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RESUMO

Neste trabalho é proposta a resolu¢do do problema do regulador linear quadrético (Linear
Quadratic Regulator - LQR) via desigualdades matriciais lineares (Linear Matrix Inequalities
- LMIs) para sistemas lineares e invariantes no tempo sujeitos a incertezas politdpicas, bem
como para sistemas lineares sujeitos a parametros variantes no tempo (Linear Parameter
Varying - LPV). O projeto dos controladores € baseado na realimentag@o derivativa. A escolha
da realimentacdo derivativa se da devido a sua facil implementag@o em certas aplicacdes como,
por exemplo, no controle de vibragdes. Os sinais usados na realimentacdo sdo aceleracdo
e velocidade, sendo obtidos por meio de acelerobmetros. Por meio do método proposto é
possivel obter condi¢cdes LMIs para a sintese de controladores que garantam a estabilizacdo
do sistema em malha fechada, sendo que os controladores possuem desempenho otimizado.
Para a formulacdo das condi¢cdes LMIs, uma funcdo de Lyapunov do tipo quadritica €
utilizada. Exemplos tedricos e simulagdes sdo utilizados como forma de validacdo dos
métodos propostos, além de mostrar que os novos resultados apresentam condi¢des menos
conservadoras. Além disso, ao final € apresentada uma implementacao pratica em um sistema

de suspensdo ativa, produzida pela Quanser .

Palavras-chave: Regulador linear quadritico (LQR). Desigualdades lineares matriciais
(LMIs). Gain scheduling (GS). Realimentacao derivativa. Controle de vibragdes. Estabilidade

robusta. Lema de Finsler. Incertezas politdpicas. Parametros variantes.



ABSTRACT

The resolution of linear quadratic regulator (LQR) problem via linear matrix inequalities
(LMIs) for linear time-invariant systems subject to polytopic uncertainties, as linear systems
subjects to linear parameter varying (LPV), is proposed in this work. The controllers’ designs
are based on the state derivative feedback. The aim to the choice of the state derivative feedback
is your easy implementation in a class of mechanical systems, such as in vibration control, for
example. The signals used for feedback are acceleration and velocity, it is obtained by means
of accelerometers. Through the proposed method it is possible to obtain LMIs conditions for
the synthesis of controllers that guarantee the stabilisation of the closed-loop system, being that
the controllers have optimised performance. For the LMIs conditions formulations, a Lyapunov
function of type quadratic is used. As a form of validation, theoretical examples and simulations
are performed, besides to show that the new results are less conservative. Furthermore, a

practical implementation in an active suspension system, produced by Quanser , is performed.

Keywords: Linear quadratic regulator (LQR). Linear matrix inequalities (LMIs). Gain
scheduling (GS). State derivative feedback. Vibration control. Robust stability. Finsler’s
lemma. Polytopic uncertainties. Parameter-varying.
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1 INTRODUCTION

Over the past few years, the state derivative feedback has been widely investigated in many
practical engineering problems, such as vibration control in mechanical systems and flexible
structures where the accelerometer is the only sensor (ABDELAZIZ, 2012). Then, using
accelerometers, the state derivative vector is easier to obtain than the state vector. By means of
the acceleration signal, it is possible to reconstruct the velocity signal with good accuracy, but
the same does not occur with the displacement signal (ABDELAZIZ; VALASEK, 2004). Then,
the signals used in the feedback are velocity and acceleration. Due to your simple structure and
low cost, accelerometers have been used to solve a great number of engineering problems, such
as in Sabato et al. (2016), that the authors developed a novel accelerometer board to achieve
more accurate wireless vibration measurements; in Kasprzyk et al. (2017), that the authors
presented a comparison between accelerometers and Linear Variable Differential Transformer
(LVDT) sensors, besides that they intend to study if a combination of those two types of sensors
improves the results in future researches; in Zhu et al. (2018), that the authors presented an

active suspension controller which is appropriate to implement in practice and is low cost.

Many works use the state derivative feedback for closed-loop control system designs
problems. For instance, in the following applications: Abdelaziz (2007) developed an efficient
solution to the pole assignment problem using state derivative feedback; Abdelaziz (2008)
performed a gradient flow approach for computing the robust controller for linear systems
using state derivative feedback; Abdelaziz (2009) introduced a technique for computing
robust controller for multivariable time-invariant linear systems via state derivative feedback;
Michiels et al. (2009) presented a study of the stabilizability and stability robustness of
a linear controllable system using state derivative feedback control; Moreira et al. (2010)
developed a study of the observability and stabilisability of systems with state derivative
feedback; Abdelaziz (2012) presented a complete parametric approach for solving the
eigenstructure assignment problem using state derivative feedback for multivariable linear
systems; Wu and Fang (2012) introduced the delayed-state derivative feedback into the existing
delayed consensus protocol for improving the robustness against communication delay and
the convergence speed of reaching the consensus simultaneously; Basturk and Krstic (2014)
designed an adaptive backstepping controller to cancel sinusoidal disturbances using the state
derivative feedback; Aradjo et al. (2016) presented a comparative study of sensitivity to
parameter variation in two feedback techniques applied in second-order linear systems: state
feedback technique and the less conventional state derivative feedback technique; Bekhiti et al.

(2016) performed a new algorithm which can assign block-roots and block-eigenvectors in order
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to achieve desired objectives with latent structure specifications using two types of control, the
state and the state derivative feedback; Yazici and Sever (2017) designed a robust L, gain state
derivative feedback controller for an active suspension system; Beteto et al. (2018a, 2018b)
presented a robust LQR-derivative (linear quadratic regulator) controller via linear matrix
inequalities (LMIs); Rossi et al. (2018) presented a design of a robust state derivative feedback

control law in discrete time.

Still, in the specialised literature, it is possible to find several works that deal with the
state derivative feedback via linear matrix inequalities (LMIs) to solve several problems, for
example: Assuncgdo et al. (2007) presented a design of a robust state derivative feedback via
LMIs for multivariable linear systems; Cardim et al. (2009) performed the design of a digital
state derivative controller from a know digital state feedback controller; Faria et al. (2009)
designed a robust state derivative feedback for multivariable linear systems considering the 2-
stability; Jing et al. (2009) presented the problem of state derivative feedback with exponential
convergence rate for a linear system with a constant time-delay; Faria et al. (2010) performed
a design of a robust state derivative controller via LMIs for linear descriptor systems; Silva et
al. (2011) developed a design of a robust state derivative controller via LMIs using parameter-
dependent Lyapunov functions (PDLFs) instead of a common quadratic Lyapunov functions
(CQLFs); Silva et al. (2012) presented a less conservative approach to the controller design
via state derivative feedback using LMIs, PDLFs and Finsler’s Lemma; Fallah et al. (2013)
presented the control of the attitude and motion of a vehicle using LMIs and state derivative
feedback; Zhao et al. (2015) performed a ship dynamic positioning control using the state
derivative control law; Llins et al. (2017) designed a gain scheduling control via state derivative
feedback; and others (YAZICI; SEVER, 2017; BETETO et al., 2018a, 2018b). The advantages
of use LMIs are the possibility to include performance index in approaching the problem and
the facility in the treatment of uncertainties present in the system model (BOYD et al., 1994).
Also, when feasible, LMIs can be easily solved by some software present in the mathematical
programming literature, such as MatLab® (GAHINET et al., 1994).

As aforementioned, LMIs can solve several problems that deal with the state derivative
feedback. Moreover, LMIs can be utilised in the resolution of many problems (WANG et
al., 2015b; OMIDI; MAHMOODI, 2016; ASSUNCAO et al., 2016; YAZICI; SEVER, 2016;
MOBAYEN; BALEANU; TCHIER, 2017). One of this problem takes in hand the linear
quadratic regulator (LQR). According to Das et al. (2013), the LQR problem may be reduced
to the algebraic Riccati equation (ARE) and its solution results in the state feedback gains
for a chosen set of weighting matrices which regulates the penalties on the deviation in the
trajectories of the state space and control signal. Thus, with adequate weighting matrices the
designer can choose which are more important in the control law, the states or the control signal,
to achieve an appropriate transient and performance (OLALLA et al., 2009). Due to it, the
LQR has been widely applied to several problems: Choi et al. (1998) designed the gains of the



1 INTRODUCTION 15

controller using a relation between the weighting matrix Q in LQR and an eigenstructure of the
desired closed-loop system; Ge, Chiu and Wang (2002) designed a robust PID (proportional-
integral-derivative) using an LQR-LMI framework; Olalla et al. (2009) developed a robust LQR
control for power converters using LMIs; Kanieski, Griindlinge and Cardoso (2010) presented
an application of the LQR in power quality conditioning devices; Das et al. (2013) performed
an optimal analogue and discrete PID controllers using the continuous and discrete time LQR
theory; Jose et al. (2015) presented a comparison between the conventional PID controller and
the LQR controller applied in an inverted pendulum; Rijnen, Saccon and Nijmeijer (2015)
developed an LQR controller to solve the trajectory tracking problem in mechanical systems
with unilateral constraints; Wang et al. (2015a) used the LQR controller to obtain the integrated
lateral force and yam moment (according to their respective reference values) for a four-
wheel driving and four-wheel steering (4WD4WS) electric ground vehicles; Kumar, Raaja
and Jerome (2016) developed an LQR controller to the attitude tracking control problem for
a2 DoF (degrees of freedom) laboratory helicopter; Rojas et al. (2016) performed a system of
control of a robotic arm with two degrees of freedom using an LQR controller; Abdelaziz and
Valéasek (2005) and Abdelaziz (2010) presented the solution of the LQR problem using the state

derivative feedback.

As can be seen, a great number of works uses the LQR to solve a large number of problems
and each case the resolution of the ARE is made by a different technique. This work considers
the formulation of the ARE via state derivative feedback, similar to Abdelaziz and Valasek
(2005), Abdelaziz (2010), but the solution of the ARE is made by LMIs. Once that LMIs are
based on Lyapunov theory (BOYD et al., 1994), there are many ways to formulate the problem:
common quadratic Lyapunov functions (CQLFs) (ASSUN(;AO et al., 2007; FARIA et al.,
2009, 2010); fuzzy Lyapunov functions (FLFs) (MOZELLI; PALHARES; AVELLAR, 2009;
LIU; CAO; CHANG, 2017); polynomial parameter-dependent Lyapunov functions (PPDLFs)
(OLIVEIRA; PERES, 2006); parameter-dependent Lyapunov functions (PDLFs) (OLIVEIRA;
SKELTON, 2001; OLIVEIRA; GEROMEL, 2005; SILVA et al., 2011, 2012; CAUN et al.,
20164, 2016b).

As mentioned previously, this work deal with the LQR problem via state derivative feedback
and LMISs. In order to achieve less conservative results in the context of uncertain systems, this
work proposes sufficient conditions based on Finsler’s Lemma slack variables or on the results
presented in (LIU; ZHANG, 2003; TEIXEIRA; ASSUNCAO; AVELLAR, 2003; CARNIATO
et al., 2018). The uncertainties considered are polytopic uncertainties and, according to Boyd
et al. (1994), these type of uncertainties can be included on the dynamic model of the system
by a polytopic representation. However, in some cases, the uncertain parameter can vary with
time. When it occurs, it is necessary to deal with properly, and if the variation of the uncertain
parameter is known, that a control strategy named gain scheduling (GS) can be used (MERRY
et al., 2014).
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According to Montagner and Peres (2006), GS technique deal with systems subject to
parametric variations, which can be linear systems with time-varying parameters and (or)
nonlinear systems modelled as linear parameter-varying systems. From classical GS, several
linear controllers are developed, and change the parameters of controller as specified by
a function of operating conditions in a preprogrammed way (scheduled the controller gain
using some interpolation method), i.e., the main idea is to vary the parameters of the
controller according to operation conditions of the process (ASTROM; WITTENMARK, 2008;
STILWELL; RUGH, 1999). Due to its nature, GS has been widely and successfully applied in
fields ranging from aerospace to process control (LEITH; LEITHEAD, 2000). Oosterom and
Babuska (2001) developed a fuzzy gain scheduling flight control law in order to automate the
design procedure; Lee and Chung (2001) proposed a design method of gain-scheduled state
feedback control using a minimum sensitivity eigenvalue assignment of the frozen parameter
closed-loop system with quadratic stability checks; Masubuchi et al. (2004) performed a
synthesis method of gain-scheduled controllers based on descriptor representations of linear
parameter-varying (LPV) systems and its application to design of flight vehicle control; Sun et
al. (2009) designed a flight control law based on neural network gain scheduling, and a modified
particle swarm optimisation algorithm (PSO); Abu-Rmileh and Garcia-Gabin (2010) developed
a controller with a feedforward loop to improve meal compensation, a gain scheduling scheme
to account for different blood glucose levels, and an asymmetric cost function to reduce
hypoglycaemic risk; Badihi, Zhang and Hong (2013), Liu et al. (2012) handle wind turbines
problem with GS technique; Vesely and Ilka (2015) designed a novel approach to robust gain-
scheduled controller based on the robust stability condition for an uncertain LPV system model
also introduced by the paper; Chaiyatham and Ngamroo (2017) deal with the system inertia and
synchronising coupling problem of large photovoltaic (PV) farms via fuzzy gain scheduling
of proportional-integral-derivative (FGS-PID) controller; Llins et al. (2017) designed a gain-
scheduled control via state derivative feedback; Sato (2018) designed a GS flight controller for
the lateral-directional motions of an In-Flight Simulator (IFS) in a certain speed range; Zhang
et al. (2018) approached the nonfragile H.. control problems for a class of discrete-time Takagi-
Sugeno (TS) fuzzy systems with both randomly occurring gain variations (ROGVs) and channel

fadings.

Recently, several papers have appeared dealing with the gain-scheduled control plus the
LQR control. Tzes and Nikolakopoulos (2004) designed a gain scheduling LQR-output
controller for a mobile networked controlled system; Masar and Stohr (2011) developed a gain-
scheduled LQR control for an autonomous airship; Ebli, Khani and Azizi (2013) study the
missile flight control problem using a gain scheduling controller for the flight model and an
LQR controller for the system response; Li et al. (2014) introduced an attitude controller design
method which combines LQR with fuzzy gain scheduling for the Reusable Launch Vehicle
(RLV); Aktas, Sever and Yazici (2016) performed a gain scheduling LQR control in order
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to achieve position tracking with minimum swy angle for an overhead crane system; Wang
et al. (2018) designed a gain-scheduled robust linear quadratic regulator (RLQR) in order to
guarantee robustness with respect to uncertainties. Additionally, following the GS tendency,
this work proposes a gain scheduling LQR-state derivative controller, in order to deal with the

systems that have varying parameters in its model.

Moreover, to illustrate the efficiency of the new methodology, some numerical examples
are performed, and a practical implementation to validate the technique is realised on an active

. ®
suspension system, manufactured by Quanser .

The work is organised as follows:

» Chapter 2: presents some fundamental concepts and properties that will be used over the

text.

» Section 2.1: introduces the state derivative feedback based on the results of
(ABDELAZIZ; VALASEK, 2004).

» Section 2.2: presents the LQR-state derivative controller based on the results of
(ABDELAZIZ; VALASEK, 2005; KUNCEVIC; LYCAK, 1997; VESELY; ILKA, 2017).

» Section 2.3: presents the state derivative feedback for uncertain and time-invariant
systems and the LQR-state derivative controller for uncertain and time-invariant systems.
As the state derivative feedback is being used, then a polytope of initial conditions is

presented.

* Chapter 3: presents new results for the stabilisation for uncertain linear and time-invariant

systems.

» Section 3.1: investigates the asymptotic stability of uncertain linear systems
considering the LQR-state derivative controller. Besides, using the results presented in
(LIU; ZHANG, 2003; TEIXEIRA; ASSUNCAO; AVELLAR, 2003; CARNIATO et al.,
2018), less conservative conditions are achieved. Furthermore, a comparison is performed
to show the advantage of adding the LQR-state derivative to the problem approach. A
theoretical example is performed to validate the results.

» Section 3.2: investigates the asymptotic stability of linear uncertain systems
considering the LQR-state derivative controller and Finsler’s Lemma (SKELTON;
IWASAKI; GRIGORIADIS, 1998). Besides, using the results presented in (LIU;
ZHANG, 2003; TEIXEIRA; ASSUNCAO; AVELLAR, 2003; CARNIATO et al., 2018),
less conservative conditions are achieved. First, Finsler’s Lemma slack variables for the
whole domain of uncertainties are used. After, Finsler’s Lemma slack variables for each
vertex of the uncertainty polytope are used. A theoretical example is performed to validate

the results.
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* Chapter 4: investigates the asymptotic stability of linear systems which have a time-
varying parameter considering the gain scheduling LQR-state derivative controller. A

theoretical example is performed to validate the results.

» Chapter 5: presents a practical implementation on an active suspension system, produced
by Quanser , to validate the proposed techniques. First, an implementation considering
the LQR-state derivative controller is performed. After, an implementation considering

the gain scheduling LQR-state derivative controller is performed.

* In the end, conclusions and future perspectives are presented.
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2 FUNDAMENTAL CONCEPTS AND PROPERTIES

This Chapter presents a review of some concepts used throughout the text.

Lemma 1 (Schur Complement). Consider the LMI
M M
[ ](X)T 2<x;] >0, (D

where M (x) = My (x)T, M3(x) = M3(x)" and M>(x) depend affinely on x, is equivalent to

M;3(x) > 0, My (x) — Mo (x)(M3(x)) " "My (x)T > 0, (2)
or,

M, (x) >0, Mg(x) —Mz(x)T(Ml (x))*le(x) > 0. 3)
Proof. See Boyd et al. (1994). [

Propriety 1. A matrix M is invertible if M+M" < 0 for any nonsymmetric matrix M (M#M T)
(BOYD et al., 1994).

Lemma 2 (Finsler’s Lemma). Consider # € R, 9 € R**" and % € R"™*" with rank (8) <
n and B+ a basis for the null space of A (in other words BB+ =0). Then, the following

conditions are equivalents:
DHTDW <0, YW #0, BYW =0,
(ii) B+ 2B+ <0,
(iii)3p €R: 9 — p BT B < 0,
(iv) 32 eR™": 9+ 2 B+ B 27 <0,

where p and X are extra variables (or multipliers).

Proof. See (SKELTON; IWASAKI; GRIGORIADIS, 1998; OLIVEIRA; SKELTON, 2001).
U

Lemma 3. (TANAKA,; IKEDA; WANG, 1998) If the following LMIs

Tii<07 i:172,...7l’, 4
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Yij+in<0, 1<i<j<r ®))

are feasible, then the inequality

=1 j=1 Y (6)

holds, where o, belongs to the unitary simplex A,

91:{2%:1, a; >0, i:l,...,r,}, (7N

i=1

where r represents the polytope vertices.

Using the results presented in (TANAKA; IKEDA; WANG, 1998; LIU; ZHANG, 2003),
the following lemma presents conditions to achieve less conservative results, considering the

state derivative feedback.

Lemma 4. If the following LMIs

Yi<Zi, i=1,2,....r, 8)

are feasible, then the inequality

r r r r
Yoo Y o(Yij) < Y04 Y, ei(Zij),
i=1 j=1 =1 j=1
ol ! Zy ... 2y, ol (10)
Y(o) < Z(er), Z(ot)=| : oo : | <0,
ol Zr .. Zy| |01

holds, where o belongs to the unitary simplex 21 (7).

Proof. Consider the following definitions

.
Y of =37, (11)
i=1
Y o =3, (12)
i=1
Y aj=3;, (13)



2 FUNDAMENTAL CONCEPTS AND PROPERTIES 21
r—1 r
o D, 0=, (14)
=1 j=itl
r r r r—1 r
SoaYa=Yo+2Y 0 Y aje T =3 +25, (15)
=1 j=1 i=1 =1 j=it+l
r r 5 r—1 r
D0 YL 0(MiN;) = D o (MilNi) + 3 04 Y, o (MiN;+M;Ny),
=1 j=1 i=1 =1 j=itl (16)
ZiZj(M,'Nj) = Elz(M,]Vl) +2,-j(M,-Nj —i—Mle').
Then, multiplying (8) by ociz, and summing all terms in i, withi =1,2,...,r,
20 2(7..
(i) < Zi(Zy), 17)

and multiplying (9) by o;ej, and summing all terms in i, withi = 1,2,...,r — 1, and in j, with

j=i+1,...,r,

El'j(Yl'j +Yj,') < Z,'j(Zl'j +Zi7_;)-
Now, summing (17) and (18),
%E;(Yij) < ZiZj(Zij),

or,
Y(o) <Z(a).

If the set of LMIs is feasible, then Z( o) < 0. Thus,

Y(o) < Z(ex) <0,
Y(o) <O0.

(18)

19)

(20)

1)

O

Following the same concept from (TANAKA; IKEDA; WANG, 1998), the next lemma

presents conditions to deal with the cross product between three variables.

Lemma 5. If the following LMIs

Tiii < 0, i= 172,...71’,

i,j=1,2,....r

TYiij+ Yiji+ Y i <0, .
(7,

(22)

(23)
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i=1,2,...,r—=2,
Yije+ Yikj + Yjie + i + Yij + Yiji <O, j=i+1,...,r—1, 24)
k=j+1,..,r

are feasible, then the inequality

i=1 (25)
Y( ) <0,
holds, where o belongs to the unitary simplex 2 (7).
Proof. Consider the definitions (12) and (13), and the following definitions
r
S o= % (26)
k=1
Y o} =53, 27)
i=1
r ) r 7‘{
20 Y 0=, (28)
=1 j#i

r—1 r

r—2
oo D o D o=, (29)

i=1 =i+l  k=j+1

iaiia]iak ia,3+32a22a]+62a, 2 o; 2

=1 j=1 k=1 i=1 i=1 i =1 j=itl  k=j+l (30)
%% =5 4357 + 6T
r r r r
YooY o Y, o (LiMiNe =Y o (LiMN;) +Za22a, LiM;N; + LiM;N; + L;M;N;)+
j j i=1 i=1 JFi

N
Il
_
~
I
—_
~
I
—_

r—2 r—1 r
—+ z o Z o Z O!k(Ll'Mij—l—Ll'MkNj—i—Lle’Nk —l—LijNi—i-LkMiNj—i-Lle’Nj)
i=1  j=itl  k=jt1
ZiZjEk = Z? (Ll'Ml'Ni) —+ Zzéj(LiMiNj +LiMjNi -+ Lle']Vl') -+ Eijk(LiMij —l—LiMkNj —l—LjMiNk+

—l—LijNi —+ Lle'Nj —+ LkM,'Nj)
(3D

Then, multiplying (22) by oci3 , and summing all terms in i, withi =1,2,...,r,

21-3 (Yiii) < 0, (32)

multiplying (23) by ocl-z(xj and summing all terms in i, j withi,j=1,2,...,r, i # J,
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7 (Y + i+ Yjir) <0, (33)

and multiplying (24) by o;otj0, and summing all terms in i, with i = 11,2,...,r —2, j with
j=i+1,..,r—1,and k, withk=j+1,...;r,
Tk (Yij 4+ Yirj + ik + Y jii + Yrij + Yiji) <0 (34)

Now, summing (32)-(34),

Zizjzk(Yijk) <0, (35)

or,
Y(a) < 0. (36)
0]

®
In this work, for the numerical solution of the LMIs was used the MatLab software,
together with "LMILab” solver and the YALMIP interface (LOFBERG, 2004). For the
®
simulations, the "ODE45” function from MatLab /Simulink software was used. In some cases,

the number of solver’s iterations was increased. The command used was:
sdpsettings('solver', 'Imilab', "Ilmilab.maxiter',1000);

The next section presents the feedback technique used in this work, the state derivative
feedback.

2.1 STATE DERIVATIVE FEEDBACK

Consider a controllable, linear and time-invariant system described by:
x(t) = Ax(t) +Bu(t), x(to) = xo, (37)

where A € R™" is the matrix that describes the system’s behaviour, B € R™" is the input

matrix, x(r) € R™! is the state vector and u(t) € R™ is the control input vector.

Admitting that the matrix A is non-singular (det(A) # 0) (ABDELAZIZ; VALASEK, 2004),
to enable the state derivative feedback and the matrix (/4 BK) to be invertible by being feedback
by the control input

u(t) = —Kx(t), (38)
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it is necessary to find a matrix K € R”*" that satisfies this condition in closed-loop.
Thus, the closed-loop system becomes
%(t) = Ax(t) — BKx(t) < i(t) = (I +BK) ' Ax(1), (39)

where I € R"" is an identity matrix. For more details see (ABDELAZIZ; VALASEK, 2004).

Next section presents the LQR controller based on state derivative feedback.

2.2 LQR-STATE DERIVATIVE CONTROLLER

Consider the system (37), the LQR-state derivative control with good dynamic behaviour is
achieved by means of the control design that minimises a quadratic cost or performance index
of the type J(%(t),u(t)) (ABDELAZIZ; VALASEK, 2005). Through the Bellman-Lyapunov
inequality (VESELY; ILKA, 2017) with a slight modification

V(x(r)) < =J(x(t),u(1)), (40)
it is possible to find a controller with guaranteed cost.

Considering that a candidate Lyapunov function

V(x(r)) = x(t)"Px(r) > 0, (41)

is used, the derivative of the Lyapunov function candidate is

V(x(t)) = x(t)T Px(¢) +x(¢)" Px(t) < 0. (42)

Replacing (42) into (40), and considering J(x(¢), u(t)) = x(¢)T Qi(t) +u(t)" Ru(t),

()T Px(t) +x(1)T Pi(t) < —(i(e)T Qi(t) +u(t) Ru(t)) (43)
Remark 1. Matrix Q is a positive definite n X n symmetric matrix and matrix R is a positive

definite m x m symmetric matrix. The matrices Q e R are the weighting matrices of state

derivative and control signal, respectively.

Integrating both sides of (43), from zero to infinity,

)

/O " (2(t)T Px(t) +x(t)T Ps(t))dt < — / ()T Qi () + u(r) " Ru(t))dt (44)

0

Regarding that x(r)T Px(r) +x(t)T Px(t) = d /dt (x(t) Px(¢t)), (44) becomes
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oo

/0 " (d)di(x(t) Px(1)))dt < — /0 (1) Qi () + u(t) Ru(t))dt,
x(t)'Px(1)|, < —/0 (x(0)T Qx(r) +u(t) T Ru(r))dt, (45)
x(00)T Px(0) — x(0)T Px(0) < — /0 Gi(6)T Q1) + u(t)TRu(t))dr.

Assuming that the closed-loop system is asymptotically stable, that is, all eigenvalues of
(39) have negative real parts, then x(ee) — 0. Thus, the performance index converges to the

optimal value when

—x(0)7 Px(0) < — /O ()T Qi) + u(t) " Ru(r))dr,

oo (46)
Jp((t),u(t)) = / ()T Qx(t) +u(t) Ru(t))dt < x(0)" Px(0).
0
The performance index Jp(x(t),u(t)) can be obtained in terms of the initial conditions x(0)
and Lyapunov matrix P. The LQR-state derivative controller can be seen in greater details in
(ABDELAZIZ; VALASEK, 2005). To facilitate the reading, x(0) = xo will be used throughout
the text.

Remark 2. Note that this formulation is similar to the original LOR one as the performance

index is based on state derivatives instead of states.

2.3 STATE DERIVATIVE FEEDBACK FOR UNCERTAIN AND TIME-INVARIANT
SYSTEMS

All of the systems are subject to some failure or interruption during its operation. Such a fact
can occur due to the natural wear of some component, breakage by external factors, breakage
by incorrect handling, among others ISERMANN; BALLE, 1997; ISERMANN, 2006). These
events are known as structural failures and can be included in the dynamic model of the system
by polytopic uncertainties (BOYD et al., 1994). The polytopic representation can describe
the physical parameter uncertainty without any conservatism since the interval of uncertain is
well-known (KARIMI; KHATIBI; LONGCHAMP, 2007). Taking this into account, the state

derivative for uncertain and time-invariant systems are described below.

Consider a controllable, linear, time-invariant and uncertain system described as a convex

combination of the polytope vertices:
r
x(1) = 3 03(Aix(t) + Biu(t)) = A(a)x(t) + B(e)u(t), (47)
i=1

where r represents the number of polytope vertices. The parameters ¢;,i = 1,2, ..., r are constant

and unknown real numbers belonging to unitary simplex 2l given by
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21:{204,:1, 0; >0, izl,...,r,}. (48)

i=1
Admitting that the matrix A(c) from system (47) be non-singular (det(A(a)) # 0) and

replacing the control law (38) in (47), the robust system in closed-loop is given by
%(t) = (I+B(0)K) " 1A(a)x(r). (49)

Assuming that the system (47) can have varying parameters, sufficiently small rates of
variation are allowed, ensuring the necessary accommodation time for disturbances arising from
such variations, even o not explicitly time-depending (DAHLEH; DAHLEH, 1991; LEITE;
MONTAGNER; PERES, 2004).

As this work deal with the state derivative feedback and the initial conditions vector xg 1s

not available, i.e., we do not have access to xy, then a polytope of initial conditions is used,

D

x0(B) =Y, Bixor, (50)

=1
similar to the unitary simplex (48), being p the vertices of the initial conditions polytope.

Next section, the LQR-state derivative for uncertain systems is proposed.
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3 ROBUST LQR-STATE DERIVATIVE CONTROLLER

In this chapter, sufficient conditions for the robust LQR-state derivative controller are
proposed.

3.1 STABILITY CONDITION

Considering the candidate Lyapunov function (41), and the state derivative feedback,
Theorem 1 proposes sufficient conditions for the stabilisation of closed-loop system (49)

through the LQR-state derivative controller.

Theorem 1. Ler A; non-singular (det(A;) # 0) and given Q € R™", R € R™*"™ and xo; € R
the uncertain system (49) is stable and has optimised performance if there exist symmetric
matrix X > 0 € R™" and matrix Y € R™*", satisfying:

min [
X=Xx">0Y
Subject to
[“ o >0, [=1,2,....p, (51)
xop X

r; AX  AYT
xAT —o' 0o |<o0 i=1,2,..,r (52)

1

yA o -—Rr!

1

Ti+T;  AX+AX AYT+AYT 1 |
L=1,4,....r— 1,
XAl +xAT 207! 0 <0, o (53)
T T 1 j=i+1,...r
YA] +YA] 0 —2R

where Tjj = AiX + XA] +BiYA] +AY"B], Tij+Tj;i = AX + XAl +A;X +XAT + B;YA +
AiYTBJT + B,-YAJT- +A;Y TBl-T. The state derivative feedback gain can be given by

Kri=YX L. (54)

Proof. Supposing the set of LMIs feasible.

Multiplying by 3, [ = 1,2,..., p, summing all terms,
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P )4

ZH Zxoz

ot = >0, (55)
DIETEEDY

applying Lemma 1 in LMI (51), and considering P = X ~! it has been

u—xo(B) X 'xo(B) >0,
> xo(B)" Pxo(B), (56)
x0(B)" Pxo(B) <

In many practical situations, the objective (46) can be modified by (56), where u is the specified
upper bound, as seen in (GE; CHIU; WANG, 2002). Then,

Ip(x(1), ())<XO(I3)TPxo(B) <u
Ip(x(t),u(t)) <

If the LMI is feasible, then the index Jp(x(7),u(r)) will be always lesser than the upper
bound .

(57)

Now, multiplying LMI (52) by ociz , and summing all terms in i, withi =1,2,...,r,

) TAX)  ZAYT)
T(xa)) T(-QH 0 <0 (58)
(ral) 0 (=R

and multiplying (53) by ¢;j, and summing all terms in i, withi =1,2,...,r — 1, and in j, with

j=i+1,...,r,

2ij(l—‘ij‘|‘l—‘ji) Zij(A,'X +AjX) Zij(A,'YT —I—AjYT)
z(xAl +xA)  z(-207") 0 <0. (59)
%ii(YA] +YAT) 0 %ii(—2R)

Applying Lemma 3, (60) follows.

2T ZZi(AX)  ZEAxT)
T (XA zi(-o™h 0 <0, (60)
%% (YAl) 0 LE(-RY

where T'j; = A;X + XA] +B;YA] +A;Y" B}, o,
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A()X +XA(o)T +B(a)YA(o)T +A()YTB(a)T A(a)X A(a)YT
XA(a)" —o! 0 <0. 61)
YA(o)T 0 —R!

Applying Lemma 1 recursively in (60), replacing the variable Y = K71 X and organising,

A(a)(X +B(a)Kr 1 X)" 4 (X + B(a)Kr1 X)A(a)T + A()XKE REr1 XA(o)T +A(e)X QXA(a)” <0,

i
A(a)X(I+B(a)Kr1)" 4 (I+B(a)Kr)XA()T + A(a)X (KE, RK71 4+ Q)XA(a)T <O0.
(62)

Now, applying Propriety 1 in (62) it is concluded that matrices (I +B(a)Kr1), A(o) and X
are invertible. Then, premultiplying by X 'A(a)~! and posmultiplying by A(a) "7 X!, with
X t=p

(I+B(o)Kr1)"A(e) " P+ PA(r) ' (I+B(a)K71) + K7 RK71+Q <0.  (63)

Premultiplying by A(ct)” (I 4+ B(a)K71) ™", posmultiplying by (I +B(c)K71) " 'A(x), (64)
follows.

P(I+B(o)Kr1) 'A(a) +A(o)T (I + B(o)Kry) T P+
+A(o)T(I+B(a)Kry) T (KE,RKr1 + Q)T+ B(o)Kr) 'A(e) < 0. (64)

Premultiplying by x(r)7, posmultiplying by x(z) and replacing Ay (o) = (I +
B(a)Kr1) 'A(a):

()T A (o) Px(t) +x(t)TPA (a)x(t) +x(t) T Ay ()T (KF, RK71 4+ Q)Ag(a)x(t) < 0. (65)
Replacing %(t) = Ay (a)x(t) = (I + B(o)Kr1) L A(00)x(2):

#(0)TPx(t) +x(1)TPx(t) < —x(6)T (KF, RKp1 + Q)x(t),

66
()T Px(t) +x(0)T Pi(t) < —=J(i(r),u(t)). (06)

As J(x(t),u(t)) > 0, than,
V(x(t)) = x(t)T Px(¢) +x()" Px(t) < 0 (67)

The proof of Theorem 1 is completed. U
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Now, in order to relax the feasibility of the LMIs from Theorem 1, based on the results
presented in (LIU; ZHANG, 2003), less conservative conditions are proposed in Theorem 2.
The seek for less conservative conditions occurs due to the attempt to obtain a larger range of

values for Q and R, in addition to decreasing the guaranteed cost .

Theorem 2. Let A; non-singular (det(A;) # 0) and given Q € R™", R € R™*"™ and xo; € R
the uncertain system (49) is stable and has optimised performance if there exist symmetric
matrices X > 0 € RV, Z; € R2H™<24m - ond matrices Y € R™™, and Zij € R2Hmx2ntm

satisfying:

min U
X=x">0Yy
Subject to
T
[,u Xo1 >0, [=1,2,....p, (68)
xor X
i AXx AYT
xAl —o ' 0 |<Zi i=1,2,..1, (69)
vAl, 0o —-R7!
Ti+Ti  AX+AX AYT+A;Y7 19 !
l=1,24,....,7— 1,
XAl +xAT  —207" 0 <Zij+Zj;, L (70
A ] o J:l—l—l,...,r,
21 .- 2y
: .1 <0, (71)
Zo e Zoy

where Tjj = AiX + XA] +BYA] +A;Y"B], Tjj+Tj;i = AX + XAl +A;X + XAl + B;YA] +
AiYTB]T + B,'YA]T~ +A jYTBl-T. The state derivative feedback gain can be given by

K =YX 1. (72)
Proof. Supposing the set of LMIs feasible.

The proof of LMI (68) is similar to proof of LMI (51).

For the LMI (69), multiplying by ocl-2 , and summing all terms in i, withi = 1,2, ..., r,

Zl ( ) 21 ( ) 212 (AIYT)
Al ) 0 < 527;, (73)
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and multiplying (70) by ¢;;, and summing all terms in i, withi=1,2,...,r — 1, and in j, with
j=i+1,...,r,

(T +Th)  Zj(AX +AX) Z(AYT +AxT)
(XAl +XAT)  %(—297) 0 < Zij(Zij+2). (74)
%i;(YA] +YAT) 0 %i(—2RrR™h

Applying Lemma 3, (75) follows.

LE(T)  ZEi(AX)  ZXiArT)
LE(XAD) z(-o™h 0 <%Xi(Zi) <0, (75)
¥.%;(YAl) 0 5 (-RY

where Tj; = A;X + XA +B;YA] +A;Y" B}, or,

A()X +XA(o)" +B(a)YA(o)" +A()YTB(a)! A(a)X A(o)YT
XA(a)T —9! 0 <Z(a) <0. (76)
YA(o)T 0 ~R™!

Thus,
A()X +XA(o)" +B(a)YA(o)" +A()Y"B(a) A(a)X A(a)YT
XA(a)" —o ! 0 <0. (77)
YA(o)T 0 ~R!

From here, the proof of Theorem 2 follows similar steps from proof of Theorem 1.

Remark 3. Note that, if we consider Y(a) = A(a)"(I + B(a)Kr2) TP + P(I +
B(o)K2) 'A(0) +Q(0x), than

Y(a) = A(a)" (I+B(0)Kr2) TP+ P(I+B(a)Kr2) 'A(a) +Q(0) < Z(ex)  (78)
Choosing Q(o) = A(o)T (I+B(00)Kr2) T (KL RK 2+ Q) (I+B(00)Kry) " A(x), premul-

tiplying by x(t)T and posmultiplying by x(t), (79) follows.

()T A(0)T (1 + B(a))Kr2)~T Px(r) + x(t)T P+ B(0)K72) " A(00)x(t)+



3.1 STABILITY CONDITION 32

+x(1)TA(0)" (I +B(a)Kr2) ™" (Ko RKr2 + Q) (I + B(0t)Kr2) " A r)x(r) < x(1)" Z(0)x(r)

(79)
Replacing x(t) = (I+B(o)Kr2) 'A(a)x(t),
x(6) T Px(t) 4+ x(2)T Px(t) + (1) T (KE,RE72 + Q)i(t) < x(1)T Z(00)x(2), (80)
V(x(t)) +J (), ut)) < x(t)TZ(Oc)x(t).
Remembering, if the set of LMIs is feasible, then
T
ol 21 ... Ly ol
Z(o)=| : oot Cl <0, (81)
o, 1 Z1 - Ly oyl
which means that
T
ol Z11 Zir| |oal
V(x(0)) +J(i(t),ut)) < x(n)" | Lo | x(1) <0 82)
o1 Za ... Zy o1
V(x(t))+J(x(t),u(t)) <O.
As J(%(t),u(t)) > 0, then
V(a(1)) < ~I((0),u(r), @)
V(x(z)) <O.
O

Theorem 3. If the conditions given in Theorem 1 hold, then the conditions given in Theorem 2
also hold.

Proof. Considering Y;; and Y;; + Y j;, where

AX +XAT + BYAT +AYTBT  Ax  AYT

Y= XAT -0t o |, (84)
YAT 0o -R!
AX +XA] +A;X + XA} +BYA] +AY B} + BYA] + Ay B! % %
Yij"’in: XAIT—I—XAzw —ZQ_I 0 )
YAT +YAT 0o 2R

(85)
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if (52) and (53) hold, then there exist Z;; = Y;; + €I, where € > 0 is sufficiently small such that,
Z;<0,fori=1,2,....,r,and Z;; =0 fori,j = 1,2,...,r, i # j, such that (69) and (70) hold.

O

To verify the efficiency of the proposed techniques, next section presents some examples.

3.1.1 Illustrative Examples
Example 1. Three mass-spring-dashpots system

Consider a three mass-spring-dashpots system, borrowed from (ABDELAZIZ, 2013).
System’s schematic can be seen in Figure 1. The system can be represented in state space

form as follow

E (f)- X1 (t)-
(1) x1(1)
B0 4|20 g0 (86)
(1) X (t) uy(t)
X3(1) x3(t)
| 43(7) | 43 (2)
with
[ 0 1 0 0 0 0 | 0 o]
—(k1 +kp) —(b1+b2) ky by . . X
mi m mj mi m_1 0
; X 0 ! 0 0 0 0
A= ky by —(ka+k3) —(bat+b3) ks b3 ,B= 0 o
2 1 3 my nyp my
0 0 0 0 0 1 0 (1>
0 L] b3 —ks b3 0o —
- s ms3 m3  m3 | - ms3 |
(87)

Table 1 shows the system parameters values.

Note in Table 1 that the value of spring stiffness k, is equal to 5 N/m. However, due to
wear over time, the stiffness may vary between your nominal value and half the nominal value.

Than, the parameter k, belongs to the interval 2.5 < k; <5 (N/m).

* Spring stiffness ky = 2.5 N/m
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Figure 1 - Three mass-spring-dashpots system.
ki 2 (¢ 2 22 (¢ 3 3 (2
imon/imon @
by ui(t) bz b3 u(t )
Font: Adapted from (ABDELAZIZ, 2013).
Table 1 - Three dashpots system parameters.
Parameters Symbol | Value
Mass (Kg) my 0.8
Mass (Kg) my 0.5
Mass (Kg) ms3 1
Spring stiffness constant (N /m) ki 5
Spring stiffness constant (N /m) ko 5
Spring stiffness constant (N /m) k3 20
Damping coefficient (N.s/m) by 2
Damping coefficient (N.s/m) by 0.5
Damping coefficient (N.s/m) b3 2
Font: Borrowed from (ABDELAZIZ, 2013).
[0 1 O 0 0 0] [0 0
—9.375 —-3.125 3.125 .0625 O 0 1.25 0
0 0 0 1 0 0 0 O
A= By = (33)
5 1 —45 =5 40 4 0 0
0 0 0 0 0 1 0 O
0 0 20 2 —-20 -2 0 1
* Spring stiffness k, =5 Kg
[0 1 0 0 0 0] [0 0]
—12.5 —3.125 6.25 .0625 O 0 1.25 0
0 0 0 1 0 0 0 O
Ay = , Ba= (89)
10 1 -50 -5 40 4 0 O
0 0 0 0 0 1 0 O
0 0 20 2 —-20 -2 0 1

For the initial states, the range are: —0.05 < xo1,x02,%03 < 0.05 (m), and —0.06 <
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Xo1,%02,%03 < 0.06 (m/s). Therefore, the initial conditions polytope has sixty four vertices
(p = 64).
First, a simulation without control is performed, considering xo = [—0.01 0.03 —

0.02 0.02
0.01 0.03]” as initial condition, and k» = 5 (N/m). The result can be seen in Figure 2.

Figure 2 - Behaviour of the system without control.

0.02 \ \ T
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Font: Author’s own result.

Note that the system is naturally stable, but has oscillations that may cause a system
damage, and has high settling time. In order to reduce these oscillations/vibrations, the robust
LQR-state derivative controller is used. Besides the robust LQR-state derivative controller,
some results from (ASSUNCAO et al., 2007) are used to make a comparison between the
techniques, Figure 3, and show the influence of the addition of LQR-state derivative on the
system approach. Then, considering LMIs (51)-(53) from Theorem 1, the weighting matrices
R = diag(1,1), and Q = diag(100,1,1,1,1,1), the gain K7 (90) follows.

% yx-1 0.1998 —2.4867x 107> 0.1998 0.0002 0.1998 0.0002
T1 = =

~10.0348 —0.0071 0.1129 —0.1517 0.1401 —0.2191
[ 87.3451 53462  —39.9250 —7.2587 —5.9376  —3.7058 |
53462 12.0227 —2.9326 —0.5808  0.0489  —0.3702
| 7399250 ~2.9326  209.1115  20.3493 1704188 —21.5121 | ©0)
—7.2587 —0.5808 20.3493  6.1402 —12.7689 —2.2672
~5.9376  0.0489 —170.4188 —12.7689 177.0537  25.8682
| -3.7058 —0.3702 —21.5121 —2.2672 258682  8.4920 |
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| 8.2848 0.4914 —-0.2478 0.0649 0.1443 0.1316
e —0.4216 —0.0545 —0.0097 —0.1751 1.6250 —0.4482|’

Using Theorem 3 from (ASSUNCAO et al., 2007), the gain Ky (91) follows.

K. —yx-! [—0.9894 0.3026 —1.9874 5.0201 —1.6964 3.8640]
f: prm—

0.9451 —0.7950 1.2944 —-0.4737 1.6754 —3.2743

[ 9.6581 22218 —10.7791 —0.4262 1.5826 —0.0932]
2.2218 0.7195 —-2.9614 —0.1654 0.8090 0.0249
—10.7791 -2.9614 19.6221 1.3991 —8.8412 —0.5916
—0.4262 —-0.1654 1.3991 0.4112 —0.7940 0.0587
1.5826 0.8090 —8.8412 —0.7940 8.1162  0.9409
| —0.0932 0.0249  —-0.5916  0.0587  0.9409  0.4102 |

; O

P 7.3542  1.7982 —-9.4912 1.2280 2.1311 1.5589
1= —3.4323 —0.9532 4.0271 —0.1775 0.3018 —0.6682]|

Figure 3 - Comparison between controllers K7 and K.
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Several tests were performed, and choosing the weighting matrices properly it is possible to
achieve similar or better system performance and lower control signal than the results presented
in (ASSUNCAO et al., 2007). It is important to notice that if the state derivative vector is
prioritised than the control vector suffers a penalty and vice versa. It is worth mentioning that
the results considering a bound on the output peak and (or) a bound on the state derivative
feedback gain, both from (ASSUNCAO et al., 2007), are used, and compared with the robust
LQR-state derivative controller. It was noted that when a bound on the output peak is added, the

response peak decreases and the control signal increases, but with robust LQR-state derivative
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controller it is possible to decrease the peak response with a low control signal, choosing the
weighting matrices properly. The same occurs with the bound on the state derivative feedback

gain, the control signal decreases, but the system’s performance suffers a penalty.

Example 2. Comparison between Theorems 1 and 2.

Consider an uncertain system described as (47) that can be represented by the convex

combination of the following vertices

1 —60 | a -100 1|
A | Ayl = B, | By = . 92
AvTAl= 0 0 |0 1o ] BB 0 1o ©2)

where 2 < a,b < 50.

Remark 4. For each value of a, and b, there is a different polytope composed by its respective

vertices.

The feasibility region can be seen in Figure 4. In Figure 5, it is possible to see the variation
of the guaranteed cost it when the system’s parameters are varied. The range of the initial states
are: —1 < xp1,x02 < 1, which means that the polytope of initial conditions has four vertices
(p = 4). The weighting matrices chosen were Q = diag(1, 1) and R = 1. The variation of
parameter a is 2 < a < 10, and for parameter b is 2 < b < 50, for Figure 5. Note that the

feasible region of Theorem 2 is higher than the feasible region of Theorem 1.

Figure 4 - Feasible regions obtained via Theorem 1 (%), and Theorem 2 (x,0).
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Figure 5 - Guaranteed cost ut obtained via Theorem 1 (blue dotted line), and Theorem 2 (red
solid line).
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Font: Author’s own result.

3.1.2 Partial Conclusions

This section presented sufficient conditions based on LMIs to obtain robust LQR-state
derivative controllers for the stabilisation with optimised performance of uncertain linear time-
invariant systems. A comparison was made to show the influence of the addition of LQR-
state derivative on the system approach. Then, choosing the weighting matrices, Q and R,
properly is possible to achieve a good system performance with low control signals. With
the results presented in (LIU; ZHANG, 2003; TEIXEIRA; ASSUN(;AO; AVELLAR, 2003;
CARNIATO et al., 2018) was possible to achieve less conservative conditions, which is proved
by the comparison between Theorems 1 and 2. It is worth mentioning that the computational
cost exponentially increases, considering the LMIs from Theorem 2. The next section addresses
sufficient conditions for the design of robust controllers using Finsler’s Lemma slack variables

in order to achieve less conservative results and with low computational cost.

3.2 STABILITY CONDITION - FINSLER’S LEMMA

In the last years, Finsler’s Lemma was used to achieve less conservative results (GUERRA;
MANZO; LENDEK, 2015; MANZO; LENDEK; GUERRA, 2016; LLINS et al., 2017; YAN
et al., 2018). With Finsler’s Lemma, it is possible to avoid cross product of uncertain matrices,
use slack variables, multiple Lyapunov matrices or reduce the number of LMIs (MOZELLI,
PALHARES; MENDES, 2010; CHADLI; GUERRA, 2012).

Consider a candidate Lyapunov function, Vx(t) # 0,
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V(x(t)) = x()TP(a)x(t) >0, P=PT cR™",

) (93)
V(x(t)) = x(t)T Px(r) +x(¢)T Px(t) <0,
and the following vectors and matrices:
P(a) = A()YTB(a)T +B(a)YA(a)T +A()X QX A(a)T +A(a)YTRYA()T X
b'¢ 0|’
F 1
2= Blo)= [A(a)T —1} , Blo)t = [A(a)T]

94

Therefore, Theorem 4 proposes sufficient LMIs conditions for the stabilisation of the

system (49) through the LQR-state derivative controller.

Theorem 4. Ler A; non-singular (det(A;) # 0) and given Q € R™", R € R™*"™ and xo; € R
the uncertain system (49) is stable and has optimised performance if there exist symmetric
matrix X > 0 € R™", and matrices Y € R™", F € R"™", G € R"", satisfying:

min [

X=x">0Y,FG

Subject to
T
H x(”] >0, [=1,2,....p, (95)
X0! X

FAT + A,FT +AYTB + BYAT X4+AGT—F Ax  AYT

X+GA"TT_FT ~(G+G") 0_1 O 1 <0 iz1,2,r 6)
XA 0 o) 0
YAT 0 0o -R!
D;i+Dj; * * *
2X +GAT +GAT —2FT  2(G+G") = | o {i:l,z,...,r—l,
XA +XA] 0 —207! * ’ j=i+1,...,rn
YA] +YAT 0 0 —2RrR!
7

where ®;;+®j; = FAT + A;FT + FAT + A;FT + AY"BY + B;YAT + A;Y" B + BYAL. The

state derivative feedback gain can be given by

Kra=YX1 (98)

Proof. Supposing the set of LMIs feasible.
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The proof of LMI (95) follows similar steps from proof of LMI (51).

For the LMI (96), multiplying by aiz, and summing all terms in i, withi =1,2,...,r,

32(FAT + AFT +AYTBT + BYAT) S2H(X+AGT —F) 32(Ax  AYT) ]
(X +GAT —FT) > (—(G+Gh)) 0 0 “0
= (XAT) 0 (-9 0 ’
53 (vA?) 0 0 =R
) T 99

and multiplying (97) by o; @, and summing all terms in i, withi =1,2,...,r — 1, and in j, with

j=i+1,...,r,

Zij (q)ij + (Dji) * * *
%i(2X + GAT + GAT —2FT) %:(—2(G+GT
Zij(XA; +XAj) 0 %j(=2Q7) *
i (YA] +YAT) 0 0 (2R
Applying Lemma 3, (101) follows.
Zj(Di) 52X +AGT—F) IZiAX)  IZ;AYT)
X (X+GAT —FT) Tx:(-2(G+GT 0 0
3,2;(xAD) 0 5Ei(-Q7) 0
.2 (YAD) 0 0 Ei(-RY
where @;; = A,~FT + FAiT —I—BjYAiT —I—AiYTBJT, or,
(o) X+A()GT —F A()X A(a)YT
X+GA(a)" —FT  —(G+GT 0 0
+GA( )T (G+67) . <0, (102)
XA(o) 0 -Q 0
YA(a)T 0 0 —R!
where ®(a) = A(a)FT +FA(a)T +B(a)YA(a)T +A(a)YTB(o)T.
Applying Lemma 1 recursively in (102)
®(o) +A()X OXA(o)T +A()YTRYA(0)T X +A(a)GT — F “0 (103)

X+GA(a)T —FT —(G+G")
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Reorganising (103), (104) follows.

A(a)YTB(a)T +B(o)YA(a)T +A(0)X QXA(a)T +A(a)YTRYA(a)T X

X 0
FA(a)T —F A()FT A(a)GT

+ ( )T ( )T ( )T <0, (104)
GA(a)T -G —F -G

A()YTB(a)T +B(o)YA(a)T +A(0)X OQXA(a)T +A(a)YTRYA(a)T X
X 0
Ala)

)" 1]+ [FT 6"| <0, (0s)

G

Considering (94) and Lemma 2, B 98+ < 0 is equivalent to Z(o) + Z AB(a) +
Ba)T 2T <0, due to B(a)B* = 0. Then, if the set of LMIs of Theorem 4 is feasible,
exists a matrix P = PT > 0 that satisfies the Lyapunov conditions (93) for the system (49).
Thus, the system (49) is asymptotic stable considering the gain (98).

O

Theorem 5. If the conditions given in Theorem I hold, then the conditions given in Theorem 4
also hold.

Proof. Consider the following definitions

& AX  AYT
== XAIT —Q_l 0 <0, (106)
yal, o -—Rr!

l
6,']'—{— 61',' A X —l—AjX A,'YT —{-AjTT
ii+Ei= |XA] +xAT 207! 0 <0, (107)
YA +YAT 0 —2R™!

[1]

where éii = Al'X —|—XAl-T —I—BiYAl-T —I—AiYTBl-T and éij —+ gji :AiX —l—XAlT —l—AjX —|—XA5w —l—BjYAlT —+
AY"B] +BYAT +A;Y"B], and

0;; X+AGT—F Ax AYT
xX+6AT —FT  —(G+GT 0 0

O, = + L (G+G7) ' <0, (108)
XA’ 0 e 0

1

yAl 0 0o -—-R!

1
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9ij + Gj,- * * *
2X +GAT +GAT —2FT  2(G+G")  « %
0 +6;i = i » <0.  (109)
YAl +YAT 0 0 2R

where 6;; = FA] +A;F" +AY"B] +BYA] and 6;;+ 6;; = FA] + AFT + FAT + A;FT +
AY"BY +BYAT +AY" Bl +BYAT.

Premultiplying (108) and (109) by A, and posmultiplying by AT, (110) and (111) follow.

0;; AX AYT X+AG'—F
XAT -0 o0 0
AOAT = 4 < B <0, (110)
YA! 0 -R 0
X+GAT—FT 0 0 —(G+GT)
9,-J-+9j,- * * *
A(G;;+0;)AT = XA; +XA; 297 i <0, (111)
v YA +YAT 0 —2R7! x ’
2X +GAl +GAT —2FT 0 0 —2(G+G"h)
with
1000
0010
A= (112)
0001
0100

1 1
Assuming F = FT =X, G = ES and GT = EST’ with € > 0, and applying Lemma 1 in
(110) and (111),

M;;
1, N
o |Gt AST(S+ST)TIsAl  Ax Ay
TO;T" = € . X <0. (113)
XA -0 o
YAT 0o -R!
B M;;+M;; ]
- . l T T l T\—1 T T
T(0y + 0T = Syt &jit - (AisT +A4;8T) (5 +8T) 1 (SA] +54)  » N
XAl +XA% —20"  «
I YA] +YAT 0 —2R'|
(114)

It is important to highlight that when it is assumed F = FT = X, than 6j; is equivalent to &;,
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and 6;; + 0j; is equivalent to §;; + £j;. Moreover, note from (108) and (109) that G > 0 (S > 0)
and, consequently, M;; > 0 and M;; +M; > 0. Thus,

1
Ei+—M; <0,

e (115)
Gii < — M,

1
Eij+&ji+ E(A/lfi.i+Mji) <0, (116)
Eii+&ji< —E(Mij""Mﬁ)'

With € > 0, ; and &;; + &j; are negative definite. Then, the conditions of Theorem 4 are
equivalents to the conditions of Theorem 1. Thereby, if the conditions (52) and (53) hold, then
conditions (96) and (97) also hold.

O

Note that just a set of slack variables is used for uncertain hole domain, i.e., a single set of
slack variables for hole vertices of the polytope. Next theorem proposes sufficient conditions

considering a set of slack variables for each vertex of the polytope.

Theorem 6. Ler A; non-singular (det(A;) # 0) and given Q € R™", R € R™*"™ and xo; € R
the uncertain system (49) is stable and has optimised performance if there exist symmetric
matrix X > 0 € R"", and matrices Y € R™*", F; € R™", G; € R™", satisfying:

min U

X=x">0,Y,F,G;

Subject to
T
[“ N S0 1=1,2,...p, (117)
X0! X
(FAT + AFT +AYTBT + BYAT X+AGI —F  AX AYT
X +GAT —FT —(Gi+GT 0 0
* e (Gi+G) . <0, i=1,2,...r,
XA! 0 -9 0
YAT 0 0 R
i (118)
\Pij‘i'lei * * *
©;j+0;; —(Gi+G;+G[ +G}) = * | <o Ji=b2er=1
XA] +XAj 0 —207! * ’ j=i+1,..r
YAT +YAT 0 0o 2R
i (119)

where W;;+ V)i = F;A] +AF] + FA} +A;F +AY"B} +B;YAT +A;Y"B] + BiYAT, and
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0;;+0;,=2X+G inT + GiAjT- — Fl-T —F jT. The state derivative feedback gain can be given by

Kr¢ =YX (120)

Proof. The proof of Theorem 6 follows similar steps from proof of Theorem 4, considering

(121)

U

Theorem 7. If the conditions given in Theorems 1 hold, then the conditions given in Theorem
6 also hold.

Proof. The proof follows similar steps from proof of Theorem 5, assuming F; = FiT =X, G; =
eS;and GT = &S O

An example to verify the efficiency of the proposed technique are presented in the next

section.

3.2.1 Illustrative Example

To show how the proposed techniques are effective, an example is presented.

Example 3. Comparison between Theorems 1, 4, and 6.

Consider an uncertain system described as (47) that can be represented by the convex

combination of the following vertices

4y | dg] = 20 -30 | a —10 B | By — 10
PRI 100 10 10 30| NPT 0

where —3 <ag<7and —2<bH<5.

b
. 122
1 O] (122)

Remark 5. For each value of a, and b, there is a different polytope composed by its respective

vertices.

The feasibility region can be seen in Figure 6. In Figure 7, it is possible to see the variation
of the guaranteed cost y when the system’s parameters are varied. The range of the initial states
are: —1 < xp1,x02 < 1, which means that the polytope of initial conditions has four vertices

(p =4). The weighting matrices chosen were Q = diag(1, 1) and R = 1. Note that the feasible
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Figure 6 - Feasible regions obtained via Theorem 1 (%), Theorem 4 (x), and Theorem 6

(x,0).
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Font: Author’s own result.

Figure 7 - Guaranteed cost tt obtained via Theorem 1 (blue dotted line), and Theorem 6 (red
solid line).

Font: Author’s own result.

region of Theorem 6 is higher than the feasible region of Theorems 1 and 4. Also, note that the

Theorems 1 and 4 had the same feasible region.

For a better view of the guaranteed cost behaviour, an interval of system’s parameters is
chosen (Figure 8). From it, it is possible to see that the conditions of Theorem 6 are more

relaxed than the Theorem 1.



3.2 STABILITY CONDITION - FINSLER’S LEMMA 46

Figure 8 - Guaranteed cost ut obtained via Theorem 1 (blue dotted line), and Theorem 6 (red
solid line).
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3.2.2 Partial Conclusions

This section presented sufficient conditions based on LMIs to obtain robust LQR-state
derivative controllers for the stabilisation with optimised performance of uncertain linear time-
invariant systems. In order to achieve less conservative results, Finsler’s Lemma with slack
variables is used. Then, feasible tests were performed to show the efficiency of the proposed
techniques. Through the example, it is possible to achieve less conservative results using a set

of Finsler’s Lemma slack variables for each vertex of the polytope.
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4 GAIN SCHEDULING LQR-STATE DERIVATIVE CONTROLLER

Consider a controllable and linear system with a measurable and time-varying parameter,

(1), described as a convex combination of the polytope vertices:

i(t) = 2 0:(1) (Ax(t) + Bu(r)) = A(6(1))x(t) + B(O(t))u(r), 0() €F,  (123)
i=1

where r represents the number of polytope vertices, and § is the unitary simplex given by

Sz{iawzﬂ,wnzai:me}. (124)
i=1

The objective is to find a gain K(6(¢)) € R™*" such that the closed-loop system is
asymptotically stable when feedback by the control input

r

u(t) = — Y 6;(1)Kix(t) = —K(0(1))x(t). (125)

i=1

Then, the closed-loop system is given by (126).

r

i(1) = 3 6:(1) (I +BiK:i) ™' Ap)x(t) = (I+B(6(1))K(6(1))) ~'A(6(1))x(t). (126)
i=1

Remark 6. In state derivative feedback it is assumed that the matrix A(0(t)) is non-singular
(det(A(0(t)) # 0), and when the problem is feasible the gain K(6(t)) becomes the (I +
B(0(1))K(0(t)) matrix invertible.

Theorem 8 proposes sufficient LMIs conditions for the stabilisation of the system (123)
through the gain scheduling LQR-state derivative controller.

Theorem 8. Let A; non-singular (det(A;) # 0) and given Q € R™", R € R™™ and xo; € R™,
the system (126) is stable and has optimised performance if there exist symmetric matrix X >
0 € R™" and matrices Y; € R™*", satisfying:

min [

X=XxT>0Y



4 GAIN SCHEDULING LQR-STATE DERIVATIVE CONTROLLER 48

Subject to
T
[“ xOl]>0,l:1,2,...,p, (127)
xor X
Y  AX  AYT
xAl —o! 0 |<0,i=12,..n (128)
vaAl 0o —Rr!
Wij+ Wi+ Wi (QA+A)X AY] +AY] +A¥] i=12, ..,
X(2A7 +AT) —307! 0 <0, ¢ j=1,2,...,r, (129
YA] +YAT + VAT 0 —3R! i#J,
Wik + Wikj + Wik + Wik + Wi j + Vi * * i=1,2,..,r=2,
X (2A] +2AT +24]) —6Q7! | <0, ¢ j=i+l,..,r—1,
YAT + VAL + VAl + VAL + YAl +YA] 0 —6R™! k=j+1,.,r
(130)
where

Wi = AX +XAT + BY,AT +- Ay BT,

Wi+ Wi + Wi = X(QA] +AT) + (24; + A))X + BY,A] + BiYA] + BY:AT + Ay Bl +
A Bl +AY BT,

Wi+ i + Wi+ i+ Fhij + i = X (2A] + 247 +2A7) + (24, + 24, +2A)X + B KA +
BYAl + BYAT + BWYAT + BiY,Af + BiYA[ +A;Y! Bl + AY] Bl + AY! B} + A BY +
AYB{ +AYB].

The state derivative feedback gain can be given by

K. =YX ' i=1.2,..r (131)

T8

Proof. Supposing the set of LMIs feasible.
The proof of LMI (127) follow similar steps from proof of LMI (51).

For the LMI (128), multiplying by al-3 , and summing all terms in i, withi =1,2,...,r,

(W) ZHAX) Ay

1

xal) F(-9™ 0 <0, (132)

1

Syl 0 X(-RT

1

multiplying (129) by ocl-z(xj and summing all terms in i, jwithi,j=1,2,....;r, i # J,

ijéj<lljlij + Wi+ ¥jii) Zl#]((ZA +A;)X) Zﬁfj(AiYiT +AY] +AY)
=77 (X 24T +AT)) =7/ (-307") 0 <0. (133)

=7 (Y,A,T +YAT +v,AT) 0 =7/ (3R
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and multiplying (24) by o;ajoy, and summing all terms in i, with i = 1,2,...,r — 2, j with
j=i+1,...,r—1,and k,withk=j+1,...;r,

Zijk (Fiji + Firj + ik + Pjri + Vaj + Fhji) * *
(X AT +247 1247)) Zia(—6Q71) x <0,
S (VAT + VAL + VAT + VAL + AT + AT 0 Tk (—6R)
(134)
Applying Lemma 5, (135) follows.
Ei(Ti)  ZZjAX)  EZiAYT)
%X (XA Tzi(-oh 0 <0, (135)
%X (YAT) 0 E (R
where Y, = A;X +XA] + B YAl +AY/! B}, o,
A(0)X +XA(6)T +B(0)Y(0)A(0) +A(0)Y(6)"B(6)T A(6)X A(B)YT
XA(0)T —o ! 0 | <0. (136)

Applying Lemma 1 recursively in (136), replacing the variable Y (6) = K7g(0)X and

organising,

A(0)(X +B(0)Krs(0)X)T + (X +B(0)Kr3(0)X)A(0)T +A(0)XKrs(0) RKrg(0)XA(0)T +
+A(6)XQXA(0)" <0,
)
A(0)X(I+B(0)Kzs(0))" + (I1+B(0)Krs(0))XA(0)" +A(0)X (Krs(0)" RK73(0) + Q)XA(8)" <O0.
(137)
Now, applying Propriety 1 in (137) it is concluded that matrices (I + B(60)Krg(0)), A(0)
and X are invertible. Then, premultiplying by X ~'A(6)~! and posmultiplying by A(6)Tx !,
with X! = P

(I+B(6)Krs(8)) A(6)"P+PA(6) ' (I +B(6)Krs(6)) + Krs(6)  RKrs(6) +Q < 0.
(138)
Premultiplying by A(0)'(I + B(0)Krs(6))~7,  posmultiplying by (I +
B(0)Kr3(0))'A(6), (139) follows.

AO)T(I+B(0)Krs(0)) TP+P(I+B(0)Kzs(0)) 'A(6)+
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+A(0)" (1+B(6)Krs(0)) " (Krs(8)" RK75(8) + Q) (I+ B(6)Krs(6))'A(6) <0. (139)

Premultiplying by x(r)7, posmultiplying by x(z) and replacing Ay(0) = (I +
B(6)Krs(6))'A(6):

()T A (0)T Px() +x(t)T PA(0)x(t) +x(1)T Au(8) (K () Fg RK (8) 75 + Q)Au(8)x(7) < 0.

(140)
Replacing (1) = A (0)x(t) = (I+B(8)Krs(0)) 'A(0)x(r):
x()TPx(t) +x(1)TPx(t) < —x(t)T (Krg(0)T RK75(0) + Q)i (r). (141)
As x()T (K7g(0)TRKrg(0) + Q)i(t) is positive, than,
V(x(t)) = x(t)T Px(r) +x(t)T Pi(r) < 0 (142)
The proof of Theorem 8 is completed. ]

Example 4. Vibration isolation example

Consider the vibration isolation system, Figure 9, borrowed from (ABDELAZIZ, 2010).

The system can be described as

fC](Z‘) 0 0 1 0 xl(t) 0 O

(o (¢ 0 0 0 1 t 0 O t

L)) _ 2l | )
¥1() —kic1 —kycy —bicr —bycr| | %1(7) c1 cp| |ua(t)

)fz(t) —kicn —kpcy —bicr —brcy )Q(t) cy

where ¢; = 1/m, +17? [y, co =1/m, — L? /I,, m, and I, represent the mass and the inertia of
the mass, k; and k; are the spring constants, b; and b; are the damper constants, x; () and x,(7)
are the mass displacement from both sides, 2L is the distance between two supporting points,
and u (¢) and uy(¢) are the control input. The objective of the control law u(¢) is to suppress the

vibration. In Table 2 is showed the value of system parameters.

For this system, and the simulation, it is considered that the power of each actuator varies

with time according to two sinusoidal signals

Power in actuator 1 (at;) — 0.75+0.25sin(2nt + 7/2), (144)

Power in actuator 2 (aty) — 0.85 4 0.15sin(2m0.5¢ 4+ 1/2). (145)
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Table 2 - Vibration isolation parameters.

Parameters Symbol | Value
Mass (Kg) m, 10
Inertia of the mass (Kg mz) I, 1
Spring stiffness constant (N /m) ki 500
Spring stiffness constant (N /m) ky 600
Damping coefficient (N.s/m) by 10
Damping coefficient (N.s/m) by 15

Font: Borrowed from (ABDELAZIZ, 2010).

Figure 9 - Vibration isolation example.

Font: Adapted from (ABDELAZIZ, 2010).

In this way, the power of actuator at; varies between 50% and 100% of power, and the power
of actuator ar, varies between 70% and 100% of power. Then, the system can be represented

by a polytope, which vertices are represented as follow.

e Vertex 1 -aty — 50% and at, — 70%

0 0 1 0 0 0
0 0 0 1 0 0
Al = B = : (146)
~550 540 —11 13.5 0.55 —0.63
450 —660 9 —16.5 —0.45 0.77

e Vertex 2 -at; — 50% and at, — 100%
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0 0 1 0 0 0
0 0 0 1 0 0
Ay = , By = . (147)
~550 540 —11 135 0.55 —0.9
450 —660 9 —16.5 —0.45 1.1

e Vertex 3 -at; — 100% and at; — 70%

0 0 1 0 0 0
0 0 0 1 0 0
Az = , By = . (148)
~550 540 —11 135 1.1 —0.63
450 —660 9 —16.5 0.9 0.77

e Vertex 4 - at; — 100% and at, — 100%

0 0 1 0 0 0

0 0 0 1 0 0
—-550 540 —11 135 1.1 -0.9
450 —-660 9 —16.5 -09 1.1

For the initial states, the range are: —0.06 < xp1,x02 < 0.06 (m), and —2 < Xop,%02 <

2 (m/s). Therefore, the initial conditions polytope has sixteen vertices (p = 16).

The parametric components are o (¢) and 0,(¢) for ary, and &;(¢) and &;(¢) for at,.

01(t) =0.5+0.5s5in(2nt + 1 /2), (150)
o (t) =1-01(1), (151)

E\(t) = 0.5+0.5sin(270.5¢ + 1/ 2), (152)
&a(t) =1-81(2). (153)

Considering the convex combinations,

at1(o(t)) = o1(t)atimin+ (1 — 01(2) ) at1max = O1(t)at1min + 02 (t)atimax, (154)
at2<6<t)) = 51 (t)aIZmin + (1 - ‘:1 (t))aIZmax = 51 (t)aIZmin + 52 (t)aIZmaxa (155)

we can rewrite as,
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ar (G(t)v é (t)) = (51 (t) + 52(t))(61 (t)atlmin + GZ(I)atlmax)v
at (o (t),&(t)) = &1 (t)o1(t)atimin + G1(t) 02(t)atimax + E2(1) 01(t)at1min + &2 (1) 02() @t tmax
(156)
aty(0(t),8(t)) = (01(t) + 02(1)) (&1 (t) atomin + & (t)atomax),
atr(0(t),&(t)) = 01(t)&1(t)atamin + 01(1) E2(t) atamax + 02(t) §1 (1) atomin + 02 () Ea(t ) atomax-
(157)
Thus, defining
01(t) = &1(t) o1 (1), (158)
02(t) = &1 (1) 02(2), (159)
63(1) = & (t) o1 (1), (160)
04(t) = &a(t) 0 (1), (161)
aty and atp can rewritten as,
at1(0(t)) = 01(t)atymin+ 62(t)atimax + 603 (t)at1min + 04(t)atimax, (162)
aty(0(t)) = 01(t)atamin + 02(t)atymin + 03(t)atamay + 04(t)atamax- (163)

Now, using LMIs (128)-(130) from Theorem 8, the weighting matrices R = diag(1,1),
and Q = diag(10000, 10000, 100, 1000), the gains K1, (164), K»,, (165), K3,, (166), and K4,

(167) follow.
. [1.0009x 107 3.9741x 1077 1.3844x 1077 2.495x 10~
Ky =NX " = -7 -3 -8 -7
3.4274x 1077 1.1669 x 107> —4.4879x 107° —1.1864 x 10
1.3464  —0.0985 0.0660 —0.0180
—0.0985 1.8954 —0.0246 0.2421
x10° x , (164)
0.0660 —0.0246 0.0171 —0.0010
—0.0180 0.2421 —0.0010 0.0770

~ [134.7603
78 71 11,4463

1.0024 x 1073

K. =YX =
2rg — 72 [—1.4076><10_7

—-9.7766  6.6049

—1.7926
221.1733 ’

—2.8689 28.2511

~3.5806 x 1077 4.8164x 107 9.6863 x 10~
1.5026 x 1073 3.1980x 1072 1.5372x 1078
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1.3464 —0.0985 0.0660 —0.0180

5 —0.0985 1.8954 —0.0246 0.2421
x 107 x , (165)

0.0660 —0.0246 0.0171 —0.0010
—0.0180 0.2421 —-0.0010 0.0770

278

_ | 1349651 —9.9399 6.6163 —1.8154
| —14.8176 284.8129 —3.6980 36.3811 |’

1.6397 x 1073 —1.5422x 1077 —3.3910x 10~® —4.5661 x 10—8]

Ky =1X ' =
3rs = 13 [—2.9691><107 1.1672x 1077 2.5384x 107 3.1371x 10°®

1.3464 —0.0985 0.0660 —0.0180

<105 x —0.0985 1.8954 —0.0246 0.2421 | (166)
0.0660 —0.0246 0.0171 —0.0010

—0.0180 0.2421 —-0.0010 0.0770

318 —

220.7675 —16.1788 10.8215 —2.9595
—11.5356 221.2488 —2.8738 28.2618 |’

Kyl 1.6399 x 107 4.0479x 107 —3.1542x 107® —4.3913x 1078
s T 150053 %1078 15026 x 1073 5.1072% 1070 1.6556 x 10~°

1.3464 —0.0985 0.0660 —0.0180
5 —0.0985 1.8954 —0.0246 0.2421
x 107 x , (167)
0.0660 —0.0246 0.0171 —0.0010

—0.0180 0.2421 —0.0010 0.0770

drg —

220.7905 —16.1437 10.8222 —2.9551
147921 284.8181 —3.6968 36.3816 |’

Thereby, the controller K(6(t))7g is designed as follows

Krsg(0(1)) = 01(1)Kipg + 02(1)Kapg + 603 (1) Kz + 04(1) K. (168)

As a way of showing the influence of the addition of LQR-state derivative on the system
approach, a comparison (Figure 10) between Theorem 8 and Theorem 2 from (LLINS et al.,
2017) is performed. For the simulation, an initial condition of xo = [0.04 0.02 0.01 —0.02]"
was used. The controller designed with Theorem 2 (LLINS et al., 2017) was
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T _ |066267 053774 12931 19731
L T 0.10392 0.84624  0.52402 1.5378

0.0428  0.0278  1.5937 —0.6491
—0.0346 —-0.0174 —-1.8132 1.1012
—0.0029 —0.0012 0.0323 —0.0117|’
—0.0026 —0.0034 —0.0450 0.0285

x10° x (169)

I

| 823.3261 —204.0960 16.1306 —5.5759
| —135.0891 7249186 —2.3569 17.0411|’

. _ T _ |076756 070816 12009 2.5080
T2 T 1011205 0.6844  0.26994 1.3228

0.0428  0.0278  1.5937 —0.6491
03 » —0.0346 —-0.0174 —-1.8132 1.1012 |

—-0.0029 —-0.0012 0.0323 —0.0117

—0.0026 —0.0034 —0.0450 0.0285

(170)

K — 338.3339 545.5914 6.3735 12.9636
2 —404.6222 951.4163 —7.8919 22.8938|’

i _ g7 _ |0:56208 0.4616 0.93555 1.5354
LTS T 1040828 1.1208 1.0216  2.426

0.0428 0.0278 1.5937 —0.6491
—0.0346 —-0.0174 —-1.8132 1.1012
—0.0029 —0.0012 0.0323 —0.0117|’
—0.0026 —0.0034 —0.0450 0.0285

x103 x (171)

Ko — 531.2268 —33.0298 10.0803 —1.4234
T 101.9076 785.6472 2.1137 18.2139 |

K, -

L

_wT = 0.67197 0.62545 1.0628 2.1482
- 0.40441 0.94944 0.83621 2.2828

0.0428 0.0278 1.5937 —0.6491
03 » —0.0346 —-0.0174 —-1.8132 1.1012

—-0.0029 —-0.0012 0.0323 —-0.0117

—0.0026 —0.0034 —0.0450 0.0285

: (172)

| 3454923 404.4162 6.5017  9.4597
T 1105.4379 967.1052 —1.9930 23.0787]
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Thereby, the controller K(6(t));, is designed as follows

KL(G(I)) =60 (l‘)K]L + GQ(I)KQL + 93(I)K3L + 94(I)K4L. (173)

Figure 10 - Comparison between controller K7g(6(¢)) and K,(0(¢)).

‘—Theorem 7 (Llins et al., 2017)‘

0.05 | ‘ | ‘
\W.A
|
| - 207
| O wm "‘a.g,m.
& 0
-0.05 ‘ Té _20 ‘
O | | 6 : 0 1 2 3 4 5 6
0.02 ‘ : ‘
= 0011\ g
& | T, ;
-0.01 ‘ ‘ -10 ‘ ‘ ‘ ‘ ‘
0 | | | o 1 2 3 4 5 6
Time (s) -

Font: Author’s own result.

From Figure 10, note that the controller K7g(0(z)) (168) got a better result, once that the
settling time and the control signal are lesser than the result with controller Kz.(6) (173). In

Figures 11 and 12, it is possible to see the variation of o(¢) and £ (¢), and 6(¢).

Figure 11 - Variation of o(¢) and & (¢).

1

Time (s)

Font: Author’s own result.
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Figure 12 - Variation of 0(t).
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Font: Author’s own result.

4.1 PARTIAL CONCLUSIONS

This section presented sufficient conditions based on LMIs to obtain gain scheduling LQR-
state derivative controllers for the stabilisation with optimised performance of linear systems
subjects to a time-varying parameter. Through the comparison was possible to note the influence
of the LQR-state derivative on the system approach once that the behaviour of the system was
improved, as well as the control signal. This improve occurs due to the addition of LQR-state
derivative, but, specifically in the properly choice of the weighting matrices. As mentioned
above, the LQR-state derivative controller is capable of to obtain good results with low control

signals, becomes an excellent alternative for practical implementations.

However, it is necessary to take care with the value of weighting matrices, Q and R, since
this matrices are linked with the behaviour of the state derivatives and the control signals.
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®
Consider a model of active suspension of a 1/4 of vehicle, produced by Quanser , whose

schematic is presented in Figure 13. The system consists of two masses, M; represents 1/4 the

mass of the vehicle body, and M, represents the tire assembly of the vehicle. The mass M; is

supported by the spring k; and the damper bs. The mass M, is supported by the spring k,; and

the damper b,,. In order to reduce the oscillations caused by runway irregularities the active

suspension system is used, which is composed of the masses M, and M,,;, and a motor (actuator)

connected between them and controlled by force F,.

1
Figure 13 - Model of active suspension of a 1 of the vehicle.

zs(t)

Font: Adapted from (SILVA, 2012).

Accelerometer (= Z(1))

M, — 1 of mass of the vehicle

Active Suspension

by

Accelerometer (= 7,4(1))

M,,; — mass of the tire assembly

The dynamic of system is given by (QUANSER, 2009):

T T
with x(7) = [Zs(l)_zus(l) 25(t)  zus(t) —z(2) Z.us(t)} ,u(r) = [Zr(t) Fc] and p = —.

0 1 0 —1 ] [0 0 |
—pks —pbs 0 pbs 0
0 0 0 | X)) + |
ki by kus  (bs+bus) bus 1
Mys My My My | | Mys My,

The value of constants can be seen in Table 3 (QUANSER, 2009).
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Table 3 - Active suspension parameters.

Parameters Symbol | Value
Mass of % of the total body of vehicle (Kg) M 2.45
Mass of the tire assembly (Kg) M, 1
Spring stiffness constant (N /m) ks 900
Spring stiffness constant (N /m) kus 2500
Damping coefficient (Ns/m) by 7.5
Damping coefficient (Ns/m) bys 5

Font: Borrowed from (QUANSER, 2009).

Note in the state space representation of the system that there are two control inputs, one
referring to the track surface velocity (z,) and one referring to the force (F.) applied to the

active suspension actuator. For this work, only the control input (F,) will be taken into account.

For this system, some implementations are performed. First, an implementation using the
robust LQR-state derivative controller, and after using the gain scheduling LQR-state derivative

controller.
ROBUST LQR-STATE DERIVATIVE CONTROLLER

For this implementation, Theorem 6 was used. Considering that the mass can be changed
due to a two equal loads (each one has a weight of 0.4975 Kg), which make up the mass M;.
In this way, the mass M; can belong to the range 1.455 < M, < 2.45 (Kg). Considering the
parameter p = 1 /M, the range can be modified to 1/ Mgpax < 1/Mg < 1/Mgpin = Pmin < p <
Pmax = 0.4082 < p <0.6873.

Still, will be considered a fault in the actuator, i.e., there will be a power loss of 50% in
the motor. The power loss coming from the actuator fault is represented in the model by the
constant k4, (LI etal., 2012). Considering the fault channel from the controller to the actuator,

we have

u(t) = Fe = u(t) fautr = kpautiFe- (175)

Thus, we have a four polytope vertices:

e Vertex 1 - My =1.455 Kg and 50% of power loss,
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0 1 0 ~1 0
~367.35 —3.0612 0  3.0612 0.2041
A= . B = . (176)
0 0 0 1 0
900 75 —2500 —12.5 ~0.5

* Vertex 2 - My = 1.455 Kg and 100% of power

0 1 0 —1 0
~367.35 —3.0612 0  3.0612 0.4082
Ay = , By = . (177)
0 0 0 1 0
900 75 —2500 —12.5 ~1

* Vertex 3 - My = 2.45 Kg and 50% of power loss

0 1 0 -1 0
—618.56 —5.1546 0 5.1546 0.3436
Az = , Bz = . (178)
0 0 0 1 0
900 7.5 —2500 —12.5 -0.5

» Vertex 4 - My =2.45 Kg and 100% of power

0 1 0 -1 0
—618.56 —5.1546 0 5.1546 0.6873
Ay = , By= . 179)
0 0 0 1 0
900 7.5 —2500 —12.5 —1

The range of the initial states are: —0.02 < xp1,x03 < 0.02 (m) and —0.15 < xpp, x4 <
0.15 (m/s). Therefore, the initial conditions polytope has sixteen vertices (p = 16).

The weighting matrices chosen were: Q = diag(10,10,10,12) and R = 1. Using Theorem
6, the following robust controller was designed:

Kre =YX 1=10"°x [0.3302 —0.0008 —0.0813 —0.0001]

0.2340 0.0046  0.0488 —0.0008
6. 0.0046  0.0006 —0.0084 —0.0001
0.0488 —0.0084 1.0545 0.0129
—0.0008 —0.0001 0.0129  0.0006

; (180)

KT6:[73.2982 22074 —69.5687 —1.3069].

As a reference signal (z,) for practical implementation a square wave signal was adopted.
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1
Such signal has an amplitude of 0.02 m, a frequency of 3 Hz and pulse width of 50%. The
sampling period was 1 ms. For the implementations a time interval of 0 to 18 seconds was
considered, and until 4.99 seconds the system is in open-loop, in 5 seconds the system is in

closed-loop with control law u(z) = —KX(¢) and in 13 seconds the fault occurs.

Two implementations are performed. The implementations consider the robust controller
K, with mass Mg = 1.455 kg, or mass My = 2.45 kg. The result of the implementations can
be seen in Figures 14 and 15. Observe that the system is naturally stable, but presents high
settling time and abrupt oscillations, which can cause damage and discomfort to the driver and

passenger inside the vehicle. It is possible to decrease the oscillations taking into account the
system controlled by force F..

Figure 14 - Real system behaviour and control signal for the controller K74 and mass My =

1.455 kg.
— 0.04 ‘ T T
g 0.02 y \ 7 o i S -
= 0 i - -
& ' closed-loop v v fault
A 0.02 | | | | | I I I
0 2 4 6 8 10 12 14 16 18
2 T T T T T T T T —F
3 20 E
3
=
0 '
= open-loop closed-loop fault
8 _20 | | | | | | | |
0 2 4 6 8 10 12 14 16 18

Time (s)
Font: Author’s own result.

Figure 15 - Real system behaviour and control signal for the controller K7¢ and mass My =
2.45 kg.

" == Road z, (t) — Displacement z(t) - Displacement z,,g(t)‘ T

el

closed-loop
| | | | |

Displacement (m)

8 10 12 14 16 18

g 20 \ \ \ \ ‘ ‘ ‘ ‘ —F,
=
5
n 0
ks
*g open-loop closed-loop fault
8 _20 | | | | | | | |

0 2 4 6 8 10 12 14 16 18

Time (s)

Font: Author’s own result.

Analysing the Figures 14 and 15, note that the designed robust controllers were able to
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mitigate the vibrations (attenuate the oscillations) considering the mass M uncertain and a fault

occurrence in the actuator.

In addition, more tests were performed in the active suspension system to verifying the
behaviour of the system with a variety of weighting matrices Q and ‘R. By varying the matrix Q,
good system’s performance can be achieved, but signal control increases. For this system was
observed that small values of matrix Q were enough to obtain a good result. Now, by varying the
matrix R, small control signals can be obtained, but the system performance decreases. Again,
small values of R were enough to obtain small control signals. Thus, to achieve good behaviour
of the system, it is necessary to conciliate the weighting matrices by adopting appropriate values

for them.

GAIN SCHEDULING LQR-STATE DERIVATIVE CONTROLLER

Now, using Theorem 8, an implementation is performed. Unlike the previous
implementation, it considers that the actuator power varies with time. This variation can be

represented as

0(t) =0.85+0.15sin(20.5t + 1 /2), (181)
which means that the actuator works between 70% and 100% of power.

Parameterising 6 (7), we have

0, (1) = 0.5+0.5sin(2m0.5¢ + 71/2), (182)

0x(1) =1—6,(1). (183)

In this way, the system can be represented by a polytope, which vertices are represented as

follow.

e Vertex 1 - 70% of power

0 1 0 0 0
—367.35 —3.0612 0 3.0612 0.2857
Al = , B = . (184)
0 0 0 1 0
900 7.5 —2500 —12.5 -0.7

* Vertex 2 - 100% of power
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0 1 0 0 0
—367.35 —3.0612 0 3.0612 0.4082
2= , B = (185)
0 0 0 1 0
900 7.5 —2500 —12.5 —1

The range of the initial states are: —0.02 < xg1,x03 < 0.02 (m) and —0.15 < xpp,x04 <
0.15 (m/s). Therefore, the initial conditions polytope has sixteen vertices (p = 16). Choosing
the weighting matrices as Q = diag(10000, 10,10, 12) and R = 1, the designed gain scheduling
LQR-state derivative controller was

K, =1X'= [7.7793 x 107 —3.1317x 1077 7.3528 x 107° 3.0566 x 10*7]

[ 15639 0.0369 —0.7061 —0.0175
0.0369  0.0074 —0.0935 —0.0021
x10° x : (186)
—0.7061 —0.0935 9.1436  0.1268
—0.0175 —0.0021 0.1268  0.0067
K, = (121.6603 2.8728 —54.9176 —1.3637] :
Ky =X 1= [1.0172x 1073 8.1525x 1078 —1.9390 x 10™° —8.6280 x 10*8]
15639 0.0369 —0.7061 —0.0175]
5 0.0369  0.0074 —0.0935 —0.0021
x10° x , (187)
—0.7061 —0.0935 9.1436  0.1268
—0.0175 —0.0021 0.1268  0.0067
Ky, = 1159.0760 3.7569 —71.8268 —1.7836 (188)
Thereby, the controller K(6(t))7g is designed as follows
K(G(I))Tg =0 (l‘)KlTS + QQ(Z)KQTS. (189)

As a reference signal (z,) for practical implementation a square wave signal was adopted.
Such signal has an amplitude of 0.02 m, a frequency of % Hz and pulse width of 50%. The
sampling period was 1 ms. For the implementations a time interval of 0 to 18 seconds was
considered, and until 4.99 seconds the system is in open-loop, and in 5 seconds the system is in
closed-loop with control law u(z) = —K(0(z))x(t).
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As seen by the Figure 16, it is possible to decrease the oscillations taking into account the

system controlled by force F.. So, using controller K(0(¢))rs, it is possible to increase the
system response.

Figure 16 - Real system behaviour and control signal for the controller K7g(6(z)).
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6 CONCLUSIONS

In this work, less conservative conditions for the synthesis of optimal controllers for linear
time-invariant systems subject to polytopic uncertainties are proposed. When feasible, LMIs
conditions can be easily solved by software programs present in the mathematical programming
literature, such as MatLab® (GAHINET et al., 1994). In case of this work, the software
MatLab® was used together with your standard solver, "LMILab”, and the interface for
advanced modelling " YALMIP toolbox™.

In controllers design, the control law used was based on state derivative feedback (u(r) =
—Kx(t)). The use of state derivative feedback is more advantageous in some systems that have
the acceleration and velocity signals for feedback due to the presence of accelerometers sensors.
Considering the LQR-state derivative controller, the project was shown to be an important tool
in the control of mechanical systems, especially in vibration control, since it is possible to
mitigate the vibrations with a lower control signal choosing the weighting matrices properly,

even when the system is subject to uncertainties.

Considering that the resolution of the LQR-state derivative via LMIS is a relatively
new topic, the first conditions on specialised literature (BETETO et al., 2018a, 2018b) are
conservatives. In this way, this work proposed less conservative conditions based on Finsler’s
Lemma (SKELTON; IWASAKI; GRIGORIADIS, 1998; OLIVEIRA; SKELTON, 2001) and
the results presented in (LIU; ZHANG, 2003; TEIXEIRA; ASSUNCAO; AVELLAR, 2003;
CARNIATO et al., 2018). The feasible regions showed that the proposed techniques achieved

better results, i.e., achieved less conservative results.

Besides the robust LQR-state derivative controller, and with the high interest on systems
subjects to varying parameters, it still proposed in this work the gain scheduling LQR-state
derivative controller. This technique is shown to be an effective method for vibration control,
considering that there is a varying parameter on the system. Through the comparison, it
was possible to see that the inclusion of LQR-state derivative on the problem approach it is

advantageous, once that better performance with low control signal is achieved.

Throughout the text, simulations and practical implementations are shown to validate the
proposed techniques, which showed that the proposed methods perform well, even when there

are uncertainties in the system model or the system is subject to varying parameters.
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6.1 FUTURE RESEARCH SUGGESTIONS

* Use the Projection Lemma or Reciprocal Projection Lemma as a starting point to

formulate the LMIs conditions;
* Analyse the result of add one matrix Q and R for each vertex;

* Investigate less conservative conditions for the gain scheduling LQR-state derivative

controller.
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