHE In |cosh (? - 7') . (4.12)
Then the bosonic part of eq. (4.7) takes the following form,
Lp =¢_ON\g — lqﬁ,@tcm +mo |el®+720) 4 e=(9+720) ¢osh <¢—_ - 7') cosh <¢—_—|—T)
bosons 2 2 2
M o= Ao o- _ o-
+ o [e +e cosh( 5 7') cosh( 5 +T> , (4.13)
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which corresponds to the bosonic limit (3.45)—(3.47) of the type-II defect Lagrangian den—
sity for the sshG model derived through the super-Backlund transformation when 7 = 4,
and by identifying the parameters as follows,

wi = o’w? = mo. (4.14)

Let us now consider the fermionic part of the fused defect Lagrangian and discuss the
possibility of obtaining in any limit the type-II defect proposed in section 3. Since the
fields 19 and vy do not have any bulk contribution to the fused Lagrangian EH (4.6), and
no time-derivatives of them are present in the defect Lagrangian (4.7), they are essentially
Lagrange multipliers which can be eliminated from the defect Lagrangian. To do that, we
use the defect equations involving the fields 1 and vy when 2y — 0, to get

Py = —% +v/m [\/%cosh(%g(bl)m + \/10;2cosh (¢0;¢2)92] ) (4.15)

o = ¢2+ —vm [fcosh <¢0 +¢1> \/Ecosh(%;@)gg] : (4.16)

Now, by noting that

2im

—ip_1hy = —7¢+¢ - — { cosh <¢2 ) + cosh <¢+ qﬁo)] g192, (4.17)
- T - - . o )
—ith_1py = 5@[41/), — 2imo [cosh( 5 ) + cosh (i + qbo)} 9192, (4.18)
we find that the fermionic part of the defect Lagrangian (4.7) takes the following form,

Lp = %(1/;#/;— — Yy + 2ig101g1 + 2ig201g2 + B, (4.19)

fermions

where, after using the identifications o1 = ce™” and o2 = ce” and performing the

shift (4.12) in the field ¢g, the defect potential Bj reads,

(¢+—20) (2+=20)

By =ivma e (ju(é- gitua(o-, T)ga) e = (oo, T)gr + va(0-,7)ge) [

f (% (w26, 7)o = (6=, 7)g2) + € F (n2(6-, 7)1 — 1 (6, 7)) | 04

1 b_ e(¢+—20) (642 b
; - kit ; - —(¢+—20) = _
+2@m(0+0)c08h( > )glgg+zma ol ((%_ —7') +e cosh( 5 7') g192
—Xo
m e A o
+— —+e°cosh<——r) gigo. 4.20
= =)o o
Here we have defined the functions,
9 1/2 9 1/2
—¢_ —2771/2 -7 o 2r71/2 T
v = [e re ] = 677 vy = [e re } = i, (4.22)
2 M1 2 2
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satisfying the following relations,

2 2 LS _%=
pi+pe =2, pve =€z, povr =e 2, (4.23)

v? 4+ v3 = 2cosh <% - 7') cosh (% + 7') = [cosh¢_ + cosh(27)].  (4.24)

In order to match to the type-II defect potential B; = B£+) +B£_) given by (3.7) and (3.8),
the fermionic fields g1 and g must be redefined by a linear transformation in terms on new
fermionic fields f; and f;. Taking into account the relations (4.23) and (4.24), we propose
a general linear transformation as follows,

g1 = /;1 1—*f1, g2=%f1+%f1- (4.25)

As a result the fermionic part (4.19) of the defect Lagrangian becomes,

Lo = %(&Jrz/?_ — ) Fif10ef1 +ifi0ifi — (102 — M2atﬂl)f1f1

(6+—20) -

—ivmo [( (8+20) fe T cosh7)ﬂ+f1+efw sinh <¢2)¢+ng]

_i\/f [(eéo + e cosh7'>1/1+f1 — ¥ sinh <¢2_)¢+f1}

fermions

. 1 o e o A ¢ -
Veosh - ° ocosh (2= —
+zm<0+ U)COb ( >f1f1 + = 20 Y E— +e™cos ( 5 T) fih
; e(@+—2o0) b .
imo _
+ + e (@+=20)cosh (= — 7 fifi. 4.26
2 Losh (—_ — 7‘) < 2 ) H ( )
Now, by using the definition of the functions p; and po in (4.21), we find
. ~ 7 -
—i(p1 2 — padppn) frfr = (Oed-) 11 (4.27)

2 cosh (‘%‘ — 7')

Then, the above results are suggesting the introduction of a new shift in the Ay field as
follows,
i -
Ao — Ao + fifi. (4.28)
2 cosh (% — 7')

Clearly, this redefinition of the auxiliary field Ay does not contribute with any additional
term to the fermionic part of the defect Lagrangian (4.26). However, by performing the
shift (4.28) over the bosonic part of the defect Lagrangian (4.13), we get the following
additional terms,

~ mo (¢+*)‘0) (b_ ~
_ Ord_ _ _ o= (o4—=20) h(1— +
2cosh(¢7’—7)( o) frf1 2 |cosh (5 — 1) e Cos ( 5 T) fifi
im e o o z
_% W — € COSh (7 + 7‘) flfl (429)
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The first term will cancel out the contribution coming from eq. (4.27), and the last two
terms will contribute to the final form of the defect Lagrangian density, which now can be
written in the following way,

Lp =¢_0)o — f¢ o4 + <w+¢_ — by ) +ifidf1 +ifioufi

+B" + B + BT + B, (4.30)

where the defect potentials are now given by,

B(()H = mo [ (#+=20) 4 g=(#+=20) (smh2 (%) + cosh? )] (4.31)
B((f) = % [eAO + e’\o<sinh2 ( ) + cosh? T>:| (4.32)
Bﬁ) = —ivmo [( AO) +e b ;AO coshT) Uifi+e +2 & sinh <¢2—>1[_)+f1}
—i—ima(l + e (@+720) cosh T) cosh (%)flfl, (4.33)
Bi_) = —i\/f |:(€_/\20 + e%o cosh 7') Vi fi — e%o sinh (%)@Mﬁ]
+i7m (1 + et COShT) cosh (%)flfl. (4.34)

Then, this is the supersymmetric extension of the type-II defect derived in [12] for the
sshG model obtained through fusing of two type-I defects of the kind given in [5]. This
defect Lagrangian also contains two arbitrary parameters o and 7. In addition, it should
be pointed out that the type-II defect Lagrangian (3.4)—(3.8) derived from consistency with
the type-II super-Backlund transformation for sshG model can be recovered in the limit
T = im/2, after identifying the parameters

m
g

, Wy = \/% (435)

W, = —
Now, the corresponding defect conditions x = 0 can be written as follows,

Octe = 0w =2h0) = o142 2 i — i+ s () 1
o g

2
+ivmo e’(¢+;AO) cosh <¢ >¢+f1 —1 % %0 cosh (%)1/}4-.]01
: —(py— 1 ¢ ;
—im [ae ($+—20) 4 = . ’\0] cosh 7 sinh (?>f1f1, (4.36)
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(0p + Ot)p— = 2mo |:€_(¢+_)‘0) (simh2 (%) + cosh? 7') - e(¢+_)‘0)]

+i\/%<e(¢+?0) - e_(¢+;AO) COShT)1;+f1
—i\/mo e_M sinh (%)1/_)+f1
+2imo e~ (?+72) cosh 7 cosh (%)flfl, (4.37)
o _2m| oo w2 o 2
(0 — Op)p— = — [e e (smh (7> + cosh T)
om0 X A
—i[ [(e 2 — e cosh7’)1/1+f1 + e sinh (2>w+f1]
2im O N
B e cosh 7 cosh (7> fifi, (4.38)
o m [ x o _do X :
Yo = . {e 2 sinh <7>f1 — <e 2 +e2 cosh7-> fl] , (4.39)
Y- = \/mo [(e(¢+2AO) + e_(¢+2ﬂ0) cosh 7') fi+ 6_(¢+;AO) sinh (%) 1], (4.40)
_ ymo [ (9+-2) _(¢4-20) - 1 /m 2 . o
ofr = — 5 (e 2 +e 2 COShT>¢+ + S\ 5 ¢ 2 sinh (7>1/1+
1 1 N\ -
—% |:(O' + ;) + <Je_(¢+_ko) + ;eM) COShT:| cosh (%)fl, (4.41)
o ymo _(9+-2) | d_\ - 1 /my/ _x 2o
o fi = — 5 € 2 sinh (?>¢+ —3 ;(e 2 tez cosh7)1/}+
m 1 s — 1 o
i - (d+—A0) 1 = Ao =
+ > |:(0'—|- G) + <O‘€ + e )coshT] cosh( 5 )fl. (4.42)

It is easy to see that defect conditions (3.12)—(3.18) are recovered in the limit 7 = in/2
using the identifications (4.35). In addition, it can be shown directly that the type-II
defect potentials obtained by fusing procedure (4.31)—(4.34) also satisfy the Poisson bracket
constraints (3.40) and (3.41), guaranteeing that they belong to the two-parametric family of
equivalent solutions, and consequently the modified energy, momentum and supersymmetry
of the non-fused type-I defects are preserved after fusing them. This fact indicates classical
integrability of the fused defect. Nevertheless, it remains to derive the corresponding defect
matrix associated to the defect conditions obtained by fusing procedure (4.36)—(4.42). It
allows us to compute defect contributions to an infinite set of modified conserved quantities
for the sshG model. The explicit computations are presented in appendix A.

5 Backlund solution for the sshG model

In this section, we will consider the classical behaviour of a solution of the sshG equation
in the presence of the type-II defect.
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Let us first consider the following solution for the N = 1 sshG equation on each side

of the defect [5],

14+ Eq 1+ E, .
¢1 — ¢2 — E :R axr+bt — 1 2
“TicE ¢ 1— By p=ReT I =
b = € ;AT .1 1 = ey Wy = —eMb, (5.1)
/ / 1+E 1-E;)° ’

where e carries the Grassmannian character of the Majorana fields, z = Ry /Ry represents
the delay suffered by the bosonic part of the solution, as well as ( = s3/s1 represents
the delay suffered by the fermionic part of it. The constant a and b satisfy the relation
a’? — b?> = 4m?, and then can be conveniently chosen as,

a = —2mcoshf, b=2msinh6, (5.2)

where 6 > 0 is the rapidity parameter. Note also that the solution (5.1) only have one
fermionic parameter e, and therefore bilinear fermionic terms immediately vanish. In fact,
the fermionic solutions are not involved in the computation of the delay z obtained from
the bosonic defect conditions,

2
(B + O p— = 2wie™(#+720) ginh? (%) — 2(%6(‘{’**)‘0), (5.3)
1
2
(Dp — D)p_ = —2w?e sinh? (%) + %6_/\0 (5.4)
2

From egs. (5.3) and (5.4) we get the two possible expressions for the auxiliary field Ao,

o _ wieH(0: — 8t2)¢‘_ + wi (8, + 0o 7 (5.5)
4m? sinh ¢

6/\0 _ _w% e¢+ (8z - 8t)¢— + w%(@x + 8t)¢_ (5 6)
2w?w3 sinh ¢4 (cosh ¢ — 1) ' :

Then, we get two possibilities for the bosonic delay z, namely

e t0 4 jem 1
n=——7—— 20 = — 5.7
1 em2t0 — jem ’ 2 21’ ( )

where we have introduced the parametrization w; = e, k = 1,2. This expression can be
rewritten as

-~ O+mn—m im O0+mn—m im
21 = tanh ( 5 + 1 coth 5 Uk (5.8)

Now, by considering z = z; we find

o im (14 Rid)(1 + Rad)

wiws (1 — pRyd)(1 — pRyd)’ (5.9)
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where,

p—tanh (TEREM LI com (PEREM ) gt ao)
2 4 2 4
It is important to note that by making 7o — 171 = 1, and § — —0, we recover results
previously analysed in [10, 12].
On the other hand, we can find expressions for the auxiliary fermionic fields in the
same way implemented for the field A\ . In this case, using the equations (3.15) and (3.16)
we find the following expressions for the auxiliary fermionic fields f; and fl,

_ (%
me M +e < 2 772) e sinh (%)w_ i
fi=- = - : (5.11)
m%M—(mﬂ?z) + e—w—%(m-knz) €0 ginh? (%)

~ [ me<¢7+_771> h_ — eM eMsinh (%)7@_ T
fi=—|—ae . (5.12)

X PN
m%%—(nﬁm) + e—%ﬂnﬁm) e*o sinh? (%) i

An intriguing result is that the fermionic delay ¢ turns to be arbitrary, in the sense that
the defect conditions do not provide any constraint that allows us to determine s in terms
of s1, at least for one-soliton solution. The consistency of the defect conditions for the
fermionic fields suggests that somehow the auxiliary fields f; and f; compensate the delay
suffered by the fermion fields passing through the defect. This curious fact could be better
understand if one consider more general soliton-solutions for the sshG-model.

However, as it might been expected from the results obtained in [5] for a fermion/boson
system passing through a defect, the fermionic delay ¢ would be the same as the bosonic
delay z. In particular we would have an additional constraint on the auxiliary fermionic
fields. By assuming that the fermionic delay is given by

n2-+0 o 2
4:2:<€ te ) , (5.13)

entt — jem
we find that the two auxiliary fermionic fields f; and f; are related as,

_ (1+Rd)(1+sz)% 1+z Rid\
== [(1 —Rid)(l —zRid)} (1 —/z Rid> i (5.14)

Although /z has two roots, only the negative root is considered for consistency with the

fermionic defect conditions in order to obtain the correct result for the fermionic delay. In
the fermionic limit (R; — 0) the auxiliary field f; becomes — f1, which is consistent with
results obtained in subsection 3.4.

Considerations of a general class of solutions of the type-1I defect conditions following
the line of [5], which could allow changes in the character of the soliton could give a light
to understand the apparent arbitrariness in determining the fermionic delay. This relevant
issue raised from this work is important to address future investigations and deserves to
be deeply studied.

,19,



6 Final remarks

In this paper, we have derived a type-II integrable defect for the N = 1 supersymmetric
sinh-Gordon model by using two different methods, namely, superextension of the Backlund
transformation and the fusing procedure. A new super-Bécklund for the N = 1 sshG equa-
tion was given in section 2, described by the three superfields A, f and f. The defect
conditions consistent with this new transformation were derived in section 3, the super-
symmetric invariance was properly shown, as well as the derivation of the modified con-
served energy and momentum. Interestingly, the bosonic limit corresponds to the type-II
Bécklund transformation for the sinh-Gordon model [10, 16]. Also, it has been shown that
the type-II defect derived for the sshG model can be obtained by fusing two defects of the
kind previously derived in [5].

In view of the results, it would be interesting to consider the possibility of finding su-
persymmetric extensions of the type-II defects for other models with extended supersym-
metry, for instance the N = 2 super-Liouville and sshG equations. Associated integrable
defects could be found as a results of the fusing defects of the kind already known [7].

Also, it is possible to find new integrable boundary conditions for the sshG model by
using the type-II integrable defect for the sshG following the line of [30]-[32]. Some of
these questions are expected to be developed in future investigations.
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A Defect matrix

Let us consider the Lax pair AS__” ) depending on the respective fields ¢,, 1, and 1/;p, written
in the following form,*

A2 9,9, ~1 Vi
A2, Vi, . 271/2

mT2)\71/2 _mT2/\7162¢>p @)\71/21/}[) ebp
AP = | ml2 m? \1/2 imy o=t || (A.2)
—Yimy, ey _Vima=1/2y, edp|  mE\-1/2
4Note that equivalence with notation originally used in [27] would require that m = —2, 1, = \ﬁl/;p and

J’p = \51%
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where A here represents the spectral parameter and should not be confused with the any
component of the superfield A. The graded matrix K connecting two different solutions of
the associated linear problem for the N =1 sshG equation, namely ¥; = K(\)¥y, where

0:Wp(rs,N) = —AP (22, 2),  p=1.2, (A.3)
satisfies the following equations,
o:k =KADY — APk, (A.4)

First of all, to make the derivation of the defect matrices clearer for the reader we will now
present the system of equations (A.4) explicitly in components (see also [27]). Then, by
considering the following A-expansion for K,

/Cij = Q5 + Ail/zﬁi]’ + /\1/2’71']', (A5)
where o;;, 8;, and v;; being the entries of 3 x 3 graded matrices, we get the following:

AT3/2_terms:

72 =713 =732 =0, M1 = Y22- (A.6)
Atlterms:
a12 = 713 \[ii/;l, (A-7)
Y13 = —712 \/51/;1, (A-S)
Y3g = —12 Vitha, (A.9)
ar1 — az = Vi (Yayz1 — Y23¢1) (A.10)
a1z + 723 = Vi (Y233 — 11 91) s (A.11)
Y31 + age = Vi (1/;1 Y33 — V11 7!;2) . (A.12)
A—3/2_terms:
B21 = B2z = P31 =0, Bog = P11€*7-. (A.13)
A~ l-terms:
2/i (¢4—6_)
Qg = 71#2 Bare T, (A.14)
2\/ (Gpt6-)
P2z = —75211# S (A.15)
2\[ (b4—¢)
B31 = W@/Jz Bore z (A.16)
o0i ¢ 6 6
11 ef= — 29 e % = n{iej (0423 Pre 2 +e2 1y 0431) (A.17)
_ 21/ o
ar1 e’ —age ¥ = € (1/125326 T e B3 1), (A.18)
2\6 [ o oo
gy e+ H9-) 4 By = — 2 (Bszhr ez — PBooihoe” 2 ), (A.19)
_ 2Vi ¢ o o
gz el®+7-) 4 B3 = — ¢ & (Brire 2 — PBagapge” 2 ). (A.20)
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We can see that eq. (A.6) and (A.7) implies immediately that a9 = 0, and similarly from
egs. (A.13) and (A.14) we find that ag; = 0. A set of differential equations arise from the
A9 and A\EY/2 terms, which are presented below:

M- terms:
dparr = —a11 Oy dp_ 4+ Vi(Bi3 1 — ¥ asy), (A.21)
(0% T . n
Otaq3 = % O (pr — d—) + Bra + asz — Vit azs + Vi(arr + B12)d1, (A.22)
a i L
Oyanz = —£8+(¢+ — &) + V(B — P2 B33), (A.23)
Orny = a9 04— + Vi(ass 1 — 2 B3a), (A.24)
_a . - =
Oraz = 313+(¢>+ + ¢-) + Vi(Baz 1 — 2 B11), (A.25)
Oyaszy = %&r(@r +¢_) — az — P32 + azz Vit — Vit (Bra + ana), (A.26)
Otas3 = \[(ﬁsz + az1)P1 — Vigs(ass + Bi3), (A.27)
; é_ $ ¢
0_ay = — \/;m e 2 (a3 e 4e 2y Y31), (A.28)
Vim év o o
O_aiz = — 5 € 2 (€72 hays3 —y1 e ), (A.29)
Vim oo
O_ag = 5 7 (e % o 3o + 231 € & ), (A.30)
m Vim (b1 +9_) (61 +9_)
8—0423=T<’Y23+0413€ (@+—0- )+ ; (ya1€ T fage 2 )1
; (by—b_)
_\/;m e T Yra, (A.31)
2 (b4 —0_) (61 —0_)
O_az) = —mj Y31 + auzpe” (P+Ho- ) \/m%( 2 ayl te 2 Y21)
' (bito_)
Y i (A32)
\[m ¢ ¢
O_azy = e (y3391e2 —e” 5 P2 v11), (A.33)
\fm (b1+6_) (bytd_ \fm (by—6) (b4—6_)
O_azz = 5 (y31€ T fage 2 )¢1+ 2 (e T agte 2 Y23)-
(A.34)
A~1/2_terms:
2 \[ b
0_Piu1 = mT e (yo1 €% — Prae %) — e (ﬁ13 Pre” % +e2 Paasr), (A.35)
2 1 @ b_ _
O_Pr2 = % et (e 9 —e?) - \ﬂme%(als PreT + e T iy as2), (A.36)
m? B Vim,  @iten) ptes)
0-P1s = - (723 elP+=9-) 4 0‘13) + (aire 2 +fBie 2 )
(bp—d_
\f2m R 11)2 33, (A.37)
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2

m _
0_P22 = T e?- (Bi2e g €¢+) -

Vim e- o 0t
e (agre2 +e 2 ),

2 Vi (61—0_) (b1—0_)
m im + _ (¢
0_fP32 = — 1 (Oé32 + Y31 6(¢++¢’)> + Yole” 2 g te 2 fi2)
Vim (@++0)
5 a3 Pre 2,
Vim (bytdo) (b4t+6) Vim (b —6) (b4—6_)

0_ B33

(Bs2e > toazies 2 )Y+ Yo(e” 2 Pizte

2 2

04811 = —P1104+0—,
04 Br2 = P12 0+b4 + Bz — Bi1 + Vi(Briz 1 — 2 B32),

01513 = % 04 (dy — ¢—) + Vi(Br1thr — P2fs3),
04 B2 = B2201 ¢,

01 B32 = %6+(¢+ + ¢-) + Vi(Baz 1 — b2 Baz),
0433 = 0.

AT1/2_terms:

0-v11 =0,

-1 = m e P (e? —e ) \/émeég(’m (1 T e P2 731),
O_7y23 = —\/éme_?( T Y2 y33 — Y11 Y1 6_%),

0731 = — \/gme_?(%:a L T - 6%%02 Y11)s

0_v33 = 0,

i1 = =11 04d— + 721 — Bi2 + Vi(aiz by — 2 y31),
O1v22 = 722010 — y21 + P12 + ﬂ(’Yz:s Y1 — o asa),
Diyo1 = —y21 Oy + P11 — Poz + Vilaz ¥y — o az1),

O0+723 = —%5+(¢+ — ¢_) + P13 + ass — Vithy sz + Vi(aaz + v21)¢1,
0131 = 51 Oy (¢y + ¢_) — B3a — az1 + Viasz vy — Vige(ain +21),

2
D133 = Vi(aze + v31)1 — Vita(ais + 723).

(A.38)

Note that besides having aj2 = ag; = 0, we find from eqgs. (A.6), (A.13), (A.46), (A.47)

and (A.51) that 711 = 722 = c11, 733 = €33, B11 = brie ¥, B2 = brie®~, and B33 = bas,
where the Latin letter b;; and c;; denote arbitrary constants. For convenience, we chose

b3z = b11 and c33 = c11. Then, substituting in eqs. (A.11) and (A.12), we get

a3+ 723 = — (731 + z2) = —\[2'6117;7-
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In addition, from egs. (A.29), (A.33), (A.49), and (A.50), we find
0_(aiz + ag2) =0, O—(y31 +723) =0, (A.59)

and therefore we will consider the simple solution with aj3 = —age and 31 = —v23. By
introducing the following parametrization

Biz = bra el?+720), (A.60)

and substituting in eqgs. (A.36) and (A.42), we obtain

2011 (g, . N - -
Dy = —?121@ (@+=20) ginh ¢p_ — by © (+=20) (815 401 — 12 B32). (A.61)
0_(pr — N) = n;bzl e sinh ¢ — ;/ZZe_;J”\Oalg [¢+ Cosh(¢2 ) + - smh(d) )} ,

(A.62)

By comparing with eqs. (4.36)-(4.42) we find the following constraints on the parameters
from the bosonic terms of the above equations,

b11 mo C11 1

- = = A.
b12 4 ’ b12 7’Tl0'7 ( 63)
and from the second term in (A.62) we get,
(¢ —20)
Q13 = —Vimo C11 € +2 : fl. (A.64)
From (A.58) we get
(¢4 —20) _\ =
Yo3 = —Vimocip e +2 : [sinh (%)fl + COShTf11|, (A.65)
and from egs. (A.19) and (A.20) and the defect conditions, we find
2vibyy  (Gpto)
gy el0+to-) 4 P32 = \\/[rZrT: e |:(6A20 +e 3 cosh 7') fi—e 3 sinh (i)fl], (A.66)
241 (pr—h_)
oz e(0+—9-) 4 Bis = \\/[;%1 e [( -3 2 +e 3 COShT) fi—e 3 sinh (¢2>f1] (A.67)
A compatible solution for egs. (A.66) and (A.67) is given now by
2V (b1-r0) _ o . _
Q93 = agq €9 31 = \/%bn e T e T [COShTfl — sinh (i)fl] , (A.68)
2V/i (b4=20) b -
B2 = Prze’", Pig = ane T e fi- (A.69)
Now, by considering eq. (A.46), namely
Vim (bytd) (bgt+6_) Vim I (b4—6_)
0-fs3 = —5—(Ba2e +azie 2 )+ (e = Buiste = am),

V/}n (1 —0_) (f1—9-)
fize” 2 +e 2 ag|yp. =0,
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the consistency of the above results is verified. In addition, eq. (A.61) takes the follow-

ing form
040 = _2u e~ @+ ginh ¢ — 2tb11 (1 + e~ (9720 cosh 7'> sinh (¢;>f1f1
b12 bi2 2
2ib11 _(9+=20) O\ - =
2 (% )i \
+ bia /o e 7 cosh (5 Vi fi (A.70)
Let us now consider the egs. (A.35) and (A.52) involving (11 and 711, namely
m? m2bia A\ i Im / o Ao _
O_¢p_ = ——va et + ———=e M 4, [— (67 cosh7 — 677) Vi1
4b11 bll 2 o
. B . 2b _ B
LB Ginn <¢—>w+f1 _ 212 00 gosh 7 cosh <¢—>f1f1, (A.71)
2\ o 2 4b11 2
b i/ (94 =20) (94=20) _
49— = P2 212 (0 =do) 4 % <e+20 —e T cosh7’> Vi fi
cin o ci

WIE ) (905 (A7)

Then, by comparing with the defect conditions (4.36)—(4.42), we find that a suitable solu-
tion for 91 is given as follows,

Vo1 = b1 e~ (9+—20) [Sinh2 (%) + cosh? 7 + i cosh T cosh ((Z;_)flfl} . (A.73)

In addition, the constraints (A.10), (A.17)—(A.18) for a; and agy take the following form,

Q1] — Qg =—1imocyy sinh (%)flfl, (A.74)
aq1 e~ — g e = imocyy sinh <%)f1f1, (A.75)

and then, we get
99 = o1 6‘75*, o) = %macn e_%flfl. (A.76)

Finally, by considering eq. (A.31) we find the following relation,
_ : -\ 7
ass(y —1_) = —mocyy |icosh > fifi +coshr| (Yp — ). (A.T7)
Now, using that fl fivv— =0, we conclude that
_ : -\ s
o33 = —mocyy |4 cosh 5 fif1 +cosht|, (A.78)

is a consistent solution for the eqgs. (A.27) and (A.34). Therefore, we have found a different
solution for the defect matrix, and can be written as follows

K1 Ki2|Kas
Kao1 Kaa| Koz

K31 K32|K33

K =

, (A.79)
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where

K12

K13

Ka1

Ko

Kaz

K31

K32

K33

2

)\—1/2()12 e(¢+_>‘0),

(64—20) 2
—Vimo e e o f1+ A2 Lf biie

)\1/2612 e~ (9+—20) [Sinh2 (%) + cosh? 7 + i cosh T cosh <¢7—) flfl} ,

2
21 (64-X0) o_ - _
\/%bn e T e [COShTfl — sinh (¢2>f1]

“A2imo ci e 2

(¢ —20)

. .
szCn e fifi + A7V2h e + N2,

] b ~
1m0011 e fifi + ANTY2b e 4 XY 2¢qy,

(¢ —20)

e

P
,Tf

[sinh (%)fl + coshrfl},

2/ (61 —Xo) ¢ - _
\/%bue - e 2 [coshTfl — sinh (g)fl]

—i—)\l/Qvi'macu e 2
(¢4 —X0) 21 (¢
Vimocie 7 f1+)\1/2\/ﬁbue 3
mo

—mocyy [’L cosh (%)flfl + COShT] + )\_1/2b11 + )\1/2011,

(¢4 —X0)

e 2

where the constants parameters satisfy the following relations,

The solution for the differential equations (A.4) leads to the following equations,

9—(¢4 — o)

O_¢_

O

mao

b1 = 7512,

m .
——Mginh¢_ —
o

2
;\f cosh (%),

m [e_AO — e (sinh2 (—_) + cosh? 7‘)]
o 2

_tm [(e—{f LR COShT)?l}Jr]Zl + ¢ sinh <¢2_)¢+f1]

2V o
_m e cosh 7 cosh ((b—_> f1f1,
o 2

mo [6_(¢+_A0) (sinh2 (%) + cosh? 7') — e(‘b*_)‘o)]

'\/ (¢4 —20)
7 ;na - +—20 sin

+imo e~ (9+=20) cosh 7 cosh (

Z\/ < (¢+ Ao) _(¢+;Ao)
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b12 = Tmaocqy.

[sinh (%)fl + COShTfl},

—o) b~
f17

cosh 7') Yy fi

inh (%)&-&-fl

%)

fifi,

1,

4
im ( + e cosh T> sinh (%)flfl

(A.80)
(A.81)

(A.82)

(A.83)

(A.84)

(A.85)

(A.86)

(A.87)

(A.88)

(A.89)

(A.90)

(A.91)

(A.92)



_ MO (6s—20) gipp . — O ~(64-20) b (=) 1, 7
04N = 5 € sinh ¢_ > (1 +e cosh 7') sinh ( 5 )f1f1
+z\/ma 67(¢+2_A0) cosh (¢;>1/;+f1, (A.93)
2 2
A A A ~
Yo = ,/% |:620 sinh (¢ >f1 (e*TO + ¢ cosh T> fl] , (A.94)
— dL—A b —A dL—A ~
Yo = \/ma[(e( E = + e_( 2 = COShT)fl + e_( L) sinh (gg_)fl] , (A.95)
= ymo _(¢s-2) | D\ - mo b
Osfi = =05 sinh (7)w+ + =5 cosh (7)f1 (A.96)
—i—%e_(‘b*_)“)) cosh 7 cosh (¢—_)f1 (A.97)
~ 1 m _ Ao m ¢
— _ o O R
o_f1 = 2\/Z( 2 fe2 . coshT)wJr 5o [1 +e coshr]cosh( 5 )fl, (A.98)
_ 1m0 (9= m X -\ ;
o_f1 = 5\ 5 ¢ 2 smh( 5 )1/1++ 5 [1+e cosh7]cosh< 5 ) 1, (A.99)
_ mo f (@4-2) _(¢4=20) - mo O_\ =~
oL f1 = — 5 (e . +e 2 coshT)wJr — TCOSh (?) 1
_MO —($1-2o) PN\ 7
5 € cosh 7 cosh( 5 )fl, (A.100)

which correspond to the type-II super-Backlund transformation for the N = 1 sshG
model with two arbitrary parameters (o, 7) derived through the fusing defects in section 4.
Consistency with the super-Béacklund presented in section 2 is shown by parametrizing
T =1im/2, and

, wy = —w3 = \/mo. (A.101)

m
W1 = —wq = —4]—
o

Finally, we note that this form of the type-II super-Bécklund transformation can also be
written in terms of superfields in the following way,

m A o
D_(®4—-A)= —\/Z e2 f cosh (7), (A.102)
—A) -
DiA=+/mo e_(q>+2 ) f cosh <%), (A.103)
(@ —A) b, —A Oy —A .
Di®_ =—\/mo [(e +coshre” o )> f—i—e*( 5 sinh <(I)2_>f} , (A.104)

D_®_= \/f [(eg + COShT€%> f- e sinh ((132_>f] , (A.105)

where the auxiliary fields satisfy the relations,

(@A) (@4 —A) P
Dyf = —ivm [ T —coshre 2 } , D_f —z,/— e? sinh <7>, (A.106)
o
: / = (24—1) d
D_f=1i m [6_% — COShTC%:| ) Dy f=ivmo e 7 sinh (7), (A.107)
o
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and can also be split in components by using expansions of the superfields A, f, and f
given in (2.13)—(2.15).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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