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Path integrals on a flux cone
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This paper considers the Schinger propagator on a cone with the conical singularity carrying magnetic
flux (“flux cone”). Starting from the operator formalism, and then combining techniques of path integration in
polar coordinates and in spaces with constraints, the propagator and its path integral representation are derived.
The approach shows that effective Lagrangian contains a quantum correction term and that configuration space
presents features of nontrivial connectivif1050-294{©8)02707-3

PACS numbdss): 03.65.Ca

I. INTRODUCTION inserted. Clearly, the line element is given by

Quantum mechanics on cones has been shown to be a dI2=dp?+ p2d¢?, (1)
fruitful model for studying the interplay between quantum
mechanics and geometry. The nearly trivial geometry of thevhich is the line element of the Euclidean plane written in
cone(curvature is concentrated at a single point, the conicapolar coordinates. The fact that there i$ dunction curva-
singularity [1,2], and the result is that the geometry is Eu-ture at the origin is encoded in the unusual identification
clidean everywhere except on a ray that starts at the singu-
larity [3]) is responsible for Aharonov-BohifAB)-like ef- (pyo)~(p,p+2ma). 2
fects that have been discovered throughout the ye&ar3].
Such findings can be used in the study of variges) quan-  The behavior of a free particle with mas4é on a cone is
tum systems whose backgrounds can be regarded as beidgtermined from the Lagrangian,
conical with good approximation. Quantum matter around

cosmic strings and black holes and statistical mechanics of L£=1iM(dl/dt)?
identical particles in two dimensions are examples. ) .
In this paper a path-integral representation for the propa- =3M(p*+p?e?). )

gator of the Schidinger equation is derived from the opera-

tor formalism on the cone. A magnetic flux is allowed to runNoting Eq. (2), it follows that orbits of particlesgeodesic
through the cone axis, so that one has an AB setup coupleg@iotion on the coneare simply broken straight lines with
with the conical geometry. The method contrasts with theuniform motion. As a constant magnetic fluk running
one in the literature where path-integral representations ithrough the cone axis does not affect classical motion of a
spaces with a singular point are obtained by angular deconparticle(with chargee), then classical motion on a flux cone
position of the Feynman prescription in Cartesian coordidis nearly trivial. Quantum motion, on the other hand, reveals
nates, and by assuming a nonsimple connectivity of the comontrivial featureg13].

figuration spacd8-12. In the present approach, instead,

topological features arise naturally. Ill. THE PROPAGATOR AND ITS PATH-INTEGRAL
The paper is organized as follows. In Sec. Il the back- REPRESENTATION
ground is briefly discussedor more detailed accounts, see _
Ref. [3], and references therginin Sec. Ill, path-integral Due to local flatness of the conical geometry the free

prescription(and propagatoris derived by breaking the evo- Hamiltonian operator is just the free Hamiltonian operator on
lution operator up into an infinite product of short-time evo- the plane,

lution operators, and then inserting completeness relations

for configuration-space eigenstates, whose orthonormality h2 19 d
relation is expressed in terms of stationary stat8sich a H=— M ; %(P%
procedure is straightforward in Euclidean space, but rather

elaborate i_n no.n_trivial backgroundSZ].) Topo]ogical fea- wherelL :=—1i%d/d¢. By choosing an appropriate gau@be
tures are identified in the resulting expression. The PaP€Lne corresponding to a vector potential, which vanishes ev-

closes with final remarks. erywhere, except on a ragnd observing Eg.2), it follows
Il. BACKGROUND that solutions of the Schdinger equation satisf|3]

L2

+—, (4)
2Mp?

A cone is obtained from the Euclidean plane by removing (p, o+ 2ma)y=exgi2mali(p, o), (5)
a wedge of angle 2(1— «) (in fact, whena>1, a wedge is
with o:=—e®/ch. Boundary conditior(5) carries all infor-
mation about the nontrivial geometry and magnetic field.
*Electronic address: moreira@axp.ift.unesp.br Consider the following effective Lagrangian:
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2

(6) <p,so|p’,so’>=mzz_w de kihim( P, @) PP @)
(12

M . .
EeffIE(PZJF p??)+ M7

which is obtained from Eq3) by adding a quantum correc-
tion. The corresponding Hamiltonian is given by This expression is the completeness relation of the eigen-

) ) functions ¢y .,
2 PE ﬁ)

1
Hetr=

M (7)

e

> dk Kk,my(k,m|=1,
The momentum operators associated wifrand withp, are m=e o

iven b
g y which may be derived by using the completeness relation of
_ 1 the Bessel functions
p,— —ih (9”+Z p,—L, (8) ] .
where the presence of the termifi/2p ensures self- fo dk k‘JV(kp)‘JV(kp,)zgé(p_p,)' (13

adjointness op,, (if the wave functions do not diverge very
rapidly at p=0 [3]), without spoiling the usual canonical

! . with Poisson’s formula
commutation relation§12,14). It turns out that by perform-

ing the substitution$8) in (7), the Hamiltonian operata#) x 1
is reproduced, which obviously would not be the case if the S( bt 277 = —— exolim 14
guantum correction was not present in Eg. [15]. The ef- m;x (¢+27rm) 27-rm:2w Rima}. (14)

fective Lagrangiar(6) will be considered again below.

One seeks stationary states that span a space of waggpression(12) corresponds to the usual one in Cartesian
functions where conservation of probablllty holds. This |m'C00rdinates Wherdx|x’> is expressed in terms of p|ane
plies that the singularity at the origin must not be a source ofygyves (X|x")= [ (dk/2m)explik(x—x)}. Recall that plane

a sink, waves are simultaneous eigenfunctions of the free Hamil-
- tonian and linear momentum operators, Wher$@§1(p,5o)
lim f depJ,=0, (9) are simultaneous eigenfunctions of the free Hamiltonian and
p—0J0 angular momentum operators.

The orthonormality relation for the eigenfunctiotg ,,
where 7, is the usual expression for the radial component of
the probability current on the plane. Conditi¢®) is auto- % 27a
matically guaranteed if the stationary states are finite at the <k,m|k’,m’):f dppf e m(ps @) i e (P, @)
origin. (Mildly divergent boundary conditions can be equally 0 0
compatible with conservation of probability and square inte- 1
grability of the wave functiorf16,17,3. These possibilities K O(k=K") S s (15
will not be considered hereFunctions

1 ' follows from the orthonormality relation
‘pk,m(P:‘P):<Py(P|k,m>: \/2—%\]|m+a|/a(kp)e'(m+g)¢/a,

(10) fozmdgo explio(m—n)al=2mad,, (16

where Osk<w, m is an integer and, denotes a Bessel
function of the first kind, are simultaneous eigenfunctions ofand Eq.(13).

H andL with eigenvalue%?k?/2M and (m+ o)#%/ a, respec- For a complete set of configuration-space eigenstates
tively. Note that sincd,(0) is finite for nonnegative, these  |p,¢) the propagator of the Schdimger equation is given by
stationary states are finite at the origin. K(p,o;p' 0" 7)={(p,0|U(7)|p",¢"), where U(7)=exp
States |p,¢) in Eqg. (100 are a complete set of {—iH#} is the evolution operator ang=t—t’ is the time
configuration-space eigenstates interval. Slicing 7 into N+1 slices of width e=7,=t,
. - —t,_1=7/(N+1), the propagator reads
fo dppfo delp,e)p.¢|=1. (11 i1

_ _ , o K(p.gip' @' ;1)=(p,o| [I U(m)lp'0"), (@7
Since their orthonormality relation is n=1

., , , where the composition law of the evolution operator was
(p.elp’ ") = ;5(’)_’) )ole—¢'), used with the identifications=t,, ; andt’ =t,. By inserting
into Eqg. (17) N completeness relationd1) between each
it follows that pair of evolution operators, one is led to
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o 2Ta
j dpnpnf den
0 0

K(p,@;p' 0"57)
K(p,eip' @' ;1) =11

n=1 M N )
m =M raren fo dpnPn
xI1 pnealU(@)pn-1.0n-2)].
(18) X fZﬁaL '\ﬁl eiM(pﬁ+pﬁ71)/2hE
0o 2maiehl/M |n=1

o)

The identifications |p,¢)=|pni1.¢n+1) and |p’,e") _ ,
=|po.@o) Were also used. X Z lme ol Mpnpn—1/ifie)e! (M P enen-sle,
The short-time amplitudes in E¢L8) may be rewritten as m=-=
(23)

(PnsnlU(&)lpn-1,0n-1) Wheno is an integer and the space is Euclidean, bes1,
Eq. (23) reduces to Feynman’s prescription for the propaga-

€ tor of a free particle. Indeed, by considering the Fourier ex-
=(pn,@nlpn-1,@n-1) i gH<Pn +@nlPn-1,¢n-1) pansion of a plane wave,
+O(€?). 19 - .
(€ (19 exp{ia cos ¢}=m;_ I (ia)e™?, (24)

In order to obtain the action dfl on {(p,,®nlPn_1,¢n-1) - » )
one expresses the latter in terms of eigenfunctions of thene sees from Eq23) the familiar partitioned expression
former, i.e., Eq(12) is considered. Then E@19) is recast as

Ko(X,X";7)
<pna‘Pn|U(5)|pn—1y‘Pn—1> N 42
li n
_N[nooZWiEﬁnzl fm
= 2 dk ke_iEEkmwk,m(pna(Pn)‘//’kc,m(pnflv(Pnfl) iN+1 M [ X, —Xn—1 2
m=—o JO X ex g 67 _— , (25)
2 n=1
+0(€9), (20)

which is symbolically written as
where E, denotes the eigenvalue #f, i.e., #2k?/2M. By

using Eqg.(20) in Eq. (18) and taking the limitN— (e Ko(X x"r)=J’ D2x ex i—jtdt M)'(z _ (26)
—0), a partitioned expression for the propagator is obtained, o hile 2

Before rewriting the path-integral representati®8) in a
symbolic form that is analogous to E(®6), the expression
for the propagator on the flux cone that was obtained in Ref.

K(p,eip',¢";7)

_ N o 27 [4], using a complex contour method, will be reproduced
= lim Hl Jo dpn anO dey here from Eq(21). (Reference$6,11] have also reproduced
N-—ee = this propagator, whea= 0, using other methods. Reference
N+1[ o " [11] in particular has used a path-integral approach that is a
% { > dk ke " Et iy (pn,en) generalization for the cone of the method used in the AB set
n=1|m=- Jo up [9]. The propagator, whea= 1, has been well known in
the literature[19].) Observing Eq(15), it is seen that only
X'ﬂ:,m(pnlv@nl)] (21) ?znle) sum ovem and one integration ovet remain in Eq.
The integral ovek in Eq.(21) may be evaluated by using the K(p.@ip" 0"i7)
formula[18] 1 (-~ .
:_f dk keflrEk/h
2ma o
f dx xe 2J (bx)J,(cx) = (La)e~ P*+e/4ay (pc/2a), o _ ,
0 X E ‘J|m+0\/a(kp)‘1|m+0|/a(kp’)el(m+o—)(¢7¢ )/a.
(22 m=—c

(27)
where Rea>0, Rev>—1. This integral corresponds, in
Cartesian coordinates, to the Gaussian integral. Analytic corFhen, using Eq(22) to evaluate the integration ovér re-
tinuation of Eq.(22) gives sults in
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K(p,eip' 0" 7)

iM(p2+p' 22T

:27Tai7'ﬁe

©

X 2 lmsoya(Mpp'lifir)el (Mt atemeDla (g
m=—wx

which could have been guessed from E28). From Eq.(24)

it follows that wheno is an integer andv=1, Eq. (28)
collapses into the free Schiimger propagator on the Euclid-
ean plane, viz.

f "2
K X,X'; — _ e|M(xfx ) /21‘”-.
of ™) 2miTh

Noting thatf” ,d\ 1, (2) S(A—v)exglirg}=1 (2expive},
and using Eq(14), Eq. (28) becomes

o

K(p,gip',@'i)= 2 e 2MK(p,p+2mal;p’,¢';7),
|=—»

(29
with
K(p,eip' ¢";7)
::LeiM(p2+p'2)/2ﬁ,T
2mwiTh
xfﬁ ‘d)\I‘M(Mpp’/iﬁr)e”‘(‘”*"’,). (30)

Likewise, EQ.(23) may be rewritten as

lim .
Nesoo 271 €L

xﬁ fwd sz—d%
n=1 0 PnPn 0 2mieh/M

N+1[ o
x [1 { D e i2mlogiM(pitph_y)/2he
n=1

K(p,e:p' @', 7)=

|=—w
Xf, dN 1\ (Mpnpn—1/itie)

Xei)\((pn—(pn,l+27roz|) . (31)

Now, by using

o

>

k’| =—0

:2 gz

|=—o

Cc
e(k“)zf dx f(kc+x)g(lc—x)
0

) dx f(x)g(lc—x),
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one may extend the range of integrationgofrom (0,27 «a)
to (—,»). This leaves only one sum in E1), leading to
Eq.(29), but nowK(p,e+2mal;p’,¢’';7) is given as a par-
titioned expression

K(p,o+2mal;p',¢';7)

N
de,

fo d”“p”f_mzmeh/m

oM (P2t p_)i2he

= lm o ieh 11

N+1

x 11
n=1

X f d\ Ix(Mpnpnllihe)ei"(“’n‘”n—1+2”“'5nvN+1)}.

(32

Now the asymptotic behavior df,(z) for large|z| can be
used to derivg9]

jw d\ 1)y (2)exp{in ¢} ~exp{z+ 1/82—z¢?/2},

which when used in Eq.32) finally gives

K(p,o+2mal;p',¢';7)

N
de,

Uo dp“p“f_wzwieh/lvl

Pn~ Pn-1 2
€

= lim

N— o0

2mieh nl;[l
. N+1

|
XeX[\%%nZl €

ent2mal 6y N1~ @n—l) 2}
€

M

2

+ PnPn-1

ﬁZ
+ 1
8Mpnpnl)]

or symbolically,

(33

K(p,p+2mal;p',¢';7)

<) o] | t
:f Dppf ’D(pexp{—f dt
0 —o hly

hZ
8Mp?

Mo
- (P*+p%¢?)

+

: (34

IV. FINAL REMARKS

Expressiong29) and (34) are the path-integral prescrip-
tions where the corresponding action is the one made up of
the effective Lagrangiarq¢s, (6). Recall thatLq¢; is the
appropriate Lagrangian for quantization through the “substi-
tution principle” (8). It is important to note that a na
change from Cartesian to polar coordinates in the Feynman
prescription(26) does not lead to Eq34), since the “quan-
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tum correction”%2/8M p? would be missing(Quantum cor-  plane—the apparent nontrivial topology is imparted by the
rections such as this one are typical of path integrals in nonase of polar coordinates that are singular at the origin.

trivial backgroundg14]). This is a simple example showing In principle, the material in this paper may be reconsid-
that coordinate transformations within path-integral repre-ered in the context of other possible boundary conditions at

sentations raise subtle issues. the singularity. The result of such an investigation might
~ Examining expression&9) and(34) leads to the follow-  reveal different features from the ones seen here. Proceeding
ing interpretation of this path-integral representation. Sincgs in Sec. IlI, the crucial point would be the use of new

there is a conical singularity and/or a magnetic flux at thesiationary states to obtain the new propagators and their cor-
origin, the configuration space is not simply connected. Th@egnonding path-integral representations. This procedure
propagator is given by a sum of _modulated propagators, eadbems to answer a question in &), namely, how differ-
one of them giving the contribution of all paths belonging 10 gt poundary conditions at the singularity are related to the
a homotopy class labeled by the winding numhefhen the 54 integral approach. The use of the present method in the
sum overl in Eq. (29) takes into account all paths circling ¢ontext of other geometries is also worth investigating.
arqund the “hole” at the origin. The modulated factors are a Using the proper time representation for the Green func-
unitary representation of thg fundamental grafipand the  {ions the extension of the method to second quantization is
particle travels in the covering space Rf—{0}. The par-  gyraightforward. It would be interesting to investigate the
ticle is not free, but interacts with the “nontrivial” topology :onnections between this paper and ReD], where path
tgrough the quantum correction in the effective Lagrangianntegrals in a black-hole background are considered.
eff-

Recalling a study of quantum flow in R€f3], one sees
that this interpretation may be appropriate whesq1l and/or
o is a noninteger. But, strictly speaking, it is incorrect when
a=1 ando is an integer. In particular, whea=1 ando The author is grateful to George Matsas for reviewing the
=0, Egs.(29) and(34) are just polar coordinate path-integral manuscript. This work was supported by FAPESP through
prescriptions for a free particle moving on the EuclideanGrant No. 96/12259-1.
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