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real. In this case, in 1986, Delsarte and Genin have shown that the two sequences of para-
orthogonal polynomials {z®,(2) + ®;(2)} and {zP;(2) — D} (2)}, where @} (2) =2"P(1/2),
satisfy three term recurrence formulas and have also explored some further consequences

Keywords: of these sequences of polynomials such as their connections to sequences of orthogonal
Orthogonal polynomials on the unit circle polynomials on the interval [—1, 1]. The same authors, in 1988, have also provided a means
Para-orthogonal polynomials to extend these results to cover any nontrivial measure on the unit circle. However, only
Chain sequences recently the extension associated with the para-orthogonal polynomials z®;(z) — ®;(2)

was thoroughly explored, especially from the point of view of three term recurrence
and chain sequences. The main objective of the present article is to provide the theory
surrounding the extension associated with the para-orthogonal polynomials z®,(z) 4+ ®;:(2)
for any nontrivial measure on the unit circle. As an important application of the theory, a
characterization for the existence of the integral f02” lef? — w|~2du(ei?), where w is such
that |w| =1, is given in terms of the coefficients ;1 = —®;,(0), n > 1. Examples are also
provided to justify all the results.

© 2016 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

Given a nontrivial probability measure i on the unit circle, the associated sequence {®,} of monic orthogonal polynomials
on the unit circle (OPUC) are those polynomials with the property

/ B @) P (O)ARE) = k2
T

The contour integration notation used above, which has also been adopted in the rest of this article, is such that
Je F@dp@) = [ fe®)dp(e®),

* This work was support by funds from CAPES, CNPq (305073/2014-1) and FAPESP (2009/13832-9) of Brazil.
* Corresponding author.
E-mail address: ranga@ibilce.unesp.br (A. Sri Ranga).

http://dx.doi.org/10.1016/j.apnum.2016.05.008
0168-9274/© 2016 IMACS. Published by Elsevier B.V. All rights reserved.


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/apnum
mailto:ranga@ibilce.unesp.br
http://dx.doi.org/10.1016/j.apnum.2016.05.008
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apnum.2016.05.008&domain=pdf

20 C.E. Bracciali et al. / Applied Numerical Mathematics 109 (2016) 19-40

The orthonormal polynomials on the unit circle are ¢ (z) =k ®p(2), n > 0. The monic OPUC satisfy the recurrence
Op(2) =z0p1(2) =1 P;_1(2), n>1, (1.1)

where a1 = —®,(0) and &} (z) = z"®(1/2). Following Simon [33, Chap. 1.5] (see also [35]) we will refer to the numbers
oy, n >0, as Verblunsky coefficients. It is well known that these coefficients are such that |a,| <1, n > 0. It is also known
that OPUC are completely determined in terms of these coefficients.

For some recent contributions on this topic we refer to [5,7,8,10,11,25,26,30-32,37,39] and references therein. Detailed
accounts regarding the earlier research on these polynomials can be found, for example, in Szegd [38], Geronimus [20],
Freud [17] and Van Assche [40]. However, for recent and more up to date texts on this subject we refer to the two volumes
of Simon [33] and [34]. There is also a nice chapter about these polynomials in Ismail [22].

Given the sequence {®,} of monic OPUC, an associated sequence {P,} of monic para-orthogonal polynomials on the unit
circle (POPUC) is such that

Pp(2) =2®p—1(2) — pn®;_1(2), n>1,

where {p,} is a any sequence of complex numbers such that |p,| = 1. These polynomials have also turned out to be
important in the theory of OPUC.

It is well known that the zeros of OPUC are all within the open unit disk. POPUCs are interesting because their zeros
are all simple and lie on the unit circle |z| = 1. Moreover, the interpolatory quadrature rules based on the zeros of these
polynomials are those quadrature rules on the unit circle which are analogous to the Gaussian quadrature rules on the real
line. These facts were first observed in Jones, Njdstad and Thron [24] and further explored, for example, in [6,12,21] and
many other contributions.

When the measure & on the unit circle satisfies the symmetry du(e!®7~%) = —dpu(ei?), then the OPUC &, are all real
and, consequently, the real Verblunsky coefficients can be given by o; = —®;41(0), n > 0. In this case, the two sets of
para-orthogonal polynomials

R (2) = 20n 1(2) + ®F_1(2) and (z—DRP (2) =2¥y(2) — Di(2), n>1,

considered even earlier than [24] by Delsarte and Genin [13], are important from the point of view of connecting real OPUC
to symmetric orthogonal polynomials on the interval [—1, 1]. The importance of this connection has been nicely explored
by Zhedanov in [45]. A further use of this connection to the problem of frequency analysis, see [3]. In [13], the polynomials
R,(.,l) and R,ﬁz) referred to as the first and second kind singular predictor polynomials, respectively, are shown to satisfy the
three term recurrence formulas

RV ()= z+ DRV (@) —4d") 2RV, (2),

n+1 n+1
n>1, (1.2)
R (@)= 2+ DRY(2) — 4d?,2RP | (),

where R (2) =R’ (2) =1, R\" (@) = RP (@) =z +1,

1 2
%L——a—a%»a+%q>md %L——a+a%na—a@ n>1.
Here, one must take o_1 = —1. We will refer to R,gl) and Rﬁ,z) as Delsarte and Genin 1 para-orthogonal polynomials
(DG1POP) and Delsarte and Genin 2 para-orthogonal polynomials (DG2POP), respectively.
Since the real Verblunsky coefficients oy = —®;,+1(0) are such that —1 < oy < 1, n > 0, one can easily verify that the

sequences {d(l)l} 2, and {d(2)1} 2 ; are both positive chain sequences.
Following the definition adopted by Chihara [9], we say that {a,};2 is a positive chain sequence if there exists a second
sequence {gn};2, such that

i) 0<go<l, O<gn<1 for n>1; (13)
i)  ap=(1—gn-1)gn for n>1. '

This definition is slightly more restrictive than the definition used for general chain sequences by Wall [43], where g, n > 1
is also allowed to be zero.

The sequence {gn}32, is called a parameter sequence of the positive chain sequence {a,}32,. In general the parameter
sequence of a positive chain sequence is not unique. Every positive chain sequence has a minimal parameter sequence
{mn}2, uniquely determined by the condition mg = 0. Every positive chain sequence {an};2,; also has a maximal parameter
sequence {Mp}2, which is characterized by the condition if go > Mo then {g,};2, generated by (ii) of (1.3) does not satisfy
(i) of (1.3).

Delsarte and Genin, in [14], also have provided a means to extend the results in (1.2), especially those associated with
the DG1POP, to include complex Verblunsky coefficients. In their analysis the following three term recurrence formula
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Rnt1@) = (Buz + Pu)Ru(2) — ZRu_1(2), n>1,

plays an important role. In the present article, the studies are based on the three term recurrence formula

Rnt1(2) = [(1 +icnr)z+ (1 - iCnJrl)]Rn(Z) —4dp11zZRp-1(2), n=>1,

with Ro(z) =1 and R1(2) = (1+ic1)z+ (1 —icy), where {c;};2; is a real sequence and {dy+1}5 ; is a positive chain sequence.
We remark that the three term recurrence formula considered by Delsarte and Genin [14] can also be made equivalent to
the above three term recurrence formula.

Only recently, in [10] and [8], the extension associated with the DG2POP to accommodate any nontrivial probability
measure was thoroughly explored. One of the results established in [10], which we have briefly reproduced in Section 2,
is that a family of OPUC can be found that leads to the same DG2POP. The resulting para-orthogonal polynomials are also
connected to certain real functions on the interval [—1, 1]. These real functions which also satisfy certain orthogonality
properties can be viewed as an extension to symmetric orthogonal polynomials on the interval [—1, 1] (see [4]).

The principal objective of the present article is to provide a complete picture of the extension associated with the
DG1POP. We show that given any nontrivial measure on the unit circle one can find a whole family of DG1POP and we will
give the moment functionals associated with each of these DG1POP.

The article is organized as follows. In Section 2, we briefly provide some results established in [10] and then [8]. These
results form the base for the development of the new results presented in Sections 3 and 4. Moreover, the results provided
in Section 2 together with the new results are used in the applications presented in Section 5. As a particular application,
we establish in Section 5 a characterization for the existence of the integral fT | — w|~2du(¢) (ie., the Geronimus trans-
formation of w) with |w| =1, in terms of the Verblunsky coefficients of w. Finally, in Section 6, examples having explicit
formulas are provided to illuminate the present work.

2. A brief review of some recent developments

Some of the results obtained in [10] that are relevant for the understanding of the results in the present article can be
summarized as follows.

Let the nontrivial probability measure w on the unit circle be such that it has no positive mass (no pure point) at z=1.
Let the family of nontrivial probability measures on the unit circle ©«£(3;.), 0 <38 < 1, be given by the Uvarov perturbation
(see, for example, [18] and [22, Chap. 2.7])

/f(()dM(S:C)Z(l —5)/f(§)dﬂ(§)+5f(l).
T T

Let ®,(38;.) be the OPUC with respect to the nontrivial probability measure p(8;.) on the unit circle. Then for the
(appropriately scaled) POPUC (z — 1)R,(.,2) (2), which are independent of the mass § at z=1, given by

1 I -0Pa;®)]
2= 155 [1 - Re(pPe(8))]

where pi? (8) = ®o(8; 1)/®%(5; 1) =1 and

RY (2) =

[zd>n(8; 2) — p2 @(5; 2)], n>0,

@ P 1) P —Tn1(9)

an-1(8) =—®n(6;0), py = — = , n=1, (21)
PRGN 1-p2an-1(9)
the following three term recurrence formula holds.
RO @ =[+ic? Dz + 1 —icDIRY (2) — 4d),2RP | (2), (2.2)

with Réz) (z) =1 and Rgz) =0+ 1c12))z—|— (1 —ic )) where the real sequences {c )} and the positive chain sequence
{dfi)]} are such that

@ (2) 2)
—Zm on-1(8 -
@ (pn?zl) n-1(8)) lp,zz) ,0,22)1 and d?, _d<z) (1 ggzr)1 1(6))g(2)(5),
1—Re(p,210n=10))  pPn~ + P4

for n > 1. Here, the parameter sequence {g(z) 8152 is given by

l |l— (Z)an(6)| .
2[1-Re(pPan@®)]

g ) =
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Since 0 < g%((S) < 1, one can consider the positive chain sequence {d,(.,z)},‘f: 1 with the additional element dgz) = d§2> (8) given

by dgz) = ggz())((S). Then the sequence {c,ﬁz)}g"1 together with the minimal parameter sequence {m,(.,z)};”: o of the positive chain

sequence {d,(f) }neq» Where
m(()z) =0 and m,(lz) = gf;_1(5), n>1,

can be used to completely characterize the above measure 1(8; .). For example, the associated Verblunsky coefficients can
be given as

@ _ ;.2 i
1 1-2m,;” —ic 2 1—1ic 2
an,](é)zﬁ# and pp:%?z)p,ﬁ_)p n>1,
On 1+icy 1+icy

where ,062) = 1. The maximal parameter sequence {Mf,z)}ﬁ‘io of the positive chain sequence {d,(.,z)}ﬁ‘i1 is also such that

Mo = 3. - -
With respect to any of the measures (£(3;.) the polynomials {R,(f)} satisfy the so called L-orthogonality

/;fnﬂR,?’(;) (1-0)du(3:¢)=0, 0<j<n—1.
T

In some literature on biorthogonal Laurent polynomials (see [41,42]) a change from w©(¢) to (w — &) (¢) is referred to as
the Christoffel transformation. The polynomials Rﬁ,z) are actually constant multiples of the Christoffel-Darboux (CD) ker-
nels K,(8;z,1) = Z'}:o ¢;(8;1)¢;(8; 2) associated with the probability measure ((8;.). Here, ¢,(5;.) are the orthonormal
polynomials associated with w(§8;.). For those interested in further studies discussing the connection between CD kernels
and para-orthogonal polynomials, we recommend the articles by Cantero, Moral and Veldzquez [6] and Golinskii [21]. For
a recent paper exploring this connection see [44]|. We also cite [36], where there is a nice section on para-orthogonal
polynomials.

As shown in [8], given the real sequence {cflz)}fj‘;1 and the positive chain sequence {d,ﬂz)}go:] one can also recover in-
formation about the measure 1£(8;.) and the associated OPUC &, (8;.) directly with the use of the three term recurrence
formula (2.2). Some of the results found in [8] are briefly stated below. These results will be used in Section 3 to recover
another measure from the same three term recurrence formula. These new results give us the means to answer the question
about the extension to the DG1POP.

Let the sequences of polynomials {Q} and {R,} be such that

Qn+1(@) = [(1 +icnt1)z + (1 — icn41)]Qn(2) — 4dn112Qn-1(2),

n>1, (2.3)

Rny1(2) = [(1 +icn+1)Z+ (1 —icntq )]Rn (2) — 4dn4+1zRn-1(2),

with Qo(2) =0, Ro(2) =1, Q1(2) =2d; and R1(2) = (1 +ic1)z+ (1 —ic1), where we always assume {c,}7; to be any real
sequence. Any of the coefficients ¢, can also be allowed to be zero. However, when ¢, =0, n > 1, then the results will lead
to those found in [3,13] and [45].
From the recurrence formula (2.3)
Ry (2) =2"Rn(1/2) =Rp(2) and Q;(2)=2"""Qn(1/2)=Qu(2). n=1.

With this property the polynomials R, and Qn can be called self-inversive polynomials or, more appropriately, conjugate
reciprocal polynomials. Moreover, if R, (z) = Z’}:O m,jz) and Qn(2) = Z'};& qn,jZ!, then

n n
an=Tno=][(A+ic), n=1 and gun1=0qpo=2d1 [[(1 +icy), n=2.
k=1 k=2

Firstly, assuming {d;};; to be any sequences such that d, #0, n > 1, we give the following lemma that follows from
the series expansions of the rational functions Q;,(z)/Rn(2).

Lemma 2.1. Given the real sequences {c,};2 ; and {dn};2,, where dy # 0, n > 1, let the sequences of polynomials {Qn} and {Ry} be as
in (2.3). Then there exist two series expansions

o0 oo
Eo@ =~ w12 and Ee(d)=) von1z ", (2.4)

n=0 n=1
where

Vp=—V_py1, n=1,2,..., (2.5)
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such that there hold the correspondence properties
Q@ _ V2"
Rn(2) Tnon

for n > 0. Moreover, if the (moment) functional N on the space of Laurent polynomials is defined by N[z "] = v,,n =0, +1, £2, ...,
then the polynomials Ry, satisfy the orthogonality property

Qn(2) _ Yn
Rn(2) a rn,nzn-H

Eo(z) — +0(2"") and Ex(2) — +0(1/2™?), (2.6)

_7117 ]=_17
Niz"R,21={ 0, j=0,1,....n—1, n>1.
Yn, j=n
4dpq . 2d;
H y - . _ -1, Z], th - - N .
ere, n (1+wn+l)yn1n with yo = vo TTic

Proof. Applying the respective three term recurrence formulas in
Un(2) = Qn(2)Rn-1(2) = Qn-1(2)Rn(2), n=1,
there follows U1 (z) = 2d; and
Un41(2) = 4dns12Un(2) =2 dydy - dppa 2", n>1.
Hence, considering the series expansions in terms of the origin and infinity,

7n7]

= Zn—] + O(Zn),
z _1(z —1,n—1
-1 _ 1
n n Yn—-1 — 4 O((]/Z)H-H),
m—1n—1 2"
22" dydy - dy . . . . .
where y,,_1 = ———————, n > 1. That is, there exist formal series expansions E¢ and E., as in (2.4), such that the

Tn,n
correspondences in (2.6) hold. Since R, and Q, are self-inversive, from the infinity correspondence we also have

Qn(2) Yn on n+1
=—2z 4+0(z , n>0.
Rn(2) Tn,n ( )

Comparing this with the origin correspondence we then have the symmetry property Eq(z) = z~'Eoo(1/Z), which is equiv-
alent to (2.5). The remaining result of the theorem follows by considering the systems of equations in the coefficients of
Qu(2) = Z'};& n,jz’ and Ry(2) = Z?:o rn,j 2/, which follow from (2.6). O

7 VE(1/2) —

The orthogonality results given by the above lemma can also be recovered from results given in [41]. For other such
contribution on three term recurrence formulas of the type (2.3) we also refer to [23, Thm. 2.1].
For the next lemma we restrict the sequence {d,};2; in (2.3) to be such that {dn41};2; = {d1,n};2, is a positive chain

sequence. Clearly, Lemma 2.1 continues to hold as long as d; 0. From (2.3) we have %[1 - g"la‘((ll))] =dipn>1.
Hence, {my};2,, with
R 1
mp=1— n+1( ), >0, (28)
2Rn(1)

is the minimal parameter sequence of the positive chain sequence {dn}32;.

Note that in [8] we have assumed the stronger restriction that {d,};°, is a positive chain sequence. It is important to
note that if {d,};2, is a positive chain sequence then so is {d1,};2 ;. However, the inverse of the above affirmation is not
always true.

If {m,}32, is the minimal parameter sequence of {dy}7°; then {mq,}3,, where my; =mypy1, 1> 0, is also a parameter
sequence of {dq, 5}, and the minimal parameter sequence {my}32, of {dy };2; is such that m; <mj,, n > 0. Moreover, if
{Mpn}52, is the maximal parameter sequence of {d,};2, then {My};2,, where My, = My11, n >0, is exactly the maximal
parameter sequence of {dq n};>;. Hence, only when {dq ,};2, is a positive chain sequence with its maximal parameter
sequence {M1, n}52, different from its minimal parameter sequence {my}2, i.e. M1,0 > 0, then the choice of d; such that
0 <dy < Mq,0 makes {dy};2; also a positive chain sequence.

A positive chain sequence, for which the maximal parameter sequence is the same as the minimal parameter sequence, is
said to determine its parameter uniquely. We will refer to such a positive chain sequence as a single parameter positive chain
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sequence. By Wall’s criteria (see [9, p. 101]) for maximal parameter sequence, the sequence {d,}32, is a single parameter
positive chain sequence if and only if

oo n my
Zl—[l—mk =0

n=1k=1

where {m,}>2 , is the minimal parameter sequence of {d,}72 ;.

Lemma 2.2 ([15]). Let the real sequences {cp};>; and {dn41}52; be such that {dn1};2, is also a positive chain sequence. Let {Ry}

be the sequence of polynomials obtained from (2.3) with the use of {cn}32; and {dn11}52 ;. Then the zeros of the polynomial Ry, are
simple and lie on the unit circle |z| = 1. By denoting the zeros of Ry by z, j = elni, j=1,2,...,n, where On,j < On,j+1, then there
holds the interlacing property

0< 9n+1,1 < 9n,1 < 9n+1,2 << en,n < 9n+1,n+l <2m, n>1.
Moreover, if Vn(z) = R, (2)Rn—1(2) — R},_1(2)Rn(2), n > 1, then

—(n-2)
n,j

z (Znj— 1D "Va(znj)>0, j=1,2,....,n, n>1.

The initial part of this lemma was established in [15] with the use of the functions
Gn(x) = (42)"*Ra(2), n=0, (2.9)

given by the transformation 2x = z'/2 + z=1/2, This transformation, which maps the points z = e’ onto the points x =
cos(0/2), is referred to in [45] as the DG transformation.

Clearly, the zeros of the function G, in [—1, 1] are X, j = c0s(6n,j/2), j=1,2,...,n. The associated Christoffel-Darboux
functions or Wronskians

Wn(X) = Gp(X)Gn-1(X) — G,_1(x)Gn(x), n=>1,

which do not necessarily remain positive throughout [—1, 1], but satisfy at the zeros of G,
Wn(p,j)>0, j=1,2,...,n and n>1.

The last part of the lemma, proved in [8], can be obtained as follows. From (2.9)

(4z)~ (=D
Wn() = ——7—[22Va(@) — Ri1@Ra(@)]. n=1

and, hence,
—(n-2)
V(20 ) =22 P W), j=1.2,....n, n>1.
Zn,j—l

2.1. Recovering the first positive measure

Now we briefly state the results obtained in [8] under the stronger restriction that {d,}7° ; is a positive chain sequence.

By considering the rational functions ]\n(z)/[(z —1)Rn(2)], n > 1, where An(2) = Rn(2) — Qq(2), there hold

A 7,

3 _ 7n n n+1
Fo® = R ~ e ” T O
- n>1,
R A 1 n+3
Fool® = DR ~ g 72 + LA/,

where Fo(z) = — Y0, fin 2" ! and Foo(2) = 3025 fi—nz "', with fio =1 and

n n
/ZLn=1+Zvj, ﬂ_nzl—Zv,jH, n>1.
j=1 j=1

Since v; = —V_p41, n> 1, one finds i, = ﬁ,n. n>1.
If one defines the moment functional M by Mz ™" = fn,n=0,%1,42,..., then
~ 0 o n 1-z7"
Mz =1-N[———], n=0,%1,%2,....
1-z

Conversely, N[z = M[z"(1—2)], n=0,%1, £2, ....
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For the rational functions A,(z)/[(z — 1)Rn(2)] there also hold the partial fraction decompositions

An(z i L
n(2) _ /o +Z 3 (2.10)
(z—1DRy(2) z-1 - Z—2zp
where z, j, j=1,2,...,n, are the zeros of R;(z). The numbers ):n,j are such that

n
Anj>0,j=0,1,...,n and Zin,jzl,

for n > 1. Precisely, Xn,o =1- %:((11)) is such that

1_d‘l:X]’O>X2,0>"'>X“,O>5\’.n+]70>"' and lim Xn’OZMo,
n—oo

where {Mp}2°, is the maximal parameter sequence of the positive chain sequence {d,}.2,, and

n=1"
_— Un(zn, ) _ 22" 1dqdy - - - dp Zn
A=z Va2, (2~ 1)1 Valan ) Grg = DA—zn))

for j=1,2,...nand n>1.

Thus, with the application of the Helly Selection Theorem (see, for example, [24]) to the Riemann-Stieltjes integral
representation of (2.10), we obtain that M(¢™") = [ ¢ "dfi(¢), n=0,£1,£2,....

Now by considering also some further results obtained in [8] we can state the following theorem.

Theorem 2.3. Let the real sequences {cn};>, and {dn};2; be such that {dn};2, is also a positive chain sequence. Let {my}.2, and
{Mp};2, be the respective minimal and maxtmal parameter sequences of {dn}32 ;.
Assoczated with the sequences {cn};2, and {dn};2 ; there exists a nontrivial probability measure [i on the unit circle, with Mg as

its mass at z = 1, such that the corresponding sequence of monic OPUC {®,,} is given by

$o(z2)=1 and p(2) ]_[(1 +icy) =Rn(2) — 20 —mp)Ru—1(2), n>1.
k=1

Here, Ry, are the polynomials obtained from (2.3) with the use of {ca};2; and {dn41};2

In particular, for fi the Verblunsky coefficients Gin,_1 = —®,(0) are given by

- 1 1-2m, —icy
an1=———————, n=1,
Tn 1+ic,
where T, = [[_ 1(1 icy)/(1 +icg),n>1.
Moreover, if N is the moment functional associated with {c,}°° ; and {d,}3°
polynomial ¢,

o2 1» as described in Lemma 2.1, then for any Laurent

NE@)] = / €)1 — DA,

T

Observe that if the sequences {c;};° and {dn}7°; are taken to be the same as {c(z)}‘x’1 and {d(z)} then the measure
[ given by Theorem 2.3 is the same as the measure (§;.) considered in the beginning of the section.

3. Recovering another positive measure

With the sequence of polynomials {Q,} and {R,} given by (2.3) we now show that one can also obtain another nontrivial
probability measure, say fi, under the conditions that the real sequences {c,}°°; and {d,}32, are such that d; # 0 and
{dnt1}24 = {d1,n};24 is a positive chain sequence.

Let {An},‘;‘; o be the sequence of polynomials given by

Ana@) = TV g gy 210
2z d1

With the observation made in Section 2 that Ry(0) = [Ti_; (1 —ick), n > 1, Q1(0) =2d; and Qu(0) = 2d; [[z_, (1 — icy),
n > 2, it is easily verified that An_1isa polynomial of degree n — 1, with ]_[Z:] (1 +icy) as its leading coefficient.

dtic) Z-1)Qu@]. n>1. (3.1)
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Since
An@  Ana@ _ 1+ -2 [Qn+1(z) ~ Qn(z)]
Rnt1(2) Rn(2) Ady Rnt1(2)  Ru(@ |
from (2.7) there hold

A4V oy
MA@ A1(@ 4d1Tnn
Rn+1(2) Rn(2) A +C%)Vn 1

4d] Tn,n Z“"'1

+0(z"),

n>1.

+0((1/2)"F?),

Hence, there exist series expansions I:'o and I:'OO such that

Ava@ _ (A+DVn

Fo(2) — = . +0("), n>1 (3.2)
Rn(2) 4d1Thn ( )
and
A A1 (A+Dyn 1 )
Foo(2) — = +0((1/2"*%), n>1. 33
@ = e = aq g H O™, n= (3.3)
Setting
o o
Fo@==) fn1z" and Fou@ =) A npz™"
n=0 n=1
we then have from (3.1), (3.2) and (3.3), together with the results of Lemma 2.1, that the numbers fi, satisfy
1+ R 143
= Vn — VY, s n=——W_p—Vv_ , n>1,
Mn 4d, (Vn n+1)s  M—n ad, (v-n n+1)
with fio = 1. Since vj = —V_j11, j > 1, hence there hold
fn = ﬁfn’ nx=1.
If we define the moment functional M by /\;l[z*”] =fin, n=0,%1,42,..., then
. 1+¢?
Mz "= —N[z" -z, n=0£1,%2,..., (3.4)
4d4
where NAis the linear functional defined as in Lemma 2.1.
Since Aj_1 is of degree n — 1, with the results of Lemma 2.2 there holds the partial fraction decomposition
An—l (2) Xn: )A\n,j
Rn(2) prk ik N
where z, j = elthj, j=1,2,...,n, are the zeros of R, and
s _ MA@y A+ D@n D ) L,
" Ruz ) 4dizaj  Rp(znj)’ e
Since Qn(zn,j)/Ry(2zn,j) can be written as Up(zn,j)/Vn(zn,j), again from Lemma 2.2,
. 220314 cydy ... d
"= =g Arad b o 1.0
z, i znj— 1D Wz
In addition to the positiveness of the elements ):n,j, j=1,2,...,n, by considering the limit of z;\nq(z)/Rn(z), as z — oo,

we also have

n
Zind‘:]'
=



C.E Bracciali et al. / Applied Numerical Mathematics 109 (2016) 19-40 27

Hence, if the step functions v, (¢'?), n > 1, are defined on [0, 27r] by

0, O<9§9n,ls
1,/Afn(ew): Zl;'=1):n,j7 Onk <60 <Oyk+1, k=1,2,...,n—1,
15 Qn,n<9§2ﬂ.

Then from the definition of the Riemann-Stieltjes integrals

A”‘](‘Z)z/z1 dm(¢), n>1.
T

Ru(2) —¢

Hence, by the application of the Helly Selection Theorem (see [24]) there exists a subsequence {n;} such that 1/A/nj )

converges to a bonded non-decreasing function, say ('), in [0, 27].
From (3.2) and (3.3), since

/dy}n(g)zl and /;kd&n(;)zn,k, k=41,42,...,£n—2,
T T
we also have that

/dﬂ(;) =1=M([1] and /;”dﬂ(;) =Q_pn=M[Z"], n=%1,%2,.... (3.5)
T T
Now we can state the following theorem.

Theorem 3.1. Given the real sequences {cn}32; and {dn11}52 ;, where {dn11};2, = {d1,n};2 is also a positive chain sequence then,
associated with these, there exists a nontrivial probability measure 1 on the unit circle such that for any Laurent polynomial ¢,

+c2
4d4

N 1 _

/ (o) = N[t —z7h]. (3.6)
T

Here \ is the moment functional associated with {cn}°2; and {d,}32 ,, as described in Lemma 2.1, where the additional term d is

chosen such that dy = 0. The sequence of monic OPUC {®,} with respect to [i are
R z) — 2(1 —my)Ry(z
n—H( ) n(+1 n)} n( )’ n=>0, (3.7)
z-D[[I (A +ic)

where Ry, are the polynomials obtained from (2.3) with the use of the two sequences {ca}5> ; and {dn11};2 . In particular, the Verblun-

dn(2) =

sky coefficients G, = —®;,(0) with respect to jL are
N 1 1-2m,; —ic
Gpq=—— ——r"— n+1, n>1.
Tn 1—icpy
Here, {mp}22 , where mp =1 — g’ﬁl((ll)), n > 0, is the minimal parameter sequence of {d1, n};2, and T, = [Teei (1 —ick) /(1 + icy),

n>1.

Proof. The required probability measure [ is the one established in (3.5). We then have from (3.4) the moment functional
relations in (3.6). From these, clearly,

142 .
4d1C]N[Z_k(1 —z_l)p(z)]:/;‘"‘p(;)d,u(;), k=0,+1,+2,..., (3.8)
T

for any polynomial p.
Now, from Lemma 2.1, since

0, k=0,1,...,n—1,

—n+k _
Nz Rn(z)]_iyn’ k—n. (3.9)
where
2d4 4dp4q
= ; =——— V-1, N2>1,
o 1+icq Yo (1+lcn+1)y" !
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by considering the monic polynomial of degree n

1 1 Rp+1(1)
e — [Rns1(@) — ——
1 (T tice) 2= 1 Rn(1)

Pp(2) = R (2)].

we obtain from (3.8) that

ks . 1+c¢2 A 0, k=0,1,....,n—1,
/; k¢n<c>du<c>=le[z “1-z 1><I>n(z>]={,2 2 k—n.
T

n

where £ 2-(1—mp) ko l‘f’;—gll. Hence, with the use of (2.8), we obtain the results for the OPUC and, consequently, also
+

about the Verblunsky coefficients. O

Since R;;(z) = Rn(2), n >0, we also have from Theorem 3.1 that

Rnt1(2) — 2(1 — mp)zRn(2) >0 (3.10)
A-2[Ea—ic)

Now combining the results obtained in Theorem 2.3 and the above theorem we can state the following.

dk(z) =

Theorem 3.2. If {d1 ,}32 , is not a single parameter positive chain sequence then the measure fi, derived as in Theorem 3.1, is such
that the integral

J= /|;—1|‘2dﬂ<;>= /;(; -D'a -9 daE)
T T

exists.

Proof. From Theorem 3.1 the measure [t is such that

1+¢3
4dq

/ LOdAE) = N[e@a -z7h],

T
for any Laurent polynomial ¢. Here, N is the moment functional associated with {c,}°°; and {dn}°2,, as described in
Lemma 2.1, where the additional term d; is chosen such that di # 0.

Since the chain sequence {dq, }72, does not determine its parameter uniquely we have M; > 0, where {Mp1}32, =

{M1,n};2, is the maximal parameter sequence of {d1 »};2;. Hence, if we chose dy such that 0 <d; < My then {d,};2, is

also a positive chain sequence and from Theorem 2.3 there exists a probability measure (& on the unit circle such that

N[K(Z)]z/ﬁ(t)(l = )d(g).
T
Hence,

2
1+cy

4d4

/ﬁ(é“)dll(() =

T

/e@)(l - HA - o)dp(@),
T

from which we conclude the required result of the theorem. O

If the integral | = [ ¢(1—¢)7'(¢ — 1)7'dji(¢) exists then so does the integral [;¢(¢ —1)7'd/u(¢). Clearly, the inverse
is not always true.

For the next theorem we assume that the measure /i is such that the integral [,¢(¢ — 1)~'d/i(¢) exists or, better still,
that the Cauchy principal value integral [ = f.¢(¢ — 1D~1d(¢) exists.

For the definition of Cauchy principal value integrals see, for example, [29, Eq. (1.4.24)]. For the purpose of the present
work, what we specifically mean by I = fT (¢ —1)71da(e) is that

27T —
e e

I=lim : 9y,
El—>0 eif —1 )
€

di(e
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Clearly, if [p¢(¢ — 1)~1d1(¢) exists then so is the principal value integral I = frec— 1)~1d(¢). Since fu is a probability
measure it is easily verified that I 4+ T = 2Re(I) = 1. Moreover, if { also satisfies the symmetry di(e!?7—") = —d/i(ei?)
then I =1/2.

As an example, we consider the probability measure (i given by

. 1 ;
/K(C)dﬂ(é“):(l —&/ﬁé‘)mdé—i—w(l),
T T

where 0 <§ < 1. Then

2w —€ .
1][ AR = (1 5)11m1 / " 4o 45t
a He) = 021 eif — 1 i—-1
0+€
This can be written as
T el T et 1 A
I—8——l—8—llm[ L) .—d@]:l—a—lim do,
( )Zne»o /e19—1 +/e—’9—1 ( )Zne»o
0+€ 0+€ 0+€

from which I =1/2 —i§/2.

Theorem 3.3. Let the associated nontrivial probability measure (L on the unit circle as given by Theorem 3.1 is such that the principal
value integral I = fT (¢ — D7) exists. If N is the moment functional associated with {cn}n2y and {dn};2 4, as described in
Lemma 2.1, where the additional term dy is chosen such that dy # 0, then for any Laurentpolynomlal L,

n=1’

1+4c2 B . ,
ad, N[e(z)]—][z(z)jdu(;) +ite(1),
T

¢

where t = —Zm[(1 + icq)I]. In particular, if {d1,n};2 ; is not a single parameter positive chain sequence then t = 0.

Proof. From (3.6) and the symmetry property (2.5), clearly A is such that

1+ C1
4d4

N[e@] = ][e(o;%dﬂ@) +iteq),
T

for all Laurent polynomials ¢, where —oo <t < oco. Thus, from (3.9), also

1+C1 7 n+k —n+k ¢ ~ .
Rn = Rn(§) —— Rn(1
4d, N[ (Z) ][f n({);_ldﬂ(f) + itRy(1)
T
0, k=0,1,...,n—1,
=1 1+
k=n.
ag, ' K=

We can find the value of ¢ from AV[z7'R1(2)] =0. Since f(¢ — 1)~'d/i(¢) = —I, we then have

N[z7'Ri@)] = A +ic)] — (A —ic)] +2it =0,
which gives the required value for t.

Now if {dq,n};2, is not a single parameter positive chain sequence, by letting dq < M1, then from fTE(;“)du(;)
1+c1

Wfqﬂ({)(l —¢7H(A = ¢)d(g) we have
1+c2

I =
4d,

O)d(?),
T

1 +c1

which gives Zm(l) = Im(fty), where i1 = [r¢ 1dﬂ({) = fi_;. On the other hand from NT[¢(z)] = Jrea -

£)di(¢) and N[§_1R1(§)] =0 we have ¢; = —Tl]Im(,&]). Thus, recalling also that Re(I) = 1/2 we have t =
—Im[(1+icy)I]=0. O
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From (3.7) and (3.10), by elimination of R;41,

1 1 + iCn+1 ~ A~
— R z:i[d> 2)+ T CD*Z], n=>0. 3.11
0T @ = 20—y 2@+ T Bi@] 0 (3.11)
Similarly, by elimination of R;,
1 A A
Ruy1(2) =2®n(2) + Tay1 Pp(2), n=0. (3.12)

H"H 1 +icy)

Observe that the polynomials appearing on both sides of (3.11) and (3.12) are monic polynomials. Hence, we can also
write (3.11) in the form

1 1
mRn(z) m [dJn(z) + Tnt1 o (Z)] n>0.
k=1

Moreover, using the recurrence formula (1.1) for the OPUC &, in the above expression

Olnl

Rn(2) = [z<bn 1(z)+ 1(z)] n>1.

[Teeq (1 +ick) 1 - Tn+lan 1

Comparing this with (3.12) we have 1, = % n > 1, or equivalently,
n
Tn + @ne
Tl = ”7:‘]’ n>1.
1+ thon—1

The above recurrence formula for 7, is useful if we can find an expression for 7; in terms of the measure fi.
Assuming [ = fT(g — 1)~ lzdfu(¢) exists, from N[z*1R1(z)] =0 and 71 = (1 —ic1)/(1 +icy), the required expression for
T1 iS
I+t
I—it

1=

From 7, = [j_; (1 —ick)/(1 +icg), n > 1, and the recurrence formula for {t,},

T] -1 Im(Tny10n—1) Im(Tnlin—1)
= Cn+1 = — = ~ , n>1.
r] T+1 1—-Re(Thr10n-1) 1+ Re(th@n-1)
From the expression for the Verblunsky coefficients in Theorem 3.1,
N 2m . 2(1—m,
1+ 1,01 = — =" and 1- Th410n—1 = M n>1.
1 —icpiq 1+icpy
Hence,
1 |1+ tbyp—1 |2 1 1—|t18n-1 |2
mp == = =z = , n>1,
21+ Re(thotn—1) 21—TRe(Th+10n-1)
PSP 2 _ A 2
1_mn:1 1 — |Th@n—_1| :1 T — Th10n-1| n>1.

21+ Re(Thln_1) 21—Re(Thr10n_1)’

and dpy1 = (1 —mp—1)my, n>1, with mp =0.
4. Sequences of para-orthogonal polynomials that satisfy three term recurrence formulas

From what was presented in the beginning of Section 2, given the sequence {®,} of OPUC associated with some non-
trivial probability measure p on the unit circle then the sequence {z®,(z) — p,ﬁz)d>,’;(z)} of para-orthogonal polynomials,
where

2 _
Op(1) Py — s

) @ =1
Cbn(l) 1 — pnilOtnf]

, n=1,

p(()z)—l and p(z)

satisfy the three term recurrence formula (2.2).
By observing the results obtained in Section 3 we are now able to state the following theorem which gives a general
result about how to generate other sequences of para-orthogonal polynomials that satisfy three term recurrence formulas.
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Theorem 4.1. Let {an} 2, be such that |ay| < 1, n > 0, and let p and {®,} be the respective nontrivial probability measure and
sequence of OPUC for which o, are the Verblunsky coefficients. With pg chosen such that | pg| = 1, po # 1, let the sequence of numbers
{on}52, be given by

_ Pn—1— On—1

= , n>1, (4.1)
1— pp—10tn—1

Pn

where on—1 = — 0, (0), n > 1, are the Verblunsky coefficients. Then the sequence {Ry} of POPUC given by

n—1
1+ Re(prok—1) "
Rzll—_—zd>,z— 1P Z), n>1,
n( )k ? 1+ Pl n-1(2) — Pn-1P,_1(2) .

satisfy the three term recurrence formula

Rnt1(2) =[(1 +icny1)z+ (1 —icns1) |Rn(2) — 4dn1zRn1(2), n>1, (4.2)

with Ro(z) =1 and R1(z) = (1+ic1)z+ (1 —icy). Here, the real sequence {cn} and the positive chain sequence {dn+1};2; = {d1,n}24
are such that
+1 —Im(pnQin—
Po ;o Cn4 :M and dip=0—-mp_pm,, n=>1,
po—1 1+ Re(on0tn—1)

where {m}°°  is the minimal parameter sequence of {d1,n};>, given by

C]:i

_ 11—l

=-————— n>0.
21+ Re(ontn-1)

n

The measure ( is such that the integral | = fT e —112du(c) = fT c(1=0)"1(¢ — 1)~ du(z) exists if and only if there exists a pg
(Ipol =1, po # 1) such that the corresponding positive chain sequence {dy n}2 ; is not a single parameter positive chain sequence.

Proof. We consider the monic polynomials Po(z) =1 and Py(2) = z®p—1(2) — pn-1®P,_;(2), n > 1, and show that, as in [10,
Thm. 2.1],

Ppi1(2) = (z+ pp"

YPn(2) — (1 — pp_q 0n—1)(1 + pp—10tn—2)zPp_1(z), n>1. (4.3)

n—1
With the use of (1.1) and (4.1), first observe that
D, (2) — P @(z
Po(z) = n(2) — pn P} (2)
1+ pnan—1

Hence for the polynomials

> 0.

Pn+1(2) = Pn1(2) + (1 = Py On—1) (1 + pp—10n—2)ZPp-1(2), n=1,
we have

Pnt1(2) = [2®n(2) — pn @y (D] + (1 = Py En-1)2[Pn—1(2) — pn—1Pp_1(2)], n>1.
Once again using (1.1) and then (4.1) this reduces to

Pri1(2) = Z12®n_1(2) — pn_1®F_ (D] + pp m

[z2®n-1(2) — pn—1D;_1(2)], n=>1,

n—1

thus proving (4.3). From (4.3), with the observation

1+ pnan—1)A — pp—10otn—1) =1+ pp—1)(1 — 0p_1¥p—1) =1 — |otp_1 |2, n>0,
one can easily derive (4.2).
Since, mg =0, my >0, n>1, and
_1n + Pnln—1?
21+ Re(Pnttn-1)

one can also conclude that {dy ,}72; is a positive chain sequence and that {m;}2 is its minimal parameter sequence.

Before proving the last part of the theorem, observe that

1—my >0, n>1,

n+1
pn=—l_[(]—iCk)/(]+iC]()=—rn+1, n>o,
k=1
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where 1, are the same as in Theorem 3.1. Hence, starting from the three term recurrence formula (4.2) we find that the
measure (i given by Theorem 3.1 is the same as the measure p. Therefore, if {d; ,}°°; is not a single parameter positive
chain sequence then, as in Theorem 3.2, the measure w is such that the integral J exists.

On the other hand, if w is such that J exists we can consider the probability measure (i given by

¢
¢ -1 -12)

Hence, for the para-orthogonal polynomials (z — 1)R,(12) 2)=(z— 1)R,(72) (i1, z) we obtain from the results presented in Sec-
tion 2 that

2 . (2 . (2 2 2 2
RY @ =[+ic? Dz + 1 —ic?DIRY (2) — 4d), 2RP | (2),

di(g)=J7" di(@).

with R(()Z) (z)=1 and Rgz) @=0+ icgz))z + (1 - icgz)), where {c,ﬁz)}g‘;l is a real sequence and {d:(12+)1 o2 1 s a positive chain

sequence. Clearly, {d,(ﬁ]}ﬁ‘;1 is also not a single parameter positive chain sequence. Consequently, using results obtained in
Theorems 3.1 and 3.2, we conclude that with the choice pg such that cgz) =1i(po+1)/(po — 1) the resulting positive chain

sequence {d; )2, = {d?)

i1in=q is not a single parameter positive chain sequence. O

Note that every choice of pp generates a different sequence of polynomials {R,} which we can consider as a different
extension of the DG1POP. By observing also the results establish in Theorem 3.3, we can state the following Theorem which
gives the orthogonality property associated with each of these the extension to the DG1POP.

Theorem 4.2. Let i be a nontrivial probability measure on the unit circle such that the principal value integral [ = fﬂ, c(—-1D"ldu()
exists and let {®n,} be the sequence of monic OPUC with respect to ju. Let t be such that —oo < t < oo and let the sequence {py ()}72 .
with the property |pn(t)| = 1, be given by

n>1

i )

I+it Pn—1(t) —an_1
t)=——— and t)y)=——m——,
Po(t) J on(t) 1= pn1 O

where an—1 = —®,,(0), n > 0. Then for the sequence {R,(t; z)} of POPUC, in z, given by

n—1

Ry (t: 2) 1—[ 1+ Re(or(t)otg—1)
S NG T

=2P71(2) — pn—1(OP;_1(2), n=1,

the following three term recurrence formula holds.

Rnt1(t;2) = [(1 +icn1 )z + (1 —icp4q (t))]Rn(t§ z) —4dn41(t)zZRn-1(t; 2),
with Ro(t; z) =1 and Ry (t; 2) = (1 +ic1(t))z + (1 —icq(t)), where the real sequences {c,(t)} and {dn+1(t)} are such that

cr(t) = i‘p)zg% ——2(t+7m(l)) and
~Im(pa(O)tn_
ry= O 1) 2 (1 e ©)ma, 1z 1,

1+ Re(pn(t)atn-1)

where {m(t)}72 is the minimal parameter sequence of the positive chain sequence {dy1(t)}32 ;, which is given by

11— |pn®)otn_1]>
21+ Re(pn(t)an-1)’
The sequence {dn1(t)}52 ; is always a single parameter positive chain sequence if t # 0. However, {dn41(0)}72 , is not a single param-
eter positive chain sequence if and only if the integral | = fT |¢ —1172d () exists.

With respect to the measure i, the polynomials Ry (t; .) satisfy the L-orthogonality N©[z="tkR,(t;2)] =0,k =0,1,...,n — 1,
with respect to the moment functional N'® given by

1+4(t +Zm(D))?
4d4

>0.

mp(t) =

NO[E()] = ][ Z(o;{jdu(;) Liteq), (4.4)

T

Observe that I in the above theorem is such that I + 1= jtg = 1. Hence, Re(I) =1/2 and po(t) # 1 if —oco <t < oo.

A further observation is that the L-orthogonality N©[z—"tkR,(t:2)] =0, k=0,1,...,n — 1, holds even without the
constant multiple (1 + 4(t +Zm(I))?)/(4d;) in the definition (4.4) of N'®. However, if we maintain this constant multiple
then N©[1]1=2d{/(1 +icy(t)) and the modified moments v, = N ©[z7"], n=0,41,+2, ..., will be exactly the same as
those that follow from Lemma 2.1.
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5. Some applications

It is known that OPUC are completely characterized in terms of the Verblunsky coefficients as given by the following
theorem (see, for example, [33, Thm. 1.7.11]).

Theorem. Given an arbitrary sequence of complex numbers {an}32 , where |an| < 1, n > 0, then associated with this sequence there
exists a unique nontrivial probability measure (4 on the unit circle such that the monic polynomials {®,} generated by (1.1) are the
respective monic OPUC.

A very nice and short constructive proof of the above theorem can be found in Erdélyi, Nevai, Zhang and Geronimo [16].
The knowledge that lead to this proof can be traced back to results found in [27,28] and references therein.

Many of the recent research on OPUC are about finding the properties of the measure w from the associated Verblunsky
coefficients.

We have seen from Theorems 4.1 and 4.2 how one can detect using the Verblunsky coefficients if the associated measure
is such that the integral | = [ |¢ — 1172du(¢) exists or not. The following theorem generalizes this to the existence of the
integral J(w) = fT |c — w|~2du(¢), where |w| = 1. Following the nomenclature adopted in the literature (see, for example,
[19,41]) J(w) = f1r | —w|~2du(¢) is known as the Geronimus transformation of the measure .

Theorem 5.1. Given the sequence of complex numbers {an}o2 ) such that |oy| <1, n > 0, let w be the positive measure on the unit
circle for which o, are its Verblunsky coefficients. Then for w satisfying |w| = 1, the measure w is such that the integral J(w) =
fT |¢ — w|~2du(¢) exists if and only if there exists a unique po (|po| = 1, po # W) such that the sequence {d;. e given by

din=(1—mp_1)my, n>1,
where
1 1—lopl?

mog=0 and wm;=— — , n>1,
" 21+ Re(Wpnan—1)

is not a single parameter positive chain sequence. Here,

Pn—1—0p_1

— . n>1.
1— pn_10tnq

Pn =

Proof. Observe that, we have

w¢ 1
= —d = 4‘1 .
J(w) T/(W—C)(C—W) n(¢) T/M_]|2 n(wg)

It is known that the Verblunsky coefficients associated with the rotated measure p(wz) are {w"an_1}52 . Thus, from results
given in Theorem 4.1, we need to look at the positive chain sequence {dq,};°, given by

din=(1—mp_q1)m,, n>1,
where mg =0 and

1 1—|paw"an_1 |2 Pn—1—w "1
n=-— pp=—"—""—7—¥7929— n=>1,

21+7Re(pnw'an—1)’ 1—pp_iwWlhogm_1’

where pp is such that |pg| =1, pg # 1. Thus, the results of the theorem are established if we replace p,w"*! by p,. O

Observe that by Wall’s criteria for maximal parameter sequences (see the formula prior to Lemma 2.2), the statement
“not a single parameter positive chain sequence” in the above theorem is equivalent to the convergence of the infinite
series

o

le[l—mk

n=1k=1

il_[ 1—Jog_1/?
14+ Wopate—1]?

n=1k=1

When the measure  satisfy the symmetric du(e’) = —du(e!@7 =) then the Verblunsky coefficients o;,_q are all real
and the principal value integral I = ﬁrg(g — 1)~ 1dp(¢) always exists and takes the value 1/2. Consequently from Theo-
rem 4.2, pp(0) = —1, n>1, and we can state the following.
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Corollary 5.1.1. Given the sequence of real numbers {an}52 o, such that |an| < 1,n > 0, let  be the positive measure on the unit circle

for which a, are its Verblunsky coefficients. Then 1 is such that integral ] = [3¢(¢ — 1711 — )7 (@) = [31¢ — 1172du(¢)
exists if and only if the infinite series

> n .
n=1k= _ak ]
is convergent.

We now see how one can obtain in a recursive manner information about the Verblunsky coefficients of the OPUC
associated with the positive measure fi, given by dji(z) =z~1(1 — z)(z — 1)d.(2), if one knows the Verblunsky coefficients
of the OPUC associated with the measure w.

Theorem 5.2. Let {®,} be the sequence of monic OPUC with respect to the nontrivial measure 1. Let

2) ) 2
—Im(p,_;0n-1) 1 |1—p, 10
Cn = ”(21) and  gin-1=7 | . (12) | . on>1, (5.1)
1—Re(p,” 0n-1) [1-Re(p,"1n-1)]
where ,0(2) 1,
2) —
1~ @1
tp1=—0,(0) and pi? = ,Oann n>1.
1-p," 01
Then the Verblunsky coefficients &1 = —&n (0) associated with the measure [1, where
@) = It = 1Pdu(o),
are given by
. 1 1-2m,;—ic
Gn—1= o s, (5.2)

p,gz) 1—icn
where mg = 0 and m, = {1 —8Ln-1) n>1
0= = T-m,_) gin,n= 1.

Proof. With the {cn}""1 and {dn};2,, where d; = g10 and dn11 = (1 — g1,n-1)81,n, 1 > 1, given by (5.1), let N Dbe the
moment functional given by Lemma 2.1. Then from results given in Section 2 that

Ne@1=a [ 600 - Oducc),
T
for any Laurent polynomial ¢. Here, a is some nonzero constant. Observe that in Section 2, A is normalized such that if u
is a probability measure than a =1.
On the other hand from results given in Section 3 we have the following. Associated with {c;};2; and {dp;1}52, there
exists a nontrivial probability measure f on the unit circle such that

. 1+¢2
/E(C)dM(C) = 4d1C] N1 -z h],
T

for any Laurent polynomial £. Moreover, the Verblunsky coefficients associated with the measure [ are exactly as given in
(5.2).
From the two representations for A" we have

/z(g)dm;) =0 /Z(;)(l ¢ H = dp@).
T T
Thus, establishing the proof of the theorem. O

To obtain information regarding the Verblunsky coefficients of the measure | — w|2du(¢), where |[w| =1, we only need
to replace a1, n >0 in Theorem 5.2 by w"a,_1, n > 0.

The above theorem is obtained by first using the results obtained in Section 2 and then followed by using the results
given in Section 3. Now, if we start by using the results given in Sections 3 and 4 and then use the results given in Section 2
we obtain the following theorem.
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Theorem 5.3. Let 1 be a positive measure on the unit circle such that the integral | = [p¢(1— O - D ldue) =

fT |1 —¢|72du(¢) exists and let {®,} be the associated sequence of monic OPUC. Let the sequence of numbers {on}pe be such
that
1 Pn—-1 — Up—1
p=—— and pp=——"— n>1,
1 T Pn—10n—1
where | = fT (¢ =17 Mdu(¢) and o1 = —®,(0), n > 0. Let the real sequences {cn}o2; and {dy1 n}52, be such that

—Zm(on0in—
C1=ip0+ and Cn+1=My dip=0—-mp_pmy, n>1,
po—1 1+ Re(onotn-1)

where {m}22 , is the minimal parameter sequence of the chain sequence {d,1};2, given by

11— |pnotn_1/?
My = = | onOtn—1| C n>o0.
21+ Re(ontn-1)
Let {Mp}72 | be the maximal parameter sequence of {dnt1}5- ;. The existence of the integral | assures that M1 > 0.
With0 < Mg < 1, let
m;=1-MoM; and muyy1=dpp1/(1—my), n>1.
Then
1 1-2my—ic
Qp_1=— n ny n>1,
Pn—1 1+icp

are the Verblunsky coefficients associated with the probability measure [ given by

[ r@uie =mofa + / FO) o).
T

To obtain information about the Verblunsky coefficients associated with the probability measure [i(w;z) given by

d =M d
/f(s“) Wi £) = Mof (w) + 2 /f(c) G du(©).

where |w| =1, we only need to replace o1, n > 0 in Theorem 5.3 by w"a,_1, n > 0.
In [19], some aspects of the orthogonal polynomials associated with the measure | — w|~2du(¢) when |w| > 1 are
considered.

6. Examples
Example 1. As a first example we consider the real sequence {c;};2, and the positive chain sequence {dn1};>,, where
1 1
c1=¢, Cpy1=0,n>1, d2:§, dn+2_Z n>1, (6.1)
with ¢ real. From (2.3) one can easily obtain that
. . " -1
Ri(2)=(1+ic)2"+ (1 —ic) and Qu(2) =2d; P n>1,
where dq # 0 is arbitrary. Thus, we can verify that
—2d z Y. z"
_Z 1 I< Qn( ) _ Jin + O(Z”Jrl),
1-— lC Ry (2) Tnn
~ n>0,
2d z
e e L NIV L)
1 +ic Rn(2) — rppztt!
2d 4d
Withy0=—1i(:,]/n=l+lic >1r00=1andrnn=1+ic n>1.
It follows from Lemma 2.1 that the moment functional A/ associated with the sequences {en}p2, and {dn};2, is given by
—2d 2d
NizM=v, = L N = vy = — n>1.

1—ic’ 1+ic’
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Now for the polynomials An defined in Section 3 we have

~ (1+icqp) 1—ic . _
M@ =T R0+ UV e yg,@) = +ior !, nz1.
2z 2d1
Consequently, with the series expansions Fo(z) = — >l o fn+12" and Foo2) = oSy fient1Z2 ", where fig=1 and i, =0,

n>1, we can verify that

Ara@ _ A+

Bz — __
@ R Ad1Tyn

+0(z"), n=1

and

Avi@ (1 +Ay 1

Foo2) — -
o(2) Rn(2) 4diry, 21

+0(1/2"?), n=>1.

Since the zeros z, j of R, are the nth roots of (1 —ic)/(1+ic), we also directly obtain that

A z " 1/n
n— 1( ) — Z / >1.
zZ—zn;’
Observing that the zeros z, j, j=1,2,...,n, are of equal distance from each other in the unit circle, we conclude that the

probability measure /i given by Theorem 3.1 is dft(e') = (27r)~'d6. Note that we can also write d/i(¢) = 2wiz)~'dc.

The measure d/i(¢) = (2miz)~'d¢ is well known (in Simon [33, p. 71] referred to as the free case) and the associated
monic OPUC are ®,(z) =2z", n>0.

Since the measure d/i(¢) = (277i¢)~'d¢ is also such that d/i(e'@™~9) = —dji(e'?), we have I = f1.(¢ — 1)~ 1¢di(¢) =1/2.
Hence, from Theorem 4.2

o Lt
Pl ==

and the polynomials {R,(t;.)} given by

1+ Re(pr(t)ak—1)
Ry(t; z —_
2 U) 1+ pr (a1

=2®Pp_1(2) — Pn-1 (t)q):_1 (2), n>1,

satisfy the three term recurrence formula

Rns1(t:2) = [(1 +icn1 ()2 + (1 = icn41() |Ru(t: 2) — 4dns1 (DZRn—1(t; 2),
with Ro(t;z) =1 and Ry(t; z) = (1 +ic1(t))z+ (1 —ic1(t)), where the real sequences {c,(t)} and {dn+1(t)} are such that

1 1
ci(t)=-2t, 1) =0,n=1, dz(t)zi, dn+2(t)::17n31'

The L-orthogonality property N'©[z~"* R (t;2)] =0, 0 <k <n — 1, holds with the moment functional N given by

NO[e)] = ]lzz(g)—1 ﬁdg + iteQ1),

for any Laurent polynomial £.
Hence, the polynomials R, that follow from (6.1) satisfy the L-orthogonality

NE/2) [z_"+kRn(Z)] =0, 0<k<n-1
and

4d,

=N"]= 1+¢2

NED[ZM], n=0,£1,£2,....

Since the integral | = ng(l — )¢ — 1)71da(¢) does not exist, the sequence {d; (D)}2, is a single parameter
positive chain sequence for all ¢, as confirmed by Theorem 4.2.
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Example 2. Here we start with the probability measure © given by

/z(;)du(;) - /E(owdc,
T

47ic?
T

and derive the polynomials Ry(t;.) and their L-orthogonality property given by Theorem 4.2. Again, many information
regarding the OPUC associated with the measure i are well known.
For example, the associated Verblunsky coefficients are

S 1
oy 1 =—Dp(0)=———, n=>1.
n—1 n() n+1 =

Clearly the integral J = [(1 —¢)~1(¢ — 1)~'¢ du(¢) exists and that it is easy to show that

z—f—dum —/—du(;) .

We also verify by induction that the sequence {0, (t)} generated by

I+it Pn-1(t) —n—q

po(t)=—m and Pn(t)=m, >1,
can be explicitly given as
1+iin+1)(n+2)t
=1 J—riEnL;EnIz;t’ n=0
With this we obtain
2(n+ Dt no 1+@+ 1D n+2)>%2

and mu(t) =

Cn1(t) = —

2+ 1) 14+nn+1)2(n+2)t2’
For the sequence of polynomials {R,(t;.)} given by
Rnt1(t;2) = [(1 + icns1(0)z + (1 — icni1(0) |Ru(E; 2) — 4dns1(O)ZRn—1(t; 2),

with Ro(t;2) = 1 and Rq(t;2) = (1 + ic1(t))z + (1 — ic1(t)), the L-orthogonality property N©[z "R (t;2)] = 0, k =
0,1,...,n—1, holds with respect to the moment functional

1+n(n+ 1)3t2

K/“)[e(z)]:/ag)];gdg +ite(D).
4mi¢

T
Since,
2 1 2 1 2’,'2
1— mp(©) = +n2(n+1) R
2(n+1)1+n(n+1)2(n+2)t2
we have
x n ~
my(t) 2 [ 1 2
B 1 Dt ]
’;’Hl_m"(t) 1+4f2,; (n+1)(n+2)+(r“r ) +2)

The above infinite series converge if t = 0 and diverge otherwise. Hence, using Wall’s criteria (see the formula prior to
Lemma 2.2), the positive chain sequence {dy+1(t)} = {d1.(t)}, where

din(t) = (1 — My (t))mn(t), nx1,
is not a single parameter positive chain sequence if t = 0 and is a single parameter positive chain sequence otherwise. Again,

confirming the results in Theorem 4.2.

Example 3. Let the real sequences {c;};2; and {dn11};2, be given by

n 1 n2r+4+n+1)
Ch = 3 dl’H—]:_ 3 nZ
A+n 4A+nAr+n+1)

where A, peR and A > —1.
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Observe that dp+1 =din = (1 — my_1)my, n > 1, where

n
20+n+1)
Hence, with our assumption A > —1, the sequence {dq,};2; is a positive chain sequence with {m,}7°, as its minimal
parameter sequence.
The polynomials R, obtained from the above sequences {c;} and {d,+1}, together with the recurrence formula (2.3), are
(21 +2) -
Ry(z) = ——F1(—n,b+1; b+b+2;1-2), n=>1, 6.3
" (A + D (63)
where b =X +in. Here, , F1(—n, b; c; z) represents a Gaussian hypergeometric polynomial of degree n in z. More about the
properties of such polynomials and about general Gaussian hypergeometric functions 3 F1(a, b; ¢; z), we cite [1].
With dy # 0 arbitrary, by considering the Gauss type continued fraction expansion of F1(1, —b; b + 2; z) (see [37,
p. 4264] for a very similar expansion), we have for the rational functions in Lemma 2.1 that correspond to the above {cj}

and {dn+1},
Qn (2

1%?&12Fn1,—b;5—%2;z)=-E;&34—O(z“4)
Hence, from the series expansion of »F;(1, —b; b+2; 2)
1)n:1b+E+2(—_—_b—1)n’
b+1 b+ 1y

Since v, = —V_p41, with the convention (a), =I'(a+n)/I'(a) for all integer values of n, the above expression for v is also
valid for n <0.
For the moment functional N defined by N[¢ "] =v,, n=0, %1, £2,..., we have

mp

(6.4)

NlE(2)] = /Z(;“)dz//(b; ). (6.5)
T
iITb+1)>b+b+2)
2rT(b+b+2)
Here, the branch cuts in (-2) ™ = (e772)™? and (1 - 2" = (e (z - 1) are along the positive real axis.

For the proofs of the above results, starting from (6.3), we cite for example [8] and [10]. However, considering what was
necessary, it was assumed in [8] and [10] that A > —1/2. We remark that when A > —1/2 the maximal parameter sequence
{M1n}nog of {d1n}i, is

12x+n+1
=07, =

2 A+n+1
Now, the nontrivial probability measure j that follows from Theorem 3.1 is

IT(b+2)
27 T(b+b+3)
Observe that (6.6) can also be written in the equivalent form

for all Laurent polynomials ¢, where dy (b; z) = d; (—2)"P1(1 = z)P+b+1g,

b+b
)

1,n

diu(¢) = (—2)7P=2(1 = 2P+h+24y, (6.6)

2b+E+2|1"(b +2)|2
27 T(b+b+3)
The moments associated with [ are

dﬂ(eie) — e(n—g)zm(b-‘rl)[Sinz(e/z)]Re(b-‘r])de'

1+&D)_U 1]:(—b—l)n
ad, n n+ 7(5 ), s

ﬁanﬁm=i/c”ﬁﬂ@)= n=0,1,2,....
T

Hence, from results established in [37] the associated monic OPUC and Verblunsky coefficients are

. (b+b+3), _
dp(z) = ——9F1(—n,b+2; b+b+3;1-2),
n(2) b12), 2F1( )
n>1.
A (b+ 1)y
O 1=——
b+2),

The above expression for <i>n can also be easily derived from (3.7) and (6.3).
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It is important to clarify that the above hypergeometric polynomials R, and ®,, are polynomials belonging to a family
of biorthogonal polynomials mentioned in the comments of Prof. Richard Askey on the Gabor Szegé: Collected Papers
[2, p. 304]. However, that &, are OPUC with respect to the nontrivial probability measure in (6.6) and also that R, are
para-orthogonal polynomials were first observed in [37]. See also the comments given at the end of [37].

Recall that we have assumed A > —1 and for the integral I = [;(¢ — 1)~ !¢ dfi(¢) we have from (6.4), (6.5) and (6.6)
that

_ b+1
b+b+2
Let t be such that —oo <t < oo and let the sequence {p,(t)}72,, with the property |0, (t)| =1, be given by

I+it Pn—1(t) — Cn—1

t)=—=—— and t)y=——, >1, 6.7
po(® I—it pr® 1= pp—1()otn—1 (6.7)

where ap_1 =dn_1 = —&)n(O), n > 0. Then from Theorem 4.2 for the sequence {R,(t;.)} of POPUC, in z, given by

n—1
1+ Re(oe®Ot_1) ..
Ra(t:2) [ | A2 _ 265 1(2) — pnr (OB (), n=1,
k=0 14 pr(t)otk—1

the following three term recurrence formula holds.
Rnt1(t: 2) = [(1 4 icny1(t)z2 4+ (1 — icny1 () [Ra(t; 2) — 4dny1(0)ZRn 1 (t: 2),
with Ro(t;z) =1 and Ry (t; z) = (1 +ic1(t))z+ (1 —ic1(t)), where the real sequences {c,(t)} and {dn+1(t)} are such that

C](t)=iM and ¢y (t) = Zm(on(t)otn—1)

po(t) — 1 1—Re(pn(Oatn_1)

where {my(t)}22, is the minimal parameter sequence of the chain sequence {dn1(t)};2,, which is given by

dnt1(t) = (1 — Mp—1 (t))mn(t)a nx>1,

B 2
1 1—|pn(t)otn-1l C n>o0.
21+ Re(pn(t)an—1)

mp(t) =

With respect to the measure u, the polynomials R,(t;.) satisfy the L-orthogonality N © [z "t¥R, (t: 2)1=0, k=0,1,...,n—
1, with respect to the moment functional A'© given by

14 4(t +Zm())?

NO[E(2)] = ][z(;)ﬁdw;) Liteq),
4d4

-1
T

Clearly, the sequence of polynomials {R,(0;.)} and the chain sequence {ds11(0)};2; obtained above are respectively the
same as the sequences {R,} and {dn1};2,. In fact, from (6.7) we can also easily verify that 0,(0) = —(b+ Dnt1/b~+ Dpta,
n>0.

Not that when A > —1/2 the maximal parameter sequence {M1n};2, of {dy1+1(0)};2; is different from its minimal
parameter sequence {mp}>°,. Since the integral J = fT{(l — )Y — 17 1di(¢) exists when A > —1/2, this is exactly
what we expect from Theorem 4.2. However, when —1/2 > 1 > —1, the integral | = ng(l — o) W — 1D 'di(e) does
not exist and, hence from Theorem 4.2, the minimal parameter sequence of {dy;1(0)}72, is also its maximal parameter
sequence. This we can verify as follows.

From (6.2) we have

[e%e) n (0) 0 n k > (])n
Z[H%k(o)]ﬁ;m 1 Tlmk]=z(2x+3)n'

n=1 k=1 k=1 n=1

The infinite series on the right hand side can also be written as yF;(1,1; 24+ 3; 1), which is (see [1, p. 62]) convergent for
A > —1/2 and divergent for —1/2 > 1 > —1.
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