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Abstract

The central goal of this thesis is to formulate a model that allows to include gluonic
effects in parton distribution functions (PDFs) of constituent quarks and the pion.
To this end, we construct a quark target model (QTM) to incorporate intrinsic glue
into effective low-energy models of QCD, which often contain only quark degrees of
freedom. This method guarantees the gauge invariance of observables order-by-order in
the strong coupling. The quark and gluon PDFs for the constituent quarks are obtained
in the QTM at leading order. The gauge invariance of the results is demonstrated by
comparing both covariant and light cone gauges, with the former including an explicit
Wilson line contribution that must be present in covariant PDF calculation. A key
finding is that in covariant gauges the Wilson line can carry a significant amount
of the light cone momentum. With coupling strength a; = 0.5 and dressed quark
mass M, = 0.4GeV, we find quark and gluon momentum fractions of (x), = 0.81
and (z) , = 0.19, where the Wilson line contribution to the quark momentum fraction
is —0.18. We use the on-shell renormalization scheme and find that at one-loop this
Wilson line contribution does not depend on the covariant gauge but does vanish in light
cone gauge as expected. This result demonstrates that it is crucial to account for Wilson
line contributions when calculating quantum correlation functions in covariant gauges.
We also consider the impact of a gluon mass using the gauge invariant formalism
proposed by Cornwall, and combine these QTM results with two quark-level models to

obtain quark and gluon PDFs for the pion.
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Resumo

O objetivo central desta tese é formular um modelo que permita incorporar efeitos
gludnicos em fungoes de distribuigao de partons (PDFs) de quarks constituintes e pions.
Para este fim, construimos um modelo que consiste de um quark como alvo (QTM)
para incorporar gliions de maneira intrinseca a modelos de baixas energias da QCD,
que geralmente contem apenas graus de liberdade de quark. Este método garante a
invariancia de calibre dos observaveis ordem a ordem na constante de acoplamento forte.
As fungoes de distribuigao de partons (FDP) do quark e do gltion no quark constituinte
sao obtidas no QTM em primeira ordem no acoplamento forte. A invariancia por calibre
dos resultados ¢ demonstrada comparando ambos os resultados no calibre covariante e
cone de luz, com o primeiro incluindo explicitamente a contribuicao da Linha de Wilson
que deve estar presente em célculo de FDPs em calibres covariantes. Uma descoberta
chave é que em calibres covariantes, a linha de Wilson pode carregar uma quantidade
significativa de momento do cone de luz. Com a for¢a de acoplamento oy, = 0.5 e massa
do quark constituinte M, = 0.4 GeV, encontramos fracoes de momento do quark e do
glion de (x), = 0.81 e (z), = 0.19, onde a contribuigao da linha de Wilson para a fracao
do momento carregado pelo quark é —0.18. Usamos o esquema de renormalizacao
on-shell e descobrimos que em a um loop esta contribuicao da linha de Wilson nao
depende do calibre covariante, mas desaparece, como esperado, no calibre do cone de
luz. Este resultado demonstra que é crucial considerar as contribui¢oes da linha de
Wilson ao calcular fungoes de correlagao quénticas em calibres covariantes. Também
consideramos o impacto de uma massa de glion usando o formalismo proposto por
Cornwall que é invariante por calibre, e combinamos esses resultados MAQ com dois

modelos de apenas quarks para obter FDPs do quark e gltion para o pion.
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Chapter

Introduction

The development of a deep understanding of the rich and complex structure of Quantum
Chromodynamics has been a long standing goal of the particle physics community.
Although QCD is universally accepted to be the correct theory describing the strong
force that binds quarks and gluons within hadrons, many problems are still to be
addressed and resolved. In particular, unraveling the structure of hadrons in terms
of the quarks and gluons is one of the most pressing contemporary issues in hadronic
physics. After all, quarks are the building blocks of protons and neutrons (nucleons),
which are the main components of atomic nuclei that make up most of the visible
matter in the Universe. Quarks come in six flavors: up (u), down (d), strange (s),
charm (¢), bottom (b) and top (¢). The v and d define the minimum quark content of
the protons and neutrons, namely uud and ddu respectively; they are generated by the
Higgs mechanism and their values are m, ~ mg ~ 5 MeV. They account to only 2%
of the nucleon mass, My ~ 1 GeV. The gross of the nucleon mass is generated by the
nonperturbative dynamics of quarks and gluons through the mechanism of dynamical
chiral symmetry breaking (DCSB). This emergent phenomenon is associated with the
QCD light-flavor sector (the quarks w and d, and to some extend the s quark), and



confers an effective mass to the quarks, M, ~ My ~ 300 MeV. The DCSB generated
massive quarks are known as “constituent quarks”, or “dressed quarks”’, whereas those

light quarks with Higgs generated masses are known as current quarks.

Although the existence of the quarks and gluons has been revealed through Deep
Inelastic Scattering (DIS) experiments and electron-positron collisions |3, 4|, quarks
and gluons have never been observed in isolation in nature—they are permanently
confined within hadrons and are only observed forming color-neutral bound states.
Understanding this intriguing empirical finding, the so-called confinement, is a long-
standing challenge, even though the formulation of QCD dates back to the 1970s. From
the theoretical side, one perspective of confinement which has attracted considerable at-
tention is that its realization in a physical theory would be related to dramatic changes
in the QCD two-point and three-point correlation functions |5|—for a list of references,
see Ref. [6]. In a nonconfining theory, a physical particle has a pole on the real axis
at timelike momenta and the position of the pole is identified to be the physical mass.
In a confining theory, however, the picture can get substantially more cumbersome
with possible presence of complex mass poles and branch cuts in the propagators and
vertex, besides positivity violation of the spectral functions [7—12|. Both confinement
and DCSB are low-energy emergent phenomena, which render it difficult to tackle.

Understanding such peculiar features from QCD first principles remains challenging.

At the high-energy domain, the coupling strength becomes small owing to as-
symptotic freedom of QCD [13, 14|, and physical processes can be well described using
perturbative methods based on an expansion of the coupling constant. This means that
quantitative predictions can be made for hard scattering cross sections in hadronic in-
teractions, for example. However, at low-energies, the coupling becomes large and
one reaches the regime of QCD in which these aforementioned distinct features of the
theory kick in, where the use of perturbation theory is no longer possible. Therefore,

one can identify two regimes in QCD: a perturbative one for which there are precise



and systematic analytical methods to describe observables, and which can be accessed,
tested, and explored through high energy collisions at high squared momentum trans-
fer %, and a nonperturbative for which there is no systematic perturbative approach

based on the coupling constant of the theory.

The primary theoretical tool that has been used for studying nonperturbative
QCD phenomena from first principles, where quarks and gluons are the fundamental
degrees of freedom, is lattice QCD |15, 16]. In this approach, the theory is formulated
in Euclidean space-time, discretized in a lattice, and quark-gluon correlation functions
are computed using Monte-Carlo algorithms. This requires significant computational
resources. Additionally, because PDFs are field theoretically defined in terms of matrix
elements of bilocal operators depending on the light-cone coordinates, a direct compu-
tation on the lattice is not possible due to its Euclidean space formulation. Instead,
lattice QCD calculates matrix elements of local operators, which in turn are directly
related to the Mellin moments of the PDFs. The knowledge of a sufficiently high num-
ber of Mellin moments would, in principle, allow the PDFs to be reconstructed using
the inverse Mellin transform. At present, however, calculation is limited to the lowest
moments [17]. In recent years, an alternative approach has been proposed based on
the so-called quasidistributions (quasi-PDFs), which are defined as matrix elements
of equal-time correlators in the large momentum limit, through which the PDFs can
be extracted via factorization and matching procedures [18-24]. This approach allows
a direct implementation on lattice and has seen a rapid progress, but still has many
systematic uncertainties and only recently it has become possible to extract gluon

distributions [25].

An alternative approach to accessing the nonperturbative QCD regime, where
PDFs reside, is through the quantum equations of motion of the quark and gluon fields
correlation functions , the so-called Dyson-Schwinger equations (DSE) [26, 27]. In prin-

ciple, all information about the theory could be obtained by solving these equations



of motion. In practice, however, these equations form an infinite system of coupled
integrals, making them analytically impossible to solve. As a result, one most rely on
truncation schemes to obtain a feasible tool to realistically describe a problem. More-
over, DSE calculations are also typically carried out in Euclidean space and therefore,

in this formulation, PDFs must be reconstructed from its Mellin moments. *

A basic ingredient connecting in some way these two regimes of QCD is the uni-
versal parton distribution function (PDF), which contains information on how quarks
and gluons momentum are distributed within a hadron. Strictly speaking, PDFs al-
low for a probabilistic interpretation in the infinite momentum frame and reflect the
probability of finding a quark carrying a fraction z of the parent hadron’s longitudinal
momentum. Experimentally, PDFs are accessed in inclusive and semi-inclusive deep
inelastic scattering processes. Factorization theorems in QCD allow to factorize a class
of hard scattering cross sections into a short-distance part, which is process dependent,
but determined perturbatively, and a long-distance part described by the PDFs, which
has the advantage of being universal, but are intrinsically nonperturbative. Therefore,
even at very high energies, the knowledge of the nonperturbative low-energy PDFs are
needed to obtain a description of hadronic reactions. In general, the PDFs are obtained
by global analysis of experimental data. Once these distributions are determined for a
considerable high value of %, the evolution equations of the PDFs are used to obtain
predictions at other values of Q2. Currently, a direct computation of PDFs from first

principles remains elusive.

A shared attribute of effective field theories and model calculations is that the
emphasis of calculation efforts has so far been on obtaining quark correlation functions
and related quantities, such as electromagnetic form factors, quark PDFs, etc. In

PDF calculations, gluon distribution is either inferred indirectly or is assumed to be

*It is worth mentioning that within the DSE approach, the formulation in either Euclidean or
Minkowski spacetime is a matter of choice.



generated entirely perturbatively by DGLAP evolution equation [28-31]. In the former
case, once the quark PDF is determined at the model scale, the gluon momentum
fraction is inferred from the momemtum sum rule. In the latter, nonzero sea and gluon
distributions are only generated after evolution to a high (?, assuming zero sea and
gluon distributions at the low Q? input scale. However, since several of the major open
questions in hadron physics — such as the origin of hadron mass, and the distribution
of mass, momentum and spin in the proton — are believed to involve heavy gluonic
contributions at all renormalization scales and, moreover, since a major focus of future
experimental efforts such as at the Electron Ion Collider is the gluonic structure of

hadrons [32], it is crucial to have gluonic observables directly calculated in effective

models of QCD.

This thesis aims to devise a model framework that allows to incorporate gluonic
effects in PDFs of constituent quarks and the pion [33]. For that purpose, we take
the approach of incorporating intrinsic gluons to PDFs computed within an effective
model of QCD build solely on quarks degrees of freedom. It is vital that such a model
share many of the important QCD features. An ideal candidate is the Nambu-Jona-
Lasinio model (NJL), a low-energy effective model that involves only quark degrees
of freedom and manifests DCSB in a transparent way. Moreover, confinement can
be emulated in the model by a proper choice of regularization scheme [34-36]. Since
these models have been successful in the calculation of observables such as PDFs [37—
39], form factors [36, 40|, and GPDs [41, 42|, this success can be carried over without

constructing a new effective model whole cloth.

The simplest and most straightforward way of adding intrinsic glue to an effec-
tive model of quark degrees of freedom is to simply add gluonic substructure to the
constituent quark degrees of freedom. A shared feature of low-energy effective models

of QCD is the emergence through the DCSB phenomenon, as already mentioned, of



constituent quarks, which are massive quasi-particles with the same quantum num-
bers as the (nearly) massless quarks appearing in the QCD Lagrangian. These dressed
quarks are made up of many quarks and antiquarks, and it seems reasonable to suppose
that they would contain gluons, too, if the model were to incorporate explicit gluon

degrees of freedom.

In this thesis we follow this approach and construct a quark target model (QTM)
in which a quark and gluonic substructure is embedded within the constituent quark.
In this way, we explicitly calculate the quark and gluon distributions in the constituent
quark to leading order in the quark-gluon coupling strength. The PDFs are by definition
gauge invariant. However, in general gauges, it is necessary to account for Wilson line
contributions to the quark PDF in order to properly observe the momentum sum rule.
This is important, because, for example, within the DSE approach PDFs have been
calculated using Landau gauge [30, 31|, however, these results neglect the Wilson line
contributions that must be present in covariant gauges. The calculation here is done in
covariant and light cone gauges to explicitly demonstrate gauge invariance of the QTM
quark and gluon PDFs and explore the importance of the Wilson line contribution in
covariant gauges. The quark and gluon fields appearing in the QTM are not the current
quark and gluon fields appearing in the QCD Lagrangian. The former are dressed by
the chiral symmetry breaking mechanism of some low-energy effective model, and the
latter are postulated to be low-energy effective degrees of freedom as well. In particular,
the gluons appearing within the dressed quarks may be massive [43]—a possibility we

shall consider and derive the consequences of.

This thesis is organized as follows: In Chapter 2 we present an overview of
Quantum Chromodynamics discussing some of its important symmetries, the chiral
symmetry. The Nambu-Jona-Lasinio model as an effective model of QCD is introduced
and it is shown the emergence of dynamical chiral symmetry breaking, and also the

constrains imposed by chiral symmetry breaking on the solution of the pion bound



state Bethe-Salpeter equation, which will lead to the parameters that will be used to
fully characterize the model. In Chapter 3 we review the formalism of inclusive deep
inelastic scattering (DIS), with the historical facts that led to the formulation of the
parton model. The leading twist quark and gluon distribution functions that will be
used later in Chapter 4 are introduced. Chapter 4 is the scope of this thesis, where
we construct the QTM and obtain analytical results for the quark and gluon PDFs of
the quark target. Next, an explicit gluon mass is introduced and its impact on the
QTM PDFs is studied under two scenarios, one where a naive mass term is added to
the Lagrangian which directly breaks gauge invariance, and in the other scenario we
use the formalism proposed by Cornwall [44] that maintains gauge invariance and the
momentum sum rule via the introduction of an auxiliary field. In Chapter 5, numerical
results for the QTM PDEFs and their Mellin moments are presented for massive quarks
and massless gluons. In the last part, we combine the QTM PDFs with two quark-only
pion PDFs models, thereby obtaining quark and gluon PDFs for the pion at the model
scale. DGLAP evolution is then performed and the PDFs are compared to data and an
empirical PDF parameterization. Finally, in Chapter 6, we provide some conclusions
and an outlook. The thesis also comprises three appendices, in which we state the
notation and conventions we use throughout the thesis, and show details of lengthy

derivations.



Chapter

Aspects of QQCD

Quantum Chromodynamics (QCD) has long been established as the fundamental the-
ory describing the strong force, from the most fundamental level of its basics degrees
of freedom, the quarks and gluons, up to the hadronic and nuclear levels. The strong
force is responsible for binding quarks and gluons inside subatomic particles, as the
most familiar proton, neutron and pion, and many others. Describing these composite
particles remains a great challenge as the coupling at the relevant energy scale becomes
large, consenquently, not enabling the use of perturbation theory in the QCD coupling

constant.

In this chapter, we provide a brief review of the aspects of QCD most relevant
to this thesis. First, we introduce the QCD Lagrangian, discuss its path integral
quantization, and define the noninteracting quark and gluon propagators in covariant
and light-cone gauges. We then examine the approximate flavor and chiral symmetries
in QCD and introduce the Nambu-Jona-Lasinio (NJL) model. Finally, we demonstrate
how the NJL model mimics the QCD dynamical chiral symmetry breaking (DCSB), a
phenomenon responsible for producing constituent quarks and pions, the latter being

the (pseudo)-Goldstone bosons of DCSB.



2.1 QCD Lagrangian and QCD propagators

From a formal perspective of quantum field theory, QCD is a non-Abelian gauge theory
with gauge group SU(3) coupled to quarks in the fundamental representation. The
Lagrangian density characterizing QCD is given by

1
——Ge,GH (2.1)

EQCD = Z@;(UDU - 6Z]mq>wz 4
q

where 1, and @q are, respectively, the flavor-¢ current-quark and antiquark fields, with
q=1u,d,s---,a=1---,81is a color index of the SU(3) gauge group in the adjoint
representation and ¢,7 = 1,2,3 are color indices in the fundamental representation.
Greek letters p,v = 0,1,2,3 are used to denote Lorentz vectors indices. The gauge

covariant derivative, necessary to obtain a color gauge invariant Lagrangian, is
D, =0, +1igA,, (2.2)

where ¢ is the strong coupling constant,

8

Aulw) =) 1" A(x), (2.3)

a=1

with A being the gluon gauge fields and ¢* the generators of the SU(3), which in the
fundamental representation are t, = \,/2, where A\, are the conventional eight Gell-
Mann matrices. Hereafter, summation symbol is omitted, implying summation over
repeated indices as usual. The antisymmetric gluon field strength tensor is constructed
out of the gauge covariant derivative Eq. (2.2) and ensure gauge invariance of the gluon

kinetic energy term describing gluon dynamics:

Gl = 1°G2, = —éwu, D)) (2.4)

= 1" (0,48 — 0,A% — gfancALAS) (2.5)



where fup. is the structure constant of the SU(3) and whose generators satisfy.

[t 1°] = i fape t°, (2.6)
Tr[t 1] = T(R) 6, (2.7)
[(t)]" = C(R) b, (2.8)

where R is a given representation. In the fundamental representation, 7'(F') = 1/2 and
C(F) = Cr = (N? — 1)/2N. Notice the appearance of self interactions amongst the
gluons, generated by the last term on the L.H.S. of Eq. (2.5), a well distinct feature
of QCD. Unlike the photon in Quantum Electrodynamics (QED), which lacks electric
charge, gluons carry color charge which make them self-interacting. Under local gauge
transformation

U(z) = exp [i0,(2)t,], (2.9)
the gluon field transform as
Au(r) = U(x)Au(2)UT (x) — é ((0,U(z)) U(x), (2.10)
and the gluon strength tensor in Eq. (2.4) tensor as
G — Ulr) G, Ul(x), (2.11)

since it is constructed such as to obtain a gauge invariant gluon kinetic term. It
is worth pointing out that only the color trace of the contraction of two gluon field
strength tensors is gauge invariant, which is the case of the Yang-Mills part of the
Lagrangian density in Eq. (2.1). Notice that this term is equivalent to writing

1 a 14 ]' a a v 1 a v ]' v
1GGE = 5 Trd" GG = STr[tat] GG = STr[Gu G ], (2.12)
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The last term, on the other hand, owing to Eq. (2.11), can be written as
1 1
ST [GuG" ] =Te[U G, UG ut] = S TGl 6" (2.13)

Based upon this discussion, a gluon mass term ~ mgAuA“ is not allowed as it would
violate local gauge invariance. Therefore, gluons must be massless. Nevertheless, re-
sults from both Lattice QCD [45-47| and Dyson-Schwinger equations [48-50] suggest
that gluons acquire a dynamical and momentum dependent effective mass, which poses
the question of how a finite gluon mass can be introduced at the Lagrangian level while

preserving gauge invariance. We will come back to this point in later sections.

Having introduced the QCD classical Lagrangian, we proceed to the path inte-
gral quantization of the theory. The quantum field theory associated with the QCD
classical Lagrangian Eq. (2.1) can be described using the path-integral approach, in

which the partition function is the main object of interest:
Z[®] = / D[@]eSacr®] 1 Soep = / d*z Locp. (2.14)

where ® = {@DJZ, A} denotes all fields of the theory and D[®] = {DtzZDA} is the

functional measure of the fields of the theory.

Nonetheless, a nointeracting gluon propagator cannot be read off from Eq. (2.1)
because the term quadratic in the gluon field (the kinetic part) cannot be inverted.
This can be seen by writing the Yang-Mills part of the QCD action explicitly in terms
of the gluon fields

1
S =~ / d'z Go, G
1 a 17 14 a g aoc a a vec
_ / dz bAu (%9 — 9"0") A+ S1™ (9,45 — 0,47) A™A

— % fae fede An AD Are A (2.15)

11



The quadratic part has zero eigenvalues: (9%g"” — 9"9”)A%(x) = 0. More explicitly,
writing the Fourier transform of the gluon fiels, the inverse of the gluon propagator
is obtained in momentum space, (D~ (p)) = p*PL,, where P}, = (g, — pupy/p?) is
a transverse projector. Therefore, the inverse of the gluon propagator is proportional
to a transverse projector which implies that the four-momentum is an autovector of
the inverse of the gluon propagator with zero eigenvalue and, therefore, cannot be
inverted. This, in turn, entails the lack of a gluon propagator. This traces back to the

multiple counting of equivalent gauge field configurations due to gauge transformation

invariance of the fields, which the path integral formalism entails.

This difficulty can be overcome by using the Faddeev-Popov procedure [51,
52|, which consists of redefining the integration measure and requires a gauge fixing

Lagrangian term as well as a ghost term to be added to the classical Lagrangian:

cov . cov 1 2 —a myab b : a
et +ghost ‘= Lot = —E((‘? - A)*+0"e"Dy’c’, (covariant gauges, 0 - A* = 0) (2.16)
: 1
ﬁg?‘f‘.al = —i(n - A)?, (axial gauges, n - A* = 0) (2.17)

where £ is a gauge fixing parameter and ng is the covariant derivative in the adjoint
representation. In the axial gauge, ghosts need not be considered as they do not couple
to the gauge field and can be simply integrated out. With the change in the gluon

quadratic term, we are now able to obtain the corresponding gluon propagators

a Pubv | o .
D“’;(p) = {—gw +(1-¢) ;—2 5 D(p?), (covariant gauges) (2.18)
Nupy + Nyp DuPv .
Dab = =g, H [ 2 2 K (5abD 2 1
(D) { 9w + np (n”+&p )(n~p)2 (p?), (axial gauges)

(2.19)
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with

1

D(p?) = )
(v°) p? + i€

(2.20)

In the limit ¢ — 0 and the special case n? = 0, the axial gauge propagator reduces to

the light-cone gauge propagator:

NuPy + NP

5% D(p?) (light cone gauge). (2.21)
n-p

D (p) = | =g +

The adoption of the light-cone propagator requires a carefull treatment of the spurious
singularity (p-n)~!. These singularities must be regularized using some regularization

prescription. The simplest one is the principle value (PV) prescription [53],

1 1 1 1 1
— — P— =lim - . 2.22
pen p-n 45%2<p-n+ié+p-n—iC) (222)

Another popular prescription is the Mandelstam-Leibbrandt (ML) prescription [54, 55|,

—— = lim prn

pn 0 (nep)(p-n)+i¢ (2:23)

where n is another null vector and such that n-n = 1. In principal, how it is regularized
should not matter, as these unphysical singularities must cancel out at the end when

calculating observables, such as the parton distribution functions (PDFs).

For covariant gauges, the most prominent choices for the gauge fixing parameter
have been the Feynman gauge (¢ = 1) and Landau gauge (£ = 0). For practical cal-
culations, the Feynman gauge has been proven to be the most popular in perturbative
calculations, whilst the Landau gauge has been the choice for fixed-gauge calculations
of Lattice QCD and DSE communities |[56]. Throughout this thesis both covariant and

light-cone gauges (within the PV prescription) will be employed.
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By introducing sources terms to each of the fields, the partition function takes

the form
Z[J] = /DCI) ei(«'SQCD[AﬂlJ,TI_JHSq,f.[I‘LCfHSCM)7 (2.24)

where J = {J", 7, n, &, 0} are the sources for the gluon, quark and ghost fields, and

the source action is
S.[J] :—/d4a: (MY +vn+co+aoc+ J,A"Y), (2.25)

and D[®] = {DADy Dy DeDe} is the functional measure. Correlation functions and
partition function are related to one another by functional derivatives of the latter [57].
More specifically, correlation functions are obtained by taking functional derivatives of
the partition function with respect to the sources and then setting the sources to zero

at the end. The quark propagator, for instance, is obtained by

. B . 1 § 6
iSap(x —y) = (O|T [Ya(2)1s(y)] 10) = 70 ( ) ( $)) Z[J]|  .(2.26)

—1 7
0nalx) ) \ ons(

J=0
On the left hand side, in the language of canonical quantization, the quark propagator
is obtained as a vacuum expectation value of a time ordered product of the quark and
antiquarks fields, where now the fields are operators in the Heinsenberg picture. It is
equivalent to the functional formalism, where the corresponding correlation function
is obtained by taking functional derivatives of the partition function as stated on the
right hand side of Eq. (2.26). The partition function is also called generating functional
as it generates all the Greens functions of a QFT. It is possible and convenient to define

a new generating functional:

WJ] = iln Z[J]. (2.27)
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FI1GURE 2.1 — Diagrammatic representation of the Dyson-Schwinger equation of the
quark propagator, where the filled grey circle represents the full quark propagator,
the purple cirle is the full vertex and the pink circle is the full gluon propagator.

This generating functional generates Green functions that contains only connected

diagrams in contrast to Z[J] that generates both connected and disconnected ones.

Another generating functional that is often of more interest goes under the name
of effective action T'[¢;] and can be defined by performing a Legendre transformation

of W1J]:

Cep] = —WI[J] — /d4x JH(z) - (), (2.28)

where p; = (¢;(x)) = (Q]pi(z)|2); is the vacuum expectation value of the field ¢;(x)
in the presence of the source J. From Eq. (2.28) it can be shown that

J

T%Feﬁ[go] = —J"(). (2.29)

We are generally interested in this generating functional as it generates the one-particle
irreducible (1PI) Green functions, i.e., diagrams that cannot be split into two other
disconnected pieces by cutting one intermal line. Taking the functional derivative of the

effective action with respect to the antiquark and quark fields and setting to zero at the
5%Deff

end =
0oy

Awwz%www/

leads to the well known quark DSE (quark gap equation) [26, 58]:
P=p=0

d'k
(2m)4

S(p — k)Y Dy (K)I (K, p), (2.30)
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where
So(p) =p+my (2.31)

is the inverse of the free quark propagator, m, denotes the bare quark mass appearing
in the Lagrangian, S(p — k) and D, (k) are respectively the full (dressed) quark and
gluon propagators, and I'V(k,p) is the full vertex. Here, the quark gap equation is

written in its unrenormalized form.

Because correlation functions are ultraviolent divergent, it is necessary first to
introduce a regularization scheme in order to render divergent integrals finite. A second
step is to redefine the fields, mass parameters and coupling constant appearing in
the QCD Lagrangian in terms of renormalized quantities. Denoting the bare fields
and parameters in the Lagrangian with the subscript “0” to distinguish it from its

renormalized counterparts,
vo = 2%, AY =274, =2 mog = Zumg, g0 = Zyg,

the QCD lagrangian becomes:

Z3

Zs 2 %
1

280
n a c v,a 1 c
— 292025 Gt A + Zyg 2P func AL AL AY — L Za(Zgg fune A AD)?

L= Zo(i) = Zwmy)tb — Z2(8,A% — 9,A%) (0 A2 + 20,6°0" "

 Zy 2 737 g fapeD, e AP, (2.32)
which can also be written as
_ 1
L =9id — mg)h — (0, A% — 0,A%)* — i(a c A2 4+ 0,60" "
— gt A + g fac ALALOM AV — 1(gfuneALAS)?
+0 fabeOuC APt + Loy, (2.33)
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where the counterterm Lagrangian has the same form as the free and interaction La-
grangian terms in Eq. (2.33) and whose coefficients are obtained as differences between

Egs. (2.33) and (2.32)".

Because the regularization introduces a scale, the masses and couplings are scale-
dependent. The way these parameters are related at different scales are governed by
the renormalization group (RG) equations |61, 62|, whose particular form will depend
on the choice of the renormalization scheme. The evolution of a generic renormalized
n-point correlation function, for instance, G, ({p:}, g, my, ), which depends on a set
of momenta, on the renormalized coupling and mass parameters and on the renormal-

ization scale p, is described by the Callan-Symanzik equation [63, 64]:

0 dg 0 dm 0
R
1L

i . — , . (2.34
G g | Cepd0ma ) = () Gl g.m ). (234)

We focus on the second term, which describes the change of the coupling constant with

a change of the renormalization scale. In the MS renormalization scheme, it takes the

form:
d 33 — 2N
ﬂ(g) = Mﬁ — _b(] 93 + 0(95), Whel“e bO — Tf (235)
Or, in terms of the coupling a, = ¢* /4,
dovs
Blas) = dasln) —by () + O(a?). (2.36)

This can be integrated from a scale pg to p to give

1 B 1 N ,U_2
as(pn) (o) +hol (Mo) : (2.37)

L' A remark about & = Z3&: it is nontrivial that we can choose the same Z3 as for A%. The
reason why this relation holds follows from BRST invariance and generalized Ward-Takahashi and
Slavnov-Taylor identities. [59, 60]
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It is a common practice to introduce a dimensionful parameter, the so called Aqcp, in

the definition of ay(u):

1 5 1 115
—— —byln = — by In . 2.38)
Os (M) ’ <A(2QCD ) Oés(ﬂo) ’ (A2QCD (

This leads to the leading order (LO) QCD running coupling constant:

1
" boln (MQ/AéCD) ’

as (L) (2.39)

which is one of the most important results in QCD history, as it reveals the asymptotic

freedom of QCD, a discovery that led to the 2004 Nobel Prize in Physics [13].

Perturbative QCD (pQCD) only tells us how the coupling changes with the
scale. In calculations, one needs to fix p at a convenient reference scale. Of course
this reference scale should belong to a region where pQCD can be applied. That is,
in processes involving large momentum transfer, so that the coupling is small. On the
other hand, the coupling increases at small momenta and, in particular, when the p
scale is of the order of Aqgcp, nonperturbative effects arise and QCD becomes nonper-
turbative. At such scale, QCD models and effective theories become fundamental tools
to obtain a description of hadronic processes and nonperturbative phenomena. It is
important that these models hold as many similarities as possible to the real theory,
exhibiting some of its distinct features and symmetries. We shall discuss next one of

these important symmetries and features of QCD.
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2.2 Flavor and Chiral Symmetry

In the last section, we have focused on the SU(3) color gauge group of QCD. However,
QCD has yet other important symmetries which play a fundamental role in our un-
derstanding of the theory and its realization in nature, being the flavor symmetry the
most important example, as it is connected to the chiral symmetry breaking (CSB),
which we shall discuss hereafter. Since this section is devoted to features related to
flavor symmetry and gluons are flavor independent, we disregard the Yang-Mills part
of the Lagrangian density in Eq. (2.1) and focus on the quark part of the Lagrangian
density:

L= Z Dy (1) — my )iy, (2.40)
q
where color label is omitted.

In the limit where all quark masses are equal and non-vanishing, the Lagrangian

density in Eq. (2.40) is invariant under the global transformation
Y(2) = " %p(x), (2.41)

where “V” stands for vector, indicating that this transformation will induce vector
currents and ¢, are the generators of the SU(Ny)y group in the N flavor case. For
two flavors, 7, = 7,/2 with a = 1,2, 3, are the generators of the SU(2)y, where 7 are
the Pauli matrices. It is also invariant under a global phase transformation, U(1)y.
Furthermore, if all quark masses are zero, Eq. (2.40) is also invariant under the trans-

formation

V() = el (). (2.42)
According to Noether’s theorem, to each of these symmetries, there will be an associated

19



conserved current, as well as a conserved charge — A vector current (and vector charge)

for the former transformation, Eq. (2.41),

() = By (@), QU(E) = / & J(x),

and an axial vector current (and axial vector charge) for the latter, Eq. (2.42),

T (@) = Dl rstab(e),  QL(t) = / &z I, ().

In the limit of equal masses, the vector current is conserved, whereas the axial vector
current is not. This can be seen seen by computing their divergences with the help of

the Dirac equations for the quark and antiquark fields :
O, It (z) = i [md, ) =0,  9,JL =it {ml t,} vs . (2.43)

Were the quark masses distinct, the mass matrix would spoil vector current conserva-

tion.*

In the axial vector current case, the mere presence of non-vanishing mass terms
in the Lagrangian density spoils the invariance, leading to non-conservation of the
current. Moreover, the presence of non-vanishing mass terms is responsible for spoiling
another symmetry of the Lagrangian density. This can be seen by using the chiral

projectors,

to project the left and right-handed counterparts out of the quark field

¢L = PL¢7 wR = PR¢7 (244)
Y1, =1 Pg, Yr =1 Py (2.45)

*Additional U(1) symmetries will not be discussed in this thesis.
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Therefore, Lagrangian density in Eq. (2.40) takes the form
L=9p(il) —m)r +Pr(il) — m)yr — brmr — brmapy.

Notice that, for vanishing quark masses, the Lagrangian density decouples into two

independent terms in the same form as in Eq. (2.40):

L = PrilPr, + Prilpyr.

Consequently, it is invariant under SU(Ny), x SU(Ns)g. The mass matrix m1 breaks
chiral symmetry by mixing left-handed and right-handed quarks. This means that,
in the limit of massless quarks, the particle spin is either aligned or anti-aligned with
the particle momentum, meaning that the quark has a well defined handedness in all
reference frames. A massless right-handed particle, for instance, cannot be turned into
a left-handed particle, otherwise there would exist a reference frame with respect to

which the particle would travel above the speed of light.

As it is realized in nature, all quarks have distinct and non-zero masses, meaning
they do not remain invariant under the global unitary transformation SU(6)s x SU(6)y
described by Eqs. (2.41) and (2.42), and which is equivalent to the symmetry SU(6), x
SU(6)r. However, since the up and down quark masses are nearly identical and very

small when compared to the Agcp scale:
m, ~ 2.16 MeV, mg =~ 4.67 MeV : m, =~ my, (2.46)

there is an approximate SU(2);, x SU(2)gr = SU(2)4 x SU(2)y chiral flavor symmetry.

In fact, even when the strange quark is considered
ms ~ 93 MeV, (2.47)

the chiral flavor symmetry SU(3)4 x SU(3)y remains approximately valid. In the
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heavy quark sector (charm, top and bottom), however, chiral flavor symmetry is severely

broken by the mass terms correponding to the heavy quarks:

me ~ 1.25 GeV, m.~4.18 GeV, m; ~ 170 GeV. (2.48)

The (approximate) chiral symmetry of the QCD Lagrangian is not realized in
nature in the usual way symmetries are realized, through (approximate) degeneracy of
the spectrum of the theory—the Wigner way. Just to mention one example, if this
(approximate) symmetry were realized in the normal way, one would have a particle
with a mass (almost) equal to the proton, but of opposite parity to that of the pro-
ton; such a particle does not exist. The symmetry is thought to be realized in the
Nambu-Goldstone way, in which it is spontaneously broken by the interactions of the
theory. This has major outcomes. A consequence resulting from the breaking of a
continuous symmetry is stated in the well known Goldstone theorem. According to
the Goldstone theorem, to each continuous symmetry which is spontaneously broken,
there exists a zero mass boson, a Goldstone boson, with the same quantum numbers
of the generator of the broken symmetry. In QCD, since chiral symmetry is only ap-
proximate, the realization of the Goldstone theorem, in the two-flavor case, takes place
through the appearance not of massless bosons in the spectrum of the theory, but of
three bosons with very small mass and odd parity, the neutral and charged pions 7°, 7+
(here we are neglecting the electromagnetic interaction). If chiral symmetry were an
exact symmetry of QCD, pions would be massless. If the strange quark is also regarded
as light, that is, in the three-flavor case, there are eight generators corresponding to
the broken chiral symmetry. Therefore, there are eight Nambu-Goldstone bosons in the
spectrum, which, in the chiral limit, are identified to be the eight light pseudoscalar
mesons, 7, 7%, KO K*, K° and n (here we will not discuss the U(1) axial anomaly).
As previously discussed, to treat nonperturbative phenomena, such as it is the case of

dynamical chiral symmetry breaking, effective theories play an important role. In the
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next section, we will explore these topics within the Nambu—Jona-Lasinio model.

2.3 The Nambu-Jona-Lasinio model

The Nambu-Jona-Lasinio (NJL) model was originally developed by Nambu and Jona-
Lasinio |65, 66| in the pre-QCD era as an effective theory to describe dynamical mass
generation of nucleons and pions in analogy to the Bardeen—Cooper—Schrieffer (BCS)
theory of superconductivity. Nowadays, the NJL model has been reinterpreted in terms
of quark degrees of freedom and has become a quite successful and popular low-energy
QCD model, and an important phenomenological tool. The model has been used to
study different aspects of DCSB in vacuum, at finite temperature and baryon den-
sity [67-70], in constrained geometries |71, 72|, in heavy-flavor hadrons |73-75], and
under strong magnetic fields [76].

The starting point is to consider an interaction Lagrangian density which has
the desired feature, the chiral symmetry. The two-flavor NJL model is described by a

four-point quark interaction Lagrangian density which has the form:

L, = ¥(id — me)v + G (V) + (ihysm1)?] (2.49)
= Lo + Lint, (2.50)

where m, = diag(m,,, mq), with m, = mg = m, 7 are the Pauli matrices and G is the
coupling constant. The free Lagrangian is identical to that of the pure quark sector
of QCD. As previously discussed in Sec. (2.2), the free Lagrangian density is chiral
invariant as long as m = 0. While the two terms in the interacting Lagrangian are
not chiral invariant individually, their sum is, as can be easily verified using the chiral

projectors introduced in Eq. (2.44).
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A straightforward approach to analyze whether the interaction might generate
mass for the quarks is to compute the quark self-energy via perturbation theory in the
coupling constant G, and check if it generates a mass in the quark propagator. From
the general theory of quantum fields, one can already anticipate the result — Since
the quark self-energy to all orders in perturbation theory is proportional to the mass
appearing in the Lagrangian, starting with m = 0 in the Lagrangian, there will be no
corrections to the quark self-energy, and thus no mass pole in the quark propagator
arises and a quark mass cannot be generated perturbatively. Alternatively, starting
with a non-zero quark mass, the mass must remain small relative to the hadronic
scale to preserve approximate chiral symmetry, as discussed in Sec. (2.2). However
the smallness of the mass would not be sizeable enough to obtain the values of some

measured quantities such as, e.g., the pion decay constant.

The NJL nonperturbative approach that resembles that of perturbation theory
consists of adding and subtracting a self-energy term to the NJL Lagrangian. Explicitly,

the lagragian is written as
Lygr, = (id — m) — PXoth + Go[(Y1)® + (iy57¢)%] + Xt
= Lo+ Lin, (2.51)
where now
Lo =Pid — M)y, (2.52)

with M = m + >y and

Line = G[())? + (iy57)%] + St

If 3y is assumed to completely capture the effect of the original interacting Lagrangian
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Lint, then ﬁim can be treated perturbatively and Y, can be determined from the re-
quirement that L,,, does not lead to additional self-energy terms. At leading order,

this means taking (M = 0:

S0) = 2 [ [T - $uk) ~ T [ (b)) + uS(k)re] — 2o
~ 0, (2.53)
where
- 1
So(p) = G Mt (2.54)

is the propagator corresponding to the Lagrangian Ly. Eq. (2.53) leads to the well

known gap equation:

1 d*k M
M = ) N.N:+ — . 2.
m+8zG7r( Ny + 2) / (2rh) 2 = M2+ ic (2.55)

The 1/2 term is commonly neglected?. In terms of the quark condensate (1)), the

dressed quark mass can be expressed as:

M =m — 4G (Y1), (2.56)
where [68]
_ d* . d* M
() = —i/ﬁﬁ Solp) = —12i/ (2754]92 T (2.57)

Because the NJL model is a non-renormalizable quantum field theory, the model
is regularization scheme-dependent and will have a dependence on an additional pa-
rameter that has to be introduced in order to render the loop integrals finite. Several

regularization schemes are possible, such as the three momentum cutoff, Pauli-Villars

*2 This term is 1/N. suppressed.
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regularization and the proper-time regularization (PTR) [67-69]. The scheme that
shall be used in this work is the PTR. In the PTR scheme the gap equation evaluates

to

3G M /TIR e M

™ T

TUV

where Tyyvar) = 1 /A%V(IR) and Ayyqr) are the ultraviolet (UV) and infrared (IR)
cutoffs. The PTR scheme only requires a UV cutoff to regularize the UV divergence
(1 = 0). Nevertheless, an infrared cutoff has been used to simulate confinement in
the model [34, 35, 73, 77, 78|. Besides the trivial solution, Eq. (2.58) also allows a
non-trivial solution as long as the coupling G is sufficiently large, that is, if G, > G<,
where G¢ is a critical value given by G¢ = %(A%v — A%R)™. A dynamical mass is
generated even if m = 0. This is illustrated in Fig. 2.2. Since the interaction is the

source of mass generation, M is said to be dynamically generated.

m=0 MeV
4009 m=5 MeV
m =15 MeV
m =25 MeV
m =50 MeV
300 A
200 A

100 A

Dynamical Quark Mass M (MeV)

T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Gx/Gy

FIGURE 2.2— Dynamical mass generation as a function of the ratio G /G¢.
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So far, we have illustrated the mechanism of dynamical chiral symmetry breaking
emerging from the NJL model. In the next section, we shall sketch the description of

mesons in the NJL model, in particular, the pion.

2.4 Pion in the NJL Model

In a relativistic quantum field theory, bound states are described by the Bethe-Salpeter
equation (BSE). For a more detailed and general discussion, see [79, 80]. In the NJL
model, the BSE for mesons is given by [81]

Tlg) = K + / (;l:; K Sk +¢) T(q), (2.59)

where T is the two-body t-matrix, S is the quark propagator and K is the interaction
kernel. Since we are interested only in the pion channel, corresponding to the NJL

Lagrangian given in Eq. (2.49), the interaction kernel has the form

Kapoy = —2iGx (V5 Ti)ap(V5 Ti)5+- (2.60)
Eq. (2.59) has solution
Tagsvi) = (V5 Ti)ap e (k) (V5 7i) sy (2.61)
with
—-2iG
k) = z 2.62
T7r( ) 1+2GWHW<]€2), ( 6 )
where I (k?) is the polarization propagator given by
9 _ d*k A -
Te(k?) = 61 | T |35 So(a) 35 Solk + )] (2.69)
(2m)
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with Sy given in Eq. (2.54). Solving Eq. (2.63), the result can be plugged in Eq. (2.62)
to find the mass of the pion. The mass of the pion is obtained as the pole of Eq. (2.62),
that is, setting [1 + 2G,IL;(k* = m2)] = 0, one obtains a transcendental equation,

whose solution leads to the pion mass [68]:

9 m 1
S— 2.64
M = T M 4G NN I(m2) (264)

where

2\ d4p 1
1) = | G T e e (2.65)

One then sees in Eq. (2.64) that in the chiral limit, m = 0, the pion mass vanishes,

which is the realization of Goldstone’s theorem.

The residue at the pole,

o1 OIL ()

’ 2.66
m Ok2 K2 ( )

determines what is interpreted as the quark-pion coupling constant \/Z,. The pa-
rameters of the model are then A%y, A%, m and G,. The infrared cutoff incorporates
confinement and is commonly chosen to have the value Ajg = 240 MeV. The UV cutoff
as well as the coupling strength GG are constrained to reproduce the physical pion mass
and the pion decay constant with a dressed quark mass given by M, = 400 MeV. This
leads to Ayy = 640 MeV. We use these parameters results obtained in [40] for the pion
dressed quark PDF that will be used in Chapter 4.

28



Chapter

Deep Inelastic Scattering

Inclusive deep inelastic scattering has been long the conventional process for probing the
inner structure of hadrons. In a series of inelastic scattering experiments in the 1960s,
it has provided the most compelling evidences of the existence of quarks and also a first
hint pointing to the existence of gluons, which would later be experimentally verified
to exist [82-85]. The experimental findings revealed that quarks carried only approx-
imately 50% of the proton’s momentum. The remaining missing momentum fraction
was subsequently attributed to electrically neutral constituents known as gluons. This
discovery played a pivotal role in the establishment of Quantum Chromodynamics as

the correct theory to describe the strong interactions.

This chapter addresses various aspects of DIS. The formalism of DIS is briefly
reviewed by first introducing the DIS kinematics, cross-section and the corresponding
structure functions. The discussion covers the key points that led to the formulation

of the parton model.
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3.1 Kinematics and Cross Section

Deep inelastic scattering is characterized by the process in which a lepton is scattered
off a target via the exchange of a virtual boson transferring large amounts of four-
momentum to the target, which typically shatters producing many new particles. To
set the general notation, we consider the scattering of a lepton of momentum ¢* on
a hadron H of momentum P to an outgoing lepton of momentum ¢'# and a hadronic

final state X,
[(0)+ H(P) — I'() + X(Px).

In general this notation holds for inclusive ineslastic scattering, where only the scat-

FIGURE 3.1 — Deep Inelastic scattering.

tered lepton is detected, meaning that there is a sum and integral over all possible
states for X. For large momentum transfer to the target, ¢ = ¢* — {'*, one can
capture the microscopic structure of the initial hadron state H. In the target rest
frame, P* = (My,0,0,0), the DIS kinematics is fully determined by three Lorentz

invariants, which are commonly chosen to be: the centre-of-mass energy squared s,
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the mass squared of the produced hadronic system and the negative of the time-like

four-momentum squared transfered to the target, respectively given by:

s=({+ P)*= M} +2MyE, (3.1)

W?=P: =M%= (P+q)> (3.2)
0

Q*=—¢° = (' —()* = 4EFE'sin’ <§> : (3.3)

where F and E’ are, respectively, the energies of the incident and scattered lepton and
where lepton masses have been neglected (m; = my = 0). The kinematics variables

can also be chosen among the following invariants:

P.

y:—MHq:E—E’, (3.4)
Q* Q*

= = <zr<l1 3.5

T=9p g " gy 0sesl (3:5)
q-P v

V=TT B 0<y<1) (3.6)

where v is the energy transfered from the lepton to the target, the Bjorken x is the
momentum fraction of the hadron carried by the struck quark and y is the energy
fraction of the incident lepton carried by the exchanged particle (v, Z° or W), that is,
the fractional energy loss of the lepton in the rest frame of the nucleon. A reaction is said
to be deep inelastic when both the momentum transfer ¢ and the mass of the produced
hadronic system My are large compared to a typical hadron mass, Q? > M% and
W2 = M% > M%. The elastic scattering occurs when W? = M% = M% (z = 1), that
is to say the hadron target remains intact, while the inelastic scattering correponds to
W = M% > M} (x < 1). In inclusive DIS, since only the scattered lepton is detected,
the quantities that are measured experimentally are the scattering angle 6 of the final
lepton and the energy of the scattered lepton E’. From these quantities, the squared
momentum transfer Q% can be determined. Therefore, the cross section can expressed

in terms of two independent variables, typically in terms of (x, Q%) or (v, Q?).
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In the one-photon exchange approximation, the cross-section for inclusive deep

ineslatic scattering can be separated in a leptonic term L*” and a hadronic tensor W#”
do ~ |]\4|2 ~ L‘LWWW,, (37)

where the unpolarized leptonic tensor is

1 A — /
L/u/ - 5 Z ﬂ(f S )/y,uu(& S)U(K 8)7V“<€a S )
=2 (00, + 0,0, — g (0- 0 —m?)), (3.8)

where here m is the lepton mass and the factor of 2 comes from averaging over the

inital spins and the hadronic tensor is given by

Wi = g S 1] Gy (P19 K0l P25 (P = P)
_ ﬁ / d'z ¢=(P| [J1(2), J,(0)] |P). (3.9)

The leptonic tensor is well known and can be directly calculated using perturbation
theory. On the other hand, the hadronic tensor involves nonperturbative QCD dy-
namics and therefore is not calculable within perturbative QCD. However, symmetry
properties of QCD can shed light on the general structure of the hadronic tensor. By
imposing current conservation and parity symmetry, the unpolarized hadronic tensor
can be parametrized in terms of two independent inelastic form factors,

prpv
Mg

W (g, P) = (—gw i %) Wi, @) + o w0, @2), (3.10)

where Pr = (P*‘ - ‘Z—fq“) and Pv = (P” — qq'—fq”) and scalar functions W (v, Q%)
and Wy (v, Q?) are referred as the unpolarized structure functions. When contracting
the leptonic tensor and the hadronic tensor, only the terms contracted to ~ g, and

P,P, in the hadronic tensor survive due to leptonic current conservation (implying in
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g W =0):

2

Ly J* =40 0'Wy (v,Q%) — e [Mje- 0 —2(¢-P)(¢'- P)] Wa(r,@%).  (3.11)
H
In the Lab frame,
/ /2 0
(- V' =2FEFE sin o1 (3.12)
P.-t=FEMy, P -0 = FE' My, (3.13)
yielding
v / 2y 20 2y 2t

do ~ L, J" =4EE" | 2W;(v,Q*) sin 5 + Wa(v, Q%) cos 5 ) (3.14)

In the 1960s these structure functions were predicted to become independent of Q? in
the limit Q% v — oo with fixed z, the so called Bjorken scaling [86]. This behavior
was in sharp contrast with the falling of the electromagnetic form factors as functions
of Q? observed in elastic electron-nucleon scattering and could be explained if the
inelastic electron-nucleon were due to the incoherently elastic scattering of the lepton
from individual point-like spin 1/2 constituents within the nucleon since in this case
the structure functions exhibit scaling. For comparison, the cross section of a lepton
scattering elastically off a point-like target as the muon, for instance, has the form:

0 2 0 2
do ~ AEE' |:COSQ 5+ % sin? 5} ) (y — 2%) : (3.15)

Therefore, by comparing to Eq. (3.14), the structure functions become

2 2 oo

Fi(z, Q%) = MW, (v,Q?) = 4?\2@5 (1 — 2?@) L% P(w), (3.16)
2 2

By, Q) = W1, Q%) — 6 (1 _ Q%V) Vo, b (), (3.17)

and we can see they are only functions of the dimensionless ratio % = Q?/2Mv. The

experimental obervation of approximate scaling at SLAC-MIT [3, 4, 87-91]| right after
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Bjorken prediction paved the way to the discoverement of the composite nature of the
nucleon in terms of point-like constituents and has led to the formulation of the Parton
Model [92, 93]. Around the same time Callan and Gross suggested that these scaling
functions were not independent, implying 2z F) (z) = F,(z), what became known as the
Callan-Gross relation [94]. This relation entails that the nucleon constituents are spin

1/2 particles®.

3.2 Parton Model

In the parton model, hadrons are viewed as made up of point-like quasi-free con-
stituents called partons. These partons would be later identified to be the quarks and
gluons. Recall that this assumption allows to explain the Bjorken scaling that were
observed in scattering experiments. Feynman interpreted it as an indication of the
existence of constituents inside the nucleon [93]. In the parton model, the inelastic
lepton-hadron scattering is viewed as a superposition of incoherent elastic scattering
of the partons inside the nucleon from a highly virtual photon and the partons are
assumed to move collinearly to the target each carrying a momentum fraction & of
the total target momentum P = py, where py is the four-momentum of a single parton
(p = > &P, with )& = 1). The hadronic tensor W*” in the parton model is repre-
sented by the handbag diagram given in Fig. (3.2), where the lower blob is parametrized
through a bilocal matrix element that is related to the Parton Distributions. The infi-
nite momentum frame is often used when discussing the parton model. In this frame,
the nucleon moves with a very large momentum®* and the transverse momentum and

mass of the parton can be neglected.

3 Fi(x) = 0 if the constituents were spin-0 particles.
P—o0

4 The target moves in the z direction with P, = (v/P? + M?2,0,0, —P) — (P + 12%27 0,0, —P).
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FIGURE 3.2—The handbag diagram for inclusive deep inelastic scattering off a
hadronic target.

The structure functions are expressed in terms of the parton distributions func-
tion, fr(§), that describes the probability that the struck parton carries a longitudinal

momentum fraction £ of the target momentum. Then, for each parton k,

/ dEfi(€) = 1, (3.18)

and momentum conservation implies:
> [acenie) =1 (3.19)
k

Now looking back at the structure functions in Egs. (3.16) and (3.17) and writing

)

7, = x/& and my = &, M°, the structure functions Fi(k with ¢+ = 1,2 for a parton k

5 Partons cannot have a mass that changes with its momentum fraction. A nucleon can only emit
a parton moving parallel to it if m = M = 0. However this can be justified in a reference frame in
which both the parton mass and the hadron target mass can be neglected [95].
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become

Fl(k):%Q_Qg(1_ @’ >:1£5(§k_37)7

my dmyv 2myv 2&

These results are integrated over all partons
=Y ¢ [den©r e,
k

leading to the unpolarized structure functions in the parton model:

1

Fi(z) = 2 Zeifk(x)7

Fyz) =23 & file).

with

w

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

The structure funtions in the parton model depend only on the dimensionless variable

x, the Bjorken x, and, in the infinite momentum frame, this can be identified as the

longitudinal momentum fraction carried by the struck parton. Moreover, the Callan-

Gross relation can be seen to hold in the parton model.

3.3 Light-cone dominance in DIS

In order to analyze the region of dominance of the hadronic tensor in DIS, it is conve-

nient to adopt light-cone coordinates (A.1). Take the argument of the exponential in
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Eq. (3.9) in light-cone coordinates (See App. A.1 for definitions)

qg-2=q¢ 2 +q¢ 2z —qL-z,. (3.26)

In the lab frame,

T %(qo +q3) = % <V2 + /12— q2) , (3.27)

and taking the Bjorken limit, v — oo with fixed z,

1 2v+ Mz, (3.28)
= — x .
q+ NG M

we see that ¢, — oo, while ¢~ is finite. According to the Riemann-Lebesgue lemma,
the integral in Eq. (3.9) is dominated by the region where |g - z| is finite: z= ~ 0
and z* ~ 1/Mxz. Now notice that the commutator [J,(z)',J,(0)] vanishes unless
2?2 = 22727 — 22 > 0 due to causality. This inequality together with the fact that
2~ ~ 0 implies that z, — 0, which leads to z? ~ 0, the light-cone region. Therefore,
the Bjorken limit of DIS is dominated by the region near the light-cone. This allows to
arrange bilocal operators, e.g., the current commutators appearing in the DIS hadronic
tensor in Eq. (3.9), in terms of the degree of their light-cone singularity. This is formally
done using the Operator Product Expansion (OPE) and leads to the definition of twist,
that determines which operators are most important as Q> — oo [60, 62, 96, 97]. An
informal definition of twist that is often used is that it is the order M /@ at which an
operator contributes to a DIS process. In this thesis, we are interested in the leading

twist quark and gluon distributions, which are defined in the next section.
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3.4 Parton Distributions

At leading twist, the (unpolarized) distribution of a flavor-q quark in a given hadron is

defined as the lightcone Fourier transform of the expectation value of a bilocal operator:

de= o
fuyn() = [ S € PIEO WO, 10s(0,01, € )IPhe

The operator W10, ¢&] is the Wilson link (or Wilson line) along the light-like line con-
necting the quark and antiquark fields that has to be introduced in order to ensure

gauge invariance of the PDF'. It is defined by
W[0,67] = Pe 9 Je- A7) (3.29)

where P denotes the path-ordering operator and A™ is the plus component of the gluon
field. In the light-cone gauge, AT = 0, and therefore the Wilson line reduces to unity,
such that one does not have to deal with its contributions. In a general covariant gauge,

however, the Wilson line makes non-trivial contributions to the PDF as we shall see.

The gluon distribution in a hadron is defined in terms of the gluon field strength

tensor

() = [ Som e PIGHOW,616H (€)|P), (3.30)

The ultraviolet divergence of the PDFs introduces a scale dependence due to the re-
quired renormalization at some energy resolution scale p. In this work, a variant of
on-shell subtraction is employed, where the ultraviolet regulator is kept finite, eliminat-
ing the need for counterterms and thus no actual 'subtraction’ is performed. However,
the renormalized mass is still defined by the pole mass. The variation of the PDFs
with respect to the scale is described by a renormalization group equation, which is

introduced in the next section.

38



3.5 DGLAP evolution equations

In the parton model, where interactions between partons are neglected, we have seen
that the structure functions (and therefore the quark PDF) do not depend on Q2. In
QCD, however, this scaling will not manifest. In fact, the scaling functions have a weak
logarithmic Q% dependence ~ «,log(Q?) arising from processes of gluon radiation and
formation of quark-antiquarks pairs in QCD, and such violations can be described per-
turbatively by the so-called DGLAP evolution equations (Dokshizer-Gribov Lipatov-
Altarelli-Parisi equations) that introduces the necessary logarithimic Q? dependence

into the PDF.

The DGLAP equations are coupled integro-differential equations that describes

the Q% dependence of the parton distributions®. They can be written as

0fiyn(x, Q%) (@) U dy x
dlog@*  2rm qu;gfx P (5) Fipn(y, Q%) (3.31)

where a(Q?) is the QCD running coupling, f;/n(y, @*) is a parton (quark, antiquark
or gluon) distribution in a hadron at a scale Q* and P;;(z/y) are the splitting functions
characterizing the probability of a parton of type j with a momentum fraction y to
emit a quark or gluon and become a parton of type ¢ with a momentum fraction .
Here, (Q? represents the hard scale of the process, which determines the resolving power
of the probe. As Q? increases, one can probe deeper into the hadron, revealing more

partons.

It is convenient to split the quark PDF into two classes of linear combinations of

quark and antiquark distributions, the non-singlet quark distribution” and the singlet

6 Similar to the 8 function that governs the dependence of the running coupling on Q2.
7 A non-singlet distribution is defined as a linear combination of quark distributions orthogonal
to the singlet quark distribution.
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quark distribution. The latter does not mix with the gluon distribution and evolves

indepently. It has the form

¢V (x) = q(x) — (@), (3.32)

and evolves according to

N (2,Q%)  as(Q)?
dlog@Q? 2r

Pyy(r) @ ¢ (z,Q%), (3.33)

where the symbol ® represents the convolution product defined by

_ W, (F
teae = [ Yrma(2). (3.34)
The singlet combination, defined by
X(z) = q(x) + q(z), (3.35)

does mix with the gluon distribution. Therefore, the singlet quark distribution and
gluon distribution DGLAP equations are coupled and have the form:

Z(:U,QQ) :Ozs(QQ) Pu(z)  Pyy(z) 2 Z<$’Q2) ) (3.36)

g9(z,Q?) 2r\P, g(z,Q?)

<
LS}
B
<V
<
8
~—

The splitting functions themselves are calculated in perturbative QCD as a series ex-
pansion in a,(Q?)/27. Results for the splitting functions have been found up to NNLO.
At leading order they were found to be [98-100]:
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oo [ AEE L 350,
Py = Cr {(1 .t 5o )] : (3.37)
Py =Tp [2* 4 (1 —2)7], (3.38)
B 14+(1- 2)2}
Py = Cr {— : (3.39)
P,y = 204 {(1 _ZZ)+ L1 . z)} +o(1— 2) l%CA - ; FNf} o (3.40)

where Cp = ]\;%V_Cl =4/3, Cy = N, and Ty = 1/2 are the QCD Casimir invariants. Ny

is the number of active flavors, i.e., the number of quarks for which @Q* > m2. Given a
sufficiently smooth test function f(z), the “plus” distribution 1/(1 — z), is defined so
that its integral with f(2) is

Lo @) [ f) = ()
/odz(l—_/o dz . (3.41)

—2)4 1—=2

To solve the DGLAP equations, it is also necessary to determine the strong coupling
strength up to the order one is working with. At NLO, the running coupling a(Q?)

can be determined numerically for a given value of A via

() Y (%), o

Here, b = (11—2N;/3)/(4m) and ' = (102—24N;/3)/(167%b), A is the Aqcp parameter

and Ny is the number of active quark flavors mentioned earlier. The running coupling
depends on the number of active flavors. For example, in a region where Q? is smaller
than the square of the charm mass, Q* < (1.275 GeV)?, the number of active flavors
is Ny = 3. For ? in the range between the square of the charm and the square of the
bottom quark masses, (1.275 GeV)? < Q? < (4.18 GeV)?, the number of active flavors

becomes Ny = 4. As Q? increases, more quark flavors become active.
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Alternatively, one can start out of a given value of a,(Q?) to obtain the corre-
sponding A for a given flavor number, as A depends on the number of active flavors.
Using the quark mass values given in the 2018 Particle Data [101], the requirement
of continuity of the running coupling a,(Q?) across the thresholds yields the following

Aqcp values:

Nf = 3, AQCD = 0.370 GeV,
Nf = 4, AQCD = 0.228 GeV,
Ny =5, Agep = 0.092 CeV, (3.43)

in the MS scheme.

Exact analytic solutions of the evolution equations are not known, except for the
LO non-singlet equation. Hence the evolution equations are solved numerically. Several

codes are available for solving these equations. Here we use the so-called brute-force

method [102].
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Chapter

Quark Target Model

In this Chapter, we construct the quark target model [33]. Instead of having a hadron
as a target, in the QTM the target is taken to be a dressed quark. As discussed in the
Introduction, the dressed quarks themselves are seen as embedding a substructure that
contains both quarks and gluons. With this in mind, we start presenting the formalism
for calculating the PDFs of a quark target at leading order in o, = g?/(47). We compute
the quark and gluon distributions in the dressed quark at one-loop in perturbative QCD.
Then, we discuss an extension of the model to incorporate a gluon mass in a gauge
invariant way. In the last part of this chapter, we present the convolution formalism,
which combines the results obtained with the NJL model and another valence quark

model to obtain the quark and gluon PDFs of the pion.

4.1 General formalism

In this sectiom, we formulate the QTM and present the definitions of the PDFs of

interest. To formulate the QTM, we begin with an effective quark-gluon Lagrangian,
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which is identical in form to the QCD Lagrangian:

1 v
— GG+ Lar (4.1)

L= Z Dg(1) — mg)y
q

Here, 9, denotes a quark field and m,, its mass. Although this lagrangian has the same
form of the QCD lagrangian, we call it effective because 1, will be a quark dressed by
the interactions of an underlying low-energy effective model of QCD rather than QCD
itself, and thus the quark mass m, will not be the true current quark mass. However,
within the context of the QTM, we shall refer to ¢, and m, as the “bare quark field”
and “bare quark mass,” respectively. We additionally include a gauge-fixing Lagrangian
Lr, which is necessary to quantize the theory and fully define the perturbative gluon
propagator as discussed in Chapter 2. Since we restrict ourselves to O(g?) within the
QTM—and since gluons only appear attached to quark vertices along with a factor
g—mno gluon self-interactions appear in this work; the leading-order QTM is effectively

abelian.

A quark target of flavor ) (where we use capital letters to signify dressed quark
targets in order to distinguish them from bare quarks), whose state is denoted by

|Q(P)), has an unpolarized quark distribution f,/o(z), defined by:

dA

fualz) = | -~ eI IMQUP) g (0)W (0, nA)1h, (M) |Q(P)) (4.2)

where n is a light-like vector defining the light cone and = = k-n/P-n is the longitudi-
nal momentum fraction carried by the struck bare quark. We choose to write the PDFs
using a light-vector n instead of the form appearing in Eq. (3.4) because it proves more
convenient for our purposes. Here, W (0,n\) is the Wilson line operator connecting the

quark and antiquark fields introduced in order to ensure color gauge invariance of the
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PDF:

W(0,nA) = P exp (—ig /A Cden. A(ng)) | (4.3)

with P denoting the path-ordering operator. The unpolarized gluon distribution in the

quark is defined as

rial@) = [ s P INQPGE OW(O0,m)G ()IQ(P).  (44)

The quark and gluon PDFs within the quark target can be calculated by evaluating
Feynman diagrams. The momentum space Feynman rules for the operator defining
the PDFs are given below in Eqgs. (4.5),(4.6) and (4.7). In these diagrams, the red dot
represents the operator insertion. The operator insertion can be on the quark legs, on
the gluon legs or on the quark-quark-gluon vertex. The latter of which arises from the

Wilson line.

g B2 %5 <n {xP b 5 ’”D , (4.5)

M Bl P_.ln) [(nky) g™ — K{n*"] Gaay [(nka)gl? — kopn?]
(b2 oo+ 2] oo
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2

vi(ufer- BTN g

Eq. (4.7) is the momentum space rule for the Wilson line, and it can be derived by first

_ gnts gt {(5 (n [wP— k1+k2+k3:|)

splitting the Wilson line appearing in Eq. (4.2) into a Wilson line going to infinity and
then back to the endpoint

W(z,y) = W(z, +00)W (400,y) = [W(+o0, )] "W (+00,y), (4.8)

and then expanding each of the Wilson lines above to first order in g (since reattachment
of the gluon to the quark target will introduce another factor of g). This means we

approximate the Wilson line as:

[W (400, )W (400,y) =~ 1 +ig /00 dén - A(€) —ig /00 dén - A(E) +0(g%). (4.9)

y
When this expansion is inserted in Eq. (4.2), the first term gives rise to the diagram
in Eq. (4.5) while the g-order terms are responsible for the two terms contained in the

Wilson line diagram in Eq. (4.7).

The one-loop diagrams contributing to the quark PDF of the quark target are
depicted in Fig. 4.1, while the quark target gluon PDF is represented by a single
diagram, which is depicted in Fig. (4.2). In every diagram, the quark field renormaliza-
tion constant Zs is implicitly present, since the operator defining the PDFs is defined in
terms of the unrenormalized fields [59]. However, Zy can also be expanded as a series

in g, with the leading order form
Zy =14 ¢*Z? + O(¢°). (4.10)
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AP ®

FI1GURE 4.1 — Leading order diagrams contributing to the quark PDF in the quark
target model.

FIGURE 4.2 —Leading order diagram contributing to the gluon PDF in the quark
target model.

At leading-order, Z;5 only effectively contributes to the first diagram of Fig. 4.1.

The PDF definitions given in Eqs. (4.2) and (4.4) are gauge invariant, but the
individual diagrams in Fig. 4.1 are not. As an extreme example of this, the diagram
in Eq. (4.7) is zero in light cone gauge because n - A = 0—and thus, the Wilson line
is unity. This is not true in general. The Wilson line carries momentum in covariant
gauges as we shall see. To study the gauge dependence of the various contributions to
the quark PDF of the quark target, given by the diagrams in Figs. 4.1, we will explicitly

consider general covariant and light cone gauges.
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4.2 Quark and Gluon Distributions

Because the quark propagator gets dressed at order g2, before evaluating the various
diagrams in Fig. 4.1 and 4.2, we first consider the quark self-energy. The physical
dressed quark mass and quark field renormalization constant can be understood by

considering the gap equation for the unrenormalized quark propagator:

Syt (p) = p — mqg — S(p), (4.11)

where Sp(p) is the unrenormalized dressed quark propagator, m, is the bare quark

mass, and X(p) is the self-energy, where at leading order it is given by

YW (p) = ig’Cr / g:;n“S(p — k)y' D, (k), (4.12)

and takes the general form

S(p) = AP*)p + B(p*) + C(0°)ih, (4.13)

where in covariant gauges C(p?) = 0. We emphasize that dressing and renormalization
are distinct procedures. Dressing accounts for the incorporation of interactions in the
calculation of Green’s functions, whereas renormalization rescales the fields through
factors such as Z5. These procedures are often done in tandem since—when an in-
finite UV regulator is taken—the dressing produces UV divergences that must be
contained by renormalization. The unrenormalized and renormalized propagator are
both dressed: they are defined respectively as time-ordered two-point Green’s func-
tions of the unrenormalized and renormalized quark fields and differ by a factor Z,,

i.e., So(p) = Zo S(p).

At order ¢? in the QTM the gluon propagator does not get dressed, therefore,

in a general covariant gauge and in light cone gauge the gluon propagators take the
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standard form:

-1 k. k
D (k)= —— |g,, — (1 — pv 4.14
;U/( ) k2+Z0 |:gll ( 5)/{32+ZO‘|’ ( a)
—1 k,n, +n,k
DY¥(k) = —— |g,, — L ——E] 4.14b
LE0) = g o — (4.141)

The self-energy accounts for changes in the quark propagator due to the quark and
gluon interactions shifting the pole of the propagator to what is identified to be the
physical mass M,:

My =mg+X(p=M,). (4.15)

The shift of the quark mass also causes the residue of the propagator to change. Near

the physical pole p ~ M,,

1 Zy

So(p) = ~ , (4.16)
p_mq_Z:(p) p— M,
where Z, is the field renormalization constant, obtained by
dy
Zyt=1- dx(p) : (4.17)
|,

Using Eqgs. (4.12) and (4.17) the quark self-energy and field renormalization constant

are found to be:

X%(p) = —gQC’F/O dz (4 My — 22 p) [(A(2)) (4.18a)

75 =1+ ¢*Cp /1 dx [2xIQ(Aq(x)) +8M (x —2)(x — 1)z I5(Ag(x)) |, (4.18D)

where the Feynman mass parameter is given by

A (x) = (1 —x)*M? (4.19)

q
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with the 2- and 3- propagator integrals defined in a regularization scheme independent

manner:

i |
L(A) =i / S AT (4.20)

Details of the calculations are given in Appendix A.5. Throughout this thesis we shall
employ the proper-time regularization (PTR). In the context of PTR, first Feynman
parametrization is used to combine a product of propagators into a single propagator,
then Wick rotating to Euclidean space and finally using:

1 1 /OO d —TA BN 1 /1/AIR2 d n—1 1A (4 21)
— = Te —_— TTV e, .
An (n - 1)' 0 (n - 1)' I/AUV2

For completeness, we quote here the basic integrals and their results in the PTR scheme

that will appear throughout this thesis:

1 1 1
B(A) = - / dr oA = T (00N AN, (422)
_ Looa U L Az, —am
I(A) = 62 /dT 5¢ T 353 A (e v —e IR> . (4.23)

where I'(s, a,b) = fab dtt*~! et is the generalized incomplete gamma function.

Because we are using the on-shell renormalization scheme Z5° is independent

of the choice of covariant gauge [103].

The two diagrams in the second line of Fig. 4.1 are the Wilson line diagrams.
Its explicit form, and likewise the triangle diagram form, can be deduced from the
definition of the unpolarized quark PDF given by Eq. (4.2). We start by the bilocal
operator defining the unpolarized quark PDF:

Oqg(0,1X) = 1)4(0) 9 W (0,10) 04 (nN), (4.24)

50



where W (0, n\) is the Wilson line defined in Eq. (4.3). In order to derive the corrections

to the quark PDF, we start from the off-diagonal matrix element

(Q(p2)] Og(y, 2) 1Q(p1))es (4.25)

where at the end we take p; = po = P, y = 0 and z = n), and the result is inserted
in the PDF definition in Eq. (4.2). The Lehmann, Symanzik and Zimmermann (LSZ)
formalism is used to write the transition amplitude in terms of time-ordered products

of the interacting theory [104]:

()| Oupaly:2) Q) = (=) [ atar [ dloae™a(pa) i, —
x«ﬂT[()O . 2| [ D19, —mu(pr)e ™, (426)

where |€2) is the interacting vacuum state. The vacuum expectation value is:

QT [6(w2) Oy, 2)0(1)] 12) = (O [1(22) 0oy, )5 (1) €5 [0)
=0T {¢(x2)éq/g<ya Z)J’(xl) (1 + 0Sing -|— ! (lslnt) (4Simg) + - - )} |0), (4.27)

and

&mz—q/&$M@¢%@MM@ (4.28)

is the quark-gluon interaction part of the QCD action. The operator Oq /g can be either
the quark or gluon bilocal operators defining the PDFs. Notice that the Wilson line
should also be expanded in powers of the coupling “g”. The first term in Eq. (4.27)
gives the vacuum expectation value at zeroth order in the strong coupling. This term
when inserted in Eq. (4.26) and then in quark PDF definition will lead to the zeroth

order quark PDF illustrated in the first diagram in Fig. 4.1,

Fin =61 —w), (4.29)
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where there is an implicit Z, factor multiplying this contribution as stated earlier.
Following the same logic, the next term in Eq. (4.27) of order g in the interaction will
give rise to the Wilson line contribution given by the diagrams in the second line of
Fig. (4.1), where the Wilson line is expanded to O(g) according to Eq. (4.9). These

two diagrams give the same contribution. Together they give:

S =gty | e (== 55) ~o0 =)

n-(P—k)+i0

x u(P)

S (R)YRD 0 (P — k)u(p). (4.30)

In practice, this integral is evaluated by calculating Mellin moments to eliminate the
delta function, and then taking the inverse Mellin transform. This means evaluating

the PDFs using the moments where

1
An:/o de ™ f;)(). (4.31)

A proper calculation is shown in App. C. Using this approach, we find for the Wilson

line contribution:

4x
l1—=z

4y
I—y

f;/VQ<x>=g20p[ La,@) s -2 [t now)| w

where this result is independent of £&. The appearance of a delta term corresponds to
the so-called virtual diagram that appears in the cut diagram approach [59]. It has the

same divergent behavior necessary to cancel the divergence in the first term.

Another common approach to evaluate such integrals is to employ light-cone
coordinates. In this case the delta function selects the +-component of the momentum
carried by the quarks, therefore it can be trivially integrated in k*. The k™ inte-
gral is then calculated using the residue theorem and one end up with a quadratic

integral in k.

52



The second diagram in the fisrt line of Fig. 4.1 is the triangle diagram, its
contribution comes from expanding the interacting vacuum to second order in the
strong coupling g, i.e., from the third term in Eq. (4.27) that when inserted back in
the PDF definition in Eq. (4.2), gives:

o) =5 55 [ oy 8 (2 ) HPI SO0 Dol = Wyt

(4.33)

The derivations are all shown in App. C. In a covariant gauge, we find the result to be:

57 0) = 0 20— DR o) + 80— DMER,E)] . (430

Adding all the contributions, the quark PDF can be written as

fare(@) = Z0(1 — ) + fyjo(7) + fjo(@). (4.35)

The gluon PDF for the QTM does not have a Wilson line contribution at leading

order. The only diagram contributing to the gluon PDF in Fig. 4.2 is given by:

2hyole) = igCr [ Gz AP S(P = Ky u(P)
X o [0 R0 — By [0 R0, — K0, ] {6 [P = K]) 46 (n [P + ) }
(4.36)

and evaluates to:
2fg/q(r) = —92CF{2 (14 (1= 2)*] Io(Ay (@) + 82%(1 — x)Mff:s(Ag(x))} , (437)
where here the Feynman mass parameter is given by

Ay(z) = xQMqQ =A/(1—2z). (4.38)

53



4.2.1 Individual diagrams in light cone gauge

In light cone gauge, we find the quark renormalization factor to be:

1
Z3° = 75 + gQC'F/ dz
0

{ - iz IQ(Aq(x))} , (4.39)

-

where the “extra” term relative to the covariant gauge appears due to the “extra” term
(the m-dependent) in the light cone gauge gluon propagator. We find the triangle
diagram to be:

4x
l1—2z

F0 (@) = 4" (@) = g Cro——I1(A,(2)). (4.40)

Clearly, the Wilson line contribution is zero since it reduces to unity in this gauge,

foo (@) =0. (4.41)

One may compare these results to Eq. (4.35) and find that:

ZECS(1 — ) + fUEC (@) = Z55(1 — &) + JU (@) + fUS (@), (4.42)

as expected from gauge invariance of the PDF. Although there is no Wilson line diagram
in light cone gauge, the contributions from the Wilson line in the covariant gauge are

split into Z5 and the triangle diagram in this gauge.
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4.2.2 Sum Rules

Here we discuss a relevant aspect of the analytical resuls obtained. The quark number

and momentum sum rules for the QTM can be stated as:

/0 dz fo0(x) =1, (4.43)
[ ol fuote) + o fyoe)] =1 (4.44)

With a little calculus, it is possible to analytically show that the quark PDF in
Eq. (4.35) satisfies the quark number sum rule:

1 1
| e fale) = 257+ [ (1557 @)+ £ @)

=1+2g° C’F/O d % [2(z — 1) (w,(2))] =1, (4.45)

Notice from Eq. (4.32) that the Wilson line does not contribute to the quark number
sum rule. Upon integration over z the two terms cancel exactly. The same is not true
for the momentum sum rule: In general, in covariant gauge, the Wilson line does in fact
carry momentum as will be shown explicitly in the next Chapter when we present our
numerical results. Indeed, one may note that only when the Wilson line contribution

is included in the quark PDF do we find

foo(l =) = fyo(x) + {0(x) terms} (4.46)

This symmetry ensures the momentum sum rule is satisfied once the quark number

rule is already satisfied, as it entails:

[ s o) + fyot@)] = [ o fyoto) = 1. (4.47)
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The fact that the Wilson line contributes to the momentum sum rule has important
implications for the calculation of partonic correlation functions in QCD effective the-

ories.

4.3 Quark Target Model with a Gluon Mass

In this section we extend the QTM to incorporate a gluon mass and study its impact
on the QTM PDFs. As mentioned earlier in Sec. 2.1, the gluon propagator appears
to be described by a momentum-dependent mass function that saturates at a finite
value in the IR. The mass is generated nonperturbatively by the full structure of QCD,
including gluon self-interactions to all orders in ay. It thus isn’t possible to reproduce
gluon mass generation in an effective model of gluons at order ae. Nonetheless, the effect
of gluon mass can be incorporated in the model by placing an explicit gluon mass in
the Lagrangian. This is notoriously at odds with the QCD symmetries. However, this
approach has been sucessfully used to obtain the two-point ghost and gluon correlation
functions in great agreement with lattice results already at one-loop [105, 106], which
is a quite remarkable result given the simplicity of the approach. Therefore, we proceed

to explore the implications of incorporating a finite gluon mass to the QTM PDFs.

A naive gluon mass Lagrangian that has been used to describe lattice QCD

results has the form:

LB = m2Tr [A, () A" (2)] (4.48)

mass

but this notoriously violates gauge invariance. Not surprisingly, using this Lagrangian
to calculate PDFs in the quark target model explicitly violates the momentum sum

rule—as we shall see below. This occurs because a gauge transformation can always be
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used to introduce explicit dependence on spacetime coordinates x into the Lagrangian,

nullifying conservation of the energy-momentum tensor.

Using the Lagrangian in Eq. (4.54) leads to a gluon propagator with a gluon

mass. Explicitly, the covariant and light cone gauge propagators obtained are respec-

tively:
-1 (& =Dk k,
DY (k) = —oo— | g + — L 4.4
nyv ( ) ]{72 . mg 4 0 |:g,u + kz . ng :| ) ( 9&)
-1 k,n, +n,k
DY (k)= —— - |g, — 2L _HVI 4.49b
w (k) = 1 —mZ+i0 [g“ (kn) } (4.49D)

It is worth noting that in the Landau gauge (£ = 0), the gluon propagator remains
transverse, even with the introduction of gluon mass. For the QTM calculations car-
ried out in the last section, the only effect of introducing a gluon mass is to change the
massless gluon propagators appearing in the PDF calculations to their massive coun-
terparts above. This will, certainly, bring terms ~ mg. The presence of a gluon mass
in the propagator changes the Feynman mass parameters used in the previous section

to:
Ay(x) =aml + (1 —z)> M7, (4.50)
Ag(x) = (1 —x)m] + 2> M, = N(1 — ). (4.51)

Using the massive gluon propagator to calculate the quark and gluon QTM PDFs gives

the following result

fao(@img) = fyo(x) — §*Crpdx(1l — x)mg I (Aq(x)), (4.52)
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and

x ;736(:1;; mg) = fgq(x) — g2C’F{4x2(1 — z)m?
+8(1 —x)*m}, }_[3 (Ag(2)). (4.53)

The functions f;/g(x) and fyo(x) are the same functions obtained in Egs. (4.35)
and (4.36) in the last section, except for the new Feynman mass parameters that
includes a gluon mass in the basic integrals. The quark field renormalization con-
stant, Zs from Eqgs. (4.18b) and (4.39), is also updated accordingly. The quark PDF
in Eq. (4.52) with the Z, modified exactly satisfies quark number sum rule for any
mgy. However, the momentum sum rule is violated for the quark and gluon PDFs
given in Eq. (4.52) and (4.53). Crucially, we do not observe the expected symmetry

faa(@ymg) = f175°¢(1—z;mg), which would have guaranteed the momentum sum rule.

Instead, the symmetry is violated by an amount

faa(@;mg) = [55°(1 — x;my) = QQCF{8m§(1 — fs(Wg(x))} :
which is proportional to mﬁ.

Nevertheless, this can be resolved by using a gauge-invariant Lagrangian incor-
porating gluon mass which has been suggested by Cornwall [44]. This gauge-invariant
lagrangian contains two terms, one which is exactly equal to the “naive” lagrangian just
discussed above and the other is constructed by introducing a new color octet scalar

field. It is given by:

Linass = mz Tr

(4600 - .—(auv<e<x>>)v1<e<x>>)2] SRS
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where the field V' (0(x)) = exp{if(z)} transforms under the fundamental representation

of the color group, so that its covariant derivative is
D,V (0(z)) = 0,V (0(x)) — igAu(x)V (0(x)), (4.55)

allowing the mass Lagrangian (4.54) to be written in terms of the covariant derivative:

2

Loness = —%Tr {{ (D,V (0(z))) V! (6(x)) }2} . (4.56)

This Lagrangian is non-renormalizable, but since the calculations in this work are done

at one loop, non-renormalizability is not an issue.

If the change in the gluon propagator were the only effect of introducing gluon
mass—as is the case when the naive Lagrangian of Eq. (4.48) is used—then we would
observe violation of the momentum sum rule. However, the Cornwall Lagrangian ends
up saving the momentum sum rule, as we shall presently see. Using the Lagrangian
in Eq. (4.54) or Eq. (4.56) has two primary effects on the calculation of PDFs in the
quark target model. One of these is that the gluon propagators will also be massive
and have the same form as given in Egs. (4.49a) and (4.49b), and the other effect
is that the Cornwall lagrangian will give additional terms to the PDF. Because the
Cornwall lagrangian introduces new fields, these fields can also carry momentum since
they will contribute to the energy-momentum tensor (EMT). The contribution of the

mass Lagrangian to the EMT is found to be:
_my’

" { — 2Tr[(D”V) V-1(D,V) V*l] + gu,,Tr[(D“V) VH(D,V) vfl} }

(4.57)

Here, for the sake of simplifying the notation we have omitted the dependence of the
fields V' = V(0(x)). Like the gluon light-cone correlator, the bilocal light cone correlator
defining the theta-field PDF is defined such as that its first Mellin moment gives the
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++ component of the ETM. Therefore, we find the bilocal light cone correlator defining
the theta-field PDF to be:

z forq(r) = — o el

(QUP)| [PV (0(0))] V=4 (0(0) Wa(0,2) [DLV (0n2)] V- (0(a) [Q(P) ). (4.58)

2771?, n“n”/d)\
g> P-n

Notice that, just like in the case of the quark and gluon PDF, the theta field PDF has
been supplied with a gauge link such as that the bilocal operator defining the PDF is
gauge-invariant. The following theta-field PDF contribution is obtained:

zfo/0(r) = ¢°Cr 8m§(1 —z)? I;(W,(2)) . (4.59)

Since the theta field is interpreted as an instanton in the gluon field [44], fy/q(x) should
be considered a contribution to the gluon PDF. Therefore, the full gluon PDF with the

naive

Cornwall mass term is given by the sum of f55°(z;my) and fo/q(x;my), and reads

fg/Q(x; mg) = fg/Q<x) - 4920F m?; r(l—x)ls (wg(x>)' (4.60)
With the introduction of the #-field, one now observes that

naive

fao(@img) = f70° (1 — x3myg) + foq(1 — x;my)
= fo/q(1 —x3my), (4.61)

meaning that the expected symmetry relation indeed holds and the momentum sum
rule is satisfied. However, the theta-field contribution to the gluon PDF must be

accounted for to ensure observance of the momentum sum rule.
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4.4 Pion PDFs

We now consider how to incorporate the QTM results derived above into existing results
for hadron PDFs from low-energy effective models. In particular, we consider the pion
as a concrete example, due to its prominent place in QCD as the Nambu-Goldstone
boson of chiral symmetry breaking and because of the existence of both experimental
data [2] and phenomenological PDF parametrizations [1] to compare against. The
pion can be pictured as a bound state of two constituent quarks. These constituent
—dressed quarks, on the other hand, are not structureless, they are composed of yet
more “elementary” particles, the current quarks and gluons. Because PDFs are defined
in terms of current fields, one needs to uncover the dressing layer of the dressed pion,
which will reveal the dressed pion substructure. Therefore, a dressed quark can be
described in terms of its substructure. One can address this by combining the dressed
pion PDF (we shall refer as body-pion PDF), obtained from a low-energy model of
QCD, with the QTM PDFs using a convolution formula. We shall refer to the resulting
PDFs as QTM-modified pion PDF.

The QTM-modified pion PDF is obtained by taking a convolution of the model
pion PDF fg/-(x) obtained from a low-energy effetive model that only contains quark
degrees of freedom, e.g. the NJL model, with the quark target model PDFs f, ,/o(x)
obtained in the previous sections, Eqs. (4.35),(4.37) and (4.60). In particular, the quark
target is identified with the effective theory’s quark degree of freedom—both denotes ()
here. This gives us the convolution equation that gives the complete quark and gluon

PDFs in the pion:

fon(x) = dzdy é(z — y2) foQ(y) fo/x(2). (4.62)
w=3 /] o) fo

fo/m(x) = 1dzd §(x —yz) fo0) for(2). (4.63)
/ %//0 yo(x —yz) fora(y) fos
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The above formulas amounts to describing the dressed pion in terms of its current
quark and gluon substructure. We note that since the QTM PDFs satisfy the baryon
number and momentum sum rules, this convolution guarantees the sum rules to be
satisfied for f, ,/x(x) as long as the “body PDFs” fg/-(x) also obey these sum rules.
For a concrete example, we consider the PDF of a charged pion in the NJL model,

which is calculated via:

fo/=(z) = —2PZT‘rn / (27:;5 (x - %) Tr [757'_2'5(16)%%(1 + 73)iS (k)y574iS(k — p)]

(4.64)
where the trace is over color, flavor and Dirac indices. The result is found to be [40]:

faye(x) =32, [-4L(Ar(2)) + 8z(1 — x)m?] (4.65)

for Q = U, D, where

Ar(x) = M — z(1 — z)m? (4.66)

T

As discussed in Sec 2.4, the pion as a bound state of dressed quarks is a solu-
tion of the Bethe-Salpeter equation and can be fully characterized by the parameters
introduced therein. We note that the QTM just developed should be applicable to
other models closely related to the NJL model, like instanton liquid models [107, 108]
which, besides realizing DCSB through a running quark mass function, includes explicit

gluonic degrees of freedom.

Having introduced the analytical results, in the next Chapter we shall present
the numerical results for the QTM PDFs and the quark and gluon distributions in the

pion.
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Chapter

Numerical Results

In this Chapter we present numerical results for the quark and gluon PDFs in the quark
target model [33]. The quark target model PDFs contain UV divergences arising from
loop integrals that must be regularized. Thus the numerical results are regularization
scheme dependent. We employ proper time regularization with both UV and IR regu-
lators [34-36] to obtain the numerical results presented here, but other schemes such as
dimensional regularization (with MS or MS subtraction of the e ldivergences) can be
used instead. In Appendix A.5 one can find a dictionary to translate the PDFs expres-
sions in this work into other regularization schemes. For the results in this Chapter, we
specifically use Ayy = 645 MeV and Ajg = 240 MeV as discussed in the context of the
NJL model in Chapter 2, which are standard values that are used [36]. In the last part,
the QTM PDFs are combined in the convolution formalism which was just presented in
the last Chapter to obtain the quark and gluon PDFs in the pion. The PDFs are then
evolved using the DGLAP equation to be compared to available experimental data and

parametrization.
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5.1 Quark Target Model

Results for the quark and gluon QTM PDFs at different values of the coupling strength
as = g?/(4r) are shown in Fig. 5.1. We remark that since (1 — x) cannot be plotted,
terms containing the delta function are not included in the plot. At large x the quark
PDF is dominated by the 1/(1 — z) term coming from the Wilson line in covariant
gauges or the triangle diagram in light cone gauge. This behavior is in contrast to
the familar quark PDFs inside hadrons and reflects that this quantity is a quark PDF
inside itself. The gluon PDF is positive definite and, aside from the §(1 — z) term, the
quark PDF is also positive-definite. Since the PDFs are linearly proportional to ay, we

observe that the curves within each panel of Fig. 5.1 merely differ by an overall factor.

Information about the dependence of the PDFs on the quark mass M, is shown
in Figs. 5.2 and 5.3. The quark PDF has little relative dependence on the quark mass,
with the non-delta contributions being suppressed at larger quark masses. The gluon
PDF is likewise suppressed at larger quark masses, and accordingly the gluon carries

less momentum for larger quark masses.

We turn our attention to another relevant feature of the quark target model. In
Tab. 5.1, we present the Mellin moments of the quark and gluon QTM PDFs. In order
to observe specifically the importance of the Wilson line in obeying the momentum sum
rule, we split the quark PDF into two terms: one containing the Z5 and triangle diagram
contributions, and the other containing the Wilson line contributions. These are shown
respectively in the second and third columns, with the fourth column containing the
total quark Mellin moment and the last column containing the gluon Mellin moments.
The first thing to be observed is that the Wilson line indeed does not contribute to the
quark number sum rule as demonstrated analytically in the last subsection — Quark

number sum rule is satisfied regardless. This can be read off the Tab. 5.1 for s = 1.
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0.0 0.2 0.4 0.6 0.8 1.0

F1GURE 5.1 —Results for the quark and gluon momentum distributions for several
values of o and fixed quark mass M, = 400 MeV. A tilde in the quark PDF is used
to indicate that the delta terms in Eq. (4.2) are not included.
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The momentum sum rule, however, is oversaturated without the negative contribution
from the Wilson line as it can be seen for s = 2. With M, = 400 MeV and a, = 0.5
we find that the quarks carry about 81% of the total light cone momentum and gluons
carry about 19%. The Wilson line contribution to the momentum sum rule is —0.1775,

which is the same in all covariant gauges, because we are working at one-loop in the

on-shell remormalization scheme. This result explicitly illustrates that Wilson line

contributions can be large in covariant gauges.

The fact that the Wilson line can make sizeable contributions to the PDFs has
important implications for model calculations in covariant gauges that do not explicitly
include gauge link contributions to quantum correlation functions. For example, if one
were to calculate only quark local operators, and infer the momentum fraction carried

by gluons by imposing the momentum sum rule, then one must include Wilson line

) T \I T T I.
— — 4
2.0 — M=V :
M, = 100 MeV /
]
- M, = 200 MeV s
1.6F — M, =300 MeV ] -
- M, =400 MeV | 5
Z 1.2t ]
<
3
&
0.8F _
0.4F _
0.0 0.8 1.0

FIGURE 5.2 — Results for the QTM quark PDF for several values of M, at fixed
coupling strength as = 0.5. Note that the quark PDF also has delta function contri-

butions at x = 1 which are not shown.
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FIGURE 5.3 — Results of the gluon PDF for several values of M, at fixed coupling
strength ag = 0.5.

contributions in order to obtain the correct gluon momentum fraction. Had we not
accounted for the Wilson line in this calculation, for instance, and had inferred gluon
momentum by what was missing from the momentum sum rule, we would have under-
estimated the gluon momentum fraction by 0.1775, that is, obtaining (), = 0.0133
instead of the correct value of (z), = 0.1907. This clearly indicates the importance of

accounting for the Wilson line contributions.

Another important feature of the QTM is that the Mellin moments of the quark
PDF become negative starting at s = 19 for the parameters given in Tab. 5.1. As the
table illustrates, this occurs in the covariant gauge specifically because of the Wilson
line, whose contribution to the total quark momentum becomes increasingly negative
with the Mellin moments, and in light cone gauge because of the extra term in the
triangle diagram containing 1/(1 — x) in Eq. (4.40). This has a major implication for

applying the quark target model to calculating hadron PDFs: if a convolution equation
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TABLE 5.1 — Results for the s Mellin moments (z°~!) = fol dx 2571 f(z) of the quark
and gluon PDFs. In the second and third columns the quark PDF is split according
to Eq. (4.35). The fourth and fifth columns give the total quark and gluon moments.
For these results the quark mass is set to M, = 400 MeV and the coupling strength
to as = 0.5, which gives Zs = 0.9933 in a general covariant gauge at one loop.

S Z2+<x8_1>¢t;ri <$5_1>ZV <Is_1>q <xs_1>g

1 1 0 1 -

2 0.9867 -0.1775  0.8093  0.1907
3 0.9866 -0.3034  0.6832  0.0647
4 0.9877 -0.4011  0.5867  0.0351
5 0.9888 -0.4807  0.5081  0.0235
6 0.9896 -0.5479  0.4418  0.0176
7 0.9903 -0.6059  0.3843  0.0140
8 0.9908 -0.6571  0.3337  0.0118
9 0.9912 -0.7027  0.2884  0.0101
10 0.9915 -0.7440  0.2475  0.0088
18 0.9926 -0.9791  0.0135  0.0045
19 0.9927 -1.0010  -0.0084  0.0043
20 0.9927 -1.0219  -0.0292  0.0040

is used in the impulse approximation, and the hadron’s body PDF is positive definite,
then the hadron’s quark PDF will become negative at x ~ 1. This indicates that in this
region the probabilistic interpretation of the PDF is lost. We illustrate this numerically
for the pion in Sec. 4.4.

In Table 5.2, the second Mellin moment is shown to illustrate how the distribution of

momentum is affected by a change in the coupling strength. The momentum fraction
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TABLE 5.2 —Results for the second Mellin moment (x) = fol dx z f(z) of the quark
target model PDFs for several values of the coupling strength ag, given at a fixed
quark mass M, = 400 MeV. In the second and third columns the quark PDF is split
according to Eq. (4.35). The fourth and fifth columns give the total quark and gluon
moments.

as  Zpt+(x)y () {x)q ()
0.25 0.9934 -0.0887  0.9046  0.0954
0.5 0.9867 -0.1775  0.8093  0.1907
0.75 0.9800 -0.2662  0.7139  0.2861

1 0.9735 -0.3549  0.6185  0.3815

carried by the gluons increases with the coupling strength, and its worth highlighting
that the gluon is responsible for carrying ~ 28% of the quark target momentum at
as = 0.75. This is approximately equal to the fraction of the pion’s momentum carried
by gluons [1]. The QTM can therefore give a physically reasonable value for the gluon

momentum fraction for realistic values of .

5.2 Quark Target Model with a Gluon Mass

In Fig. 5.4, we present results for the quark and gluon PDFs with a gluon mass (with
the latter including theta-field contribution) at several values of the gluon mass. The
plotted quark PDF excludes 6(1 — ) terms which contribute to the quark number and
momentum sum rules. The introduction of a gluon mass suppresses both PDFs, with
the quark number and momentum sum rules preserved specifically by an increase in
the 0(1—z) terms excluded from the plots. As the gluon gets massive, it becomes more
costly to radiate a gluon. Thus, with all other parameters equal, a larger gluon mass
results in gluons carrying a smaller fraction of the dressed quark target’s momentum.

On the other hand, once a gluon is radiated, it is more likely to carry a large quantity
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FIGURE 5.4— Quark and gluon PDFs in the quark target model for several values
of mg, with the gluon PDF defined to include the theta-field contribution. oy = 0.5

and M, = 400 MeV were used in these calculations. The plotted quark PDF does
not include §(1 — x) terms.
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FIGURE 5.5— Gluon PDFs in the quark target model for several values of mg, with
the gluon PDF defined to include the theta-field contribution. Here, ay is different for
each my value, and is chosen to give (z), = 0.1907, and M, = 400 MeV. The specific
as values used are 0, 0.6077, 0.9951, and 1.8661 for my = 0, 200 MeV, 400 MeV, and
600 MeV respectively.

of momentum owing to its mass. This has the effect of reshaping the gluon PDF so
that it falls less steeply in the intermediate-x region, and even grows at large x. This
is illustrated in Fig. 5.5, where a, has been changed for each m, value so that the
momentum fraction carried by the gluons remains at 0.1907. This can also be observed
in the shapes of the curves in the lower panel of Fig. 5.4, although there this behavior

is softer.

To acknowledge the relative importance of the theta-field contribution to the to-
tal gluon PDF and momentum fraction, in Tab. 5.3, we separate the gluon momentum
fraction into two terms: One containing the naive contribution, and the other contain-
ing the theta field contribution. The last column is the total gluon momentum (sum

of naive and theta). For m, = 0, the QTM PDFs obtained in Sec. 4.1 are recovered as
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it should be the case. It seems that up to a certain value of gluon mass, most of the
gluon’s light cone momentum is contained in the traditional gluon PDF. However, by
crossing this gluon mass value this behavior changes and a significant portion of the
gluon’s light cone momentum is contained in the theta-field PDF, rather than in the
traditional gluon PDF. In fact, for m, = 600 MeV, the theta-field carries about 90% of

the gluon’s light cone momentum.

TABLE 5.3 — Contributions to the quark and gluon momentum fractions for various
values of the Cornwall gluon mass (in MeV). The quark momentum fractions are
separated according to Eq. (4.35) and the gluon momentum fractions are separated

into naive and theta-field contributions. The other parameters are a; = 0.5 and
M, = 400 MeV.
mg  Zo+(z)t (@) ()g {2y () (2)g
0 0.9867 -0.1775  0.8093 0.1907 0 0.1907
200 0.09885 -0.454 0.8431 0.1293 0.0276  0.1569
400 0.9920 -0.0878  0.9042 0.0434 0.0524  0.0958
600 0.9951 -0.0462  0.9489 0.0045 0.0466  0.0511

In Fig. 5.6, we separate the gluon PDF into naive and theta-field contributions. The
value my = 600 MeV is used for the gluon mass to illustrate an extreme case. In
general, the naive diagram makes more significant positive contributions at large =z,
while the theta-field dominates at small x. For especially large values of the gluon
mass, the triangle diagram fails to be positive-definite, and in Fig. 5.6 goes negative at

small . However, the sum of both contributions remains positive definite.

We therefore observe through these numerical examples that the theta-field is
necessary to account for massive gluons, both because it contains a significant portion
of the gluons light cone momentum, and because—for especially large gluon masses—is

necessary to guarantee that the gluon PDF be positive-definite.
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FIGURE 5.6 — Gluon PDFs in the quark target model, separated into naive and theta-
field contributions. We use as = 0.5, M, = 400 MeV, and m, = 600 MeV.

5.3 Pion PDF

In order to fully define the model, it is necessary to determine a value for ay to use
both in the QTM calculations and in the DGLAP evolution equations to connect the
low-energy effective theory to large-Q? — The PDFs at the model scale will provide the
initial conditions for the QCD evolution. The way the model scale is usually determined
is by fitting to empirical results. We follow this approach and determine the model scale
by matching the pion’s gluon momentum fraction to that found by the JAM analysis
of Ref. [1] after NLO DGLAP evolution. At the charm threshold gluon carries around
30% of the pion’s momentum. Furthermore, it is also necessary to pick a value for m,,.
We consider both the cases of zero gluon mass, m, = 0, and a finite gluon mass (within
the gauge invariant Cornwall formalism), m, = 400 MeV. To obtain the evolved PDFs,

we summarize the procedure as follows:
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1. Determine the model scale Q3 by requiring that the pion’s gluon momentum

fraction match that found by the JAM.

2. Use NLO DGLAP evolution to evolve the PDFs from the model scale Q3 to the

relevant Q2.

For the m, = 0 case this gives
g0 = 0.579, Qs = 0.82 GeV? (5.1)

where the NLO equation (Eq. (3.42)) have been used for a(Q?). Similarly, for m, =
400 MeV we find

a0 = 0.775, Q% =0.58 GeV? (5.2)

It is worthwhile to mention that, already at the model scale for my; = 0, gluons
carry 22% of pion’s light cone momentum and the corresponding model scale is much
larger than typically used in models with only dressed quarks [37, 109] (in which
Q3 ~ 0.16 GeV?). With m, = 400MeV the gluon light cone momentum fraction is

7% at the corresponding model scale.

In order to get a sense of how the PDF results depend on the model’s body
pion PDF, we also consider a naive body pion PDF fq/.(z) = 302*(1 — z)* as a
reference for comparison [110]. The results using both body PDFs are presented in
Fig. (5.7). For shortening the notation, there we have defined z = 1 — x such that the
reference body-pion PDF is written as fo/r(z) = 302?Z%. Increasing the gluon mass,
the gluon momentum fraction saturates at a smaller value compared to the massless
gluon case. Regarding the quark PDF, as anticipated earlier in Sec. 5.1, it becomes
negative at x ~ 1. This negativity occurs regardless of the pion body PDF used and as

such this feature can be attributed to the combination of the QTM with the impulse
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approximation used. Also, the reference body PDF actually presents worse behavior
in this regard than the NJL model, as the full quark PDF becomes negative at smaller
values of x in this case. If positivity is used to determine the domain of validity for the
QTM, then the QTM has a larger domain of validity when paired with the NJL model
than when paired with the naive reference body PDF.

That impulse approximation PDFs are negative at large x is inevitable in the
quark target model, and can be understood in relation to the DGLAP evolution equa-
tions [100]. The DGLAP kernels can be found from the quark target model PDFs by
differentiating with respect to the renormalization scale, since DGLAP evolution in
effect describes how PDFs evolve with change of scale. In fact, one can see the famil-
iar form of the leading order DGLAP kernels in the factors multiplying I5(Ag/4(2))
in Egs. (4.35), (4.32) and (4.37). The DGLAP kernels, when convoluted with a PDF,
result in a function which is negative at x close to 1—which is in fact necessary for
the PDF being evolved to decrease with evolution at x ~ 1, as is physically expected.
It is thus inevitable that the quark target model combined with the impulse approx-
imation will produce a negative PDF for hadrons. One must go beyond the impulse
approximation—perhaps by considering kernel diagrams—in order for the PDF to be

positive-definite.

To circumvent the negativity of the QTM PDF, positivity is enforced by first
setting the negative values of the PDF to zero, and then re-weighting the distributions
such as to still satisfy the baryon and momentum sum rules. Because the PDFs in
Fig. 5.7 satisfy both sum rules, setting the negative values to zero will spoil the sum
rules. Therefore the necessity of re-weighting the PDFs. With positive PDFs in hand,
we can now evolve the model PDFs to the empirically relevant scale of Q? = 27 GeV?
using NLO DGLAP equations. At this scale, the PDF can be compared to experimen-
tal Drell-Yan data from the E615 experiment [2|, as well as to the phenomenological

parametrization from the JAM analysis [1].
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FIGURE 5.7—Quark (top panel) and gluon (bottom panel) PDFs of the pion at
the model scales. For the body PDFs we use the NJL model result and the simple
parameterization 30 22z?, where Z = 1 — 2. For the QTM we show results for mg =0
and my = 400 MeV, which correspond to model scales of Qg = 0.82GeV? and Q% =
0.58 GeV?, respectively.
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Q? = 27GeV2. These results are contrast with the JAM collaboration results from
Ref. [1] and the Conway et al. data [2].
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Results for the pion’s valence quark and gluon distributions at Q? = 27 GeV?
obtained via the convolution formula Eqgs. (4.62) and (4.63) are presented in Fig. 5.8,
along with the foretold comparisons. The first thing to be noticed is that while interest-
ing as a concept to be incorporated at the lagrangian level based on phenomenological
ground, we found that a finite gluon mass makes discrepancy with data worse. The
gluon PDF has rough agreement with the JAM result, but the pion valence quark PDF
disagrees rather badly. The discrepancy from the data is doubtless due in part to the
negativity issue—which, even with the workaround, manifests here as zero support for
a range of x < 1—but likely also stems from the lack of gluon exchange between the

dressed quarks in the QTM.
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Chapter

Conclusions and Outlook

We have constructed a QTM at leading order in the quark-gluon coupling strength.
Quark and gluon PDFs of a dressed quark target were calculated directly, including
for the first time the Wilson line contributions in covariant gauges. This is completely
similar to a one-loop calculation in perturbative QCD. The expected gauge invariance
of the results was demonstrated by explicitly calculating the PDFs in both covariant
and light-cone gauges. This allows to gain intuition regarding the PDF calculations
in both gauges. On the one hand, working in covariant gauges requires the consider-
ation of the Wilson lines, which within the continuum approach of Dyson-Schwinger
(DSE) might become quite challenging. On the other hand, working in the light-cone
gauge allows us to get rid of the Wilson lines, but the price to pay is to work with a
light-cone gauge gluon propagator, whose light-cone singularity structure presents its
own challenges within DSE. We envisage progress in this direction by working directly
in Minkowski space using light-cone gauge gluon propagators [111] within the frame-
work of the spectral representation of the propagators [6] and the pion Bethe-Salpeter
amplitude [112—-114].

The first significant finding in this work was that the Wilson line can make
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non-trivial, sizeable contributions to the quark PDFs in covariant gauges, providing
as much as a 20% correction to the quark momentum fraction. Therefore, approaches
that do not include the Wilson lines may be, a priori, failing to account for a large
contribution to the quark lightcone momentum. DSE calculations, for instance, are
generally carried out in Landau gauge. For consistency, these calculations should take
into account the Wilson line contributions to the PDF, which have been ignored in
PDF calculations so far. However, it is unclear how to incorporate the Wilson line into
these calculations. Alternatively, solving the DSE in the lightcone gauge would avoid
the need to account for the Wilson line, though both approaches present their own

challenges, as mentioned earlier.

Following indications from lattice QCD and Dyson-Schwinger equations that
gluons acquire an effective mass at low-momentum, we extended the QTM to incor-
porate a gluon mass into the model. We explored two different approaches to include
an explicit mass into the calculations. Motivated by numerous works that include an
explicit mass for the gluon [105, 106], we introduced a naive mass term in the model,
knowingly to violate gauge invariance. We also found that such term violates the mo-
mentum sum rule, as expected. To circumvent this issue, we studied the gluon mass
term proposed by Cornwall [44] which preserves gauge invariance by also introducing
an auxiliary theta field. We found that the theta field carries gluon momentum and

this fixes the momentum sum rule which were broken by the naive mass term.

Using a convolution formalism the quark target PDFs were then combined with
two different dressed quark-antiquark models to calculate the quark and gluon distri-
butions in the pion. The resulting PDFs were evolved from the model scale to higher
momentum scales using NLO DGLAP equations and compared to existing empirical
and phenomenological results. We found good agreement between the empirical and
calculated gluon PDFs, however, the agreement for the quark PDF is less satisfactory. A

gluon mass, although reducing the gluon lightcone momentum fraction, including such
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a mass term did not provide improved agreement with existing data for the pion PDF.
When using the QTM as a method to include intrinsic gluons into low-energy effective
theories one shortcoming was identified. This is the unavoidable domain of negative
support in the quark PDFs at x ~ 1. In covariant gauges this is directly connected to
the bilocal operator that defines the PDF and the associated Wilson line contribution.
Likely, this can be attributed to the limited way in which gluons were incorporated
in the model. For observables defined by local operators this shortcoming will not

materialize.

In conclusion, the central challenge remains: how can gluon degrees of freedom
be effectively incorporated in low-energy effective models of QCD? In principle, in-
cluding gluons in a pure quark effective model, even if gluons are only incorporated at
leading order, will have effects not only on the inner structure of the dressed quarks,
but will also modify the hadron wave functions (e.g., their Bethe-Salpeter amplitudes).
After all, introducing a gluon into the model will now make gluon exchange part of the
force that binds quarks into hadrons. The QTM-+convolution approach taken in this
work does not account for gluon exchange between the quarks. Including these effects
may provide the necessary ingredients to include intrinsic gluons in effective quark the-
ories and avoid the shortcoming found in this study. This would enable calculations of
quantities such as quark and gluon GPDs, TMDs, gravitational form factors, and mass

decompositions for the pion and kaon.
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Appendix A

Conventions and Notation

In this Appendix, we fix some conventions and notations used throughout this thesis.

A.1 Definitions

1. The metric is g, = diag(1,—1,—1,—1).

2. The propagators are defined as

iA(z —y) = (0]T¢(x)o(y)|0)
_ / (d4k; i - (A1)

2m)4 k2 —m? 4 in

iS(z —y) = (0[T¥(2)¥(y)]0)
_ / (d4k L ik (A.2)

24 —m + i
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3. The spinors normalization is

u(p)u(p) = 2m.

4. The light-cone coordinates are defined as

1
v = (2% + 2%),

V2

0 2!, 2% 2?) in this coordinate system is

such that a 4-vector z# = (z

+ L )
)

= (x xx”

where x*+ = (21, 2?).

5. For two light-cone vectors n* and p*, the scalar product reads
n-p=np' =0’k —n’k’ —n-p=nTp +np" —n.-py,
and the norm
P’ =2p*p” —pt.

6. We define two light-like vectors as

1

b=— A,0,0,A )

p \/5( )
1

nt = ——(A1,0,0,—A7Y),
Vol )

for arbitrary A. Being light-cone coordinates, they satisfy

+

I
(@)

I
’@I

p2:n2:0, p-n=1, n
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Then, in light-cone coordinates, we have

plu = (A7 OJ_7 0)7 (All)
n* = (0,0,,A7"). (A.12)

An arbitrary vector can be parametrized (known as Sudakov decomposition) as

AP = ap* + Bnt + A (A.13)

=(A-n)p"+ Atr 4 (A-p)n*, (A.14)

with A% = (0, AL,0).

A.2 Matrix Elements

The matrix elements between the spinors u(P) and u(P) needed for calculating the

unpolarized quark and gluon distributions are given by:

(") =2P* (vt vyl =2m (v %) = —2(p2 — ip)

(7*y7) = 2m (y*9") =0 (Y572 =0

(A.15)
where (I') = a(P)['u(P)
A.3 Proper Time Regularization
1 /°° G L /VAIRQ ol A (A.16)
Ar o (n—1)! J, (n =1 1 apy? '
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A.4 Useful Relation

k-n+xP-n Sil_xs_l_i_ k-n ixs_1+
P-n B P.-n)dx

A.5 Regularized Integrals

The following notation for basic regularized integrals that appear throughout this thesis

is used:

(&) =i / ((217:;4 7 _Alﬂ,e)n, (A17)

to keep the results general and avoid committing to a particular regularization scheme.
The specific values of n = 2 and n = 3 appear, where the former is logarithmically
divergent and the latter convergent. Results in the proper-time and dimensional regu-

larization scheme follow below.

In the proper time regularization scheme these are given by:

1 1
I(A) = 152 /dT - e TR, (A.18)
1 1
Ig(A) = W /dT 5 €_TA . (Alg)

In the proper time regularization scheme these basic integrals become:

1
L(A) = ~ 163 I (0,A/ALy, A/AR) (A.20)
1 1 2 2
L(A) = 3%@(@—&/% - e_A/AIR> , (A.21)
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where I'(s, a,b) = fab dtt*~1 et is the generalized incomplete gamma function.

In dimensional regularization the basic integral is given by:

(=) () T(n—d/2) (1 2-d/2
I,(A) = (4m)d/? T'(n) (Z) . (A.22)

When using dimensional regularization it is generally important to work in d = 4 — 2¢
dimensions from the outset, however, for these simple calculations we can make the

replacements

L(A) = [ +1og (1*/A) + log(4m) — vE] , (A.23)

1672
1 1

L(A) = &5 % (A.24)

to obtain results in dimensional regularization. The terms (e~! + log(47) — vg) can be

removed from I5(A) by the common MS subtraction scheme.
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Appendix B

Derivation of the QTM PDFs

B.1 Quark PDF

The quark unpolarized quark PDF is defined by:

fale) =5 [ 55 €7 (QP)| 0,0,23) QP

where O,(0,n)) is the operator

A

Oqg(0,1X) = 14(0) 7 W (0, 1) g (nA)),

and

W(0,n\) =P eI d n-Ang)

(B.3)

is the Wilson line operator necessary to have a color gauge invariant PDF definition,

with P denoting the path-ordering operator. In order to derive the corrections to the

quark PDF, we start from the off-diagonal matrix element

<Q<p2)‘ OQ(yv Z) ‘Q(pl»m
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where at the end we take p; = po = P, y = 0 and z = nA. The Lehmann, Symanzik
and Zimmermann (LSZ) formalism is used to write the transition amplitude in terms

of time-ordered products of the interacting theory

Q)| Oyl 2) Q1)) = (=00 [t [ s e a(ps) (7., = )
><<Q|T[ (22)0us5 (11 ) b()| [ D19 0, —m]ulpr) ™1, (B.5)

where the vacuum expectation value is:
T [9(22) 0y, 21(1)]| 19) = 01T [(22)0 < 2 () 5] [0)
= (0T [wméq(y, 23() (14 i + o () (i) + - )] 0) (B.6)

and

S = / dtz §(a)yip(a) Au(z) (B.7)

is the interaction action and Oq/g can be either the quark or gluon bilocal operators

defining the PDFs. Notice that the Wilson line should also be expanded in powers of

« 77

the coupling “g

B.1.1 Zeroth-order Contribution

The first term in Eq. (B.6) gives the vacuum expectation value at zeroth order in the

strong coupling:

QT [$(@2)04(y, 2)(a) | | D = iz = y) iS(z — ).
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Using the Fourier transform of the propagator and acting with the Dirac operator, one

finds

4
k .
[igmz —mliS(zy —y) = /2 (o — m]iS (ko)™ ™27 = i6() (g — y)14s4

(2m)*
— 4
iS(z—xl)[—i@xl—m]:/ Ak

(2m)?

Inserting these in Eq. (B.5), gives:

Ky —m]iS(ky)e ™ W=D — i3 (5 — 1)1

(Q(p2)] Oglly, )| Qp1))e = 72 €™ (o) gh ulpy).

Taking p; = po = P, y = 0, z = n\ and plugging this result in Eq. (B.1), gives the
zeroth-order in g contribution of the quark PDF

FO (2) = 6(1 — 2), (B.8)

where the matrix elements in Appendix A.2 have been used.

B.1.2 One-loop Contribution

B.1.2.1 Wilson Line

The next non-vanishing contribution to the quark PDF comes from the first order
expansion in the interaction, i.e., the second term in the r.h.s of Eq. (B.6). The Wilson
line gives a non-trivial contribution coming from its expansion to first order in “g”. To
account for its contribution, it is convenient to split the Wilson line into a Wilson line

going to infinity and then back to the endpoint

W (y, 2) = Wy, +00)W (400, 2) = [W (400, )] W (+00, 2). (B.9)
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We expand each of the Wilson lines in Eq. (B.9) to first order in g and discard terms
O(g?) when taking the product of them since this will only contribute at higher orders

once the interaction is considered. This means taking

(W (+00,y)] W (400, 2) = 1 +ig /00 dn n-A(n) —ig /OO dnn-A(m), (B.10)

where n = (0,1,0,) is a light-cone vector. In the forthcoming discussion, let us con-
sider first the contribution of the last term on the r.h.s. of Eq. (B.10). The vacuum

expectation value gives:

QT [6(22)04(y, 2)(w1)] 19) = (OIT [(w2)ibly) s W (+00, )]
X W (+00, 2)0(2)i(w1)iSim] |0)

= —z'g/ dn (0| T [¢($2)1Z(y) - A(Uﬁb(zﬁz(%) iSint] 10). (B.11)
Using the interaction Eq. (B.7), and writing the indices explictly, we have
(T [0yl 20w0)] 10) = (i) [ dn [ dten O T [0 02)3L" 0) o)
X AL () (£%2) TS ()L (1)L () (—ig) (7" oy s T (03) (£72)57 ADS (05)] | 0)

The time-ordering operator allows us to express the vacuum expectation value in terms

of propagators by taking the Wick contractions of the fields. This leads to

QT [6(0,(0. )0(0)] 19 = n(=ig) Cr [y [ty S(as — 2y} (—ig)r*

x S(xz —y)hS(z — 21) Dy (23 — 1), (B.12)
where we have used

(t9)2 (1) = (1)1 = (¢9)267%2 = Cpo™®, (B.13)
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with Cp = (N.—1)/2N, being the Casimir invariant in the fundamental representation.
As in Subsec. (B.1.1), the propagators are written using its Fourier transform and
inserted in and Eq. (B.12) is inserted back in Eq. (B.5) The propagators are written
using its Fourier transform and this expression is inserted back in Eq. (B.5), leading

to:

2 d*k d*k : <
Q)| O] Qo)) = (igh"Cr [ e [ 2 [ atweisnminosn [y o

x e P (py) (—ig)y" S (k) 7 DW(kQ)u(pl)eikly. (B.14)
Integrating over the delta function after using
/ d'a e FT = (2m) 5" (k — k'),
and noticing that

dn 2=k — ¢ i(p2—k)z
/z e pr—k+i0"

one finds

Q1040 2)| Qo)) = () Cr [ St

X i(pa) (—ig)y“S(k)ik Dy (p — Ku(py).  (B.15)

i(p2—p1—k)z yik1y

In order to obtain the Wilson line contribution to the quark pdf, one still has to take
p1 = p2 = P,y = 0,2 = n\ and the light-cone Fourier transform of Eq. (B.15) as in
Eq. (B.1), resulting in
2 4 -
Wi o g CF v d k? _ 7
) =L / s Ol (0P = ) Ja(P)— s S (D P ~ Bu(P)
(B.16)
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The contribution of the second term in the r.h.s. of Eq. (B.10) is obtained in an
analagous way and will only differ in the last step when taking y = 0 and z = nA .

One finds that

n5(1 - z) / (d—k a(P) MS(RD(P — k)u(P).

W _ 4
fopo(w) = ot TP k) 10

2(n- P)
B.1.2.2 Triangle Diagram

The triangle diagram comes from expanding the interacting vacuum to second order in

the strong coupling ¢:
A — 1 A = . .
QT [0(32)04(y, 2)(@1) | | = ZOIT [0(22)0,(y, 2) (1) (iSue) (i) 10)
Writing all indices explicitly, the vacuum expectation value at order ¢ gives

QT [$la2)O(y, 2)0(e)] 10 = 57 [ daa [ oy O [0 )0 0) asst (2

T ) (i) (20) (97 s B () A7 ) (1707
< (=g ) (P sy B ) ALy ) ()] 0),

and after applying Wick’s theorem, it becomes

(T [0(a2)0(w. 2)(1)] 19) = € / day [ dan [=iS (2 — )] 7" [iS (24— )

x (—ig)h [=iS(z — wa)] 7" (=ig) [=iS(xa — 21)] 1Dy (23 — wa)] . (B.17)

Inserting this result back in Eq. (B.5), gives:

A d*k .
(Q(p2)| Og(y, 2)| Qp1)) :ingF/Welkwez(plp2+k1)z

X (p2)y"S(k1)hS(p1r — p2 + K1)V Dy (p2 — k1 )u(py). (B.18)
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As before, the appropriate substitutions p; = ps = p, y = 0 and z = n\ are made and
the light-cone Fourier transform is taken to obtain the corresponding contribution to

the quark PDF. This gives

- _ig® Cp d*k E-n\ _ ) ,
() = [ (0= s ) a2 S H S Dok~ Ky u(P),

2 P-n
(B.19)
B.2 Gluon PDF
The unpolarized gluon distribution is defined by
fuale) = 5 [ &P Q(P)] 0,(0,0)] Q(P) (B.20)
vfya) =5 — | 3¢ ,(0,m , .
where O,(0,n)) is the operator
O,4(0,nX) = G".(0) Wa(0,n)) G*"(n\) (B.21)

and W4(0,n)) is a Wilson line in the adjoint representation whose color indices are
contracted to those of G, = t°G%, = t* (9, AL — 9, A% — gf** AL Ac). Following the

same steps as before, we first calculate the general matrix element

(Q(p2)| Oy(y, 2)1 Q1)) (B.22)

where at the end we take the limit of equal moments p; = po = P and y = 0,z = n\.
Expanding the Wilson line to zeroth order and the interaction to second order in the

coupling, we have for the vacuum expectation value

(Q TW(%)Og(yaZ)l/_’(%)] | Q>(2) = %(0‘ T[¢($2)Og(ya Z)TZ(%)Z'SmtiSz‘nt] |0).
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with S as given in Eq. (B.7). Writing all the Dirac, color and flavor indices, we have

(1T [0(2)0y y, 2 (ea)] | 0 = (i) / d'zs / d'z,
X (O] T[22 (22) G, (y) Gl (2) IS (1 )08 (5) (772 ) gy AL (03) (199 S50 205 ()
X DT () (") s AL () (1°4) 1 ()] [ 0). (B.23)

First, let us look separately at the gluon field contractions. Only the derivative terms

in the gauge field-strength tensor will contribute at one-loop level:

Gl A (xs) = 1% [(ndy)) A2 (y) — O (nA™) (y)] A (w3)

Gl A% () = it [(n)DEzes(y — ) — O DEs(y — )] 6750,

s vu3

The same follows to the other term,

G () A (@) =t |0 (nA™)(2) = (nOD) A4 (2) | A% ()

G!(2) A% (zg) = it™ [af‘ nDAY (2 — z4) — (RO DM (2 — 2q) | 5714

Qg

Making all the contractions, the vacuum expectation value turns out to be:

(€] T[w(xz)ég(y, 2)1;(3;1)} | Q>(2) = <_i9)2%CF/d4373/d4134 [—iS (g — x3)] 7"
X [iS (w5 — 24) 7" [—iS (24 — 21)]i [(nO(y)) Dypuy (y — 3) — 80" Doy (y — 3)]

X i[07yn" Dayy (2 — 24) — (nﬁ(z))D“M(z —z4)] + (23 <> x4) . (B.24)

This expression is inserted in Eq. (B.5), giving the following transition amplitude:

QI Oy )| Qe = —ig7Cr [ 5

X U(p2) Y2 S (p2 — k)v*u(p1) Dyys (B — p1 + p2) Dapy (k)

X [n-(k—p1+p2)g, — (k—p1+p2)un’] [(n-k)g"™ —k'n®].  (B.25)

eiy(—m +p2+k) e—ikz
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Finally, taking the appropriate limits p; = p, = P, y = 0 and 2 = n = n\ and inserting
it in the definition of the gluon PDF Eq. (B.20) gives

T foro(x) = —i g* COr /ﬁ u(P)y** S(P — k)y"* u(P)d (n[zP — k)

P-nJ (2n)4
x [(n-k)g, —kun”] [(n-k)g"™ — E'n®] Dy, (k) Doy, (k). (B.26)

95



Appendix C

Explicit Calculation of the PDFs

C.1 Quark PDF

C.1.1 Triangle Diagram

In this section we are considering the Feynman gauge, £ = 0. We evaluate the moments

where

(o)t = [ s ygle), ©1)

so that we have

s—1\tri —ngC'F d4k E-n\*! a(}g)fyu(k_,_Mq)%(k_i_ Mq)’yuu(P)
<w >q a Q(P'n)/(QW)4 (Pn) (kQ_M112+Z.€>2[<P—k)2—mg+ie]' (02)

The algebra of the numerator gives

a(P)y(f + M)k + My)v, = 8(k - n) (2]\/[112 —k- P) +4(k* - qu) (n-P) (C.3)
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Feynman parametrization is employed to combine the product of propagators into a

single fraction, so that the denominator can be written as

1 1
= dx2(1 —
(k2 — M2 + ie)2[(P — k)? — m2 + ie] /0 r21-2)
% 1 hsktaP /d:r; 2(1 —x)
[(k = Px)? —x(x — 1)P? — m2x — M2(1 — x) + ie]3 (k2 — Ay +i€)3’
(C.4)
where
Ay(z) =x(x — )P+ MJ(1 —z) +mlz (C.5)

with P? = Mq2. Therefore,

] 1 4 s—1
st —1g°Cp B d*k (k-n+xP-n 1
(@), _2(P‘n)/0 dz2(1 ”’>/<2w)4( Pon (7 = Ay(2) +ic)

x (_4){(n L P) [M2 (2% — 4z +1) = k2] +2(k - n) [k - P+ M2(x — 2)] } (C.6)

The only terms which will contribute to the integral are those even in k, therefore using

k-n+aP-n\"" cry (BN d
P-n - P-n dxx

the expansion

gives

<xs—1>:i _ ?;;ng; /01 dz 2" (1 —x) / (;ﬁTk)z; <%) B (k2 — Ath) + ie)3

x [4k*(n - P) = 8(k - n)(k - P) — 4(n - P)(1 — 4z + ") M;]
(C.7)
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and using the definition of the moments in Eq. (C.1) we can readily read off the triangle
diagram contribution of the quark PDF
- —ig*Cr(1 — ) d*k 1
farq(x) = 42 _ )3
Pon) ) o)t @ = B,00) +ie)
x [4k*(n- P) —8(k-n)(k- P) —4(n- P)(1 — 4z +2*)M7],  (C.8)

which in terms of the basic integrals given in Sec. (A.5) becomes

f;;lQ(x) = -2¢°Cr [(1 — ) (A () + 4Mq2x(1 —x) (A (z)) + QmEI L&(Aq(x)).]
(C.9)

C.1.2 Self-Energy

We now calculate the one-loop contribution to the residue which is obtained by differ-
entiating the one loop self-energy with respect to p and then setting p = m. The one

loop quark self-energy is given by

, d*k 5
W(p) = 192OF/W%5(29 = k)7 Dy (K).
In Feynman gauge, one obtains
Ak AM, — 2(p — )
sOp) = —ig? / a . 1
(») O | Gl vl — i OO

Using Feynman parametrization and then shifting the momentum to k¥ — k+ (1 —z)p

we can drop the linear term in £ so that we are left with

S0 (p) = —26°Ce /0 e [2M, — 2p] (A, (x)) (C.11)
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with A,(z) as given in eq. (C.5). For the residue, we obtain

Z, = 1+(dipz<1)(p))

— 142¢°Cy /O dz [a:IQ(Aq(x)) +AM2(z — 2)(x — 1):1:1'3(Aq(x))]. (C.12)

p=M,q

C.1.3 Wilson Line Contribution

Each of the Wilson lines is given by:

wel®) =¢ Q(gljﬂn) ”/ ((Qijrl;‘l {5 ("’C - 1]-2—7;) —ot- x)} n- (P - k) + 0

< (P) 7 S(k) f Dy (P = K)u(p). (C.13)

We start by evaluating the first term. For our purposes we consider here only the

Feynman gauge. We find

I (z) = g°Cr Lg(m P, M,,m,) (C.14)
Q/Q (P . n) 1 — 7 T © 9/
where
d*k kE-n kE-n
P M ) — )
9(x, P, My, my) z/ (2m) (5“’ P n> (k2 — M2 +ie)[(P — k)? — m2 + i
(C.15)
We evaluate the moments
<:1c8_1>wl =1 1 dz z°tg( M C.16
. ) 9@, p, My, my) (C.16)
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to find

(@)W = Z/ 'k [(k-n\" k-n
g 2 \P-n (k2 — M2 + ie)[(P — k)2 — m2 + i€]
1 4k (k-n+zP-n\"' k-n+zP-n
— . (C1
if o f <2w>4< Pon > = A, rior O

The only non-vanishing term which will contribute to the integral is

ot =i [anes [ eP
‘ 0 (2m)* (K2 — Ag(w) + i€)?

Therefore, we find

g(z, P, My, my) = x(P-n)lh(A,(2)), (C.18)
so that
FUa) = O LA () (.19

For the second term on the R.H.S. of Eq. (C.13), one has

f;}/é(x) = —2ig*Cp (1 — )

dk k-n
X / (271')4 [n (P—k?)+le](k2 _M(12+Z€)[(P—/{:)2 _m?]—i—le] (CQO)

We use Feynman parametrization only for the quark and gluon propagators denomi-

nators, leading to

Wa (o —206°Cr /1 1
fq/Q($)— NP 6(1 — ) ; dy—l—y
&'k k-n+yn-P 1
21
x / (2m)* (k2 — A, () + ic)? k-n (C-21)

U Tyw P
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Now, by noting that

1— 1"3—”} N i (%)a (C.22)

the only term which will contribute in the geometric expansion is the o = 0 term. The
linear term in k is also dropped since it will not contribute to the quadratic integral.

Therefore, we obtain

e (x) = —g*Cra(1 - x)/o dylz_yy (A, (7). (C.23)

It is worth pointing out that although is not necessarly less than 1 and in

k-n
(I=ym-P
fact can acquire high values, it is still reasonable to assume the series convergence. The
result we obtain for the Wilson line on these grounds agrees to the expected Wilson

line behavior and gives the right result for the sum rules.

C.2 Gluon PDF

As in the last section, we evaluate the distribution using the moments where

<x5_1>:/0 dxms_lfg/Q(x), (C.24)

with

xfg/Q("E) =—ig’ PO_Fn / éﬁ; w(P)~v" S(P — k)y" u(P)d (n[zP — k)

x [(n-k)g, —kun”] [(n-k)g" — k"n®] Dy, (k) Doy, (k). (C.25)
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Therefore,

s=1N 2 Cr d'k (k-n n_2a 3 _ Ha g,
(=it s [y () WPIPS(P = ) u(r)

% [(n- k)l — k] [(n - k)g" — Kn) Dy (k) Days, (k). (C.26)

Here the gluon propagator is in an arbitrary gauge and has the form

k., k 1
y = |—0uw 1— . .

It is easily seen that the terms which goes with ~ (1—¢) will cancel out, so that the only
terms which will contribute are the metric terms of the gluon propagator. Therefore,

the algebra of the numerator gives

W(P)A" (P = K+ My) v u(P) [(n - k)gy — kun”] [(n - k)g"* — k"] Gupsy Gaps
=—4{(k-n)* M+ (k- P)] =2(n-k)(k-P)(n-P)+ k*(n- P)*}.  (C.27)

Using Feynman parametrization to write the denominator as

1 k—k+axp . 2(1 —x)
(/{22 — Mq2 + i€>2[<p - k>2 — mg + ’LE] - /d (kQ o Ag(l’) 4 Z-€>37 (C28)

where Ay(z) = M2* —m?Z(z — 1), we obtain

s=1N g2 Cr ! T o
() = =it s [ o201

Xu/<$i4(k'n;fié'n)WQ(kg_ﬁiigﬁkkﬁ, (€29

where

N = (B2 PN e e (0 4 6 P) 4 M)

—2n - (k+zP)|(k- P+ M2z)(n- P) + (k +2P)*(n - P)2}. (C.30)
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The only terms which will contribute to the quadratic integral are those which are even

powers of k:

N =2 a (- PP+ 2z = 1) (- P)(k-n)(k - P) + (n - PY2MZ] |

E-n\ d
—4( 5— ) =" %%k - P)(n- P). 31
(o) goa e P PR, (C3)
This result is then inserted back in Eq. (C.29) and the derivative term is dealt with using

s—2

integrating by parts. This allows to factorize °~“ in such a way that is straightforward

to read off the PDF out of the moments (z!):

) 1 4
(1) _ —8ig C’F/ S_ll/ d*k 1
N Poar Sy U7 D) e - A, 10

{(1 —z)(n- P)* [k + M22*] —2(1 — z)(n- P)(k -n)(k - P)

+ 2° [1 — (1 - x)di] (n-P)(k-n)k- P)}. (C.32)

T

Therefore, the gluon PDF is

—8ig2CF / d4k’
(

fojo(x) = 2P n)? 27T)4{(1 —x)(n- P)*(k + M,z )

— (1 —2)(n- P)(k-n)(k- P)
+ 22 {1 —(1- x)di] (n-P)(k-n)(k- p)} = Agl(x) g (€

X

With the basic integrals as given in Sec. (A.5), we obtain for the gluon PDF:

fojo(x) = —2¢*Cr [ [1 +(1- x)Q} L(Ay(x)) + 4Mq2x2(1 —x)I5(A,(2))

+2mi(1 —x)(a® — 2z + 2)I5(Ay(x)) . (C.34)
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