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Resumo

Neste trabalho, nosso objetivo é estimar o niimero de ciclos limites do tipo costura
em sistemas diferenciais Hamiltonianos lineares por partes planares com duas ou
trés zonas separadas por retas de modo que os sistemas lineares que definem o por
partes tém pontos singulares isolados, ou seja, centros ou selas. Mais precisamente,
comecaremos determinando o ndmero de ciclos limites de sistemas diferenciais
Hamiltonianos lineares por partes continuos ou descontinuos com duas ou trés zonas.
Neste caso, mostraremos que se o sistema for descontinuo com trés zonas, entao ele
tem no maximo um ciclo limite, e forneceremos exemplos com um ciclo limite. Em
seguida, estimaremos o numero de ciclos limites que podem bifurcar de um anel
de 6rbitas periddicas de um sistema diferencial Hamiltoniano linear descontinuo por
partes com trés zonas, apos perturbagoes polinomiais de grau n, paran = 1,2, 3. Para
estes casos, denotando por H(n) o nimero de ciclos limites que podem bifurcar do
anel de orbitas periddicas do sistema, provaremos que se o sistema diferencial linear
definido na regiado entre as duas retas paralelas (chamado de subsistema central)
possui um centro na origem e os demais subsistemas possuem centros ou selas, entao
H(1) >3, H(2) >4 e H(3) > 7. Agora, para o caso particular em que o subsistema
central possui um centro e os demais subsistemas possuem apenas selas reais, se o
centro for real (ndo necessariamente na origem) ou se estiver sobre a fronteira da
regido central, entdo H(1) > 6, e se for virtual, entdo H(1) > 4. Finalmente, se o
subsistema central possui uma sela real e os demais subsistemas possuem centros ou
selas, entao H(1) > 6. Para isso, estudaremos o nimero de zeros de suas fungoes de
Melnikov definidas em duas e trés zonas. Além disso, fornecemos métodos analiticos

detalhados para estudar o ntimero de zeros das funcoes de Melnikov.

Palavras-chave: Ciclo limite. Sistema diferencial linear por partes. Sistema

Hamiltoniano. Funcao de Melnikov.



Abstract

In this work, our goal is estimate the number of crossing limit cycles in planar
piecewise linear Hamiltonian differential systems with two or three zones separated by
straight lines such that the linear systems that define the piecewise one have isolated
singular points, that is, centers or saddles. More precisely, we will start with the
study of the number of limit cycles for continuous or discontinuous piecewise linear
Hamiltonian differential systems with two or three zones. In this case, we show that
if the system is discontinuous with three zones then it has at most one limit cycle,
and we will provide examples with one limit cycle. Next, we will estimate the number
of limit cycles that can bifurcate from a periodic annulus in a discontinuous piecewise
linear Hamiltonian differential system with three zones, after polynomials functions
perturbations of degree n, for n = 1,2,3. For theses cases, denoting by H(n) the
number of limit cycles that can bifurcate from this periodic annulus, we prove that
if the linear differential system defined in the region between the two parallel lines
(called of central subsystem) has a center at the origin and the others subsystems have
centers or saddles then H(1) > 3, H(2) > 4 and H(3) > 7. Now, for the particular
case where the central subsystem has a center and the others subsystems have only
real saddles, if the central subsystem has a real (not necessarily at the origin) or
boundary center then H(1) > 6 and if it has a virtual center then H(1) > 4. Finally,
if the central subsystem has a real saddle and the others subsystems have centers
or saddles then H(1) > 6. For this, we study the number of zeros of its Melnikov
functions defined in two or three zones. Moreover, we provide detailed analytical
methods to study the number of zeros from Melnikov functions defined in two or

three zones.

Keywords: Limit cycle. Piecewise linear differential system. Hamiltonian system.

Melnikov function.
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Introduction

The qualitative theory of differential systems is important tools for investigate properties
inherent to the solutions of the equations that define the problem, without worrying about the
possible expressions that such solutions may have. One of the most famous problems of this
theory, formulated for the planar case, consist in to determine the number of limit cycles of
polynomial differential systems, which was proposed by Hilbert in 1900 as part of Hilbert’s
16th problem, (see [25]). Nowadays, this problem has been considered for piecewise differential
systems. The study of piecewise differential systems begins with the pioneering work of Andronov
[1]. After Filippov [12] establishes the conventions that regulate the transitions of solutions of
systems between different regions, piecewise differential systems have piqued the attention of
researchers in qualitative theory of differential equations, mainly because many phenomena, for
instance in mechanics, electrical circuits, control theory, neurobiology, etc, can be described by
models that involve this kind of differential equations (see the books [10, 23, 48] and the papers
[7, 13, 45, 47]).

Piecewise linear differential systems are an interesting class of piecewise differential systems
and, unlike the smooth case, have a rich dynamic that is far from being fully understood. In
addition to numerous applications in various areas of knowledge. In 1990, Lum and Chua [8]
conjectured that a continuous piecewise differential systems in the plane with two zones has
at most one limit cycle. In 1998 this conjecture was proved by Freire, Ponce, Rodrigo and
Torres in [15]. On the other hand, when the piecewise linear differential system is discontinuous,
that is, the subsystems do not coincide on the switching curve, is known that the maximum
number of limit cycles is at least three. Apparently, for it case, determining the exact number
of limit cycles is a hard task. However, important partial results about this problem have been
obtained. In summary, the results about the number of limit cycles of discontinuous piecewise
linear differential systems with two zones separated by a straight line are given in Table . The
symbol “—” indicates that those cases appear repeated in the table and the empty entries on it

correspond to cases not studied in the literature, at least as far as we know.

14
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F. | F, |Fy | S, |S2| N, |iN, | C| G
F, 3023 |2¢| 3| 3 |2¢|2
F, | —| 2|2 2|1 2 | 1% | 1*
Fp | — | — | 1*| 2| 1% 2| 2 | 1% | 1*
S | — | — | — 21| 2| 2 | 17|71
SOl — | —|—|— 0|1 |1 | 0|0
Ny | — | —|—|—|— 1|1
iNy | — | — | — | —|— | — | 2 |1*|1*
cC|—|—|—|—|—|—|—1]0]0
Co | —|—|—|—|—|—| —|— |0

Table 1: Lower bounds (Upper bounds™*) of the maximum number of limit cycles of discontinuous
piecewise linear differential systems with two zones separated by a straight line. Here F,., F,,
Fy, S;, SY, Ny, iN,, C and C; denote real focus, virtual focus, boundary focus, real saddle, real
saddle with zero trace, virtual node, improper node, center and boundary center, respectively.

We denote the lower bounds in the entrances from Table by the symbols that indicate its
position on the table. For example, the lower bound for the case with a real focus F, and a
virtual focus F, is detonated by F..F,, that is, F.F, = 3. A proof for the lower bound F,F,
can be found in [32]. A proof for the lower bound F,S, can be found in [29]. A proof for the
lower bounds F,N, and F,iN,, can be found in [17]. A proof for the lower bound F,F, can be
found in [16]. A proof for the lower bound F,S, can be found in [55]. A proof for the lower
bound F,iN, can be found in [56]. A proof for the upper bound S,S, can be found in [2]. A
proof for the lower bounds S,N, and S,iN, can be found in [33]. A proof for the lower bound
iN,iN, can be found in [27]. The other cases listed in Table can be found in [35]. In the papers
[3, 5, 18, 41, 54] we can also find proofs for some lower bounds of Table .

If the curve between two linear zones is not a straight line it is possible to obtain as many
cycles as you want. This fact has been conjectured by Braga and Mello in [4] and firstly
proved by Novaes and Ponce in [49]. Exact number of limit cycles, for discontinuous piecewise
linear systems with two zones separated by a straight line, were obtained in particular cases.
Llibre and Teixeira [39] proved that if the linear systems, that define the piecewise one, has no
singular point, then it has at most one limit cycle. Medrado and Torregrossa [46] proved that
if the straight line has only crossing sewing points and the piecewise linear system has only a
monodromic singular point on it, then the system has at most one limit cycle.

Recently, piecewise differential system defined in regions with more than two zones have
attracted the attention of researchers, see for instance [11, 26, 36, 53, 60]. Results imposing

restrictive hypotheses on the systems, such as symmetry and linearity, have been obtained.
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For instance, conditions for nonexistence and existence of one, two or three limit cycles for
symmetric continuous piecewise linear differential systems with three zones can be found in [34].
Now, for the nonsymmetric case, examples with two limit cycles surrounding a unique singular
point at the origin was found in [38, 42]. When we remove these restrictions, that is, when
we consider piecewise discontinuous differential system with three zones, there are few works in
the literature. In fact, the works available deal with planar piecewise linear near-Hamiltonian

differential systems with three zones, given by

i = Hy(z,y) +ef(z,y),

y = _H$($7y) + eg(x,y),

with
b, 4 cf

HL(xay) = ?y - ?$2 +agzy +apy — Brw, v < -1,

b
H(z,y) = HC(z,y) = —y? — o2 +acry + acy — Box, —1 <x <1,

2 2
HE _ br 5 Cr o
(x,y)—gy — 5% apry + ary = frr, w21,

fL(may)7 $S _17

f@y) =19 folz,y), —-1<z<1,

9@, y) = ge(z,y), —-1<z<1,

gR($7y)7 .’132 ]-7

(
where the functions f; and g; are C*°, for i = L,C, R, and 0 < ¢ << 1. When € = 0 (shortly
(1)|e=0) we say that system (1) is a piecewise linear Hamiltonian differential system. We call
system (1) of left subsystem for x < —1, right subsystem for x > 1 and central subsystem for
—-1<z<1.

In [40], Llibre and Teixeira study the existence of limit cycles for system (1)|c—o when the
subsystems that define the piecewise one have a unique singular point, which is a center. More
precisely, in the continuous case, they prove that system (1)|c—p has no limit cycles. Now,
in the discontinuous case, system (1)|c—p has at most one limit cycle and there are examples

with one. Fonseca, Llibre and Mello, in [14], proved that if system (1)|—o is discontinuous and
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without singular points, then the maximum number of limit cycles is also one. Many authors
have contributed to estimate the number of limit cycles of system (1) that can bifurcate, after
polynomial perturbations, from the periodic annulus of the unperturbed system (1)|c—9. For
instance, in [59] the authors showed that at least seven limit cycles can bifurcate from a periodic
annulus, after linear perturbations, from system (1)|.—o with subsystems without singular points
and a boundary pseudo—focus. On the other hand, in [61], 5, 7 and 12 limit cycles were obtained
by linear, quadratic and cubic polynomials perturbations, respectively. But, in this paper,
the periodic annulus of the unperturbed system (1)|.—¢p was obtained from a real saddle in the
central subsystem and two virtual centers in the others subsystems. For the same type of periodic
annulus, in [58], 10 limit cycles were obtained through cubic perturbations.

The search for upper bound for the number of limit cycles that a piecewise linear system with
three zones can have is what motivates most of the recently works found in the literature about
this topic. However, all cases are interesting in themselves, that is, the search for better quotas
for the number of limit cycles can not be used to discourage the study of particular families.
So the type of singular points of the subsystems and their positions, that is, whether they
are real, virtual or boundary, are important questions in this study and should be considered
for all subclasses of piecewise linear systems with three zones. Motivated by the previously
mentioned works, in this thesis we contribute along these study lines. Our goal is to estimate
the number of crossing limit cycles that can bifurcate from periodic annulus of piecewise linear
near-Hamiltonian differential systems with two or three zones. For this purpose, we have the
text organized as follows.

In Chapter 1, we introduce some definitions and basic results about piecewise smooth vector
fields with two or three zones that will be essential in the development of this work. Moreover, in
Section 1.3 we will present the Melnikov function method, that is an important tool to investigate
the number of limit cycles that emerge from a periodic annulus of a piecewise Hamiltonian
differential system.

In Chapter 2, motivated by the paper [40], we study the existence of crossing limit cycles in
continuous and discontinuous planar piecewise linear Hamiltonian differential system with two
or three zones separated by straight lines, and parallel if there are more than one, such that
the linear systems that define the piecewise one have isolated singular points, that is, centers or
saddles. In this case, we show that if the planar piecewise linear Hamiltonian differential system
is either continuous or discontinuous with two zones or continuous with three zones, then it has
no crossing limit cycles. Now, if the planar piecewise linear Hamiltonian differential system is

discontinuous with three zones, that is, if system (1)|.—o is discontinuous, then it has at most
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one crossing limit cycle, and there are examples with one limit cycle. More precisely, without
taking into account the position of the singular points in the zones, we present examples with
the unique crossing limit cycle for all possible combinations of saddles and centers. This chapter
is the content of paper I of the list of published and submitted papers derived from this thesis
available at the end of this introduction.

In Chapter 3, we study the number of crossing limit cycles that can bifurcated, after linear
perturbations, from a periodic annulus formed by periodic orbits of system (1)|.—¢ that passes
through the three zones. We prove that if the central subsystem has a center at the origin and
the others subsystems have centers or saddles, then we have at least three crossing limit cycles
visiting the three zones. Our results are obtained by studying the number of zeros of the first
order Melnikov function associated to system (1). Moreover, we will present, in Section 1, a
normal form for system (1)|c—o in order to simplify the compute. This normal form will also be
used in Chapters 4 and 5. This study resulted in paper II of the list of published and submitted
papers derived from this thesis.

In Chapter 4, motivated by the results obtained in Chapter 3, we estimated the lower bounds
for the number of crossing limit cycles that can bifurcate from periodic annulus of piecewise
system (1), assuming similar hypotheses to system (1)|c=o from Chapter 3, but with the difference
that we perturb system (1)|c—¢ by polynomial functions of degree n, for n = 2,3. Denoting by
H (n) the number of crossing limit cycles that can bifurcate from this periodic annulus, we prove
that H(2) > 4 and H(3) > 7. A part of these results are published in the paper III of the list
of published and submitted papers derived from this thesis.

In Chapter 5, we study the number of crossing limit cycles that can bifurcated, after linear
perturbations, from periodic annulus of system (1)|c—o, assuming that the central subsystem has
a center and the other subsystems have only saddles. What differs the results of this chapter
from the one of Chapter 3 is that now the center of the central subsystem is not fixed at the
origin and therefore, we will have periodic annulus formed by crossing periodic orbits passing
through two and three zones. We prove that if the central subsystem from system (1)|.—¢ has
a real or a boundary center, then the maximum number of limit cycles that bifurcate from the
periodic annulus is at least six. Four passing through the three zones and two passing through
two zones. Now, if the central subsystem has a virtual center, then we have at least four limit
cycles bifurcating from the periodic annulus, three passing through the three zones and one
passing through two zones. This study resulted in preprint IV of the list of published and
submitted papers derived from this thesis.

Finally, in Chapter 6, we study the number of crossing limit cycles that can bifurcated from
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periodic annulus of system (1)|.—o, assuming that the central subsystem has a real saddle and
the other subsystems have centers or saddles. We prove that the maximum number of limit
cycles that can bifurcate from the periodic annulus of this kind of piecewise linear Hamiltonian
differential systems, after linear perturbations, is at least five, when the right and left subsystems
have saddles, and at least six, when the right subsystem has a saddle or center and the left
subsystem has a center (vice-versa). Our study is concentrated in the neighborhood of the
double homoclinic loop which separates the periodic annulus of orbits that pass through three
zones from the two periodic annulus of orbits that pass through only two zones. Thus, to estimate
the zeros of the Melnikov functions we consider its expansions at the point corresponding to this
orbit. Moreover, in order to simplifies the computation, we obtain a normal form to system
(1)|e=o0 when the central subsystem has a real saddle. This study resulted in preprint V of the

list of published and submitted papers derived from this thesis.
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CHAPTER

Basic results

In this chapter, we present the definitions, notations and some basic results about piecewise
smooth vector fields with two or three zones that will be used throughout this work. Moreover,
we present a method, that is the first order Melnikov function, to investigate the number of limit

cycles that can emerging from a period annulus of a piecewise Hamiltonian differential system.

1.1 Piecewise smooth vector fields with two or three zones

Let us consider a codimension one manifolds ¥; C R?, for i = C, L, R, given by ¥; = fi_l(O),
where f; : R?2 — R is a smooth function such that 0 € R is a regular value, i.e., V fi(p) # 0, for
all p € fz»_l(O). We call ¥;, for i = C, L, R, of switching line and we assume that Y. separates

R? into two disjoint regions given by
Rr={qeR?: fo(q) >0} and R, ={qeR?: fo(q) <0},

that is, R? = R, U U Ry, and we also assume that ¥; and 3 separates R? into three disjoint

regions given by
Rr={qeR?: fr(q) >0}, Re={q€R?: fr(q) <0< f.(q)}

and

R, ={qeR*: f,(q) <0},

that iS, R2 == RLUZL URC UERURR
Denote by X (U) the space of C"-vector fields on U C R? endowed with the C"-topology,

21
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with » > 1.
Definition 1. A planar piecewise smooth vector field with two zones can be written as Z : U C
R? — R? such that

Z(g) = Xr(q), if felq) >0, w1

X.(q), if felq) <0,

where Xp, X, € X(U). For simplify the notation, we denote vector field (1.1) by Z = (X, Xz).
We call vector field (1) of left vector field when fo(q) < 0 and right vector field when f(q) > 0.

Definition 2. A planar piecewise smooth vector field with three zones can be written as Z : U C

R? — R? such that
Xr(q), if frlq) 20,

Z(@) =9 Xe(q), if fale) <0< fi(q), (1.2)

X.(q), if fulq) <0,

where Xg, Xc, X, € X(U). For simplify the notation, we denote vector field (1.2) by Z =
(X1, Xc, Xgr). We call vector field (2) of left vector field when f.(q) < 0, right vector field when
fr(q) > 0 and central vector field when fr(q) <0< f.(q).

Next we present some basic concepts of piecewise smooth vector field theory, most of which
were introduced by Filippov in [12]. We will use the vector field X, and the switching line
Y, from piecewise vector field (1), in the next definitions. However, we can easily adapt the
definitions to the vector fields X and Xz and the switching lines ¥, and Xy from piecewise
smooth vector field (2). The derivative of function f in the direction of the vector field X,

i.e., the expression

X fe(p) = (Xo(p), Vfc(p)),

also known as the Lie derivative of f. with respect to X, where (-, -) is the usual inner product in
R?, characterizes the contact between the vector field X, and the switching line ¥. Analogously,

we have

X fe(p) = (Xo(p), VX[ fo(p)),
for i > 2. We can distinguish the followings subsets of ¥ (see Figure 1.1) by
Crossing set:

Yo ={p€Xc: X, fo(p) Xnfo(p) > 0}

Sliding set:
Ye={pe€Xc: Xpfc(p) > 0,Xrfc(p) <0};
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FEscaping set:

Yo ={p€Xc: X, fc(p) <0, Xrfc(p) > 0}.

Yo Yo Yo

N
NN
NN

Escaping set.

S
E
R

(a) (
Figure 1.1: (a) Crossing set; (b

~ =
—

Sliding set; (c

~

On the sets X%, and X, we define the Filippov vector field Fz associated to Z = (X, Xz),
as follows: if p € ¥ U XS, then Fz(p) denotes the vector tangent to ¥ in the cone spanned by
X.(p) and Xgz(p). A point p € X is called a X-regular point of Z if p € ¥¢ U X% U X, then

Fz(p) # 0. Otherwise, p is a X-singular point of Z.

When p € ¥, and X, fo(p) = 0 we say that p is a tangent point of X,. A tangent point p is
a fold point of X, if X, fo(p) = 0 and X2 f.(p) # 0. Moreover, p is a visible (resp. invisible) fold
point of X, if X, fo(p) = 0 and X2 fo(p) < 0 (vesp. X2fo(p) > 0). We can classify a singular
point p of vector field X, according to its position in relation to the vector field. More precisely,
we say that p is a real singular point of X, if X, (p) =0 and p € Ry, a virtual singular point of
X, if X, (p) =0and p € (R, UX:)¢, where (R, UX.)¢ denotes the complement of R, U X in

R?, and a boundary singular point of X, if X, (p) =0 and p € .

Definition 3. Piecewise smooth vector field (1.1) is called continuous if

XL(p) = XR(p)a Vpe Xe.

Otherwise, it is called discontinuous. Similarly, piecewise smooth vector field (1.2) is called

continuous if
X.(p) = Xc(p), VpeX, and

XC(Q) = XR(Q)a VqeXpg.

Otherwise, it is called discontinuous.

The following definitions describe the concepts about local and global trajectories of a
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piecewise smooth vector field with two zones, and can be extended to three zones.

Denote by ¢x, (t,p) the flow of vector field X, € X(U), such that

d
aqbXL (tvp) = XL (¢XL (tvp))v

¢XL(Oap) =D,

where t € I C R and I depends on the point p € U and the vector field X ;.

Definition 4. A local trajectory (or local orbit) ¢z (t,p) of vector field (1), through the point p,

s obtained by concatenating the flows of the vector fields X, X, and Fy.

Definition 5. The global trajectory (or global orbit) ®;(t,p) passing through p is a union

Oy(t,p) = J{out,pi) : ti <t <tiga}
1€EZ
of preserving-orientation local trajectories o;(t,p;) satisfying o;(t;,p;) = pi and oi(tit1,pi) =

Pi+1. An global trajectory is positive (resp. negative) if i € N (resp. —i € N) and to = 0.

Definition 6. Let ®4(t,p) a global trajectory of the piecewise smooth vector field (1). We say
that ®z is periodic orbit if ®z is periodic in the variable t, that is, if exists T > 0 such that
G (t+T,p) = Py(t,p) for allt € R.

In a piecewise smooth vector field, a periodic orbit can be of two types: sliding/escaping
periodic orbit or crossing periodic orbit; the first one contains some segment of sliding or escaping
sets (see Figure 1.2 (a)), and the second one does not contain any segments of sliding or escaping
sets (see Figure 1.2 (b)). A limit cycle of vector field (1) is an isolated periodic orbit in the set of
all periodic orbits of vector field (1). Therefore, a limit cycle can be of two types: sliding/escaping
limit cycle or crossing limit cycle. In this work, unless mentioned otherwise, when we talk about

limit cycles, we are talking about crossing limit cycles.

Consider a point p € ¥ such that the orbit ¢x, (¢,p) of the vector field X passing through
p returns to X after a positive time ¢, (p), called flight time. We define the half return map
associated with X by

mx,(p) = ¢x,(tL(p),p) = pL € Xc.

Similarly, when the orbit ¢x, (¢, p.) of the vector field X passing through p, € ¥, returns to

Y after a positive time tx(p.), we define the half return map associated with X by

Txp(PL) = dxp(tr(pL),PL) = Pr € Xc.
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Yo Yo

Figure 1.2: (a) Escaping periodic orbit; (b) Crossing periodic orbit.

The first return map (or Poincaré map) associated with Z = (X, Xy) is defined by

WZ(p) =TXRpOTXy (p) = (bXR (tR(pL)a ¢XL <tL(p)7p))7

or in reverse order, applying ¢x, and after ¢x,. Moreover, if p € ¥ is a isolated fixed point
to map 7z, then the global trajectory passing through p is a limit cycle of the piecewise smooth

vector field (1).

Instead of studying the fixed point of the first return map, some times it is more convenient

to study the zeros of the correspondent displacement map, given by

d(p) = 7z(p) — p-

In the following, we introduce the notions of separatrix, separatrix connections and

equivalence between two piecewise smooth vector fields. For more details see [19].

Definition 7. An unstable separatriz of a saddle point p of Z = (X, Xz) is the invariant unstable
manifold W*(p) given by

W4 p)={qeU: ®z(t,q) is defined fort € (—o0,0) and t_l}r_n b4 (t,q) =p}.

A stable separatriz of a saddle point p of Z = (X, Xg) is the invariant stable manifold W*(p)
given by

W (p) ={qeU: ®y(t,q) is defined fort € (0,00) and tli)m Dy (t,q) = p}.

If a separatriz is simultaneously stable and unstable it is a separatriz connection.

Here we distinguish two types of separatrix connections:
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e Homoclinic loop : for this type we have W"(p) = W*(p), see Figure 1.3 (a).

e Heteroclinic orbits : for this case we have two saddle points p # ¢ such that W*(p) = W#(q)
and W*(p) = W*(q), see Figure 1.3 (b).

2o 2o

(a) (b)

Figure 1.3: (a) Homoclinic loop; (b) Two heteroclinic orbits.

In the follow, we introduce the notion of ¥-equivalence between two piecewise smooth vector

fields, which allows comparing phase portraits.

Definition 8. Two piecewise smooth vector fields Z, : Uy C R2 = R? and Zy : Uy C R? — R?
with switching lines ¥1 C Uy and Yo C Us, respectively, are ¥1-equivalent if there exists an
orientation preserving homeomorphism h : Uy — Us which sends X1 to Yo and sends orbits of

Z1 to orbits of Zs.

We can see that any X-equivalence sends regular orbits to regular orbits and distinguished
singular point to distinguished singular point. Moreover, as it sends arrival and departing points
to arrival and departing points, 3¢, ¥* and 3¢ are preserved, and thus it also sends sliding orbits

to sliding orbits and preserves separatrices, separatrix connections, periodic orbits and cycles.

1.2 Piecewise smooth Hamiltonian vector fields with two or

three zones

In this section, some basic concepts about piecewise smooth Hamiltonian vector fields are

presented.

Definition 9. Consider H : U — R a C" function, with U an open subset of R? and r > 1. Fized

a coordinate system (x,y) € R?, a smooth Hamiltonian vector field is a vector field given by

X(.’E,y) = (Hy(x7y)7_Hx(xay))7 (13)
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where H;(x,y) denotes the derivative of the function H with respect the variable i = x,y. We

say that the function H is the Hamiltonian function of vector field (1.3).

Unless there is a coordinate change (symplectic), every Hamiltonian vector field is like this.

Now, let us remember some important properties of Hamiltonian vector fields.

1. H is constant along the solutions of vector field (1.3), that is, H is a first integral of the
system
'Z'U = Hy(% y)7
y = _Hw (.’IJ, y)v

where the dot denotes the derivative with respect to the independent variable ¢, here called

the time.
2. X : R? - R? is a Hamiltonian vector field if and only if div (X) = 0.

3. The only non-degenerate singular points of a planar Hamiltonian vector field are centers

or saddles.

Definition 10. Consider H' : U C R2 = R, C", r > 1, and f; : R? = R a smooth function such
that 0 € R is a reqular value, for i = R,C, L. A piecewise smooth Hamiltonian vector field with

two zones is a vector field given by

Xn(z,y) = (Hj (z,y), —Hf(z,v)), i folz,y) >0,
Z(x7y) =

XL(:E’y) = (H;(l’,y), _HrL(‘T’y))a Zf fC(‘T>y) S 0.

A piecewise smooth Hamiltonian vector field with three zones is a vector field given by

Xn(z,y) = (Hy (z,y), —Hi(z,v)), i falz,y) >0,

Z(ZL‘,y) = Xc(ﬂf,y) = (Hg(xvy)7_Hg(x7y))’ 'Lf fR(‘T’y) S 0 S fL(xay)u

Xp(z,y) = (Hy (z,y), —Hy(z,y)), i [fu(z,y) <0

When the vector fields X;, i = R,C, L that define the piecewise smooth vector field Z =
(Xr, X)) (or Z = (Xg,X¢, X)) are Hamiltonian, then the solutions curves of the respective
differential equations are contained in the level sets of the Hamiltonian functions. Thus, the
first return map can be studied by seeking by points in X (or Xy and X, ) that are in the same

level curves of these Hamiltonian functions.
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1.3 The Melnikov function method

There are two standard methods for studying the number of limit cycles that bifurcate from a
periodic annulus of a smooth vector field by small perturbations. The first one is the Averaging
method, which has an extension to the piecewise smooth case, see for example [22, 31, 37|, and
the second one is the Melnikov function method, which also has an extension to piecewise smooth
case, see [20, 43]. In [21], the authors proved that these two methods are equivalent to each other.
The main goal of both methods is to transform the problem of estimate the number of limit
cycles of a piecewise system into a problem of finding zeros of a given function. In the planar
case, there are situations in which some limit cycles are not detected by the Melnikov function
method when we perturb a periodic annulus of a piecewise Hamiltonian differential system (see
[6, 44]). These limit cycles in this context are called alien limit cycles. In this work, we will use
the number of zeros of the Melnikov function to estimate the number of limit cycles that can
bifurcate from a periodic annulus. Furthermore, in this section, we will present expressions for
the Melnikov functions associated with a discontinuous planar piecewise Hamiltonian differential

system with two or three zones.

To establish the Melnikov functions, consider H* : U ¢ R? — R, a C" function with r > 1
and h; : R? — R, with h;(z,y) = 2 — 2; (note that 0 € R is a regular value), for i = R, C, L. A
discontinuous planar piecewise near—Hamiltonian differential system with n zones, for n = 2,3,

is a piecewise differential system given by

@ = Hy(z,y) + ef(z,y), (1.4)

y = _de(way) + eg(x,y),

where, for n = 2, we have that

HL(‘T’y)a hC(‘T’y) S 07
H(ﬂ?,y) =

H%(x,y), ho(z,y) >0,

fL(xay)7 hC(‘rvy) < 07
flz,y) =

fR(Iay)’ hC(xvy) > 07
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QL(%ZI); hC(x7y) S 07
g9(z,y) =

gR(x7y)7 hC(x7y) Z 07

and, for n = 3, we have that

HL(.T,',y)’ hL(xay) SO?

H(z,y)

Hc(x7y)a hR(:an) S 0 § hL(xay)7

HR(vay), hR(xay) 207

fL(xay)7 hL(I)y) §07

f(x,y) = fC(l’,y), hR(CU,y) < 0 < hL(xvy)7

fR(l‘ay)v hR('T?y) ZO)

QL(JUZ/)y hL(ny) SO?

g(fU,y) gc(a")y)a hR(xvy) < 0 < hL(x7y)’

gR($7y)7 hR(xay) 207

\
where the functions f; and g; are C*°, for i = L,C, R, and 0 < ¢ << 1. When ¢ = 0 system

(1.4) is a piecewise Hamiltonian differential system.

Regarding system (1.4)]c—g, we make some assumptions:

(H1) For the case n = 3, suppose that unperturbed system (1.4)|c=o has an open interval
Jo = (a0, Bo) and a periodic annulus consisting of a family of crossing periodic orbits LY,
with h € Jy, such that each orbit of this family crosses the straight lines x = xx and
x = x, in four points, A(h) = (xgz,a(h)), A1(h) = (zg,a1(h)), A2(h) = (x.,a2(h)) and
As(h) = (x.,a3(h)), with a;(h) < a(h) and ag(h) < ag(h), through the three zones with

clockwise orientation (see Figure 1.4), satisfying the following equations
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and, for h € Jy,
Hy(A(h)) Hy (A1 (h)) Hy (A2(h)) H, (As(h)) # 0,

H/(A(h)) Hy (Ay(h)) Hy (Aa(h)) Hy (As(h)) # 0.

Therefore, for each h € Jy, the crossing periodic orbit L?L from system (1.4)]c—¢ is given

by LY = AA; U A Ay U Ag Ay U Az A (see Figure 1.4).

(H2) For the case n = 2, suppose that unperturbed system (1.4)|.—o has a open interval J; =
(a1, 1) and a periodic annulus consisting of a family of crossing periodic orbits L,ll, h €
J1, such that each orbit of this family crosses the straight lines x = z~ in two points,
B(h) = (z¢,b(h)) and By(h) = (z¢,b1(h)), with b1 (h) < b(h), through the two zones with

clockwise orientation (see Figure 1.4), satisfying the following equations

H"(B(h)) = H*(B1(h)),

H*(By(h)) = H*(B(h)),

and, for h € Jy,

H,/(B(h)) Hy(Bi(h)) H, (B(h)) H, (Bi(h)) # 0.

Therefore, for each h € Ji, the crossing periodic orbit L} from system (1.4)|c—o is given

by L} = BB, UBB (see Figure 1.4).

Ly
As A B
Ly
A2 Al Bl
r =2y r = XTR r = T¢o

Figure 1.4: The crossing periodic orbits of system (1.4)|c—o with three and two zones, respectively.

For the perturbed system (1.4) when n = 3, consider, for h € Jy, the solution of right
subsystem from (1.4) starting from point A(h). Let Aj(h) = (g, a1¢(h)) be the first intersection
point of this orbit with straight line x = x. Denote by Ag.(h) = (x, as(h)) the first intersection

point of the orbit from central subsystem from (1.4) starting at A;.(h) with straight line z = x,,
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Ase(h) = (xp,asc(h)) the first intersection point of the orbit from left subsystem from (1.4)
starting at Agc(h) with straight line x = x, and A¢(h) = (2, ac(h)) the first intersection point
of the orbit from central subsystem from (1.4) starting at As.(h) with straight line z = x5 (see
Figure 1.5). Similarly, for the perturbed system (1.4) when n = 2, consider, for h € Jj, the
solution of right subsystem from (1.4) starting from point B(h). Let Bi.(h) = (z¢,bic(h)) be
the first intersection point of this orbit with straight line z = z and Bc(h) = (z¢,bc(h)) the
first intersection point of the orbit from central subsystem from (1.4) starting at Bi.(h) with

straight line x = z¢ (see Figure 1.5).

Ase /»\' Ac y Be
A

r =2y r = XTR r = T¢

Figure 1.5: Poincaré maps of system (1.4) with three and two zones, respectively.

Thus, we can define the displacement maps of piecewise system (1.4) as

Bo(h,€) = H®(A(h)) — H®(A(h)) = eFo(h,€) = eMy(h) + O(?), Yh e Jo, (1.5)

Bi(h,e) = H*(B.(h)) — HY(B(h)) = eFi(h,€) = eMi(h) + O(?), YheJ,  (1.6)

where My and M are called the first order Melnikov functions associated to piecewise system

(1.4) with three or two zones, respectively. Note that, by the Mean Value Theorem,

Bo(h,¢) = DH"(A(h) + O(Ac(h) — A()))(Ac(h) — A(R)
— (DH™(A(R)) + O(e)) (Ac(h) - A(h))
= (HH(A(R)) + 0(6)) (ac(h) — a(h)).

As, by hypothesis (H1), HJ(A(h)) # 0, we have that Bo(h,€) = 0 if and only if a(h) = ac(h).
Similarly, By (h,€) = 0 if and only if b(h) = bc(h). Therefore, for 0 < ¢ < 1, system (1.4) has a
limit cycle in Ly, if and only if F;, ¢ = 0,1, has an isolated zero in h. Thus, by Implicit Function
Theorem, the number of simple zeros of the function M;, i = 0,1, can be used to estimate the

number of limit cycles emerging from the periodic annulus from system (1.4).
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In what follows, we provide an expression for the first order Melnikov functions My and My,
that we will use frequently in the text. Then, following the steps of the proof of Theorem 1.1
in [43] for the case with two zones and, doing the obvious adaptations, for the case with three

zones, we can prove the following theorem.

Theorem 1. Consider system (1.4) with 0 < € < 1 and suppose that the unperturbed system
(1.4)|e=o satisfies the hypotheses (Hi), i = 1,2. Then, the first order Melnikov functions

associated to system (1.4) with three and two zones can be expressed, respectively, as

HR(A) HR(A)HC(A3) HR(A)HC(A?,)HL(AQ)
Mol = ey metayman " HS A A s (4 17
| HFAH (A B (A Hy (A) o (1.7)
HE(A)Hy (As)HY (A2) Hyf (A1) 0,
" (B) (B)H, (B1)
H} (B H}(B)H} (B
Ml(h)—HyL(B)IHH;(B)HR(B)I;, he g, (1.8)
where

10— /A god — fody, 10 = /A gode — fody, T0— /A gedz — fody,
A3A A2A3 A1A2

0= //\ grdx — frdy, I} = /A grdx — frdy and I}, = /A grdx — frdy,
AA1 BlB BBI
Furthermore, if M;, for i = 0,1, has a simple zero at h*, then for 0 < e << 1, system (1.4) has

a unique limit cycle near Lp».

Proof. Firstly, let us obtain the expression of the Melnikov function (1.7). From (1.5), the

displacement map is given by
H"(Ac(h)) — H(A(h)) = 01 4 02 + 03 + 64 + 5 + 06 + 07 + Js, (1.9)

where 01 = HT(Ac(h)) — H(Ac(h)), 02 = H(Ac(h)) — H(Asc(h)), 03 = H(Ase(h)) —
H*(Ase(h)), 04 = H"(Asc(h)) — H"(A2(h)), 65 = H"(Azc(h)) = H(A2e(h)), 66 = H (Aze(h)) —
HC(A1e(h)), 07 = H(A1e(h)) — H*(A1e(h)) and 0 = H*(Ae(h)) — H*(A(R)).

Note that

b = HO(A) ~ H(AscW) = [ dH(wy) = [ Hido+ Hydy,
A3€A5 A3€AE

From the right side of (1.4), we can substitute dz by (Hy + efc)dt and dy by (—H; + egc)dt,



1.3 The Melnikov function method 33

respectively. Then, do becomes

Jy = //\ Hy (H; + efc)dt + //\ H (—H; + egc)dt
A3€A€ AdeA
:6/ (HS fc+H geo)dt
Az Ae

=€ | fo(—dy+egedt) + e//\ go(dx — efedt)
A35Ae A35A

= 6//_\ gcd.’IJ — fcdy + 0(62).
A3zA

Thus, we have that
02

— =0 = dr — fody. 1.10
86‘ 0 /A/qucﬁ fedy ( )

With the same argument, we obtain

1000

e = [ gudo— iy, (111)
€ Az A3

06

676|e:0 = //\ gedr — fedy, (1-12)
€ A1A2

and

1ol

Toleo= [ guds ~ fudy. (1.13)
€ AA;

Moreover, since A = (zg,a(h)), Aie = (xg,a1¢(h)), A2e = (x1,a2:(h)), Ase = (z1,a3(h)) and

Ac = (zg,ac(h)), we obtain, from 6o = H(Ac(h))—HC(Asc(h)), 4 = H"(Asc(h))—H"(Asc(h)),
d¢ = HY(Azc(h)) — HY(A1e(h)) and 8 = HR(Ac(h)) — HE(A(h)),
%%\eo = H;,C(A(h))%f\eo — Hg(Ag(h))aéLSE le=0, (1.14)
88564‘620 = H;(A3(h))aélse|e:0 - HyL(AQ(h))a;2€ ’e 0, (1‘15)
s | = HE (As(h) 22| g — G (1 (1) 222, (L16)
and
83668|620 = H;(Al(h))agekkzo- (1.17)

From (1.13) and (1.17), we conclude that

Oaie 1
S S — frdy. 1.1
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From (1.18), (1.16) and (1.12), we have that

8a26 _ 1 _
Je ‘GZO_HyC(AQ(h)) /A/lA\gngx fcdy
HE (A (1)
rdx — frdy.
T T (g () (A (1) /Af/:lg 7 ey

(1.19)

From (1.19), (1.15) and (1.11), we have that

8&36 1

— |e= = d - d

Be =0 HE(A (h))/AQ/A\39L v = Judy
Hy AQ(h )aa26

3
LAy () . (1.20)
Hj(As(h)) 0

From (1.20), (1.14) and (1.10), we have that

Oda. 1
E‘EZO ( (h))/ Agcdx fedy
Hy/(As(h)) das.

Hg(A(h)) Be =

Thus, since 01 = H?(A((h)) — H(Ac(h)), it follows that

001 (

— =g = 1.21
~Lemo (121)

Similarly, since 03 = H(Asc(h)) — H*(Asc(h)), 05 = H*(A2.(h)) — HY(A2(h)) and 67 =
H(Aic(h)) — H®(A1c(h)), we obtain

%'620 B (HyC(A3(h)) - HyL(Aa(h)))%le:o, (1.22)

%\e:o — (Hy (Ao(R) — H (As(h))) a;? leco, (1.23)
and

%kzo = (Hyc (Ai(h)) - H;(Al(h))) a;ﬁle le—o- (1.24)

Therefore, from (1.5) and (1.9), we have that

Mo(h) = (H*(Ad(h)) ~ H*(A()) o

0
:—(51 +52+53+54+55+56+57+58)’5:0-
Oe

Replacing (1.10), (1.11), (1.12), (1.13), (1.21), (1.22), (1.23), (1.24) into (1.25), we obtain the

expression (1.7).
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Now, let us obtain the expression of the Melnikov function (1.8). From (1.6), the displacement
map is given by

HR(B.(h)) — HX(B(h)) = 61 + 63 + 63 + o4, (1.26)

where 0y = H®(B.(h)) — H*(Be(h)), 6y = H*(Be(h)) — H*(Bic(h)), 65 = H"(Bic(h)) —
H"(Byc(h)) and 64 = H?(Byc(h)) — H*(B(h)). Note that

8y = H*(Be(h)) — H"(B1e(h)) = //\ dH" (z,y) = //\ Hydx + H,dy.
BleBe BleBe

From the right side of (1.4), we can substitute dz by (H, + ef,)dt and dy by (—H; + €g.)dt,
respectively. Then, §o becomes
5y = /A HE(HE + ef, )t + /A HE(—HE + cg,)dt
BleBe BleBe

e [ mrpo g
BleBe

=e [ fu(—dy+egpdl) + e//\ gr(dz — ef,dt)
BieBe Bi1cBe

== 6//_\ ngCU - dey + 0(62)
BB

Thus, we have that

06
872|e:0 = //\ grdz — frdy. (1.27)
€ BB

With the same argument, we obtain

9.
874|e:0 = //\ grdx — frdy, (1-28)
€ BB

On the other hand, since B, = (z¢,bc(h)) and Bie = (x¢,bic(h)), we obtain, from dy =
H*(Bc(h)) — H"*(Bic(h)),

Ek:o = H?,L(B(h))a\ezo - H;(Bl(h))ikzo- (1.29)
Moreover, since B = (z,b(h)) and 64 = H®(B1.(h)) — H*(B(h)), we obtain
8(54 able
B¢ le=0 = Hy (B1(h)) =5 ~le=o. (1.30)

From (1.28) and (1.30), we have that

Ob1c 1 /
e=0= 5o dx — frdy. 1.31
9 =0 T B Sz I 3y
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From (1.27), (1.29) and (1.31), we have that
Obe 1
E’EZO —m /B/l\B grdz — frdy
Hy(Bi(h)) /
y
grdx — frdy.
(B H(By () Jam ©
Moreover, we have that
9, (. . b,
Stlemo = (HJ(B(0) = H{(B(h)) 5 |0, (1.32)
853 able
Slemo = (Hy(Bu(h) = HJ(By(R))) S . (1.33)
Therefore, from (1.6) and (1.26), we have that
8 R R
My(h) =5 (H"(Bd(h) — H*(B(h)) s
5 .
:a(dl + 02 + 03 + 64) le=0-

Replacing (1.27), (1.28), (1.32), (1.33) into (1.34), we obtain the expression (1.8). The rest of

the statement from theorem is a straightforward consequence of Implicit Function Theorem. [



CHAPTER

Limit cycles of planar piecewise linear
Hamiltonian differential system with two or

three zones

In [40], Llibre and Teixeira studied the existence and the number of crossing limit cycles
for continuous and discontinuous planar piecewise linear differential systems with two or three
zones such that the linear systems involved have a unique singular point which are centers.
More precisely, they prove that if the planar piecewise linear differential system is continuous or
discontinuous with two zones or continuous with three zones, then it has no limit cycles. Now,
if the planar piecewise linear differential system is discontinuous with three zones, then it has
at most one limit cycle, and they provided an example with one limit cycle. Motivated by these
results, the main purpose of this chapter is to show that if the singular points of the subsystems
that define the discontinuous planar piecewise linear differential system are saddles or centers,
then the number of crossing limit cycles is also at most one. Moreover, without taking into
account the position of the singular points in the zones, we present examples in Section 2.3 of
discontinuous planar piecewise linear Hamiltonian differential system with tree zones with this

unique limit cycle for all possible combinations of saddles and centers.

2.1 Preliminaries and main results

As we are interested in studying the existence and the number of limit cycles of piecewise linear

Hamiltonian differential systems with two or three zones in the plane, we assume the following

37
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hypotheses:

(H1) The switching curves are straight lines, and parallel if there are more than one.
(H2) The vector fields which define the piecewise one are linear.
(H3) The vector fields which define the piecewise one are Hamiltonian.

(H4) The vector fields which define the piecewise one have isolated singular points, i.e., centers

or saddles.

Moreover, we can classify the systems that satisfy the above hypotheses according to the
configuration of their singular points. Thus, denoting the centers by the capital letter C and by
S the saddles, in the case of two zones we have systems of the type CC, SC and SS. Thus, CC
indicates that the singular points of the linear systems that define the piecewise linear differential
system are centers and so on. Following this idea, for three zones, we have the following six
classes of piecewise linear Hamiltonian differential systems: CCC, SCC, SCS, CSC, SSS and
SSC.

We already know that the case with two zones has been studied in the literature, i.e., the

next theorem is already proved.

Theorem 2. A continuous or discontinuous planar piecewise linear Hamiltonian differential
system with two zomes separated by a straight line and such that the linear systems that define

it have isolated singular points, i.e., centers or saddles, has no limit cycles.

A proof of Theorem 2 is contained in the proofs of Theorem 2 and 4 from [35]. Alternative
proofs can also be found in other papers. See the proof of Theorem 1 from [41] for the cases CC
and CS, and see the proof of Theorem 3.4 from [28] for the case SS. We include in Section 2.2 a

proof of Theorem 2 just for the sake of completeness.

Assuming hypotheses (H1)—(H4), the main results of this chapter are the following.

Theorem 3. A continuous planar piecewise linear Hamiltonian differential system with three
zones separated by two parallel straight lines and such that the linear systems that define it have

isolated singular points, i.e., centers or saddles, has no limit cycles.

Theorem 4. A discontinuous planar piecewise linear Hamiltonian differential system with three
zones separated by two parallel straight lines and such that the linear systems that define it have

1solated singular points, i.e., centers or saddles, has at most one limit cycle.



2.1 Preliminaries and main results 39

Theorems 3 and 4 have been proved for the particular case CCC, see [40]. Theorem 3 has
also been proved for the particular case SCS, see the proof of Lemma 11 from [51]. For the other

possibilities, as far as we know, the results of Theorems 3 and 4 are new.

In order to prove Theorems 3 and 4, we will make some considerations about the hypotheses
(H1), (H2) and (H3). Let h; : R? - R, i = C, L, R, be the functions he(x,y) = z, hy(7,y) = 2+1
and hg(x,y) = x—1. By the hypothesis (H1), we can assume, by means of rotations, translations
and homotheties, that the switching line X of a piecewise linear system with two zones in the
plane is defined as

Yo =hzt(0) = {(z,y) € R?:z =0}.

These straight line decomposes the plane into two regions
R, ={(z,y) €R?*:2x <0} and Ry={(z,y) €R?:z>0}.

Assuming the hypotheses (H2) and (H3), the piecewise linear Hamiltonian vector field with two

zones is given by

Xi(z,y) = (arz + by +ap,cox —ay + B), <0, 2.1)

Xr(z,y) = (agx + bry + ag, crx — agy + Br), = >0.

Note that the Hamiltonian functions that determine the vector field (2.1) are

b c
H(z,y) = ?LyQ—?La;Z—&—any—i—aLy—BLx, z <0,

br g Cn o (2.2)
HR(xay) = ?y - ?x +arry + gy — Brr, x>0.

For the case with three zones, the switching lines ¥, and ¥ are given by
Y, =h10) = {(z,y) €ER?: 2 = -1},

and

Yr=hz'(0) = {(z,y) e R?: 2 =1}.

This straight lines decomposes the plane into three regions

R, ={(z,y) eR?:x < -1}, Rc={(z,y) eR*: -1 <z <1},
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and

Ry ={(z,y) €eR*: 2 > 1}.

Assuming the hypotheses (H2) and (H3), the piecewise linear Hamiltonian vector field with three

zones is given by

Xo(z,y) = (apz + by +ap,cox —apy + f), =< -1,
Xc(x;y) = (acx +bcy + ac, ccr — acy‘i‘ﬁc), -1<z<1, (2-3)

XR(CUa y) = (aRx + bry + g, CRT — ARy + 51%)7 x> 1.

The Hamiltonian functions that determine the vector field (2.3) are

b c
Hy(x,y) = ELyz - ?LJ?Q +apry +ary — Bz, =< -1,
b c
Hc(m’?/) = ?Cy2 - 30952 +acxy + acy — Bex, —-1<x<1, (2~4)

b c
HR(%?/) = ?Ry2 - ?R$2 +agrry + ary — Prr, T 2=>1.

2.2 Proof of Theorems 2-4

This section is devoted to present the proofs of the main results.

Proof of Theorem 2. Consider a discontinuous piecewise linear Hamiltonian vector field with
two zones separated by a straight line, such that the linear vector fields, that define it, have
isolated singular points. That is, we have piecewise linear vector field (2.1), with a? + bjc; # 0,
for i = L, R. If the piecewise linear vector field has a periodic orbit, then it intersect the straight

line = 0 at two points, (0,y9) and (0,y1), with y; < o, satisfying

HR(07 yl) = HR(O7 yO))

HL(Oa yU) = HL(O> yl)’

where H; and Hy are given by (2.2). More precisely, we have the equations

1

_§(y0 —y1)(br(yo + y1) + 2ar) = 0,

1
§(yo —y1) (b (yo + y1) + 2a,) = 0.

As y1 < yo, if b = 0 and ayr # 0 or b, = 0 and «, # 0 the above system has no solutions.
If bp = ag = 0 and b, # 0 the solution (yo,y1) of the above system with y; < yp satisfies
yo = —(bry1 + 2a) /by, with arbitrary y;1. If b, = a, = 0 and by # 0 the solution (yp,y1) of the
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above system with y; < yo satisfies yo = —(bry1 + 2ag)/bg, with arbitrary y;. If b by # 0, then
the above system has a solution (yg,y1) with y; < yo only when b, = bz = b and a;, = ap = «a.
Moreover, yo = (—by1 + 2«)/b with arbitrary y;. If by = b, = ag = o, = 0, then the system
has infinitely many solutions. Therefore, the piecewise linear vector field (2.1) has no periodic
orbits or has a continuum of periodic orbits, and consequently, it has no limit cycle.

Note that the continuous case is a constraint of the discontinuous one. In fact, the continuous
condition is given by

XR(O)y) = XL(an)v VZ/ € Rv

which implies
arp = a; = a, bR:bL:b, Adp =0 =« and BR:BL:B‘

O]

Proof of Theorem 8. Consider a continuous piecewise linear Hamiltonian vector field with three
zones separated by two parallel straight lines, such that the linear vector fields that define it, have
isolated singular points. That is, we have piecewise linear vector field (2.3), with a? + b;c; # 0,

for i = L,C, R, and due to continuity
Xr(Ly) =Xc(Ly) and Xe(-1,y) =X, (-1,y), VyeR.

These equalities imply that

and

/BR_/BC_CC+CR:5L_/BC_CL+CC:O-

By Theorem 2, the piecewise linear vector field has no limit cycles contained in two zones. Thus,
if the piecewise linear vector field has a periodic orbit, then it intersect the straight lines z = +1
at four points, (1,0), (1,y1), with y1 < yo, and (—1,y2), (—1,y3), with y2 < ys, respectively,
satisfying

=

r(Ly1) = Hr(1,50),

HC(17y0> (_17y3)7

HL( 17y3) HL( 17y2)7
(—

He(=1,y2) = Ho(L, 1),

(2.5)
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where H,, H. and Hy are given by (2.4). More precisely, we have the equations

5o — ) (blun + ) +2(a+ ) =0, (26)
a(yo +ys) + %(yo —y3)(b(yo + y3) + 20) — 26 =0, (2.7)
55 = 1) (052 + 3) — 20— @) =0, (28)
~alyn + 1) — 51— 92) (oys + ) +20) + 250 = . (29)

As y1 < 5o, y2 < y3 and a® + be; # 0, for i = L, C, R, if either b=0and a+ a # 0 or b = 0 and
a + o = 0 the above system has no solutions. If b # 0, as y; < yp and y2 < ys, from equation

(2.6), we can obtain yy as a function of y1, i.e.,

—by1 — 2(a + «
yo= " b( ), (2.10)

Now, from equation (2.8), we can obtain yy as a function of ys, i.e.,

—bys — 2(a —a
yp = 23 b( ). (2.11)

Substituting (2.10) and (2.11) into equations (2.7) and (2.9), respectively, we obtain a solution

(Y0, Y1, Y2, y3) of system (2.5) satisfying y1 < yo and y2 < y3, given by (p1(y1), y1,2(y1), ¥3(y1)),

where

—by1 —2(a+
(Pl(yl) _ Y1 b( )’

a—a+ /022 +2b(a+ )y + (a — )2 — 4bB.
p2(y1) = 2 ;

a—a— /022 +2b(a+ )y + (a — )2 — 4bB.
(103(y1) = b )

with arbitrary y;. Note that the inequality b%y? + 2b(a + a)y1 + (@ — a)? — 4bBc < 0 for all
y1 € R is not possible. Therefore, piecewise linear vector field (2.3) has no periodic orbits or has

a continuum of periodic orbits, and consequently, it has no limit cycle. O

Proof of Theorem 4. Consider a discontinuous piecewise linear Hamiltonian vector field with
three zones separated by two parallel straight lines, such that the linear vector fields that define
it, have isolated singular points. That is, we have piecewise linear vector field (2.3), with
—a? — bic; # 0, for i = L,C, R. By Theorem 2, the piecewise linear vector field has no limit
cycles contained in two zones. Thus, if the piecewise linear vector field has a periodic orbit, then
it intersect the straight lines z = +1 at four points, (1,y0), (1,y1), with y1 < yo, and (=1, y2),

(—1,y3), with y2 < ys, respectively, satisfying
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HR(1 yl) HR(l yO)
HC(layO) (_17?43)7
(2.12)
HL( 1793) HL( 17y2)7
Hc( 1 3/2) Hc(l yl)
where H,, Ho and Hy are given by (2.4). More precisely, we have the equations
1
§(y1 —yo)(bR(yo—l-yl) +2((1R+O[R)) = 0, (213)
1
5(?40 —y3)(be(yo + y3) + 20¢) — 28c 4+ ac(yo + y3) = 0, (2.14)
1
53 —y2)(be(y2 +y3) — 2(az —ar)) =0, (2.15)
1
52 = y1)(be(y1 +y2) + 20c) + 20 — ac(y1 +y2) = 0. (2.16)

To determine all the solutions of the above system, restricted to the conditions y1 < yg, y2 < y3

and a? + bic; # 0, for i = L,C, R, we distinguish two cases. In the first case we assume that

brbrbe = 0. For this cases, system (2.13)-(2.16) has no solutions when

e bp=0and ap + ap #0;

bL:OandaL_aL#O;

br =ar+ar =bs =as —ac =0 and b, # 0;

bL:CLL—

bc - O, bRbL # 0 and bRac(aL

and it has infinitely many solutions when

ap =be = ag —ae =0 and by # 0;

- OZL) +aC’bR(aL

br =ar+ap =0, =a, — o, =bc =ac—ac=0;

—ay)+br(ar+ag)(ac+ac)+2bLbrBc # 0;

e bp=ap+ar=b,=a, —a, =bs =0 and as — a¢c # 0;

brp=ar+ar=>b, =a, —a, =0 and b, # 0;

brp=ar+ar=bc=0, ac —ac # 0 and b, # 0;

bR:aR—FaR:OandbLbC;ﬁO;

by =a;, —ap, =b=0, by # 0 and ac — ac # O;

bL:aL_OéLzoandbRbc#O;
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L] bC = 0, bRbL # 0 and bRac(aL—OZL)‘{'ach(OZL_aL)+bL(aR+aR)(aC +a0)+2bLbRﬂC =0.

In the second case, we assume that b, bobr # 0. From equation (2.13), we can obtain yg as a

function of y1, i.e.,

—b -2
Yo = RrY1 ; (aR + aR) ) (217)
R

Now, from equation (2.15), we can obtain ys as a function of ys, i.e.,

“boya — 2 —
pp— b(aL a). (2.18)
L

Substituting (2.17) and (2.18) into equations (2.14) and (2.16), respectively, we obtain the

equations of two hyperbolas in the plane y;ys3, given by

(i —A)?  (y3—B)?

- -C=0,
r 2 K 2 (2.19)
W —-D)" (y—E) . _,
K K ’
with
g=2 azblactac) = Belantan) p_te—0c g _ 2acoc thobe)
bc beR bc' bC
D= _M and E — br(ac — ac) _ch(aL—aL)_
be boby

Note that system (2.19) is equivalent to the system

y? — 2Ay; + A® —y2 + 2By — B2 — KC =0,
(2.20)

2(A—D)y1 +2(E — B)ys + D* — E* + B> — A = 0.

The above system could have infinitely many solutions (y1,ys3), for instance when A = D and
B = E. In this case, the piecewise linear vector field (2.3) has a continuum of periodic orbits,
and consequently, it has no limit cycle. Suppose that system (2.20) has finitely many solutions.
According to Bezout’s Theorem (see [52, p. 144]), if a system of polynomial equations has
finitely many solutions, then the number of its solutions is at most the product of the degrees
of the polynomials, that for system (2.20) is two. Therefore, the two above hyperbolas intersect
at most two points. Note that, by (2.13)—(2.16), if (yo,y1,y2,y3) is solution of system (2.12)
then (y1, Y0, y3, y2) is also a solution. However, for y; < yo and y2 < y3 we have at most a single

solution. Therefore, the piecewise linear vector field (2.3) can have at most one limit cycle. [
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2.3 Examples

In the proof of Theorem 4 it was not necessary to consider the position of the singular points from
subsystems that define the piecewise one, i.e., if the singular points are real, virtual or boundary.
Therefore, a natural question is if there are examples of discontinuous planar piecewise linear
Hamiltonian differential systems with three zones separated by two parallel straight lines with
at most one limit cycle, for each position of the singular points. In this section, we answer this
question. More precisely, we give examples of piecewise linear Hamiltonian systems of the type
CCC, SCC, SCS, CSC, SSS and SSC with exactly one limit cycle, for different positions of the
singular points. Denoting a real singular point by the letter R, a boundary singular point by
the letter B and a virtual singular point by the letter V, we say that a system is of the type
CrSpCy if the singular point of the right subsystem is a virtual center, of the left subsystem is

a real center and of the central subsystem is a boundary saddle.

Example 1. (Case CyCrCy) Consider the discontinuous planar piecewise linear Hamiltonian
vector field (2.3) with a, = 4, b, = 8, ap, = 3/2, ¢, = —=5/2, B, = 11/4, ac = 0, be = 2,
ac = Pe =2/3, coc = =2, ag =4, by =2, cg = —10 and oy = Br = —4. We can see that
the central vector field from (2.3) has a center at the point (1/3,—1/3), the right vector field
has a center at the point (—6,14) and the left vector field has a center at the point (7,—59/16).
Therefore, a candidate to limit cycle of vector field (2.3), in this case, corresponds to the solution
of system (2.12), i.e.,
(y1 = yo)(y1 + yo) =0,

1
= (wo(2+3y0) —y3(2+ 3y3) —4) =0,

3
%(;,3 —12)(8(y2 +y3) —5) =0,
%(4 —y1(2+3y1) + 32(2 + 3y2)) = 0.

After some computation, the unique solution (yo,y1,y2,ys) of the above system, satisfying the

conditions y1 < yo and y2 < ys3, s given by

31 /1259 31 /1259 5 1 /1259 i—i-} /1259
48V 2357 48V 235716 3V 235716 3V 235 )

The points (—1,y2), (—1,y3) € X1 and (1,40), (1,y1) € Xr are crossing points because
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(X1 (~1,92), (1,0)) - (Xo(=1,32), (1,0)) ~ 1.5518 > 0,
(X1(=1,93),(1,0)) - (Xe(=1,93), (1,0)) =~ 17.4969 > 0,
(Xo(L,90), (1,0)) - (Xr(1,50), (1,0)) ~ 10.9315 > 0,
(Xo(1,51), (1,0)) - (Xn(1,51), (1,0)) ~ 6.9452 > 0.

The orbit (xr(t),yr(t)) of Xg, such that (xx(0),y=(0)) = (1,y0), is given by

31 /1259
xR(t) = Tcos(2t) + &V 2

31 /1259 31 /1259
)= —4/—— —14 2t) — — ) — in(2t 14.
yr(t) (48“ 535 )COS( t) (74—24\/ 235)sm( )+

The orbit (v, (t),yc, (t)) of Xe, such that (vc,(0),yc,(0)) = (1,91), is given by

sin(2t) — 6,

2 1 31 /1259 . 1
Te, (1) = 3 cos(2t) + <3 18 235> sin(2t) + 3

Yo, (t) = (;’ - % 1223559) cos(2t) — é(l + 4 cos(t) sin(t)).

The orbit (x(t),yr(t)) of X, such that (x.(0),y.(0)) = (—1,y2), is given by

4 /1259
x(t) = —8cos(2t) — 3\ 935

sin(2t) + 7,

1 /1259 4 /1259 . 59
yo(t) = (4 ~ 3 / 235> cos(2t) + (4 + g\/ 235> cos(t) sin(t) — 16

The orbit (xc,(t),ye,(t)) of Xc, such that (xc,(0),yc,(0)) = (=1,y3), is given by

4 31 1 /1259 . 1
T, (t) = ~3 cos(2t) + (48 + 3 235> sin(2t) + 3’

1
Yo, (t) = <i; + % 1;;5) cos(2t) + 5(8 cos(t)sin(t) — 1).

The flight time of the orbit (zg(t),yr(t)), from (1,y0) € X to (1,y1) € Xg, is

. 1 sreta 208321/295865
—= — ar: n S E— .
79 25320661

The flight time of the orbit (xc, (t),yc, (t)), from (1,y1) € X to (=1,y2) € ¥, is

T 1 96(10810 + /295865)
to, = — — —arctan .
! 2 2 496001
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The flight time of the orbit (x,(t),y.(t)), from (—1,y2) € X, to (—1,y3) € X, is

1 (1%/295865)

t, = iarctan 7201

Finally, the flight time of the orbit (xc,(t),ye,(t)), from (—=1,y3) € X1 to (1,y0) € X, is

te, = ) arctan

96(+/295865 — 10810)
496001 '

The point (—1,5/16) € X, is an invisible fold point of X, and the point (—1,—1/3) € ¥, is
a visible fold point of Xc. They are endpoints of the escaping set in ¥,. The point (1,0) € Xy
is an invisible fold point of Xy and the point (1,—1/3) € Xy is a visible fold point of X.. They
are endpoints of the sliding set in Yy.

Using the Mathematica software (see [57]), we can draw the orbits (x;(t),yi(t)) for the time
t €10,ti], i = R, L,C1,Ca, i.e., we obtain the limit cycle illustrated in Fig. 2.1 (a). Fig. 2.1 (b)
has been made with the help of P5 software (see [24]), and provides the phase portrait of vector

field (2.3) in this case (the symbol o indicates a virtual singular point).

Y., 2R
Z:L Z:R o
(1,%0)
\E
@
O
(173/1) ]

—
&

~—

—~

b)

Figure 2.1: The limit cycle of vector field (2.3) with a, = 4, b, = 8, o, = 3/2, ¢, = —5/2,
BL - 1]./4:7 Qe — 0, bc — 2, Ao — /BC - 2/3, Co — _2, ar — 4, bR — 2, Cr — _10 and
ap = BR — _4

In order to simplify the text, in Table 2.1 we give the parameter values for that the
discontinuous planar piecewise linear vector field (2.3) has at most one limit cycle, passing
through the points (1,¥o), (1,91), (—1,y2) and (—1,ys), for the other possible configurations of
the type CCC.

Example 2. (Case SRCrCy) Consider the discontinuous planar piecewise linear Hamiltonian

vector field (2.3) with a;, = b, = 1, a, = 2/3, ¢, = 35, B, = 214/3, ax = 0, bo = 2,
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CvCrCr CrCrCgr CyCvyCy CyCvyCr CrCvCr
ae 0 0 0 0 0
be 2 2 2 2 2
Co -2 ) -2 -2 -2
Qe 1 1 1 1 1
Be 1 1 3 3 3
ag 8 8
b 10 10 10 10 10
Ch -8 -8 -8 -8 -8
ap -8 -8 -8 -8 -8
Br 10 10 -8 10 10
a, 16 16 16 16 16
b, 65 65 65 65 65
2 2 2 2 2
L -8 -8 -8 -8 -8
ap 8 8 8 8 8
Be 0 10 -8 0 -2
97 /4873 97 /4873 97 [4441 97 [4441 97 [4441
Yo 2340\ "2 2340\ "2 780\ "6 780\ 6 780 \/ 6
_ 97 [agr3 | _ 97 [a873 | _ 97 [a441 _ 97 [4441 _ 97 /4441
Y1 2340 2 2340 2 780 6 780 6 780 6
16 1 4873 16 1 4873 16 1 4441 16 1 4441 16 1 4441
Y2 | 55~ 36\ 2 |35 36\ 2 |6 12V 6 |6 12V 6 |65 12V 6
16 1 4873 16 1 4873 16 1 4441 16 1 4441 16 1 4441
Ys | 5536\ 2 |3 t3\V 2 |6tV 6 |tV 6 |65 T2V 6

Table 2.1: Parameter values for that vector field (2.3) of the type CCC has one limit cycle.

ac = Pe =2/3, co = =2, ap =4, by =2, ag = fr = —4 and cy = —10. We can see that
the central vector field from (2.3) has a center at the point (1/3,—1/3), the right vector field
has a center at the point (—6,14) and the left vector field has a saddle at the point (—2,4/3).
Therefore, a candidate to limit cycle of system (2.3), in this case, corresponds to the solution of
system (2.12), i.e.,

(y1 —vo)(y1 + o) =0,

1
5(90(2 +3y0) — y3(2 + 3y3) —4) =0,

1

6(2/3 —42)(3(y2 +y3) —2) =0,

1
5(4 —y1(2 4 3y1) + y2(2 + 3y2)) = 0.

The only solution (yo,y1,Y2,y3) of the above system, satisfying the conditions y; < yo and

Y2 < Y3, 1S given by

2v5  2v5 1-v5 1+5
3’7 3° 3 ' 3 '
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The points (—1,y2), (—1,y3) € X and (1,40), (1,y1) € X i are crossing points because

XL( 1 y Y2 a( )> ’ <XC(_17y2)7 (170)> ~ 0.1173 > 07

( )
(X.(—1,93),(1,0)) - (Xc(—1,93),(1,0)) ~ 2.1049 > 0,
<XC(1 yO)? (170)> <XR(17y0)7 (170)> ~ 10.8765 > 07

( (

Xo(1,y1), (1,0)) - (Xn(1,y1), (1,0)) ~ 6.9013 > 0.

The orbit (xr(t),yr(t)) of Xg, such that (xr(0),yr(0)) = (1,y0), is given by

n(t) = Tcos(2t) + 2\?{5 sin(2¢) — 6,

yr(t) = %(\[ —21) cos(2t) — <7 + 4\3/5> sin(2t) + 14.
The orbit (xc,(t),yc, (t)) of Xe, such that (xc,(0),yc,(0)) = (1,91), is given by

(2 cos(2t) + (1 — 2v/5) sin(2t) + 1),

xC1( )

o:;\n—loa\

Yo, (t) = = ((1 — 2V/5) cos(2t) — 2sin(2t) — 1).

The orbit (x(t),yL(t)) of X, such that (x.(0),y.(0)) = (—1,y2), is given by

wp(t) = %(18+ V5)e 5 + 36(18 V5)ed
y.(t) = —%(126 +7V5)e % + 31—6(90 —~ 5\/5)e6t +

The orbit (xc,(t),yc,(t)) of Xc, such that (xc,(0),yc,(0)) = (=1,y3), is given by

(1 —4cos(2t) + (2+ \/5) sin(2t)),

1302( )=

c.o\>—~oo\>—~

Yo, (t) = = ((2+ V/5) cos(2t) + 4sin(2t) — 1).

The flight time of the orbit (xx(t),yr(t)), from (1,y0) € X to (1,y1) € X, is

1 <84\£>
tp = —arctan | —— |.

2 421

The flight time of the orbit (xc,(t),ye, (t)), from (1,y1) € Xg to (=1,y2) € 3y, is

—_

tC:

1

~ 3 arctan(2).

b | 3
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The flight time of the orbit (x,(t),y.(t)), from (—1,y2) € X, to (—1,y3) € X, is

1 (329—%36x/5>

fo= -1
LT 319

Finally, the flight time of the orbit (xc,(t),ye,(t)), from (—=1,y3) € X1 to (1,y0) € X, is

1
te, = 3 arctan(2).

The point (—1,1/3) € ¥, is an invisible fold point of X, and the point (—1,—1/3) € 3, is
a visible fold point of X.. They are endpoints of the escaping set in X,. The point (1,0) € Xg
is an invisible fold point of Xy and the point (1,—1/3) € Xy is a visible fold point of X.. They
are endpoints of the sliding set in Y.

Hence, using the Mathematica software, we can draw the orbits (x;(t),y;(t)) for the time
t €[0,t;], i = R,L,Cy,Cq, i.c., we obtain the limit cycle given in Fig. 2.2 (a). Fig. 2.2 (b) has
been made with the help of P5 software, and provides the phase portrait of vector field (2.3) in

this case.

7 S 1,
1) / (1, 90)

o — =

(Lyl) ]

[

Figure 2.2: The limit cycle of vector field (2.3) with a, = b, =1, a, = 2/3, ¢, = 35, 5, = 214/3,
ac =0,bc =2, ac =P =2/3,cc =—2,ar =4, bgr =2, ap = Bz = —4 and ¢z = —10.

Example 3. (Case SpCrSgr) Consider the discontinuous planar piecewise linear Hamiltonian
vector field (2.3) with a;, = b, = 1, a, = 3/5, ¢, = 35, B, = 357/5, ac = 0, bo = 2,
ac = B =1,cc = —2,ar =bgr =1, ag = —1, cg = 15 and Br = —31. We can see that
the central vector field from (2.3) has a center at the point (1/2,—1/2), the right vector field
has a saddle at the point (2,—1) and the left vector field has a saddle at the point (—2,7/5).

Therefore, a candidate to limit cycle of system (2.3), in this case, corresponds to the solution of
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o1

system (2.12), i.e.,

1
§(y1 +y0)(y1 — vo) =0,

Yo +yo —ys(l+y3) —2=0,
1

10— 12)(5(y2 +y3) = 4) = 0,

ys+y2—yi(l+y)+2=0.

The only solution (yo, y1, Y2, y3) of the above system, satisfying the condition y1 < yo and yo < ys,

s given by

s 2 822,22,
5V7 5V75 75 7]

The points (—1,y2), (—1,y3) € ¥ and (1,y0), (1,y1) € Xr are crossing points because
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The orbit (xx(t),yr(t)) of Xg, such that (xx(0),yx(0)) = (1,y0), is given by

(0+9VTH) _,  (9VTE-T0) ,,

r(t) = =5 o ¢ T2
350 + 451/14 92714 — 210
yR(t) — ( )€—4t + ( )64t —1.

140 140

The orbit (xc,(t),yc, (t)) of Xe, such that (zc,(0),yc,(0)) = (1,41), is given by

ey (1) = cos(t) cos(t) + sin(t) - ? \/g sin(t)).
(35 — 36v/14) 1

Yo, (t) = 0 cos(2t) — cos(t) sin(t) — 3

The orbit (x(t),y.(t)) of Xp, such that (x,(0),y.(0)) = (—1,y2), is given by

@V (V-2
nl)="—p "~ g ¢ %

(735 +35v14) o, (25V14 —525) LT

_ e 6 Sty L

210 210 5

yr(t) =
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The orbit (xc,(t),ye,(t)) of Xe, such that (20,(0),yc,(0)) = (=1, y3), is given by

3 9 2 1
Te,(t) = ) cos(2t) + = cos(t) sin(t) + 2\/;sin(2t) +3

Yo, (1) = (190 + 2\/3) cos(2t) + 3 cos(t) sin(t) — %

The flight time of the orbit (zx(t),yr(t)), from (1,y0) € X to (1,y1) € Xy, is

tn=7log 269

1 <431 + 90\/14>
; .

The flight time of the orbit (x¢, (t),ye, (1)), from (1,y1) € X to (—1,y2) € ¥y, is

2(7 4+ 4v/14)
te, = arctan T

The flight time of the orbit (x,(t),y.(t)), from (=1,y2) € X1 to (—1,y3) € Xy, is

t, = —log ol

1 (65+6\/ﬁ>
Slog (VS

Finally, the flight time of the orbit (xc,(t),yc,(t)), from (—1,y3) € X1 to (1,y0) € Xg, is

2(—7+4V14)
te, = arctan — =5

The point (—1,2/5) € ¥, is an invisible fold point of X, and the point (—1,—1/2) € ¥, is
a visible fold point of X.. They are endpoints of the escaping set in ¥,. The point (1,0) € ¥
is an invisible fold point of Xr and the point (1,—1/2) € Xy is a visible fold point of X.. They
are endpoints of the sliding set in Xg.

Hence, using the Mathematica software, we can draw the orbits (x;(t),yi(t)) for the time
t €[0,t], i = R,L,C1,Ca, i.e., we obtain the limit cycle illustrated in Fig. 2.8 (a). Fig. 2.3 (b)
has been made with the help of P5 software, and provides the phase portrait of vector field (2.3)

in this case.

In Table 2.2 we give the parameter values for that the discontinuous planar piecewise linear
vector field (2.3) has at most one limit cycle, passing through the points (1, y9), (1,y1), (—=1,92)
and (—1,ys), for the others possibles configurations of the type SCC and SCS.

Example 4. (Case CySrCy) Consider the discontinuous planar piecewise linear Hamiltonian

vector field (2.3) with a;, =4, b, =8, oy, = 2, ¢, = —5/2, B, =5/2, ac = 2/5, bo = 24/5,
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(_17 y3)
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— 1(Lw)
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Figure 2.3: The limit cycle of vector field (2.3) with a, = b, = 1, a, = 3/5, ¢, = 35, 5, = 357/5,
ac =0,bc =2, a0 =0c=1,cc=-2,ap =bgr =1, ag = —1, cg = 15 and Bz = —31.

SRCRCr | SRCyCyv | SRCyCr | SrCvSr
ac 0 0 0 0
be 2 2 2 2
Cc -2 -2 -2 -2
e 1 1 1 1
Be 1 3 3 3
ag 8 3 8 1
br 10 10 10 1
Cr -8 -8 -8 15
QR -8 -8 -8 -1
Br 10 -8 10 -31
ar 1 1 1 1
by 1 1
cL 35 35 35 35
w | beafE [ 3o yB [ 4 /B 3+ VR

Table 2.2: Parameter values for that vector field (2.3) of the type SCC and SCS has one limit

cycle.

ac = —9/5, cc =4/5, Be = —4/15, agr = 8, by = 10 and ayr = cx = Br = —8. We can see

that the central vector field from (2.3) has a saddle at the point (1/2,1/3), the right vector field
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has a center at the point (—9,8) and the left vector field has a center at the point (—7,15/4).

Therefore, a candidate to limit cycle of system (2.3), in this case, corresponds to the solution of
system (2.12), i.e

5(y1 — yo)(y1 + yo) =0,

1 2

T5(3y0(12y0 —7) +33ys — 36y35 + 8) = 0,

2(y2 — 2y5 +y3(2y3 — 1)) =0,
1
75 (By1(7 = 1291) — 3330 + 36y3 — 8) = 0.
The only solution (yo,y1,Y2,ys) of the above system, satisfying the conditions y1 < yo and

(552 1)

The points (—1,y2), (—1,y3) € X and (1,40), (1,y1) € X i are crossing points because

Yo < ys3, s given by

Xp(=1,92), (1,0)) - (Xc(—1,92), (1,0)) ~ 37.617 > 0,

( )
(X.(—1,93),(1,0)) - (Xc(—1,93),(1,0)) =~ 23.360 > 0,
<XC(1 yO)? (170)> <XR(17y0)7 (170)> ~ 10.534 > 07

( (

Xo(Ly1), (1,0)) - (Xa(1,41), (1,0)) ~ 28.355 > 0.

The orbit (xr(t),yr(t)) of Xg, such that (xr(0),y=(0)) = (1,y0), is given by
25 |7 .
zr(t) = 10 cos(4t) + 24\/;sm(llt) -9,

yr(t) = (152\/3 - 8) cos(4t) — <2\/Z + 4) sin(4t) + 8.

The orbit (zc,(t),ye, () of Xe, such that (xc,(0),ye, (0)) = (1,41), is given by

(18 + 5v/21) . (3+5v21) i L

Ty (t) = 30 30 2
54 + 15v/21 6+ 10v/21 1
- LV (G 0vED) 1
1 180 180 3

The orbit (x(t),yL(t)) of X, such that (z.(0),y.(0)) = (—1,y2), is given by
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The orbit (xc,(t),ye,(t)) of Xe, such that (20,(0),yc,(0)) = (=1, y3), is given by

1 21 —7V21
T, (t) — _( 5 +3’(7)\/7) 6—2t o (30 3'(7)\/7) 621& + %,
_(45+21v21) ,,  (60—14V21) ,, 1
ye (1) = 80 )

The flight time of the orbit (zg(t),yr(t)), from (1,y0) € X to (1,y1) € Xg, is

1 (480@ )

tp = 1 arctan 6737

The flight time of the orbit (xc, (t),yc, (t)), from (1,y1) € X to (—1,y2) € X, is

1 5+ v21
tCl == ilog T .

The flight time of the orbit (z.(t),y.(t)), from (=1,y2) € X1, to (—1,y3) € Xy, is

t, = = arct
LT arean | ey

1 (336\/ﬁ >

Finally, the flight time of the orbit (x¢,(t),yc,(t)), from (—1,y3) € ¥ to (1,y0) € Xg, is
1
tc, = 3 log(5 + V/21).

The point (—1,1/4) € ¥, is an invisible fold point of X, and the point (—1,11/24) € ¥, is
a visible fold point of Xo. They are endpoints of the sliding set in ¥,. The point (1,0) € Xy is
an invisible fold point of Xy and the point (1,7/24) € Xy is a visible fold point of X~. They are
endpoints of the escaping set in Xg.

Hence, using the Mathematica software, we can draw the orbits (x;(t),y;(t)) for the time
t €[0,t], i = R,L,C1,Cq, i.e., we obtain the limit cycle illustrated in Fig. 2.4 (a). Fig. 2.4 (b)
has been made with the help of P5 software, and provides the phase portrait of vector field (2.3)

in this case.

In Table 2.3 we give the parameter values for that the discontinuous planar piecewise linear
vector field (2.3) has at most one limit cycle, passing through the points (1,yo), (1,41), (=1, y2)
and (—1,ys), for the others possibles configurations of the type CSC.

Example 5. (Case SpSrSr) Consider the discontinuous planar piecewise linear Hamiltonian
vector field (2.3) witha, = o, = —2/3, b, =4/3, ¢, =8/3, B, =35/3, ac = 2/11, by = 120/11,
ac = —41/11, ¢o = 4/11, Bo = —4/33, ar = —2/11, by = 4/11, ar = 1/5, cx = 120/11 and
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Figure 2.4: The limit cycle of vector field (2.3) with a, = 4, b, = 8, a, = 2, ¢, = —5/2,
ﬂL - 5/27 Qc — 2/5, bc == 24/5, Qo = _9/5, Coc = 4/57 Bc - _4/15, ar — 8, bR - ].0 and
Qp = Cr = BR — _8
CvSrCr CrSrCr CyvSvCv CyvSvCr CrSvCr
a 2 2 2 2 2
c 5 5 5 5 5
be 2 2 2 2 2
5 5 5 5 5
4 4 4 4 4
o 5 5 5 5 5
9 9 9 9 9
Qo 5 5 5 5 5
Be -4 -4 -2 -2 -2
ag 8 8 8 8 8
br 10 10 10 10 10
Cr -8 -8 -8 -8 -8
Qg -8 -8 -8 -8 -8
Br -8 9
ar, 4 4 4
b 8 8 8 8 8
5 5 5 5 5
‘L ) ) ) ) )
ar, 2 2 2 2 2
5 /7 5 7 5 5 5
Yo ﬁ\/; ﬁ\/; V1l V1l V1l
5 /1 5 /1 5 5 5
v T3 _E\/; —pVIiL | vl VIl
1_ 7 1_ 7 1_ 7 1_ 7 1_ 7
y2 | 7 —3eV2l | 37— 5v2l | - pvIl 3 vIl - v
ys | A4+ LV21 | L4 EV21 | L+ DVIT | A+ VAT | 1+ SV

Table 2.3:

Parameter values for that vector field (2.3) of the type CSC has one limit cycle.

Br = —749/55. We can see that the central vector field from (2.3) has a saddle at the point

(1/2,1/3), the right vector field has a saddle at the point (1509/1210,89/1210) and the left vector

field has a saddle at the point (—4,—3/2). Therefore, a candidate to limit cycle of system (2.3),
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in this case, corresponds to the solution of system (2.12), i.e.,

1
%(101/% + 41 — yo(1 4 10yp)) = 0,
1

33 (9y0(20yp — 13) + 3y3(43 — 60y3) + 8) = 0,

2
g(ys —y2)(y3 +y2) =0,

1

33 (91(13 = 20y1) + 3y2(60y2 — 43) —8) = 0.

The only solution (yo,y1,Y2,y3) of the above system, satisfying the conditions y1 < yo and

434/26 — 12 431/26 + 12 3 /13 3 /13
240 ’ 240 sV 2rgV 2 )

The points (—1,y2), (—1,y3) € X1 and (1,40), (1,y1) € X i are crossing points because

Yo < Y3, 1S given by
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The orbit (xr(t),yr(t)) of Xg, such that (xx(0),yr(0)) = (1,y0), is given by

(3588 4 473v/26) _,, N (473v/26 — 3588) ,, | 1509

t)=—

Tr(t) 20040 20040 ' 1210°
(1) = (17940 + 2365v/26) _,, (283826 — 21528) ,, 89

Yrlt) = 20040 ‘ 29040 “ T 12100

The orbit (xc,(t),ye, (t)) of Xe, such that (zc,(0),yc,(0)) = (1,41), is given by

(112 4+ 43v26) ,, (68 +43v26) ,, L1
(& (&

el =" T T s ¢ Ty
672 + 258+/26 340 + 215v/26 1
oy = (T2 (304 25V L, 1
! 2640 2640 3

The orbit (x(t),yL(t)) of X, such that (x.,(0),y.(0)) = (—1,y2), is given by

(24 + \/%) o2t _ (\/% — 24) o2t

ru(t) = =) ey
yo(t) = _(24+\/%)6—2t_ (\/%_24)62t—§

16 8 2
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The orbit (xc,(t),ye,(t)) of Xe, such that (20,(0),yc,(0)) = (=1, y3), is given by

20 — 4526 454/26 — 152 1

T, (t) — ( )6—2t + ( )th + -,
88 88 2

54+/26 — 24 454/26 — 152 1

Ye, (t) — ( )67215 + ( )6225 + =,
528 528 3

The flight time of the orbit (zx(t),yr(t)), from (1,y0) € g to (1,y1) € Xy, is

. _ 1, (7188734 130548v/26
BT 5008 271415 '

The flight time of the orbit (xc, (t),ye, (1)), from (1,y1) € X to (—1,y2) € ¥y, is

23 +2v26
tCl = log f .

The flight time of the orbit (x,(t),y.(t)), from (—1,y2) € X1 to (—1,y3) € Xy, is

t, = —log 75

1 (301+24\/%)
5 LT AAVAD

Finally, the flight time of the orbit (xc,(t),yc,(t)), from (—1,y3) € X1 to (1,y0) € Xg, is

1 23 + 2v/26
te, :§log 1)

The point (—1,0) € ¥, is an invisible fold point of X, and the point (—1,43/120) € ¥, is a
invisible fold point of Xo. They are endpoints of the sliding set in X2, The point (1, —1/20) € ¥y
is an invisible fold point of Xp and the point (1,13/40) € Xy is a visible fold point of X~. They
are endpoints of the escaping set in Xg.

Hence, using the Mathematica software, we can draw the orbits (x;(t),yi(t)) for the time
t €[0,t], i = R,L,C1,Ca, i.e., we obtain the limit cycle illustrated in Fig. 2.5 (a). Fig. 2.5 (b)
has been made with the help of P5 software, and provides the phase portrait of vector field (2.3)

in this case.

Example 6. (Case SpSrCy) Consider the discontinuous planar piecewise linear Hamiltonian
vector field (2.3) witha, = oy, = —2/3, b, =4/3, ¢, =8/3, B, = 35/3, ac = 2/11, by = 120/11,
ae = —41/11, cc = 4/11, Be = —4/33, ag = 8, br = 10, ag = —7 and cxr = Br = —8. We can
see that the central vector field from (2.3) has a saddle at the point (1/2,1/3), the right vector
field has a center at the point (—17/2,15/2) and the left vector field has a saddle at the point

(—4,-3/2). Therefore, a candidate to limit cycle of system (2.3), in this case, corresponds to
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YL Yr Yr YR
-1, n
( y3) — . (LyO)

0.5

L L
-0.5 05

~05-

/5
S

(_]-73/2) T (]-7y1) ’—‘m\

(a) (b)

Figure 2.5: The limit cycle of vector field (2.3) with a, = o, = —2/3, b, = 4/3, ¢, = 8/3,
B, = 35/3, ap = 2/11, be = 120/11, ap = —41/11, cc = 4/11, Bo = —4/33, ap = —2/11,
bp=4/11, ap = 1/5, ey = 120/11 and B, = —749/55.

the solution of system (2.12), i.e.,

592 + 1 — yo(1 + 5yo) = 0,

1

§(9y0(20y0 —13) + 3y3(43 — 60y3) +8) = 0,
2

g(y:s —12)(ys + y2) = 0,

1
33 (991(13 = 20y1) + 3y2(60y2 — 43) — 8) = 0.

Making a calculation, the only solution (yo,y1,y2,y3) of the above system, satisfying the

conditions y1 < yo and y2 < ys3, s given by

13 (43 1 43 [a3 1 17 [18 17 [a3
24V 470 107 24V 470 107 8 V 470" 8 V 470 )

The points (—1,y2), (—1,y3) € X1 and (1,40), (1,y1) € X i are crossing points because

Q
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SN—
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The orbit (xc,(t),ye, (t)) of Xe, such that (z¢,(0),yc,(0)) = (1,41), is given by

(5828 +43+/20210) ,, (3760 +43+/20210) ,, 1
e — + 5

zey (t) = 4136 4136 < Ty
(t) = (34968 + 2581/20210) _,, (18800 + 215+/20210) 2, 1
o i) = 124080 ‘ 124080

The orbit (x(t),yL(t)) of X, such that (x.(0),y.(0)) = (=1,y2), is given by

(16920 + 17v/20210) _,, (1720210 — 16920) .,
z:(t) = 11280 © T 11280 c 5
(16920 + 17/20210) _,,  (341/20210 — 33840) ,, 3
0 11280 c 11280 © Ty

The orbit (vc,(t),yc,(t)) of Xe, such that (20,(0),yc,(0)) = (=1, y3), is given by

(940 — 51v/20210) _,,  (51v/20210 — 7144) ,, 1
+

£) = 1
Zey(t) 4136 © 1136 © Ty

(1) = (306120210 — 5640) _,, N (255120210 — 35720) ., L1
Yoo t) = 124080 € 124080 © T3

The flight time of the orbit (zg(t),yr(t)), from (1,y0) € X to (1,y1) € Xg, is

L1 (39216120210
= — arcta _— .
BTy AT T 9148449

The flight time of the orbit (xc, (t),yc, (t)), from (1,y1) € X to (—1,y2) € ¥, is

ter = 5 log 805

1 (6054—4\/20210)
> PO EVATE.

The flight time of the orbit (z.(t),y.(t)), from (=1,y2) € X1 to (—1,y3) € Xy, is

1 (621547 T 1224\/20210)

fo= -1
L= 508 596693

Finally, the flight time of the orbit (xc,(t),yc,(t)), from (=1,y3) € ¥ to (1,y0) € g, is

t02 - = log 53

1 (6054—4\/20210)
> PO AVATE.

The point (—1,0) € X, is an invisible fold point of X, and the point (—1,43/120) € ¥, is a
invisible fold point of Xo. They are endpoints of the sliding set in X.,. The point (1,—1/10) € X
is an invisible fold point of Xy and the point (1,13/40) € Xy, is a visible fold point of X¢. They

are endpoints of the escaping set in Xp.
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Hence, using the Mathematica software, we can draw the orbits (x;(t),y;(t)) for the time
t€10,t],i=R,L,Cy,Cq, i.e., we obtain the limit cycle illustrated in Fig. 2.6 (a). Fig. 2.6 (b)
has been made with the help of P5 software, and provides the phase portrait of vector field (2.3)

in this case.

YL ZR X ER
(=Lys) o ]
04f > —— (Lyﬂ) ——

0.2+

-0.5 0.5

s

(_17y2) —— — (Lyl)

Figure 2.6: The limit cycle of vector field (2.3) with a;, = o, = —2/3, b, = 4/3, ¢, = 8/3,
B = 35/3, ac = 2/11, be = 120/11, ae = —41/11, co = 4/11, Bo = —4/33, an = 8, by = 10,
ar = —7 and cg = Br = —8.

In Table 2.4 we give the parameter values for that the discontinuous planar piecewise linear
vector field (2.3) has at most one limit cycle, passing through the points (1,v0), (1,y1), (—1,y2)
and (—1,ys), for the others possibles configurations of the type SSC and SSS.

Example 7. (Case CySpCy) Consider the discontinuous planar piecewise linear Hamiltonian
vector field (2.3) with a, = 4, o, = 2, b, = 5/2, ¢, = —5/2, B, = 35/3, ac = V2/11,
be = 60v2/11, ac = —21v2/11, cc = 2v/2/11, Be = —5v/2/33, ar = 8, by = 10, ap = —19/2
and cy = Br = —8. We can see that the central vector field from (2.3) has a saddle at the point
(1,1/3), the right vector field has a center at the point (—39/4,35/4) and the left vector field has
a center at the point (7,—15/4). Therefore, a candidate to limit cycle of system (2.3), in this

case, corresponds to the solution of system (2.12), i.e.,

1
— = (yo — y1)(10yo + 10y; — 3) =0,

2
2v/2
§(5(1 — 3y0)? + 33y3 — 45y3) = 0,
2(y2 — 25 + ys(—1 + 2y3)) = 0,
2v/2
- @(5(1 —3y1)? + 33y2 — 45y3) = 0.

Making a calculation, the only solution (yo,y1,y2,y3) of the above system, satisfying the

conditions y1 < yo and y2 < ys3, is given by

(54 + 7v/278) (54 — 7/278) (90 — 11y/278) (90 + 111/278)
360 360 360 ’ 360 ‘
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SrRSRCR SrSvCv SrSvCr SrRSVSR
a 2 2 2 2
c 11 11 11 11
b 120 120 120 120
c 11 11 11 11
. 4 4 4 4
c 11 11 11 11
a _41 _41 _41 _41
c 11 11 11 11
B 4 _1 _1 _1
c 33 2 2 3
ar 8 8 8 -Z
br 10 10 10 4
Cr -8 -8 -8 20
o -7 -7 -7 :
749
Br 9 -8 9 -~
2 2 2 2
ar 3 3 3 3
b 4 4 4 4
L 3 3 3 3
8 8 8 8
‘L 3 3 3 3
2 2 2 2
or _3 ] ] 3
8 35 35 35 35
L 3 3 3 3
1, 43 /43 1, 43 [ 31 1, 43 /[ 31 1 43
Yo | —10 T 21\ 170 _To+§\/1410 _T0+§\/1410 —20 T 6a0 V6226
1 43 /43 1 43 [ 31 1 43 [ 31 1 43
Y1 | 710 24\ 30 | 10 @\/1410 ~10 @\/1410 —20 — a6a0 v 6226
17 [43 17 [93 17 [93 _3 /283
Y2 8 \/ 470 8 \/ 470 8 \/ 470 g8\ 22
17 /43 17 /93 17 /93 _3 /283
Y3 8 \/ 270 8 \/ 270 s \/ 270 8\ 22

Table 2.4: Parameter values for that vector field (2.3) of the type SSC and SSS has one limit
cycle.

The points (—1,y2), (—1,y3) € ¥, and (1,y0), (1,y1) € X are crossing points because

2
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The orbit (xg(t),yr(t)) of Xg, such that (xz(0),yr(0)) = (1,y0), is given by

39 43 7 /139
zg(t) = 7t cos(4t) + 5” 3 sin(4t),

yr(t) = ﬁ (3150 + (7V/278 — 3096) cos(4t) — 2(774 + 7/278) sin(4t)>.
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The orbit (xc,(t),ye, (t)) of Xe, such that (z¢,(0),yc,(0)) = (1,41), is given by

e~ V2
e <66 T TVET + 1326V — (66 + 7\/%62@),

e*\/it eﬁt 1
ycl(t) = —< 660 + 792> <66 + 7\/278) + 3

Te, (1) =

The orbit (x(t),y.(t)) of Xp, such that (x.(0),y.(0)) = (=1,y2), is given by

x(t) = — cos(4t) <11\4/52% sin(t) + 8) +7,
yo(t) = % <(144o — 11v/278) cos(2t) + (720 + 22v/278) sin(2t) — 1350) :

The orbit (vc,(t),yc,(t)) of Xe, such that (20,(0),yc,(0)) = (=1, y3), is given by

e_ﬁt
Tey(t) = 3

e_‘/ﬁt
ves () = 3560

( — 90 — 117278 + 132¢V? — (174 — 11@)62@),

<54o +66v/278 + 1320V 4 (551/278 — 870)62@)‘

The flight time of the orbit (xx(t),yr(t)), from (1,y0) € X to (1,y1) € Xg, is

. 1 etan 10836+1/278
B 1191341 |°

The flight time of the orbit (z¢, (t),ye, (t)), from (1,y1) € X to (—1,y2) € Xy, is

1 121 + 64/278
o, = —=log | ———5—|.
V2 113

The flight time of the orbit (x,(t),y.(t)), from (—1,y2) € X1 to (—1,y3) € Xy, is

t;, = arctan £ @
e 360V 2 |
Finally, the flight time of the orbit (xc,(t),ye,(t)), from (—=1,y3) € X1 to (1,y0) € X, is

12

1 (24649 + 1452278
WA 1681 '

The point (—1,1/4) € ¥, is an invisible fold point of X, and the point (—1,11/30) € £, is a
invisible fold point of Xo. They are endpoints of the sliding set in ;. The point (1,3/20) € X
is an invisible fold point of X and the point (1,1/3) € X is a visible fold point of X.. They
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are endpoints of the escaping set in Xg.

Hence, using the Mathematica software, we can draw the orbits (x;(t),y;(t)) for the time
t €[0,t], i = R,L,C1,Ca, i.e., we obtain the limit cycle illustrated in Fig. 2.7 (a). Fig. 2.7 (b)
has been made with the help of P5 software, and provides the phase portrait of vector field (2.3)

in this case.
X YR 2 YR
T (L)
Y
o ow
(a) (b)
Figure 2.7: The limit cycle of vector field (2.3) with a, = o, = —2/3, b, = 4/3, ¢, = 8/3,

B, = 35/3, ac = 2/11, be = 120/11, e = —41/11, ce = 4/11, B = —4/33, ar = 8, by = 10,
ar = —7 and cg = B = —8.

(_17y3)

(_17y2)

To simplify the text, in Table 2.5 we give the parameter values for that the vector field (2.3)
has at most one limit cycle, passing through the points (1,y), (1,41), (—1,%2) and (—1,ys), for
some configurations with boundary singular points. In fact, we have 31 possibilities and all are

realized by concrete examples, which we do not show for simplicity.
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CBCBCB SRCBCB SRSBCB SRSBSR
V2 V2
Qc 0 0 11 11
60v/2 60v/2
be 2 2 i1 11
2v2 2v2
Cc -2 -2 11 11
21v/2 212
Qe 1 1 11 11
3 9 9 5v2 _ 52
c 33 33
2
an 1 1 1 —
4
br 1 1 1 4
120
Cr -5 -5 -5 11
9 9 9 2
Qg 10 10 10 11
3 49 49 19 749
R 10 10 10 55
a 4 1 -2 -3
4 4
5 8 8
Cy, —3 35 3 3
3 3 2 2
oL 2 5 3 —3
B _3 357 35 35
L 1 5 3 3
Yo | —15 + 12, /2801 | L (9y1209-13) 1 35 (143v/3-36) %(506\/5745)
1 13 /[28s01 | 1 57
Y1 | =15 — 12\/ 3201 | T35(—9v1209-13) = 360( 143v/3-36) 900 (506v/5+45)
5 2 /28801 2 1 /57 169 529
Y2 — 5\ 3201 —gs(vi200-13) | 254/ % " 12013 " 180v5
28801 2 2 , 1 [s7 169 529
ys | 15t 3 \/ 3201 g5 (VI209+13) | 5494/ F 1203 18015

Table 2.5: Parameter values for that vector field (2.3)

limit cycle.

with boundary singular points has one



CHAPTER

3

Persistence of periodic solutions from system

(1)|¢=p having a center in the central region

In this chapter, we will study the number of limit cycles that can bifurcate from a periodic
annulus of a discontinuous planar piecewise linear Hamiltonian differential system with three
zones separated by two parallel lines. We will prove that if the central subsystem has a real
center at the origin and the right and left subsystems have centers or saddles, then we have
at least three limit cycles that appear after linear perturbations of the periodic annulus. For
this purpose, in Section 3.2, we will provide a normal form to this class of piecewise linear
Hamiltonian system in order to simplify the computations and, in Section 3.4, we will present

an expression for the Melnikov function associated with this piecewise system.

3.1 Preliminaries and main result

Our goal is estimate the lower bounds for the number of crossing limit cycles of discontinuous

piecewise linear near-Hamiltonian differential systems with three zones given by

&= Hy(z,y) + ef (z,9), (3.1)

y = _Hiﬂ(xay) + eg(x,y),

66
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with )
b
H"(z,y) = ?Ly2 - %x2 +arry + oLy — Brr, < -1,
b
H(z,y) = H(z,y) = ?Cyz - %:pQ +acry + acy — Box, —-1<z<1, (3.2)
R _br oo Cr o
H%(x,y) = oY~ 555 +arry + ary — Brx, w21,

;

fo(z,y) =rwor +rowy +rop, < -1,

f@,y) =9 felz,y) = wor +uny +ug, —1<z<1, (3-3)

fr(z,y) = prox + po1y + poo, = >1,

g.(z,y) = si0z + so1y + s0, = < —1,

9 ¥) =9 go(x,y) = vior + vo1y +vo0, —1<z <1, (3.4)

9r(2,Y) = qro® + qo1y + qo0, == 1.
Assume that system (3.1)]c—¢ satisfies the following hypotheses:

(H1) The unperturbed central subsystem from (3.1)|c—¢ has a real center at the origin and the

other unperturbed subsystems from (3.1)|.—o have centers or saddles.

(H2) The unperturbed system from (3.1)|.—o has only crossing points on the straight lines = =

+1, except by some tangent points.

(H3) The unperturbed system from (3.1)|c=o has a periodic annulus consisting of a family of
crossing periodic orbits around the origin such that each orbit of this family passes through

the three zones with clockwise orientation.
Then, the main result in this chapter is the following.

Theorem 5. The number of limit cycles of system (3.1), satisfying the hypotheses (Hi) for i =
1,2,3, which can bifurcate from the periodic annulus of the unperturbed system (3.1)|c=o is at

least three.

To prove Theorem 5 we study the number of zeros of the first order Melnikov function
associated to system (3.1), see Section 1.3 of Chapter 1 for more details about the Melnikov
function. Our study is concentrated in the neighborhood of the periodic orbit that bounds the
periodic annulus, since to estimate the zeros of the Melnikov function we consider its expansion
at the point corresponding to this orbit. What distinguishes our approach apart from others
is that we provide a detailed analytical method to study the number of zeros from Melnikov

function defined in three zones (see Proposition 3).
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3.2 A normal form to system (3.1)].—g

In order to simplify the computation to prove Theorem 5 it is convenient to perform a linear
change of variables which transforms system (3.1)|c—¢ into a simple form. This change of variables
is a homeomorphism that keeps invariant the straight lines x = =£1, i.e., this homeomorphism

will be a Y-equivalence between the systems. More precisely, we have the following result.

Proposition 1. Suppose that system (3.1)|c=o satisfies the hypotheses (Hi), i = 1,2,3, except that
the center of the central subsystem need not necessarily be at the origin. Then, after a linear

change of variables and a rescaling of the independent variable, we can write it as

&= Hy(z,y),
y = - fb(xvy)a
where
.
boy?  cpx?
HL(aj,y): L2y - L2 +ayry +ary — B, r < -1,
33‘2 y2
H(l‘,y): HC([E,y):?‘l—?—IBCI, —1<l'<17
b 2 2
H"(z,y) = R2y - CR; + arzy — ary — Brz, x>1

Proof. As the central subsystem from (3.1)|.—o has a center with clockwise orientation of the
orbits, then a2 + bece < 0 and be > 0. Note that b; # 0, for i = L, R. In fact, if the
singular points of the subsystems from (3.1)|.=o are centers, this is true due to the clockwise
orientation of the orbits. Now, if the singular point of the right or left subsystem is a saddle
with the correspondent b; = 0 we have a separatrix parallel to straight line x = 0. System
(3.1)|e=0 has four tangent points given by P; = (1, —(ac + a¢)/be), P> = (1, —(ar + ar)/br),
Py =(—1,(ac—ac)/be) and Py = (—1, (a, —ay)/bL). By hypothesis (H2), we have that system
(3.1)]e=0 have only crossing points on the straight lines 2z = +1, except in the tangent points.

Hence, for all y € R\ {(fac — ac)/be, —(ar + agr)/br), (ar —ar)/by)}, we must have
(X (=1Ly), (1,0)) (Xc(=1,9),(1,0)) >0 and  (Xx(1,y),(1,0)) (Xc(1,9),(1,0)) >0,
i.e., we have the following inequalities

bchy2 - (aLbC +acb, — boay, + ach)y + acar — acoy — apoc + acay > 0,

bebry? + (agbe + acbr + boag + acbr)y + acar + acag + agag + acag > 0.
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This implies that b bs > 0, bgbe > 0, P, = P and P3 = P;. Therefore, as b > 0, we have that

bR(aC + Olc) — agbc
be

bL(Oéc - ac) +arbe
be

Qy = 9 bL>0a ap =

and by > 0. (3.5)

Assuming the conditions (3.5), consider the change of variables

u 1 0 x 0
= + ,
v ao bj Y jace
We We We

with we = /—a2 — bece. Applying this change of variables and rescaling the time by # = we t,

we obtain the results after rewriting the parameters. O

Remark 1. Consider system (3.1)|c=o in its normal form, i.e., with a;, = ar, ag = —ag, bo =
ce =1 and ac = ac = 0. Note that when Be = 0, we have that the singular point of the central
subsystem from (3.1)|e=o is at the origin. In this case, assuming the hypotheses (Hi), i = 1,2,3,
the periodic annulus of system (3.1)|c=o has all its periodic orbits passing through the three zones
bounded by the orbit Ly of the central subsystem tangent to straight lines x = +1 in the points
Pr = (1,0) and P, = (—1,0) (see Figure 3.1 (a)).

If Be # 0, by a reflection around the straight line x = 0 (if necessary), we can assume without
loss of generality that Bo > 0. In this case, the periodic annulus of system (3.1)|c=o has all its
periodic orbits passing through the three zones bounded by the orbit L(l) that is obtained by the
orbit of the central subsystem tangent to straight lines x = —1 in the point P, = (—1,0). Note
that, Lé intercept crosswise the straight line x = 1 at two distinct points. Moreover, the periodic
annulus has periodic orbits passing by two zones, which are bounded by only L(l) when Beo > 1,
or bounded by L§ and L when 0 < Bc < 1, where L is the orbit obtained by the orbit of the
central subsystem tangent to straight lines x =1 in the point Py = (1,0) contained in the region
bounded by L} (see Figure 3.1 (b)—(c)).

In this chapter, we study only the case Bo = 0 and showed that at least three limit cycles can
bifurcate from a periodic annulus when perturbed by linear polynomials. In Chapter 4, we also
study the case Be = 0 and showed that at least four limit cycles can bifurcate from a periodic
annulus when perturbed by quadratic polynomials and at least seven limit cycles can bifurcate
from a periodic annulus when perturbed by cubic polynomials. Now, in Chapter 5, we study the
case Be > 0, where system (3.1)|e=o is of the type SCS. In this case, we show that either at least
six limit cycles can bifurcate from periodic annulus, perturbed by piecewise linear polynomials,

near the periodic orbit L}, when 0 < Bc < 1 or at least four limit cycles can bifurcate from
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periodic annulus, perturbed by piecewise linear polynomials, near the periodic orbit L%), when

Be > 1.

Figure 3.1: Periodic orbits of system (3.1)|c=o with a, = a., ag = —ag, bo = ¢ = 1 and
ac = ac =0 when (a) Bo =0, (b) 0 < S <1 and (c) fc > 1.

3.3 A classification to system (3.1)]—

We can classify the systems that satisfy the hypothesis (H1) according to the configuration of
their singular points (without taking into account if the singular points are real or virtual). More
precisely, as in Chapter 2, denoting the centers by the capital letter C and by capital letter S
the saddles, in the case of three zones, we have the following three classes of piecewise linear

Hamiltonian systems: SCS, CCS and CCC.

In order to compute the zeros of the first order Melnikov function M associated to system

(3.1)|e=0, that can be expressed as (see Theorem 1)



3.3 A classification to system (3.1)|.=o 71

v (3.6)

where

I = /A godz — fody, I, = //\ grdr — frdy,
A3A A2A3

I, = //\ gedx — fedy, Ip= /A grdx — frdy,
A1 A AAq

it is necessary to find the open interval J, where it is defined. For this, consider the following

proposition.

Proposition 2. Consider system (3.1) in the normal form, i.e., with a, = a,, ag = —ag, be =1,

ce = —1 and ac = a¢ = Pe = 0, satisfying the hypotheses (Hi), i = 1,2,3.

(a) If system (3.1)|e=o is of the type SCS or CCS, then J = (0,7rs), where Trs = (a% —
brBr — w%s)/bRsz with wrs = \/a? + brcg, and the periodic annuli are equivalent to one
of Figure 3.2.

(b) If system (3.1)|c=0 is of the type CCC, then J = (0,00), and the periodic annuli are

equivalent to one of Figure 3.5.

Proof. Suppose that system (3.1)|.—o is of the type SCS or CCS. Note that if the saddles are
virtual or if they are on the straight lines * = +1, then we have not periodic orbits passing
through the three zones. Denote by W} and W} (resp. W} and W}) the unstable and stable
separatrices of the saddles of the right (resp. left) subsystems from (3.1)]c—o, respectively.
Denote by P! = WiN{(=1,y) : y € R} and P, = WiN{(1,y) : y € R}, for i = u,s. After some

computations, it is possible to show that
Pg: (_137—LS)7 Pi: (_13_7—LS)a Pg: (17_7—RS)7 Pg:(lvTRS)7

where wps = \/m, Wrs = \/m; Trs = (a% — brBr — w}%s)/bRwRS and 7,5 =
(a? + b8, — w?,)/brwys. Note that we have a symmetry between the points Py and P? (resp.
PY and Pj) with respect to xz-axis. Define by 7 the smallest ordinate value between the points
Pg and P}, i.e., 7 = min{7xzs, 7.5 }. Then, by a reflection around the y-axis if necessary, we can
assume that 7 = mx5.

As the vector field X associated with the central subsystem from (3.1)|e=o is Xc(z,y) =

(y, —x), if system (3.1)|c—o is of the type SCS and the ordinates of the points P; and P} are
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distinct, i.e., Trs # Tos (see Figure 3.2 (a)) or if system (3.1)|.= is of the type CCS (see Figure
3.2 (c¢) or (d)), then we have a homoclinic loop passing through the points P;, and Py. Otherwise,
if system (3.1)]e—o is of the type SCS and the ordinates of points P5 and P}* are the same, i.e.,
Trs = Tus (see Figure 3.2 (b)) then we have heteroclinic orbits passing through the points Pj,
Py, Py and P}. Moreover, the central subsystem from (3.1)|c=¢ has a periodic orbit tangent
to straight lines # = £1 in the points Pr = (1,0) and P, = (—1,0). Figure 3.2 illustrates the

possible phase portraits of system (3.1)|.=o of the type SCS and CCS.

Pyl

Figure 3.2: Phase portraits of system (3.1)|.=o of the type : (a) SCS with 74 # 7.5; (b) SCS
with 75 = 755 (¢) CCS when left subsystem has a virtual center; (d) CCS when left subsystem
has a real center.

Consider a initial point of form A(h) = (1,h), with h € (0,7zs). By the hypothesis (H3),
system (3.1)|c—p has a family of crossing periodic orbits that intersect the straight lines x = £1
at four points, A(h), A1(h) = (1,a1(h)), with a;(h) < h, and Az(h) = (=1, a2(h)), Az(h) =
(—=1,a3(h)), with as(h) < ag(h) satisfying
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where H® H and H* are given by (3.2). More precisely, we have the equations

=

- (h=ai(h)(h +a1(h)) = 0,

VRN

(a1(h) = az(h))(a1(h) + az(h)) =0,

|

(a2(h) — az(h))(az(h) + az(h)) =0,

(az(h) — h)(az(h) + h) = 0.

YN

As aj(h) < h, az(h) < as(h), by > 0 and b, > 0, the only solution of the above system is
ai(h) = —h, as(h) = —h and ag(h) = h, i.e., we have the four points given by A(h) = (1,h),
Ai(h) = (1,—h), As(h) = (—1,—h) and As(h) = (—1,h). Moreover, system (3.1)|c=o has a
periodic orbit Lj passing through these points, for all h € (0,7xzs). If h € [rxs,00) then the
orbit of system (3.1)|c=o with initial condition in A(h) does not return to the straight line z = 1
for positive times, i.e., system (3.1)|c=o has no periodic orbit passing through the point A(h).
Therefore, if h € (0, 7zs) system (3.1)|c=o has a periodic annulus, formed by the periodic orbits
Ly, bounded by one (see Figure 3.2 (a)—(c)) or two (see Figure 3.2 (d)) periodic orbits tangent
to the straight lines z = 1, when h = 0, and a homoclinic loop (see Figure 3.2 (a), (¢) and (d))
or two heteroclinic orbits (see Figure 3.2 (b)), when h = 7z5. Therefore, item (a) is proved.

To prove item (b), suppose that system (3.1)|.—o is of the type CCC. The central subsystem
from (3.1)|c=p has a periodic orbit tangent to straight lines x = +1 at the points Pr = (1,0)
and P, = (—1,0). Moreover, as in the previous case, for each h € (0,00) we have a periodic
orbit Lj passing through the points A(h) = (1,h), A1(h) = (1,—h), Az(h) = (—1,—h) and
As(h) = (=1, h). Therefore, system (3.1)|c=o has a continuum of periodic orbits formed by the
periodic orbits Ly, with h € (0,00), and bounded by one (see Figure 3.3 (a)), two (see Figure
3.3 (a)) or three (see Figure 3.3 (c)) periodic orbits tangent to the straight lines = +1, when
h = 0. Figure 3.3 shows the possible phase portraits of system (3.1)|.—o of the type CCC. [

As A(h) = (1,h), A1(h) = (1,—=h), Az(h) = (=1,—h) and As(h) = (—1,h), the coefficients
that multiply the integrals of first order Melnikov function (3.6) associated with system (3.1)

can be easily calculated. More precisely, we have the immediate corollary.
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Figure 3.3: Phase portraits of system (3.1)|c—¢ of the type CCC when: (a) the left and right
subsystems have virtual centers; (b) the left subsystem has a real center and right subsystem
has a virtual center; (c) the left and right subsystems have real centers.

Corollary 1. Let J be the interval of definition of Melnikov function (3.6). For h € J,

Hj(A)  HJ(A)H] (A3)H,(A2) b Hy(A)H(A3) _ be
HS(A)  HSG(A)HE(A3)HS(A2) " HE(A)HE(As) by
and
Hy(A)H, (A3)H, (A2)Hy (A1) )
HE(A)Hy(A3)HY (A2) H (A1)

Then, the first order Melnikov function associated to system (3.1) can be written as

b
szwfk%M—n@+R,«mm—ﬁ@

A3A L AQAS
Hgﬁ\%mg@+/\%mn@
A1A2 AAl
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3.4 Melnikov functions associated with system (3.1)

In what follows, we determinate the first order Melnikov function associated to system (3.1)

when system (3.1)|c—¢ is of the type SCS, CCS and CCC. For this, we define the functions:

fo(h) = h, he(0,00),
h?—1

fS(h) = (h* + 1) arccos <h2—|—1

>, h € (0,00),

2 h2
fS(h) = (h* +72.) <27w1 + (—1)"* arccos (M)), h € (0,00),
Tre
(3.7)

7.2 _h2
FE(R) = (h+720) (2m T (~1)" arceos (M» he (0,00),

Trs + h
Trs — h

i) = (02 = rog (2 E0). e 0,

FE(hy = (W —72,)log ( * h), h e (0, as).

Trs — h

with p; = 0,1, for i = 1,2, 7pc = (a% — brBr +W122)/(bRWR> and 7o = (a% + b8, +W%)/(bLWL)'

Theorem 6. Suppose that system (3.1)|e=o is of the type SCS. Then the first order Melnikov
function M associated with system (3.1) can be expressed, when T,s # Trs (i.e., we have a

homoclinic loop), as
M(h) = kofo(h) + ke f& (h) + ki fr(h) + k7 f7(h), (3-8)
and, when T,s = Trg (i.€., we have two heteroclinic orbits), as
M(h) = kofo(h) + ke fé (h) + kpfra(h), (3.9)

with h € (0,7), where the functions fo, fS, fa, fi are the ones defined in (3.7). Here the
coefficients ko and k:f, fori = L,C.R and j = C,S, depend on the parameters of system
(3.1).

Proof. Firstly, let us obtain the expression of Melnikov function (3.8). The orbit (zz(t),yx(t))
of system (3.1)|c=o, such that (2(0),yz(0)) = (1, h), is given by

—twRrs
€ 2t t t 2t
IR(t) = — 2w (th — bRe wRSh — 26 szwRS + bRTRS - 2bR€ wRSTRS + bRe wRSTRS 5
RS
—twRrs
€ 2t 2t t
yr(t) = — 5 ( —aph + ape™™RSh — wrsh — e RSwrsh — ArTrs + 20" RS T4g
RS

2twRrs 2twRrs
— GRre Trs — WrsTrs T € WRsTRs |-
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The flight time of the orbit (zx(t),yr(t)), from A(h) = (1,h) to A1(h) = (1,—h), is

1 h
tR - 710g (—i_TRS>

Wrs Trs — h

Now, for fr and gx defined in (3.3) and (3.4), respectively, we have

In = /A grdr — frdy
AAq

:/OR (9r(2R(8), yn(t)2%(t) = fr(@a(t), ya(t))yx(t))dt

tr ! . : ! . .
- [T (X w0 - 3 oo )a

i+5=0 1+75=0

(3.10)

= a1 fo(h) + azfr(h),
with

br

1
ap = — (2(1900 + p10)wrs + br(p1o + QOl)TRs) and az = (plo + qO1)-

WRs 2Wrs

The orbit (xo1(t), yoi(t)) of system (3.1)|e=o, such that (z¢,(0),yc1(0)) = (1, —h), is given by

X (t) = cos(t) — hsin(t),

You (t) = —hcos(t) — sin(t).

The flight time of the orbit (x¢(t), ye1(t)), from Ay (h) = (1,—h) to Az(h) = (=1, —h), is

h? -1
te1 = arccos h27+1 .

Now, for fo and go defined in (3.3) and (3.4), respectively, we obtain

I — /A godz — fody
A1 Ao

—/O c1 (90(3301 (t>7 y(n(t))ﬂ?/cl(t) - fc(ﬂ?m(t),ym (t))ygl(t))dt

v 1 | | ) | | (3.11)
[ (X w00 = 3 et (00
0 i+j=0 i+j=0

= — 2ug0 + asfo(h) + asfS (),

with

1
a3 =vo1 —u1g and oy = 5 (ulo + U01>.
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The orbit (x.(t),y.(t)) of system (3.1)|c—g, such that (z,(0),y.(0)) = (—1,—h), is given by
e twLs
.TL(t) — (bLh _ bLGQtwLSh _ 2615stst + bLTLS _ 2bL€twLSTLS
2wrs
+ bLethLSTLS)u
e_twLS
YL (t) = ( —arh + CLLCQtwLSh —wrsh — thwLSsth —arTrs
2w s
+ 2aLetwLSTLs - aLeztwLSTLs — WrsTrs + eztststTLS>-
The flight time of the orbit (x.(t),y.(t)), from Ay(h) = (—1,—h) to As(h) = (—1,h), is
1 h
t, = log <+ TLS).
Wrs Trs — h
Now, for f, and g, defined in (3.3) and (3.4), respectively, we have
L= | guda~fudy
Ag A3
tr
:/0 (92 (o (t), yu (), (8) — fu(zo(t), yu(t)y, (t))dt
. 1 | ‘ 1 | ' (3.12)
[ (X st - 3 mal oo )
0 Nitj=0 i+j=0
= a5 fo(h) + as f7 (h),

with

1

a5 =

b
(2(7“10 — 700)wWrs + by (rio + 801)7'Ls> and ag= — (7"10 + 801)-
Wrs 2wrs
The orbit (xco(t), yoa(t)) of system (3.1)|e=o, such that (zc2(0), ye2(0)) = (=1, k), is given by

ZToo(t) = — cos(t) + hsin(t),

Yeo(t) = hcos(t) + sin(t).

The flight time of the orbit (z¢,(t), yeo(t)), from Ag(h) = (—1,h) to A(h) = (1,h), is

h? —1
too = arccos m .
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Now, for fo and go defined in (3.3) and (3.4), respectively, we obtain

hz[\%ﬂhw
A3A

—/O 2 (gc<$02(t)7y02(t))$/c2(t) - fC(xCZ(Wycz(t))yg2(t))dt

vy s 1 - . - (3.13)
[T (X O = 3 w0 i
0 i+j=0 i+j=0

= 2ugo + az fo(h) + as fE(h).

Hence, by Corollary 1, the first order Melnikov function associated to system (3.1) is given by

b _
M<h) =bplc + bjIL + brlc + Ix. (3.14)
L

Replacing (3.10), (3.11), (3.12) and (3.13) into (3.14) we obtain (3.8), with

b b
ko = a1 + 2bgas + zTRO“’” kS = 2bpay, k3 =9 and kS = biaﬁ.
L L

Finally, replacing 7,5 = Trs on function M in (3.8) we obtain the expression (3.9) with

br

ko = aq + 2bras +

(2(7“10 —roo)wrs + br(r10 + SOl)TRS)a

LWrs

b
kS =2bgray and  kj = ag + b—Ra6.
L

O
Theorem 7. Suppose that system (3.1)|c=o is of the type CCS. Then the first order Melnikov
function M associated to system (3.1) can be expressed as

M(h) = kofo(h) + ke fc (h) + ki fa(h) + kL f1 (h), (3.15)

for h € (0,7rs), where the functions fo, fS, fS, f5 are the ones defined in (3.7), with us = 0
(2 = 1) if the center of the left subsystem from (3.1)|e=o is virtual (real). Here the coefficients
ko and k:g, fori=L,C,R and j = C, S, depend on the parameters of system (3.1).
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Proof. The orbit (xz(t),yr(t)) of system (3.1)|e—0, such that (zz(0),yx(0)) = (1,h), is given by

e—tsz

xR(t) = — (th — bpe? RS h — 2eMWRS () 4 bpTRg — 2bpe RS Thg + bRe2twRSTRS>,
2Wrs
—twRrs
(25)——6 — aph 4 ape®™RSh — wpoh — RS wpsh — apTrs + 2aze™ RS T
Yr = 9w R R RS RS RTRS R RS
RS

2twRrs 2twRrs
— GgRre Trs — WrsTrs T € WRsTRs |-

The flight time of the orbit (zx(t),yr(t)), from A(h) = (1,h) to A1(h) = (1,—h), is

1 h
tR, - 710g (—i_TRS>

Wrs Trs — h

Now, for fr and gx defined in (3.3) and (3.4), respectively, we have

Iy = //\ grdr — frdy
AA;

tr
- /0 (95 (2at), 3 () t) — Falanlt), ya(8)) (D)) dt
i 1 | ‘ 1 | ‘ (3.16)
~ [" (X a0 - 3 o )i
0 Nigj=0 i+j=0

= aifo(h) + aafr(h),
with

1
a1 = w— (2(;000 + plO)sz + bR(PlO + qO1)TRS> and oy =

RS

br

2Wgs

(Plo + QO1>-
The orbit (xo1(t), yoi(t)) of system (3.1)|e=o, such that (z¢,(0),ye1(0)) = (1, —h), is given by

Ze(t) = cos(t) — hsin(t),

Yor(t) = —hcos(t) — sin(t).

The flight time of the orbit (x¢(t), yei(t)), from Ay (h) = (1,—h) to Aa(h) = (=1, —h), is

; h?—1
= ar — .
©1 = arccos o]
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Now, for fo and go defined in (3.3) and (3.4), respectively, we obtain

I — /A god — fody
A1 Ao

—/O c1 (90(3301 (t>7 y(n(t))HT/cl(t) - fc(ﬂ?m(t),ym (t))yél(t))dt

v 1 - . - (3.17)
[ (X w00 = 3 et (00
0 i+j=0 i+j=0

= — 2ug0 + asfo(h) + asfS (),

with

1
a3 =vo1 —u1g and oy = 5 (ulo + 1}01>.

The orbit (. (t),y.(t)) of system (3.1)|c=0, such that (x.(0),y.(0)) = (=1, —h), is given by

1
x(t) = — > <wLC —byTre + byTre cos(twre) + brh Sin(twLC)),
LC
1 .
yo(t) = - ( —ayTe + (—wieh + aptre) cos(twre) + (aph + wreTre) sm(tww)).
LC

The flight time of the orbit (x.(t),y.(t)), from Ay(h) = (=1,—h) to Asz(h) = (—1,h), is

1 2 _h2
t, = (27r,u2 + (—1)*2 arccos (TLC>>,

Wre 72, + h?

with g = 0 (u2 = 1) if the center of the left subsystem from (3.1)|c—o is virtual (real). Now, for

fo and g, defined in (3.3) and (3.4), respectively, we have

I; = //\ grdx — frdy
As A

= /0 ' (92 (22 (t), o ()2, (1) = fula(t), yo(t))y,(t))dt

1 (3.18)

:/otL< > sigal ()l (£, (t) — i Tijxi(t)y{(t)yg(t)>dt

i+j=0 i+5=0
= asfo(h) + as f1 (),
with

1

Wre

as = (2(7’10 — 100)wre — br(r10 + 801)TLc) and o = (7‘10 + 801)-

Wro
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The orbit (2¢y(t), yea(t)) of system (3.1)]c=o, such that (x¢2(0), ye2(0)) = (=1, h), is given by
Teo(t) = — cos(t) + hsin(t),
Yoo (t) = hcos(t) + sin(t).

The flight time of the orbit (z¢y(t), yeo(t)), from As(h) = (—1,h) to A(h) = (1,h), is

; h?—1
= ar —_ 1.
2 arccos h2 T 1

Now, for fo and g. defined in (3.3) and (3.4), respectively, we obtain

I, = /A/;A godr — fedy
:/0 c2 (gc(xcg(t)vy@(t))x&(t) — fc(l“cz(t)aycz(t))y/m(t))dt

1

_/o ) ( > vial, (Oyla (Db, () — > uingiC?(t)yéz(t)ng(t))dt

i+j=0 i+5=0

(3.19)

= 2ugo + azfo(h) + as fE(h).

Hence, by Corollary 1, the first order Melnikov function associated to system (3.1) is given by

b _
MW=%@+£Q+%@+@ (3.20)

Replacing (3.16), (3.17), (3.18) and (3.19) into (3.20) we obtain (3.15), with

Z—Rag,, kS = 2bray, ki =ay and ki = %aﬁ.
L

ko = a1 + 2bgras + =3
L

O
Theorem 8. Suppose that system (3.1)|c=o is of the type CCC. Then the first order Melnikov
function M associated to system (3.1) can be expressed as

M(h) = kofo(h) + ke fc (h) + ki f (h) + kL f1 (h), (3.21)

for h € (0,00), where the functions fo, fS, fs, fC are the ones defined in (3.7), with p3 = 0
(1 = 1) if the center of the right subsystem from (3.1)|c=o is virtual (real) and pz =0 (uz = 1)
if the center of the left subsystem from (3.1)|c—o is virtual (real). Here the coefficients ko and

kS, fori=L,C, R, depend on the parameters of system (3.1).
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Proof. The orbit (xz(t),yr(t)) of system (3.1)|e—0, such that (zz(0),yx(0)) = (1,h), is given by

1

xr(t) = o <wRC — brTre + brTre cos(twre) + brh sin(twRC)>,
RC

yr(t) = o (CLRTRC + (Wreh — agTre) cos(twre) — (arh + WreTre) Sin(tch)).
RC

The flight time of the orbit (xz(t),yx(t)), from A(h) = (1,h) to A1(h) = (1,—h), is

1 2 *h2
tp = — <27T,u1 + (—1)"* arccos (T’m)),

Wreo T2, + h?

with ¢ = 0 (p1 = 1) if the center of the right subsystem from (3.1)|c=o is virtual (real). Now,

for fr and gx defined in (3.3) and (3.4), respectively, we have

I = //\ grdr — frdy
AAq

tr
- /0 (9 (8), yn ()2 (t) — Falan(t), yn(t))uia(t)) dt
tR 1 ' ‘ 1 ' ‘ (3.22)
= [ (3 a0~ 3 psh 0 )at

i+5=0 1+75=0

= aifo(h) + aafr(h),
with

1
o] = —— (2(1700 + p10)wre — br(pio + C_I()l)TRC) and g =

Wre

br

(Plo + QOl).

2Wgre

The orbit (xo1(t), yo1(t)) of system (3.1)|e=0, such that (z¢,(0),y01(0)) = (1, —h), is given by

X (t) = cos(t) — hsin(t),

Yor(t) = —hcos(t) — sin(t).

The flight time of the orbit (x¢(t), ye1(t)), from Ay (h) = (1,—h) to Az(h) = (=1, —h), is

. h?—1
= ar —_— .
c1 = arccos W21
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Now, for fo and go defined in (3.3) and (3.4), respectively, we obtain

I — /A god — fody
A1 Ao

—/O c1 (90(3301 (t>7 y(n(t))HT/cl(t) - fc(ﬂ?m(t),ym (t))yél(t))dt

v 1 - . - (3.23)
[ (X w00 = 3 et (00
0 i+j=0 i+j=0

= — 2ug0 + asfo(h) + asfS (),

with

1
a3 =vo1 —u1g and oy = 5 (ulo + 1}01>.

The orbit (. (t),y.(t)) of system (3.1)|c=0, such that (x.(0),y.(0)) = (=1, —h), is given by

1
x(t) = 5 (ch —byTre + byTe cos(twre) + brh Sin(twLC)>,
LC
1 .
yo(t) = - ( —ayTe + (—wieh + aptre) cos(twre) + (aph + wreTre) sm(tww)).
LC

The flight time of the orbit (x.(t),y.(t)), from Ay(h) = (=1,—h) to Asz(h) = (—1,h), is

1 2 _h2
t, = (27r,u2 + (—1)*2 arccos (TLC>>,

Wre 72, + h?

with g = 0 (u2 = 1) if the center of the left subsystem from (3.1)|c—o is virtual (real). Now, for

fo and g, defined in (3.3) and (3.4), respectively, we have

I; = //\ grdx — frdy
As A

= /0 ' (92 (22 (t), o ()2, (1) = fula(t), yo(t))y,(t))dt

. (3.24)

:/otL< > sigal ()l (£, (t) — i Tijxi(t)y{(t)yg(t)>dt

i+j=0 i+5=0
= asfo(h) + as f1 (),
with

1

Wre

as = (2(7’10 — 100)wre — br(r10 + 801)TLc) and o = (7‘10 + 801)-

Wro
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The orbit (x¢o(t), yos(t)) of system (3.1)|c=o, such that (z¢,(0), ye2(0)) = (=1, h), is given by

Zeo(t) = — cos(t) + hsin(t),

Yoo (t) = hcos(t) + sin(t).

The flight time of the orbit (z¢y(t), yeo(t)), from As(h) = (—1,h) to A(h) = (1,h), is

; h?—1
= ar —_ 1.
2 arccos h2+1

Now, for fo and g. defined in (3.3) and (3.4), respectively, we obtain

I :/A gedx — fody
A3A

:/0 h (gc($c2(t)vycz(t))ﬂ?/c2(t) - fc(ﬂ?cz(t)7ycz(t))y/cz(t))dt
1

_/o ) ( > vial, (Oyla (Db, () — > uingiC?(t)yéz(t)ng(t))dt

i+j=0 i+5=0

(3.25)

= 2ugo + azfo(h) + as fE(h).

Hence, by Corollary 1, the first order Melnikov function associated to system (3.1) is given by

b _
M(h) = bl + ilﬁ + bpl) + 1L, (3.26)

Replacing (3.22), (3.23), (3.24) and (3.25) into (3.26) we obtain (3.21), with

bn

ko = a1+ 2bras + =0, k. =2bpaa, kyp=az and ki = -—ag.
L

3.5 Proof of Theorem 5

In order to prove Theorem 5, we study the number of zeros of the Melnikov function M associated
with system (3.1). Our study focuses on the neighborhood of the periodic orbits that bound
the periodic annulus, since to estimate the zeros of the Melnikov functions we consider their
expansions at the point corresponding to these orbits. For this purpose, we need the following

results.
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Consider the function F': R — R given by

F(h) =Y _Ci(0)(h— 1) + O((h — 7)"*), (3.27)
j=0
with 7 > 0 fixed and the coefficients C;(d), j =0, ...,n, are smooth functions of the parameters

0=(d1,...,0m) € R™. Then we have the following proposition.
Proposition 3. Suppose that there exist an integer k > 1 and 6 € R™ with m >k + 1 such that

Cj(S)zo, j=0,...,k, and rankM(;i):k—i—l. (3.28)
(01, -, 0m)

Then function (3.27) has at least k real simple zeros in a neighborhood of h = T for all 6 near
5. Moreover, function (3.27) has exactly k real simple zeros, in a neighborhood of h = T for all

& near 8, if Cy(8) # 0.

Proof. By the condition (3.28) we can assume that

8(007 oo 7C]€) <
det ————-(6) # 0.
8(517 s a6k+1)( ) ?é
Then the change of parameters C; = Ci(61,. .. ,(5k+1,5k+2, e ,Sm), i = 0,...,k, has inverse

6j(C’0, .. .,ék), j=1,...,k+1, and we can write (3.27) as
F(h)=Co+Ci(h—7)+ 4 Cp(h —7)" + O((h — 7)), (3.29)

with Cy(8) # 0 and C;(8) =0, § =0,...,k — 1.
Let 0 < |C), — Cx(0)] < 1 and 0 < 7 — hy, < 1 such that

ék(hk — T)k > 0.
Take Cj_; such that \C’k_1| < |C’k], Ci_1C > 0 and
ék—l(hk — T)k_l + é’k(hk — T)k > 0.

Now, as Cj_1C), > 0, we can choose hg_1, such that 0 <7 —hyp_1 < 7— hp < 1 and

C’kfl(hkfl - T)k_l + ék(hk,1 - T)k < 0
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Therefore, the equation

ék_l(h — T)kil + ék(h — T)k =0

has a zero hy, with hy, < hj < hj_1. Continuing with this reasoning, there are Co,...,Cy, such
that
éoél > 0, élég >0,..., ék—lék > 0, |éo| < ‘éﬂ - K |ék’ < 1,

and equation (3.29) has k real positive zeros. Note that we could have done all of the above
computations by adding at each step the remainder of function (3.27) (indicated by the Landau
Symbols). Moreover, when C’k(g) # 0 and C’j(g) =0,j=0,...,k— 1, by Rolle’s theorem, for
all § near § we can choose the C’j and hj, 7 =0,...,k, such that equation (3.29) has exactly k

real positive simple zeros near h = 7. ]

Lemma 1. Let f : R — R be a function of class C*¥*1, k> 1. Then

f(z)log(T — x) = P(x)log(r — z) + R(x),

where P(z) = Zf:o 1) (x — 7)" is the Taylor’s polynomial of f at x = T of degree k and

1!

R(z) = log(t — z)(f(z) — P(z)). Moreover, lim,_, R(z) = 0.

Proof. To prove the lemma, it suffices to show that lim,_,; R(z) = 0. By the Taylor’s formula

with Lagrange remainder, there is ¢ € R such that

(k+1) (¢
R(z) = f(kﬂ(),) log(r — )& — 7).
By the L’Hospital rule
i R} — FUHD () lim log( ) i1
lim (x)_mml—% og(t—x)(z—71
S | log(r )
 (k+1)! e (¢ — 1)~ (k+D)
(k+1) a1
O e
(k+1)! a=7 (k+1)(z—71)
FEHD () k1) _ (.

=2 7 lim(z — 1) =
N (k+DI(k+1) rl—w( )

Finally, we are able to prove the Theorem 5.
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Proof of Theorem 5. In order to prove Theorem 5, let us consider the Melnikov functions
associated to system (3.1) given by Theorems 6, 7 and 8. Our study will be concentrated
in a neighborhood of the orbit Ly, with h = 7z for the cases SCS, CCS and h = 7, 7 € (0, 00),
for the case CCC. We begin the proof with the case where system (3.1)]e—¢ is of the type SCS.
For this case, we have two subcases. The first one is when we have a homoclinic loop (i.e.
Trs # Trs) and the second one is when we have two heteroclinic orbits (i.e. 7,5 = Tzs). The

second and third cases are when system (3.1)|.= is of the type CCS and CCC.

Case SCS. Consider the Melnikov functions given by Theorem 6. By Lemma 1, we can expand

these functions at h = g, when 7,5 # Tgrg, as
3 . 2 .
M(h) =Y Cj(h—7rs) + > Djlog(trs — h)(h — Trs)! + O((h — Trs)*), (3.30)
§=0 j=1
and, when 7,4 = Trg, as
2 . 2 .
M(h) =Y Cj(h—r1rs) + Y Dilog(tas — h)(h — Trs)! + O((h — rs)?), (3.31)
§=0 j=1

where

Trsbr

2b Trsb
Cd = Trs <bR(T10 —700) + 2(poo + P10 + br(vor — u10)) + —L (r10 + S01) +

L Wrs WRs

2
The — 1 b

(P10 + QO1)> + br(u10 + vo1)(1 + T5) arccos ( o5 ) + ——(r10 + so1)
The + 1 2wrs

(Tl?zs - TIZ,S) 10g <TLS - TRS) )

TrLs — Trs

2b Trsb
Cr = TR(rlo = 700) + 2(poo + p10 — 2bru10) + ZS = (p10 + qo1) + baTrs (2(u1o + vo1)
L Ls
2
Ths — 1 log (27 1 e+ T
arccos ( 5 ) + B (7o) (P10 + qo1) + — (710 + s01) log <LSRS>>’
Tis +1 Trs TLs TLs — Trs

b 2 1 2 1
Cy = ER <2(u10 + vo1) ( arccos (TRS ) Ths > + ——(p10 + qo1)(1 + log(2)

TI%S +1 ! + T}%s WRs
1 2TRsT Trs + T
+ log(Tgrs)) + (r10 + s01) <2RSL§ + log <LSRS>>>,
Wrs Trs — Trs Trs — Trs
b 2b T3 2
Cy = ——(p1o + qo1 +R< LS 710 + So1 —U10+001>,

5= BamsTas )+ 3 e, — o e o)~ e )

2b Trsb Trsb
C2 = 745 (bR(ho —700) + 2(poo + P10 + br(vor — u10)) + ———(r10 + S01) + ——

L Wrs WRs

2
Tre — 1
(p1o + qo1) | + br(uio + vo1)(1 + 724) arccos 5 ,
Ths + 1
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2b T b T, b
Ct = b = (r10 — 700) + 2(Poo + P10 + br(vor — ui0)) + ———(r10 + so1) + ——"
L LS Wrs
2_1 2 41 br log(2
(P10 + qo1) + 27rsbr(u10 + vo1) <aTCCOS < TzR ) - Tt ) T rabn 108(2ns)
The +1 Trs WrsWrs

((p10 + go1)wrs + (r10 + S01)wWrs)s

2
T —1 2T,
C3 = bpluro +v <arccos< s >— = ) ,
3 = br(uio + vo1) 2,41 2o+ 1 2wrswis

((p10 + qo01)wrs + (110

+ s01)wrs) (1 + log(2) + log(7xs)),

and D;., i=1,2 and j = 1,2, depending on the parameters of system (3.1), whose expressions

have been omitted for simplicity. Moreover, as

lim log(Trs — h)(h — Trs)? =0, j=1,2,

hA)TRS
the factors log(7rs — h) of the expansions in (3.30) and (3.31) can be disregarded in the study of
the number of zeros. Therefore, we consider only the coefficients C’;, i1=1,2and j=0,1,2,3.

When 1xg # 7.5, for

1
Poo = —4- (prlﬂ — bgr(ro0 — 710) + 25&1#}01)7 go1 = —pio, So1 = —rio and uip = —vo1
L

we have that

Cl=ci=ci=0Ci=0 with rank
" ' ? ’ d(poo, go1, 01, ©10)

=4.

This implies, by Proposition 3, that C}, C}, C and C3 can be taken as free coefficients, satisfying
clel >0, clcl>o0, cicl>0 and |C} < |Cl < |CY < |Ch <1,

such that function (3.30) has at least three positive simple zeros near h = 7z5. Therefore, the
number of limit cycles from system (3.1) that can bifurcate of the periodic annulus near the

homoclinic loop in h = x4, when 75 # 7,4, is at least three.
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When 7z = 7,4, for

brTrs brTrs

b
Poo = —p10 + —(ro0 — 710 + by (u10 — vo1)) — (110 + S01) — (P10 + qo1)

br 2w s 2Wgs

b 2 —1
i (u10 + vo1)(1 + T]%S) arccos <TRS>,

B 27—RS T%S + 1
w w
So1 = —T10 — rLz(plo + qo1) + WL(S%_S)@HO + vo1) <2(TRS + Tgs) - (Tzzs —1)
R RS R
2
The — 1 2WLsTrs
arccos — —(u10 +v01),
(n%s + 1)) 10g(2TRs>( to o)

we have that

b 2 2 2
: R(U102+ vo1)A and  rank 0(Cy, Ct, C3)
2724(1 + 735) log(27xs) 9(poo, S01, U10)

C2=0%=0, C3= =3,
with
A=27ps(1+ Trst? — (24 — 1) log(27rs)) + (1 + T}%S)(l — 72s + (1 + 724) log(27xs))

2
-1
arccos (Tgs )
Tag+ 1

Moreover, there are parameter values for system (3.1)|c—p such that A # 0. For example, if

ar =b, =br=cr=06, =1, ar =c, =0 and Sz = —2, we have that the left subsystem from
(3.1)|e=0 has a saddle at the point (—2,1), the right subsystem from (3.1)|c—o has a saddle at
the point (2,0), Trs = 1 and A\ = 4 + 27 log(2). Hence, for uigp # —vo1, we have that C3 # 0.
This implies, by Proposition 3, that we can choose C3,C%, and C? as free coefficients, such that
function (3.31) has exactly two positive simple zeros near h = 7xrs. Therefore, the number of
limit cycles from system (3.1) that can bifurcate of the periodic annulus near the heteroclinic

orbit in h = Tgg, when Tz = T, is at least two.

Case CCS. Consider the Melnikov function given by Theorem 7. By Lemma 1, we can expand

this function at h = 7x5 as

3 2
M(h) =Y _Cj(h—7as) + > Djlog(rrs — h)(h — Trs)? + O((h — s)*), (3.32)
=0 j=1
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where
2b brT brT
Co = Tgs (bR(Tlo —700) + 2(poo + P10 + br(vor — u10)) — ——Z(r10 + s01) + ——= (p10
L Wre Wrs
2 T}%s —1 br 2 2
+qo1) ) + br(u1o +vo1)(1 + 754) (arccos | —3 + (rio + so1)(Tie + Ths)
The +1 2Wre
2 2
T2, —T
(27 + (—1)#2 arccos (LCRS)),
7-LZC + T}%s
O — QbR bRTRs bR 142
1= T(Tlo — 700) + 2(poo + P10 — 2bgu10) + (P10 + qo1) + (r10 + so1)(((—=1)
L Wrs Wre
7—12%5 —1 (—1)k2
— Do + 2mpaTrs) + brTrs | 2(u10 + vo1) arccos | — + (r10 + So1)
Ths T 1 LC
<TI%C’_TI%S> + 1 ( + )1 (2 ))
arccos | =&£—F5 —_— og (27, ,
Tg T Tz%s Wns P10 + qo1) 10g\2TRrs

b 2, -1 2Ths 1
Co=—|2 os - 2
5 5 < (u10 + vo1) <arccos <7—1%s n 1) 112, + oo (r10 + s01) | 272

2(=1)H 27,0 T2, — 712 1
+ 21 7o Tns + (—1)"* arccos ( 5 RS)) Ly (P10 + qo1)(1 + log(2)

TL20 + 71%3 Tic T 71225 RS
n logms))) ,

b 2b —1)r273 2
- (p10+QO1)+R< D) LS )2(7"104-801)—(

Cs = .
3 3 \wre(T?e + 124 T2, 4+ 1)2

B8WrsTrs

(u10 + 001)>,

and Dj, j = 1,2, depending on the parameters of system (3.1), whose expressions have been

omitted for simplicity. As in the preview case, we consider only the coefficients C}, j = 0,..., 3.

Moreover, when

1
Poo = =3~ (prl() —bg(roo — 710) + 2bLbRU01)7 go1 = —pio, So1 = —ri0 and wuip = —vo1
L

we have that

a(CO) Cla 027 C3)

Co=C1=0Cy=C3=0 with rank
(P00, 901, So1, U10)

=4.

This implies, by Proposition 3, that Cy, C1, Co and (3 can be taken as free coefficients such
that function (3.32) has at least three positive simple zeros near h = 7zg. Therefore, the number
of limit cycles from system (3.1) that can bifurcate of the periodic annulus near the homoclinic

loop in h = Txg, is at least three.

Case CCC. Consider the Melnikov function given by Theorem 8. By Lemma 1, we can expand
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this function at h = 7, with 7 € (0, 00), as

3
M(h) =Y Cj(h—7) +O((h—1)"), (3.33)
§=0
where
2bpT TOrT TbrT
Co = 2(poo + p10)7T + bR (r10 — 700) + 205 (vo1 — u10)T — ——E (110 + 501) — ——n
L Wre Wrco

2 2 | .2
74 -1 br(T% + 7 T10 + 8
(P10 + qo1) + br(u1o + vor)(1 + 72) arccos | — n( ic)(r1o + so1)
T4+ 1 2Wre

2 2 bo(r2 4 72
<27w2 + (—1)"2 arccos <TLQC§>> + n(7” + Tino) (P10 + dou) (27ru1 + (=1

T+ Ti, 2Wre
Tho = T°
arccos | —5——5— ,
T+ The

2 rio+ S
C1 = 2(poo + p10) + bR<b (r10 — roo) — 4uig + (10wo1) <27T/,L2’7' + (=1 —=1) TLC>>
L

LC

n br(p1o + do1) <27w17 + (=1 = UTRC) + bRT( (110 + vou) arccos < 1>
)

Wreo

—1)H2 2 2 —1)# —
(=1)"(rwo + 501) arccos (TLC T )—i-( )1 (1o + qo1) arccos (TRC T )

+
T2+ 72,

Wre Wre + 730

Co—b mp2(ri0 + s01) | mu1(pio + qoi) 2(u10 +vo1) |, (=1)*271c(r10 + S01)
2 = Or + +7( — 5 B 5
Wre Wrc 75+ 1 wre(T® + 725)

1)1 2 _ _1)M2
+( 1) TRC(plO;—QM)))+bR(U10—|—U()1)aI‘CCOS (7’ 1) br(—1)"2(r10 + s01)

Wro (T2 + TRC) 7-2 + 1 2wLC
2 2 bo(—1)81 2 .2
arccos <TLC i ) + R( ) (plO + qu) arccos (T};C T )7

T2+ 712, 2Wre 72+ 13,
C3 = 2bn ( _ 2(uio +vo1) | (D)2 720 (r10 +s01) | (=)Mo (pro + QO1)>
3 (1+72)2 wre (T2 + 72.)? Wro(T2 + 724)?
Moreover, when
1
Poo = =3~ (prl() br(roo — 710) + 25L53001)7 go1 = —p1o, So1 = —7T10 and u = —vo1
L

we have that

9(Cop, C1,C4, C3)

Co=C1=Cy=C3=0 with rank
9(poo, qo1, So1, U10)

=4.

This implies, by Proposition 3, that Cy, C1, Cs and Cs can be taken as free coefficients such
that function (3.33) has at least three positive simple zeros near h = 7. Therefore, the number
of limit cycles from system (3.1) that can bifurcate of the periodic annulus in h = 7 is at least

three. O
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3.6 Another method to prove Theorem 5

In the article II of the list of published and submitted papers derived from this thesis, which
is available at the end of Introduction, we use another approach to prove Theorem 5. The
idea is to apply a well-known result, which states that if a family of n real functions is linearly
independent, then there exists a linear combination of these functions with at least n — 1 zeros.
In this section, we will prove Theorem 5 using this method, but first, let us recall some basic

results from linear algebra.

Definition 11. Let {fo, f1,..., fn} be a set of real functions defined on a proper interval I C R.

We say that { fo, f1,..., fn} is linearly independent if the unique solution of the equation

> aifi(t) =0,
i=0
foralltel, isay=a1=---=a, =0.

Proposition 4. If {fo, f1,. .., fn} is linearly independent then there exist ty,ta, ..., t, € I, with
ti #t; fori# j, and ag,0q,...,0n € R, not all null, such that for every j € {1,2,...,n}

n
Zaifi(tj) = 0
i=0
For a proof of Proposition 4, see Proposition 1 in [30].

Definition 12. Let fy, f1,..., fn be functions that have derivatives until order n on I. The

continuous Wronskian of {fo, f1,-.., fx}, k=0,...,n, at x € I is defined to be

Wi(fo, fi,-- -, fu) (@) =

Recall that if the Wronskian W (fo, fi,..., fn)(x) is different of zero for some x € I, then

{fo, f1,--+, fn} is linearly independent on I. For more details, see [62, p. 124].

The next corollaries provide lower bounds for the number of limit cycles of system (3.1) that

can bifurcate from a periodic annulus of system (3.1)|c=o in the cases SCS, CCS and CCC.
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Corollary 2 (Case SCS with 7,5 # 7rg). Consider system (3.1) with a, = b, = by = cg = 1,
ar =c, =0, B, =2 and Br = —2. Then, for 0 < € < 1, system (3.1) has at least three limit

cycles.

Proof. For a, = b, = by =cg =1, ag = ¢, =0, B, = 2 and Bz = —2, the eigenvalues
of the linear part of the left, central and right subsystems from (3.1)|c=o are £1, +i and =+1,
respectively, i.e., we have one center and two saddles. Moreover, the coordinates of the singular
points on the left and right subsystems from (3.1)|.—o are (—3,2) and (2, 0), respectively, and so
the saddles are real. Note that P} = (—1,2) and P = (1,1), i.e., the ordinates of this points

are different and 74 = 1. Therefore, the first order Melnikov function (3.8) becomes
M(h) = kofo(h) + ke fe (h) + kpfr(h) + k2 f7(R),  Vhe(0,1),

with )
folh) = by JE(B) = (1 + 1) arccos <Z;i)

k) = 02 = 1ytog (50 ). g0 = 02 = aytos (557 )

ko = 2(poo — roo + 2710 + So1 — w10 + vo1) + 3pio + qo1,

1

1
kg = wio +vor, kp = §<P10 + q01) and k] = 5(7’10 + 801)-

Consider the set of functions Fsecs = {fo, fS, fa, fi}. Using the algebraic manipulator
Mathematica (see [57]), we compute the Wronskian W ( fo, 1S, f5, f£)(h) and evaluate in some
point on the interval (0,1). More precisely, W ( fo, fS, f5, f£)(0.4) ~ 9.16568. Then, the set of
functions Fgseg is linearly independent on the interval (0,1) and, by Proposition 4, there are
h; € (0,1), with ¢ = 1,2,3, such that M(h;) = 0. Therefore, for 0 < ¢ << 1, system (3.1)
has a unique limit cycle near Ly, for each i = 1,2, 3, i.e., system (3.1) has at least three limit

cycles. O

Corollary 3 (Case SCS with 7,4 = 7rs). Consider system (3.1) witha, =b, = by =cp =5, =1,
ar =c, =0 and Br = —2. Then, for 0 < e < 1, system (3.1) has at least two limit cycles.

Proof. Fora, =b, =bg=cgp =8, =1, az =c, =0 and Bz = —2, the eigenvalues of the linear
part of the left, central and right subsystems from (3.1)|.—¢ are =1, +i and +1, respectively, i.e.,
we have one center and two saddles. Moreover, the coordinates of the singular points on the left
and right subsystems from (3.1)|e=o are (—2,1) and (2, 0), respectively, and so the saddles are

real. Note that P} = (—1,1) and P; = (1, 1), i.e., the ordinates of this points are the same and
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Trs = 1. Therefore, the first order Melnikov function (3.9) becomes
M(h) = kofo(h) + ke f& (h) + kpfz(h),  Vh e (0,1),
with

2 _
fo(h) = h,  f&(h) = (h*+ 1) arccos <ZQ+1> fa(h) = (h* —1)log (E)

ko = 2(poo — ro0 + 2710 + So1 — w10 + vo1) + 3p10 + o1,

1
k& = w10 +vor and kj = 3 (Plo +qo1 + 710+ 801>.

Consider the set of functions Fscs = {fo,fS,fs}. Using the algebraic manipulator
Mathematica, we compute the Wronskian W ( fo, S, f5)(h) and evaluate in some point on the
interval (0,1). More precisely, W ( fo, S, f7)(0.4) = —10.6955. Then, the set of functions Fscs
is linearly independent on the interval (0,1) and, by Proposition 4, there are h; € (0,1), with
i = 1,2, such that M (h;) = 0. Therefore, for 0 < ¢ << 1, system (3.1) has a unique limit cycle

near Ly, for each i = 1,2, i.e., system (3.1) has at least two limit cycles. O

Corollary 4 (Case CCS with us = 0). Consider system (3.1) with a, = ., = by = cg = 1,
b, =2,c,=—-1,ar =0 and Br = —2. Then for 0 < e < 1, system (3.1) has at least three limit

cycles.

Proof. Fora, =8, =br=cr=1,b, =2, c, = —1, ar = 0 and Bz = —2, the eigenvalues of the
linear part of left, central and right subsystems from (3.1)|c=o are +i, +i and +1, respectively,
i.e., we have two centers and one saddle. Moreover, the coordinates of the singular point on the
left and right subsystems from (3.1)|.—¢ are (3,—2) and (2,0), respectively, and so we have a
virtual center and a real saddle. Note that P; = (1,1) and 7zs = 1. Therefore, the first order

Melnikov function (3.15) becomes

M(h) = kofo(h) + ke fc (h) + knfa(h) + ki f7 (), Vhe(0,1),

with 2
fo(h) = h,  f&(h) = (h* + 1) arccos (Z?E)
12
S(h) = (h? —1)log <E> f£ (h) = (h* + 4) arccos (M)

ko = 2(poo — ro0 + 2710 + So1 — w10 + vo1) + 3p10 + o1,

1 1
ko = w0 +vo1, kp = 3 (plo + QO1> and kY = 3 (7“10 + 801)-
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Consider the set of functions Fees = {fo, fS, fa, fC}. Using the algebraic manipulator
Mathematica, we compute the Wronskian W (fo, fS, fr, f5)(h) and evaluate in some point on
the interval (0,1). More precisely, W ( fo, f5, f3, f£)(0.4) ~ 13.25. Then, the set of functions
Fees is linearly independent on the interval (0,1) and, by Proposition 4, there are h; € (0, 1),
with ¢ = 1,2, 3, such that M (h;) = 0. Therefore, for 0 < € << 1, system (3.1) has a unique limit

cycle near Ly,, for each i = 1,2,3, i.e., system (3.1) has at least three limit cycles. ]

Corollary 5 (Case CCS with pus = 1). Consider system (3.1) with a, = bgr = cxg = 1, b, = 2,
cp =—1,ar =0 and Bgr = B, = —2. Then for 0 < e << 1, system (3.1) has at least three limit

cycles.

Proof. Fora, =br=cr=1,b, =2,¢c;, = —1,ar =0 and Bz = B, = —2, the eigenvalues of the
linear part of left, central and right subsystems from (3.1)|c=o are +i, +i and +1, respectively,
i.e., we have two centers and one saddle. Moreover, the coordinates of the equilibrium point on
the left and right subsystems from (3.1)|c=o are (—3,1) and (2,0), respectively, and so we have
a real center and a real saddle. Note that P; = (1,1) and 755 = 1. Therefore, the first order

Melnikov function (3.15) becomes
M(h) = kofo(h) + ke fc' (h) + kpfr(h) + ki fr (), Vhe(0,1),

with
t le} 2 h2 -1
fo(h) =h, fS(h) = (h*+1)arccos <h2—|—1)’
12
S(h) = (h* —1)log (E), fE(h) = (h? +1) (27‘( — arccos (M))

ko = 2(poo + r10 — w10 + vo1) + 3p10 + go1 — Too + So1,

1 1
kS =wio+vor k= 5(]910 + %1) and k} = 3 (7“10 + 801)-

Consider the set of functions Fees = {fo, fS, fa, fC}. Using the algebraic manipulator
Mathematica, we compute the Wronskian W ( fo, fS, fr, f5)(h) and evaluate in some point on
the interval (0,1). More precisely, W ( fo, fS, f5, f£)(0.2) ~ 4.26846. Then, the set of functions
Fees is linearly independent on the interval (0,1) and, by Proposition 4, there are h; € (0, 1),
with ¢ = 1,2, 3, such that M (h;) = 0. Therefore, for 0 < € << 1, system (3.1) has a unique limit

cycle near Ly,, for each i = 1,2, 3, i.e., system (3.1) has at least three limit cycles. ]

Corollary 6 (Case CCC with pu; = pugo = 0). Consider system (3.1) with a, = by = B, = 1,
by =2,¢c, =cg=—1and ar = Br = 0. Then, for 0 < e << 1, system (3.1) has at least three

limit cycles.
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Proof. For a, = bg = B, =1, by = 2, ¢, = ¢cg = —1 and ar = Br = 0, the eigenvalues
of the linear part of the left, central and right subsystems from (3.1)|c=o are +i¢, +i and =+,
respectively, i.e., we have three centers. Moreover, the coordinates of the singular points of the
left and right subsystems from (3.1)|.=o are (3, —2) and (0, 0), respectively, and so the centers

are virtual. Therefore, the first order Melnikov function (3.21) becomes
M(h) = kofo(h) + ke fc (h) + ki fi (h) + kL fi (), Vh e (0,00),

h*—1
2 :
fo(h) =h,  fE(h) = (h” + 1) arccos <h2 T 1)’
1—h? 4—h?
9 2
f5(h) = (h® + 1) arccos <h2+1>’ I2(h) = (h” +4) arccos <h2 n 4>,

ko = pio — go1 — To0 — r10 — 2(S01 + w10 — Vo1 — P00)>

1 1
k& = w10 +vo1, ky = 3 (plo + QO1> and k; = §<7“10 + 801)

Consider the set of functions Feee = {fo, fS, 5, fC}. Using the algebraic manipulator
Mathematica, we compute the Wronskian W ( fo, S, 5, f£)(h) and evaluate in some point on the
interval (0, 00). More precisely, W( fo, f&, fg, f5)(0.2) =& —0.730377. Then, the set of functions
Fece is linearly independent on the interval (0, c0) and, by Proposition 4, there are h; € (0,00),
with ¢ = 1,2, 3, such that M (h;) = 0. Therefore, for 0 < € << 1, system (3.1) has a unique limit

cycle near Ly,, for each i = 1,2,3, i.e., system (3.1) has at least three limit cycles. O

Corollary 7 (Case CCC with uy = 0 and pe = 1). Consider system (3.1) with a;, = by = 1,
B, =-3,b,=2,¢c,=cgr=—1and agr = Br =0. Then, for 0 < e << 1, system (3.1) has at

least three limit cycles.

Proof. For a, = by =1, B, = =3, b, =2, ¢, = cg = —1 and ay = Br = 0, the eigenvalues
of the linear part of the left, central and right subsystems from (3.1)|.—o are +i, +i and =i,
respectively, i.e., we have three centers. Moreover, the coordinates of the equilibrium points of
the left and right subsystems from (3.1)|.=o are (—5,2) and (0, 0), respectively, and so we have

a real center and a virtual center. Therefore, the first order Melnikov function (3.21) becomes

M(h) = kofo(h) + k¢ f& (h) + kg fr (h) + kL f7 (h),  Vh € (0,00),
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with

folh) = b, FE(h) = (W2 + 1) arccos (Z;)

fS(h) = (h* + 1) arccos <22_+hj>, fE(h) = (h* 4 4) (277 — arccos (ﬂ)),

ko = p1o — qo1 — 00 + 3710 + 2(S01 — 10 + vo1 + Po0);

1

1
kg = uio +vo1, kp= 5(;010 + %1) and k; = §<T1o + 801>

Consider the set of functions Feoe = {fo, fS, 5, fS}. Using the algebraic manipulator
Mathematica, we compute the Wronskian W ( fo, &, 5, f5)(h) and evaluate in some point on the
interval (0,00). More precisely, W ( fo, f&, f5, f£)(0.5) ~ —599.176. Then, the set of functions
Feee is linearly independent on the interval (0, 00) and, by Proposition 4, there are h; € (0, c0),
with ¢ = 1,2, 3, such that M (h;) = 0. Therefore, for 0 < € << 1, system (3.1) has a unique limit

cycle near Ly,, for each i = 1,2, 3, i.e., system (3.1) has at least three limit cycles. ]

Corollary 8 (Case CCC with py = p2 = 1). Consider system (3.1) with a, = by =1, B, = =3,
by =0Br=2,¢c, =cg=—1and ar = 0. Then, for 0 < e << 1, system (3.1) has at least three

limit cycles.

Proof. For a, = by =1, B, = =3, b, = Br =2, ¢, = cg = —1 and ap = 0, the eigenvalues
of the linear part of the left, central and right subsystems from (3.1)|.=o are +i, £i and =+,
respectively, i.e., we have three centers. Moreover, the coordinates of the singular points of the
left and right subsystems from (3.1)|.=o are (—5,2) and (2,0), respectively, and so the centers

are real. Therefore, the first order Melnikov function (3.21) becomes
M(h) = kofo(h) + ke fc (h) + ki i (h) + kL fi (h), Y h € (0,00),

with

fo(h) =h, fS(h) = (h?+ 1) arccos (Zz _T_ 1),

; B 1— h2 o B 4 — h2
FO(h) = (W% +1) (27T — ATCCOS <h2—|—1>)’ fS(h) = (h*+4) <27r — arccos <h2+4>>,

ko = 3(p10 + r10) + go1 — 700 + 2(s01 — w10 + vo1 + Poo),
1

1
kG = w0 +vo1, ky = 5 (plo + %1) and k7 = §<7”10 + 801)

Consider the set of functions Feoe = {fo, fS, 5, fP}. Using the algebraic manipulator

Mathematica, we compute the Wronskian W ( fo, 5, 5, f5)(h) and evaluate in some point on the
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interval (0,00). More precisely, W ( fo, f&, f5, f£)(0.5) =~ —599.176. Then, the set of functions
Feee is linearly independent on the interval (0, 0c0) and, by Proposition 4, there are h; € (0, c0),
with ¢ = 1,2, 3, such that M (h;) = 0. Therefore, for 0 < ¢ << 1, system (3.1) has a unique limit

cycle near Ly,, for each i =1,2,3, i.e., system (3.1) has at least three limit cycles. O

Finally, the proof of Theorem 5 is a straightforward consequence of Corollaries 2, 4-8.



CHAPTER

4

Bifurcation of limit cycles from a periodic
annulus, by quadratic/cubic perturbations,
from system (1)|.—p having a center in the

central region

In this chapter, motivated by the results obtained in Chapter 3, we will study the number
of limit cycles that can bifurcate from the periodic annulus of system (3.1)|.—o, assuming the
same hypotheses (Hi) of the previous chapter, for ¢ = 1,2,3, but with the difference that the
functions f and g are polynomial functions of degree n, for n = 2,3. Denoting by H(n) the
number of limit cycles that can bifurcate from this periodic annulus, we will show that H(2) > 4

and H(3) > 7.

4.1 Preliminaries and main result

Consider discontinuous piecewise linear near-Hamiltonian differential systems with three zones,
given by
j: = Hy(xaf‘/) + 6f($,y)7
(4.1)

Let us assume the same hypotheses as in Chapter 3, i.e.,

(H1) The unperturbed central subsystem from (4.1)|.—¢ has a real center at the origin and the

99
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other unperturbed subsystems have centers or saddles.

(H2) The unperturbed system from (4.1)|c—¢ has only crossing points on the straight lines z =

+1, except by some tangent points.

(H3) The unperturbed system from (4.1)|c=o has a periodic annulus consisting of a family of
crossing periodic orbits around the origin such that each orbit of this family passes through

the three zones with clockwise orientation.

Hence, we can consider H in our normal form, given by Proposition 1 from Chapter 3, with

BC == O, i.e.,

b c
HE:(z,y) = ELyz - ?LxQ +axy +ary — Brxr, x< -1,
2

2
H(x,y) = HC(:r,y):%—l—%, -1<z <1, (4.2)

b c
HR($ay) = ?RyQ - ?R‘TQ‘i‘any—aRy_ﬂRx, x> 1.

What distinguishes our approach in this chapter from that carried out in Chapter 3 is that the

functions f and g are given by

i+7=0
n . .
fly) =9 folzy)= 3 wya'y’, —-1<x<1, (4.3)
i+5=0
n
fR(wvy) - Z pzﬂ?ly ) T > 17
\ i+75=0

for n = 2,3. Note that the case n = 1 was studied in Chapter 3.

The main result of this chapter is the following.

Theorem 9. The number of limit cycles of system (4.1), satisfying the hypotheses (Hi) for i =
1,2,3, which can bifurcate from the periodic annulus of the unperturbed system (4.1)|=o is at

least four if n =2 and seven if n = 3.
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SuCn | SaCn 6 66 | CCaSa | CuCaCy | CrCaCy | CaCiCy
with 7, # 175 | with 7, = 75
o 1 1 1 1 1 1 1
by 1 1 2 2 2 2 ’
Cr 0 0 -1 -1 -1 -1 -
B 2 1 1 -2 1 -3 -3
» ; 0 0 0 0 0 0
br 1 1 ! ! :
Cr 1 1 1 1 -1 -1 -
Br -2 -2 -2 -2 0 0 2

Table 4.1: Parameter values for which system (4.1)|.— satisfies the hypothesis (H1). For the
case SpCrSk, when 7, # 75 system (4.1)|.=o has a homoclinic loop and when 7, = 75 system
(4.1)|e=o has two heteroclinic orbits.

As in Chapter 3, to prove Theorem 9, we study the number of zeros of the first order
Melnikov function associated with system (4.1). To simplify the expression of the Melnikov
function associated with system (4.1), we assume parameter values for system (4.1)|.—o satisfying
the hypothesis (H1). More precisely, as in Chapter 2, we classify the systems that satisfy the
hypothesis (H1) according to the configuration of their singular points, i.e., we have the following
three classes of piecewise linear Hamiltonian systems: SCS, CCS and CCC. Moreover, we also
use the capital letters R and V to denote the real and virtual singular points, respectively. So,
for instance, we say that a system is of the type CrCvySg if the left subsystem has a real center,
the central subsystem has a virtual center and the right subsystem has a real saddle. Then, let

us consider the parameter values for system (4.1)|.=o given by Table 4.1.

From Table 4.1, we can see that if system (4.1)|c—o is of the type SgCrSgr then the right
subsystem has a saddle at the point (2,0) and the left subsystem has a saddle at the point
(—3,2) (resp. (—2,1)) when B, = 2 (resp. when 5, = 1). Moreover, when §, = 2 (resp.
when 3, = 1) we have a homoclinic loop (resp. two heteroclinic orbits) passing through the
points Py = (1,—1) and P; = (1,1) (resp. P} = (-1,1), Pf = (—1,-1), P} = (1,—1) and
P; = (1,1)). Now, if system (4.1)|c=o is of the type CyCrSr (resp. CRCrSRr) then the right
subsystem has a saddle at the point (2,0) and the left subsystem has a virtual (resp. real) center
at the point (3,—2) (resp. (—3,1)) when 8, = 1 (resp. when 3, = —2). Moreover, we have
a homoclinic loop passing through the points Py = (1,—1) and P5 = (1,1). Finally, if system
(4.1)]e=o is of the type CCC then the right subsystem has a virtual (resp. real) center at the
point (0,0) (resp. (2,0)) when Sz = 0 (resp. Sz = 2) and the left subsystem has a virtual (resp.
real) center at the point (3,2) (resp. (—5,2)) when 5, =1 (resp. B, = —3).
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4.2 A classification to system (4.1)|.—

In order to computation the zeros of the first order Melnikov function M associated with system

(4.1), that can be expressed as (see Theorem 1)

v (4.5)

where

Ic = /A gedx — fedy, I, = //\ grdx — frdy,
A3A A2A3

I, = //\ gedx — fedy, Ip= /A grdx — frdy,
A1 A AAq

it is necessary to find the open interval J where it is defined. For this, consider the following

proposition which can be proved with the same steps of the proof of Proposition 2 from Chapter

3.

Proposition 5. Consider system (4.1) assuming the hypotheses (Hi), i = 1,2,3, and the

parameter values given by Table 4.1.

(a) If system (4.1)|e=o is either of the type SCS or CCS, then J = (0,1), and the periodic

annuli are equivalent to one of the figures of Figure 3.2.

(b) If system (4.1)|c=o is of the type CCC, then J = (0,00), and the periodic annuli are

equivalent to one of the figures of Figure 3.3.

As in Proposition 2, for A(h) = (1,h), with h € (0,1) or h € (0,00), system (4.1)|c=o has
a family of crossing periodic orbits Ly that intersect the straight lines x = 41 at four points.

More precisely, by equations

for each h € (0,1) or h € (0,00), we have the four points given by A(h) = (1,h), Ai(h) =
(1,—=h), As(h) = (=1,—h), As(h) = (—1,h) and a periodic orbit L; passing through these
points. Therefore, assuming the parameter values from Table 4.1, the coefficients that multiply
the integrals of first order Melnikov function (4.5) associated with system (4.1) can be easily

calculated. More precisely, we have the immediate corollary.
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Corollary 9. Let J be the interval of definition of Melnikov function (4.5). For h € J,

Hy(A)  HJ(A)H](As)Hy(A2)  HJ(A)H (As) Hy (A2) Hy (A1)
HE(A)  HG(A)HE(A3)HG(Az) — HS(A)HE(As)HS (Az)HE(Ay)

and

H§(A)HE(A3) by

with b, € {1,2}. Then, the first order Melnikov function associated with system (4.1) can be

written as

1
M) = [ geds = fody+ - [ gude— fudy

AzA L JA3A3

ﬁﬂ\%w—h@+/«%m—h@

Al A2 AAl

4.3 Melnikov functions associated with system (4.1)

In what follows, we determinate the first order Melnikov function associated with system (4.1)

when system (4.1)|—¢ is of the type SCS, CCS and CCC. For this, we define the functions:

fo(h) = h, h € (0,00),

f1(h) = (h?® + 1) arccos <Z§1> h € (0, 00),
f2(h) = 1%, h e (0,00),

f3(h) = h*(h* + 1) arccos (Zi;) h € (0, 00),
fi 0 = 02 = 1og (155 ). ne 0.0,

00 = 2 = aytog (355 ). e 0.1,

f5(h) = h*(h? — 1) log GJ_FZ) he (0,1),
f5(h) = h*(h* — 4) log (;f;) h € (0,1),

f&(h) = (h? +4) (zw + (—1)" arccos (m» h € (0,00),

fE(h) = h%(h? + 4) <27w + (=1)* arccos <4 :L hz)), h € (0, 00),

1+ h?

fS(h) = (h? +1) <2m + (—=1)* arccos (1_h2>> h € (0,00),

fg(h):h2(h2+1)<2m+(—1)AarccosG"i)), h € (0,00),

with A, p € {0,1}.

(4.6)
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Theorem 10 (Case SCS). Consider system (4.1) with H given in (4.2), with a, = b, = br = cg =
1,ar=1c¢,=0, Br= -2, B, € {1,2}, and f, g given in (4.3) and (4.4), respectively. Then, the
first order Melnikov functions associated with system (4.1) can be expressed when B, = 2 (i.e.,

we have a homoclinic loop) as
2
Mwwzﬁka +§]ﬁ;, if n=2, (4.7)
Mis(h) = Zklgfz + Zl Jf5(h), if n=3, (4.8)

and when [, =1 (i.e., we have two heteroclinic orbits) as

2

Myp(h) = Y kbofi(h) +19:£5(h), if n=2, (4.9)
=0
3

Ma3(h) = Zk§3fi(h)+l83f05(h)+l§3f2s(h), if n=23, (4.10)

where the functions f; and f7, fori=0,...,3 are the ones defined in (4.6) and the coefficients

kip and U7, fori=1,2, j =2,3 and m =0,...,3, depend on the parameters of system (4.1).

Proof. Firstly, let us obtain the expressions of Melnikov functions (4.7) and (4.8). For this,
consider system (4.1)|e—o with a;, =b, =bgr=cr =1, ap =¢, =0, fgr = —2 and [, = 2. The
orbit (zx(t),yr(t)) of system (4.1)|c=o, such that (xz(0),yz(0)) = (1,h), is given by

~

eft

(h—1)— S (h+1)+2

2, (4.11)

(h—1)+ %(thl).

za(t) =<

2

¢
(&
Yr(t) = 5

The flight time of the orbit (xz(t),yx(t)), from A(h) = (1,h) to A;(h) = (1, —h), is given by

1+h
=1 — . 4.12
o=tos (17 (1.12)

Now, for g and fx defined in (4.3) and (4.4), respectively, we have that

KZAE%M—h@
= /0 " (90(t). vl (1) — Falenlt). yn(D)y(0)) dt (4.13)
/R< Z ql]xR yR Z pmx}? yR y (t)>dt

i+35=0 i+35=0
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with n = 2,3. Replacing (4.11) and (4.12) into (4.13), we obtain

I% = (2poo + 3p1o + 6p20 + qo1 + 2q11) fo(h) + %(pm + 4p2o + qo1 (4.14)
+QCI11>fég(h) + %(pm — 2p20 — Q11)f2(h)7

I, = é(Spoo + 12p19 — p12 + 24p20 + 59p30 + 4g01 — 3q03) fo(h) (4.15)
—i—% <8€J11 + 17q21>f0(h) + %(41)10 — p12 + 16p2g + 51lpso) f5 ()

1 . |
+§ (4(101 — 3qo3 + 8q11 + 17Q21>fo (h) + P (81?02 + 13p12>f2(h)

1
+E( — 16p20 — 87p3o + 1503 — 8q11 — 29(121>f2(h)

1

+§ (p12 — 3p30 + 3qo3 — Q21>f§(h)-

The orbit (x¢1(t), yer(t)) of system (4.1)|e—o, such that (z,(0), yo1(0)) = (1, —h), is given by

Te(t) = cos(t) — hsin(t),
(4.16)
Yc1(t) = —hcos(t) — sin(t).

The flight time of the orbit (x¢(t), yei(t)), from Aj(h) = (1, —h) to Az(h) = (=1, —h), is given

by

h? —1
ton = arccos <h2+1> (4.17)

Now, for g and f. defined in (4.3) and (4.4), respectively, we have that

I - /A god — fody
A1As

= [ (et (), 5er()ate (1) = Foloer (1), 5en ) () (4.18)

:/0 o1 ( Z Uij-fél(t)yg’l(t)l',c«l(t) — Z uijxgl(t)yél(t)ygl(t)>dt’

i+j=0 i+7=0

with n = 2,3. Replacing (4.16) and (4.17) into (4.18), we obtain
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2
I‘g = _§ (Ull + 3vgo + 2vg0 + UQ()) — (uw — U()l)fo(h) — 2vp2 h2 (4.19)
1
t5 (ulo + U01)f1(h),
_ 2 1
I = -3 (u11 + 3voo + 2vp2 + v20> + 1 ( — 4uyg + u12 — Sugp + 4oy (4.20)

1
+3vo3 + Ugl)fo(h) — 27)02}12 — Z <U12 + 3ugg — dvgs + ’1)21)f2(h)
1 1
+§ <4U10 + w19 + 3ugg + 4vg1 + 3vgs + ?)21>f1(h) + g <U12 + 3(U30

—H)Qg) + Ugl) fg(h).

The orbit (x.(t),y.(t)) of system (4.1)|e=o, such that (z.(0), y.(0)) = (=1, —h), is given by
t —t

2. (t) :%(2 )+ %(m 2) - 3,

~, (4.21)

y(t) = — S-(h+2) +2

The flight time of the orbit (z,(t),y.(t)), from Ay(h) = (—1,—h) to As(h) = (—1,h), is given

by
2+ h
=1 — . 4.22

Now, for g, and f,, defined in (4.3) and (4.4), respectively, we have that
I’Z ://\ grdr — frdy
A Ay

= [ 0500 = Fulan 0. () 0) (1.23)
/ (Z SZ]xL yL ‘rL Z TszL yL yL( )>d

i+7=0 i+7=0
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with n = 2,3. Replacing (4.21) and (4.22) into (4.23), we obtain

I? = 2(2r19 — 700 + 2r11 — Troo + s01 + 4502 — 3s11) fo(h) (4.24)

1
+§ (7“10 + 2r11 — 6120 + So1 + 4502 — 3811>f15(h)

2
3 (7“02 + 711 — 2190 + 2502 — 811>f2(h)7

I? = 2(2r10 — 100 + 2711 + 419 — Trog — 14191 + 31730) fo(h) (4.25)

+2(801 + 4509 + 12593 — 3s11 — 14519 + 10821)f0(h)

+%( — 3811 — 14819 + 10891 + 1109 + 2711 + 4112 — 67“20>f1s(h)
+%( — 14rg1 + 30730 + s01 + 4802 + 12803) fi(h)

+é( — 8rgp — 347121 + 63730 + 8502 + 24503 — 4811) fa(h)
4%( — 34512 + 21891 + 4rog + 4111 + 47“12) fa(h)

+é (27‘21 — 3130 + 2512 — Szl)fgs(h)-

The orbit (xeo(t), yoa(t)) of system (4.1)|c=o, such that (z¢2(0),yc2(0)) = (=1, h), is given by

Zeo(t) = — cos(t) + hsin(t),

(4.26)
Yoo (t) = hcos(t) + sin(t).
The flight time of the orbit (z¢o(t), yeo(t)), from As(h) = (—1,h) to A(h) = (1,h), is
h?—1
too = arccos (lﬁ—i—l) (4.27)
Now, for g and f. defined in (4.3) and (4.4), respectively, we have that
Ig :/,\ gedx — fody
A3A
tc2 , ,

= [ (elees(®) s (6) = Felwealt) ven D)0 (1.25)

[Ze} L ) ) 1 ' ‘
:/0 < Y vl Oyl (B, (t) = uijma(t)y&(t)y’@(t))dt

i+j5=0 i+75=0
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with n = 2,3. Replacing (4.26) and (4.27) into (4.28), we obtain

I2 = g(un + 3voo + 2v02 + U20) — (u10 — vo1) fo(h) + 2vp2 h? (4.29)
+% (ulo + U01)f1(h),

I} = %(Ull + 3vgo + 2v02 + Uzo) + i( — 4uyo + w12 — Sugo + 4vor (4.30)
+3v03 + v21 ) fo(h) + 2v02h? — %(um + Bugo — 5vg3 + v21 ) fo(h)

1 1
+§ <4U10 + w19 + 3usg + 4vgr + 3vos + ?)21>f1(h) + g <U12 + 3(U30

—H)Qg) + Ugl) fg(h).

Moreover, by Corollary 9, the first order Melnikov function associated with system (4.1) is given
by
M) =I2+1}+12+1}, n=23. (4.31)

Therefore, if n = 2, replacing (4.14), (4.19), (4.24) and (4.29) into (4.31) we obtain (4.7), with

kL5 = 2poo + 3p10 + 6p20 + qo1 + 2(q11 — oo + 2r10 + 2r11 — Trag + So1 + 4s02 — 3s11
— u1p + vo1),

k%Q = u10 + o1,

ko = —g (21020 —po2 + q11 + ro2 + 111 — 2720 + 2502 — 511>,

Iy = %(Plo + 4p2o + qo1 + 2(111),

1
l%z = 5 (7‘10 + 2111 — 6790 + s01 + 4502 — 3311>,

Finally, if n = 3, replacing (4.15), (4.20), (4.25) and (4.30) into (4.31) we obtain (4.8), with

1
kY3 = 2poo + 3p1o + 1( — p12 + 24p2g + 59p30 + 4q01 — 3qo3 + 86111)

1

+ Z (17q21 + 2(—47“00 + 87r19 + 8r11 + 16719 — 28719y — 567“21))
1

+3 (124r30 4501 + 16502 + 48503 — 12511 — 56519 + 40521>
1
5( — 4uq9 + u12 — dugg + 4vg1 + 3ves + Ugl),

1
k13_

=+
/N

4u1o + w12 + 3usg + 4vor + 3ves + 1121>,
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1
K = <8p02 + 13p1 — 16pa0 — 87pso + 1505 — Sq11 — 29421 )
— 6 (47"02 + 4r11 + 4r19 — 8rog — 34r91 + 63730 + 802 + 4803)
1
- 6( — 4511 — 34s12 + 3(7s21 + w12 + 3usg — dvos + Uzl)),
1
K3y = 1 (Ulz + 3(uso + vo3) + 021)
1
195 = =3 (41010 — p12 + 16p2g + 51p3o + 4901 — 3qo3 + 8q11 + 17QQ1)
1
=3 (7‘10 + 2711 + 4r12 — 6190 — 14791 + 30730 + S01 + 4302)
+ = 5 (12803 — 3511 — 14819 + 10821),
9 1
li3 = 3 (plz — 3p30 + 3qo3 — CI21)>

1
lg = g (27”21 — 37"30 + 2519 — 821) .

With similar proofs, that will be omitted to simplifying the text, we can obtain the expressions
of the Melnikov functions (4.9) and (4.10). Moreover, the coefficients £"; and [[; of the Melnikov

function (4.9) are given by

kS5 = 2(poo + 3p20 + qu1 — To0 — 3720 + S02 — S11 — w10 + vo1) + 3(p10 + T10) + 11,
k3 =u10 + vo1,

2
k%z = -3 (22020 —po2 + qu1 + T2 + 711 — 27190 + 2502 — 811),

3
1
19) = B (plo +4p2o + qo1 + 2q11 + 110 + 711 — 4r20 + So01 + 2502 — 2811),

and of the Melnikov function (4.10) are given by

59 3 17
k93 = 2poo + 3p1o — % + 6p2o + 530 + qo1 — % + 2q11 + % — 2190 + 3110 + 711
9r 59r 9s 17s 1
+rig —6ryp — 7221 430 + s01 + 2502 + 3503 — 2511 — 7212 + 421 t3 <u12

— 4u1g — Suszg + 4vp1 + 3vez + 1121),
1
kyy = 1 (4U10 + w12 + 3usp + 4vo1 + 3vo3 + Ugl),
1
k%?) = 12 (8]902 + 13p12 — 16])20 — 87p30 + 15(]03 — 8q11 — 29(]21 — 8702 — 8711 + 16790

+ 42r91 — 87Trgg — 16592 — 24503 + 8511 + 42519 — 29591 — 6(U12 + 3ugg — dvgs + 1)21)>,

1
k3 = Z(Um + v21 + 3(uz0 + 003)),
O 1

lys = 3 (4P10 — p12 + 16p2g + 51p3o + 4go1 — 3qo3 + 8q11 + 17qo1 + 4rig + 4111 + 4712

— 16799 — 187r91 4+ blrsg + 4sg1 + 8sg2 + 12593 — 8s11 — 18512 + 17821>,

1
lyz = 3 (P12 — (3p30 — 3qo3 + q21 — 2721 + 3130 — 2512 + 521)).



4.3 Melnikov functions associated with system (4.1) 110

O

The following two theorems provide expressions for the first order Melnikov functions
associated with system (4.1) when system (4.1)|.= is of the types CCS and CCC. The proofs of
these results are similar to the proof of Theorem 10 and are presented in the Appendix 7.1 and

7.2, respectively, to simplify the text.

Theorem 11 (Case CCS). Consider system (4.1) with H given in (4.2), with a, = bg = cg = 1,
by =2,ar=0,c, =-1, Br=-2, B, € {-2,1}, [ and g given in (4.3) and (4.4), respectively.
Then, the first order Melnikov functions associated with system (4.1) can be expressed when

By =1 (i.e., system (4.1)|e=o is of the type C, CrSg) as
Mia(h) = Zk 2fi(h) + B 5 (h) + mSs f§ (1), if n=2 (432)
Miz(h) = Z’f sfi(h) + 1055 (h) + L3 5 (h) + Zmlsfc ), if n=3, (4.33)

with p = XA =0, and when B, = =2 (i.e., system (4.1)|c=0 is of the type CrCrSg) as

2

Mas(h) = Y Kby fi(h) + 126§ (h) + m3a f5 (h), if n=2,  (434)
i=0
3

Mas(h) = Zkésfi(h)"‘lg:sfg( +l23fz +Zm23fc ), if n=3, (4.35)
i=0

with p =0 and A = 1. Here the functions f;, f7 and f£, fori=0,...,3 are the ones defined in
(4.6) and the coefficients k‘;, lf} and m”, fori=1,2, j=2,3 and a=0,...,3, depend on the

parameters of system (4.1).

Theorem 12 (Case CCC). Consider system (4.1) with H given in (4.2), with a, = by = 1,
by =2, ag =0, ¢, =cg = -1, B, € {-3,1}, Br € {0,2}, f and g given in (4.3) and
(4.4), respectively. Then, the first order Melnikov functions associated with system (4.1) can be
expressed when B, =1 and fr =0 (i.e., system (4.1)]e=o is the type C, CrCy ) as

2
Mia(h) = Z’f’izfz(h)+l?2f§(h)+lf2f§(h), if n=2, (4.36)
Mis(h) = Zkigfz +Zl’13fc if n=3, (4.37)

with p = A =0, and when f, = =3 and Sz = 0 (i.e., system (4.1)|c=0 is of the type CrCrCy )
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as
2 .
My (h) = Zk’mfz(h)+l32foc(h)+l§2fzc(h), if n=2, (4.38)
Mog(h) = Zkg,fl +2123fl ), if n=3, (4.39)

with w = 1 and A\ = 0, and when B, = =3 and Br = 0 (i.e. system (4.1)|c=o is of the type
CrCrCr) as

2
Ma(h) = Z%in(h)+lngoc(h)+l§2fzc(h), if n=2, (4.40)
Mss(h) = Zk:%sfz ‘f‘z:l3fC if n=3, (4.41)

with p = XA = 1. Here the functions f; and f£, fori=0,...,3 are the ones defined in (4.6) and
the coefficients km and ZZL, fori=1,2,3,7=2,3 and m =0,...,3, depend on the parameters

of system (4.1).

4.4 Proof of Theorem 9

To prove Theorem 9 we use Proposition 3 and Lemma 1, from Chapter 3.

Proof of Theorem 9. In order to prove Theorem 9, let us consider the Melnikov functions
associated with system (4.1) given by Theorems 10, 11 and 12. Our study will be concentrated in
a neighborhood of the orbit Ly, with h = 1 for the cases SCS, CCS and h = 7, 7 € (0, 00), for the
case CCC, since to estimate the zeros of the Melnikov functions we consider their expansions
at the point corresponding to these orbits. We begin the proof with the case where system
(4.1)|e=0 is of the type SCS. For this case, we have two subcases. The first one is when we have
two heteroclinic orbits and the second one is when we have a homoclinic loop. The second case
is when system (4.1)|c—¢ is of the type CCS. For this case, again we have two subcases, which
are CyCRrSg and CRCRrSg. Finally, the third case is when system (4.1)|.—¢ is of the type CCC.

For this case, we have three subcases, which are CyCrCy, CRCrCv and CRCRrCg.

Case SCS with heteroclinic orbits. Consider the Melnikov functions Moo and Mas given by
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Theorem 10. By Lemma 1, we can expand these functions at h = 1 as

3 2
My(h) = > Ch(h—1Y +Y  Dilog(l—h)(h— 1) + O((h—1)*), (4.42)
=0 i=1
5 4
Mys(h) = > Clg(h—1)Y + Y Dijlog(1— h)(h— 1) + O((h — 1)%), (4.43)
j=0 Jj=1

where

1
C% = 2poo + 3 (21702 + 9p10 + 14p2o + 3qo1 + 4q11 — 67100 — 2702 + 9710 + 711 — 14190

+ 3501 + 2802 — 4311> + (7 — 2)uio + (2 + m)vo1,

C3 = 2poo + 2po2 + 3p10 + o1 — 2ro0 — 202 + 3r10 — 11 — 2120 + So1 — 2802 — 4u1g
+ mu1o + Tvo1 + (P10 + o1 + 710 + 711 — 4720 + S01) 10g(2) + (q11 + S02 — S11)
log(4) + p20(2 + log(16)),

1
C3 = 3 <4P02 + p1o + qo1 — 2q11 — 4ro2 + 110 — 3111 + 4r2o + So1 — 6502 + 2511 + (T — 2)

(u10 + vo1) + (p1o + qo1 + 710 + 11 — 4720 + s01) log(2) + (g1 + So2 — s11) log(4)

+ pan(log(16) — 1)),
1
24
— 26502 + 10s11 — 8(u1g + UOl)):

C3y = (16]302 + 3p10 — 20p20 + 3qo1 — 10g11 — 16702 + 3r10 — 137111 + 20720 + 3501

1
Cy = 5 <12p00 + 4po2 + 18p10 + Sp12 + 28p20 + 45p30 + 6go1 + 3qo3 + 8q11 + 11g21
— 12799 — 4rgo + 187119 + 2r11 + 6712 — 287199 — 6191 + 45730 + 6501 + 4502 + 6503

— 8511 — 6s19 + 11597 + 3(41}01 — 8ugo + 8vgs + 2(m — 2)ugg + 7T(U12 + 3usg + 2vo1

+ 3vgz + 1)21))>,

Ca3 = 2poo + 2po2 + 3p10 + 3p12 + 2p20 — P30 + o1 + 3403 — 3q21 — 2re0 — 2702 + 3110
— 711 + 712 — 27190 + 6721 — 7730 + 501 + 6512 — 3521 + (7 — 4)u10 — 2(u12 + Suso
— 3uo3 + va21) + T(u12 + 3uze + vo1 + 3voz + v21) + (P10 + 12p30 + qo1 + 10 + 711
+ 712 — 4120 — 4121 + 12730 + S01 — 4512) 10g(2) + s02(log(4) — 2) + q11log(4)

— s1110g(4) + s03(log(8) — 3) + (p20 + q21 + s21) log(16),



4.4 Proof

of Theorem 9 113

2 _
023_

3 _
Cgs =

4
— 6711 + 27119 4+ 8rog + 34191 — 63139 + 2501 — 128099 — 18503 + 4511 + 34519 — 21891

1
<8P02 + 2p10 + 13p12 — 8p20 — 63p30 + 2qo1 + 15g03 — 4q11 — 21g21 — 8rp2 + 2119

+ 2(71' — 2)u10 + 271'(2u12 + 6usgg + vo1 + 6vg3 + 27)21) — 4(3U12 + 9usgg + vo1 — 3vgs
+ 3v21) + (P10 + P12 + 4p20 + Ip30 + qo1 + 710 + 711+ 12 — 4rao — 2121 + 9730 + S01

—2(s11 + s12)) log(4) + (q11 + S02) log(16) + (qo3 + g21 + S03 + $21) log(64))v

1
o1 (16]902 + 3p10 — 20p20 — 156p30 + 3q01 + 48q03 — 10g11 — 5221 — 16702 + 3710
— 13711 + 3r12 + 20190 + 84191 — 156730 + 3501 — 26502 — 39503 + 10511 + 84512
— 52891 — 8uig + 4(37 — 10)u12 + 127 (va1 + 3(uso + vo3)) — 8(15ugp + vo1

+ 3vp3 + Hva1) — 12(3p3o — 3qos + g21 — 2721 + 3r30 — 2512 + S21) log(2) + 4p12

(8+1og(8)),

1
Ch3 = — (47“20 — p1o — 4p20 — qo1 — 2q11 — 13qo1 — 110 — 711 — r12 + 22191 — 397130 — S01

48
— 2502 — 3803 + 2511 + 22519 — 13591 + 8uqig + 2(37[' — 8)U12 + 6(371’ — 8)U30 + 8vg1

+2(37m — 8)(3vp3 + v21) — 6(q21 — 2721 + 3130 — 2512 + S21) log(2) + 9q03(3 + log(4))

+ p12(9 + 1og(64)) — 3pao(13 + Log(64)) ),

1
Chy = — (51910 + 20p12 + 20p20 + 5qo1 + 60qo3 + 10g11 + 5710 + 5711 + 5112 — 207120

960
+ 20721 + 5801 + 10802 + 15803 — 10811 + 20512 — 32(2u10 + w12 + 3usg + 2vo1

+ 3vps + 1)21)),

and D%i, i=2,3and j =1,...,4, depend on the parameters of system (4.1), whose expressions

have been omitted for simplicity. As in the case n = 1 from Chapter 3, we consider only the

coefficients C};, n = 2,3 and ¢ = 0,...,5. Moreover, as

limlog(1 —h)(h—1)) =0, j=1,...,4,
h—1

the factors log(7rs — h) of the expansions in (4.42) and (4.43) can be disregarded in the study of

the number of zeros. Therefore, we consider only the coefficients C’gi, i=2,3and j=0,...,5.
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For equation (4.42), when

1

Poo =g (67”00 — 2po2 — 9p10 — 14p20 — 3qo1 — 4q11 + 2ro2 — 9710 — 11 + 14190 — 3501

— 2802 + 4811 + 6u10 — 37TU10 — 6U01 — 37‘("001),

1
1o = Tog(8) (81720 — 4po2 + 4q11 + 4roz + 4r11 — 8ra0 + 8s02 — 4s11 + 6(uio + vo1)

— (4p20 + qo1 + 710 + 711 + So1) 1og(8) — (q11 — 2720 + So2 — S11) 10g(64)),
IS
8(21og(2) — 1)

+1og(2)(—8q11 — 8rp2 — 8r11 + 16199 — 16502 + 8s11) + 4po2 log(4) + log(8)

P2p = <4Q11 — 4po2 + 4rog + 4111 — 8rao + 8502 — 4511 + 6uig + 6v01
(mu1p + 7rv()1)),

uio 75 —%vo1,
we have that

8(0827 02127 0222’ 032)

CY=Cl=0C%=0, C3+#0 with rank
22 22 2 2 7& 5(}900, P10, P20, Ulo)

=4.

This implies, by Proposition 3, we can choose C%, C1,, C3, and C3, satisfying
C5Cp >0, CpC%H >0, CHC3H >0 and [Ch| < |Op| < |C5] < [C3] < 1,

such that function (4.42) has exactly three positive simple zeros near h = 1. Therefore, the
number of limit cycles from system (4.1) when n = 2, that can bifurcate from the periodic

annulus near the heteroclinic orbit in h = 1, is at least three.

For equation (4.43), when

700 = Poo + P10 + P20 + P30 + 10 — 20 + 130 — 2(u10 + u30),

1
o2 =5 <2p02 + p1o + qo1 — 6qo3 + T10 — T11 + r12 + So1 — 2802 — 3503 + 12v03>7

1
$11=5 <p10 +4p12 + 4p2o + qo1 + 12qo3 + 2q11 + 110 + 11 + 12 — 4roo +4ra1 + s01

+ 2502 + 3503 + 4512>,
s21 = p12 — 3p3o + 3qo3 — qo1 + 2r21 — 3r30 + 2512,
Vo1 = —U0,

vo1 = —u12 — 3(u30 + v03)-
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we have that

0 1 2 3 4 5
8(0237 0237 C(237 0237 C237 C23)
9(r00, 702, S11, 521, V01, V21)

083 = 02132 = C223 = 033 = 033 = 0253 =0 with rank = 6.

This implies, by Proposition 3, we can choose C9;, Cas, C25, C3s, C§3 and C35 such that function
(4.43) has at least five positive simple zeros near h = 1. Therefore, the number of limit cycles
from system (4.1), when n = 3, that can bifurcate from the periodic annulus near the heteroclinic

orbit in A = 1, is at least five.

Case SCS with homoclinic loop. Consider the Melnikov functions M1 and M3 given by Theorem

10. By Lemma 1, we can expand these functions at h = 1 as

4 2
Myp(h) = > Cly(h—1Y +) " Di,log(1 = h)(h— 1)’ + O((h — 1)°), (4.44)
j=0 J=1
7 4
Mis(h) = Cls(h— 1) + ) " Di3log(1 — h)(h — 1) + O((h — 1)%), (4.45)
j=0 i=1

where the coefficients C{i, i =2,3and 0 =1,...,7, that depend on the parameters of system
(4.1), are listed in Appendix 7.6. Moreover, as in the previous case, the factors of the expansions
in (4.44) and (4.45) that have log(1 — h) can be disregarded in the study of the number of zeros.

Therefore, we consider only the coefficients C’{i, t1=2,3and j=0,...,7.

For equation (4.44), it is possible choose parameters values poo, pio, P20, So1 and wuig, that

are listed in Appendix 7.10, such that

8(0?2’ 0112’ 01227 0%27 Cil2)

Yy =Cly=0C%=C,=0, C{+#0 with rank
2 2 2 12 12 3(1700, P10, P20, So1, Ulo)

=5.

As in the previous cases, by Proposition 3, we can choose C%,, Cty, C%, C3, and C{, such that
function (4.44) has exactly four positive simple zeros near h = 1. Therefore, the number of limit
cycles from system (4.1), when n = 2, that can bifurcate from the periodic annulus, near the

homoclinic orbit in h = 1, is at least four.

For equation (4.45), it is possible choose parameters values qo1, ¢21, 700, 702, S11, S21, Vo1 and

v21, that are listed in Appendix 7.11, such that
0?3 = 0113 = C'123 = C§3 = Cf?, = 0153 = 0163 = C'173 =0

with

0 A1 A2 3 A A5 6 AT
8(Cl3a 013’ 0137 0137 0137 0137 0137 013)
9(qo1, 921,700, 02, S11, 521, V01, V21)

rank = 8.
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As in the previous cases, by Proposition 3, we can choose CY;,Ci;, C3;, C35,C35, CY; and C,
such that function (4.45) has at least seven positive simple zeros near h = 1. Therefore, the
number of limit cycles from system (4.1), when n = 3, that can bifurcate from the periodic

annulus, near the homoclinic orbit in h = 1, is at least seven.

Case CCS. Consider the Melnikov functions given by Theorem 11. By Lemma 1, we can expand

these functions at h = 1 as

Miz(h) = i}c{é( - 1) + ZD log(1 — h)(h — 1) + O((h — 1)°), (4.46)
j=

Mys(h) = i%%(h -1y + Zl DIylog(1 — h)(h — 1) + O((h — 1)), (4.47)
Jj= Jj=

Mayg(h) = f%cgg(h — 1) + iDgQ log(1 — h)(h — 1) + O((h —1)°), (4.48)
j= j—

Ms(h) = 27:053( — 1) + ZD log(1—h)(h— 1) + O((h —1)%), (4.49)
=0

where the coefficients C¥., i = 1,2, j =2,3 and k = 0,...,7, that depend on the parameters of

Z]’

system (4.1), are listed in Appendix 7.7. Moreover, as in the previous cases, the factors of the
expansions in (4.46) — (4.49) that have log(1 — h) can be disregarded in the study of the number

of zeros. Therefore, we consider only the coefficients C¥,i=1,2, j=2,3and k=0,...,7.

@5
For equations (4.46) and (4.48), it is possible choose parameters values pgo, po2, q11, vo1 and

s11, that are listed in Appendix 7.12, such that
Ch=Ch=Ch=Ch=0, Ch#0

with
8(01027 Ci127 Ci227 0327 0?2)

ank
(P00, Po2; 411, Vo1, S11)

=5, for i=1,2.

As in the previous cases, by Proposition 3, we can choose C%,Ck, C2, C3 and C4, for i =
1,2, such that functions (4.46) and (4.48) have exactly four positive simple zeros near h = 1.
Therefore, the number of limit cycles from system (4.1), when n = 2, that can bifurcate from

the periodic annulus, near the homoclinic orbit in A = 1, is at least four.

For equations (4.47) and (4.49), it is possible choose parameters values qo1, 21, 700, 702, S01,

891, vo1 and v91, that are listed in Appendix 7.12, such that

013_023_013_02?)3:0 013—0 03—0
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with
A(C, Cs, O, Oy, O, Oy, O, CF)

=8, for 1=1,2.
3(@11176]21,7“00,7’02,801,821,1}01,021)

rank

As in the previous cases, by Proposition 3, we can choose C’Zg, CZ-13, Ci23’ C 013, 013’ 0?3 and C’Z-73,
for i = 1,2, such that functions (4.47) and (4.49) have at least seven simple zeros near h = 1.
Therefore, the number of limit cycles from system (4.1), when n = 3, that can bifurcate from

the periodic annulus, near the homoclinic orbit in A = 1, is at least seven.

Case CCC. Consider the Melnikov functions given by Theorem 12. By Lemma 1, we can expand

these functions at h = 7, for 7 € (0, 00), as

Miao(h) = ZC I+ 0((h—1)%), (4.50)

Mis(h) = ZC T+ 0((h—7)%), (4.51)

Ma(h) = Z% Calh— 7)) + O((h = 7)°), (4.52)
J

Mas(h) = 27;0%3(}1 — 7)) +O((h—1)%), (4.53)
J

Msy(h) = f%cgz(h — 7)Y +O((h—71)°), (4.54)
J

Mss(h) = i%CgS(h — 7)Y +O((h—71)%), (4.55)
J

where the coefficients C%.,

i1 =1,2,7=2,3 and k=0,...,7, that depend on the parameters of

system (4.1), have their expressions omitted to simplify the text.

For equations (4.50), (4.52) and (4.54), it is possible choose parameters values qo1, roo, 702,
s11 and vg1, such that

012 = 07,2 = 01'22 = 0132 = 0242 =0

with
1 2 3 d
ank ACi Cis iy, Cip Cp) =5, for i=1,2,3.
9(qo1, 700, T02, S11, Vo1)

As in the previous cases, by Proposition 3, we can choose C’ 07,27 Csz C’f’z and C’fz, fori=1,2,3,
such that functions (4.50), (4.52) and (4.54) have at least four positive simple zeros near h = 7.
Therefore, the number of limit cycles from system (4.1), when n = 2, that can bifurcate from

the periodic annulus, near the orbit in A = 7, is at least four.
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For equations (4.51), (4.53) and (4.55), due to the complexity of the calculation, we consider
7 = 1. Thus, it is possible choose parameters values qo1, g21, 700, 702, So1, S21, vo1 and wvs1, such
that
Czoa2033201'23205320513:01‘53:@63:0%:0
with

8(01037 Cz'lsv 0123? 01337 0?3’ Ci53’ Cz’%? 0173)

ank
9(qo1, 921,00, 702, S01, 521, V01, V21)

=8, for i=1,2,3.

As in the previous cases, by Proposition 3, we can choose C’%, CZ%, C’iQS, C’%, 01437 C’i53, CZ-63 and C’Z:,,,
for i = 1,2,3, such that functions (4.51), (4.53) and (4.55) have at least seven simple zeros near
h = 1. Therefore, the number of limit cycles from system (4.1), when n = 3, that can bifurcate

from the periodic annulus, near the orbit in A = 1, is at least seven. ]



CHAPTER

Persistence of periodic solutions from
periodic annulus formed by a center and two

saddles of system (1)].—q

In Chapter 3, we proved that if the central subsystem from system (3.1)|.—o has a real center
at the origin and the right or left subsystems have centers or saddles, then we have at least three
limit cycles bifurcating from the periodic annulus by linear perturbations. A natural question
is if this number of limit cycles changes when we take the center of the central subsystem from
system (3.1)]e=o not necessarily at the origin. The main objective of this chapter is to answer
this question for the case where system (3.1)|.—o is of the type SCS (we choose the case SCS
because it has more interesting configuration, like heteroclinic orbits, etc, and apparently it has
more potential to generate limit cycles than the other cases SCC and CCC). We will prove that
if the central subsystem has a real or boundary center then the maximum number of limit cycles
that bifurcate from the periodic annulus by linear perturbations is at least six. Now, if the
central subsystem has a virtual center then we have at least four limit cycles bifurcating from

the periodic annulus by linear perturbations.
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5.1 Preliminaries and main result

In this chapter, let us consider discontinuous piecewise linear near-Hamiltonian differential

systems with three zones, given by

T = Hy(ﬁ, y) + ef(x,y),

(5.1)
y=—Hy(z,y) +eg(z,y),
with
fu(z,y) =rior +roiy +roo, < —1,
flz,y) = fo(z,y) = uror + w1y + ugo, —1<z<1, (5.2)
fr(x,y) = prox + po1y + poo, = >1,
gr(x,y) = si0x + so1y + so0, < —1,
g(x,y) = go(z,y) = vipx + vo1y + v, —1<x <1, (5.3)
gr(z,y) = qro® + o1y + qo0, = > 1.

We assume the hypotheses:

(H1) The unperturbed central subsystem from (5.1)|c—¢ has a center and the other unperturbed

subsystems have only saddles.

(H2) The unperturbed system (5.1)|c—¢ has only crossing points on the straight lines x = +1,

except by some tangent points.

(H3) The unperturbed system (5.1)|c—¢ has two periodic annulus. The first one, consisting
of a family of crossing periodic orbits passing through three zones and, the second one,
consisting of a family of crossing periodic orbits passing through two zones, such that each

orbit of these families has clockwise orientation (see Figure 5.1).

Thus, we can consider H in the normal form, given by Proposition 1 from Chapter 3, i.e.,

b
H*(x,y) = ELy2 — %LxQ +arzy+apy — Brr, x<—1,
22 2
R _br 9 cr o,
H(fa?/)—?y —?x + arry — ary — Br, z > 1
\

Note that by hypothesis (H1), the center of the central subsystem from (4.1)|c—¢ is not necessarily
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Figure 5.1: Crossing periodic orbits of system (5.1)|c=o.

at the origin. As the case 8 = 0 studied in Chapter 3, we consider 8. # 0. In fact, by Remark

1, we can assume without loss of generality that 5o > 0.

The main result of this chapter is the following.

Theorem 13. The maximum number of limit cycles of system (5.1), satisfying hypotheses (Hi),
for i =1,2,3, which can bifurcate from the periodic annuli of the unperturbed system (5.1)|c=o,
is either at least six, if the central subsystem has a real/boundary center, or at least four, if the
central subsystem has a virtual center. Moreover, in the first case, we have four limit cycles
passing through the three zones and two passing through two zones. In the second one, we have

three passing through the three zones and one passing through two zones.

To prove Theorem 13, we study the number of zeros of the first order Melnikov function
associated to system (5.1). Our study is concentrated in a neighborhood of the periodic orbit
that simultaneously bounded the periodic annulus from the two and three zones, since to estimate
the zeros of the Melnikov function we consider its expansion at the point corresponding to this
orbit. Moreover, we provide a detailed analytical method to study the number of simultaneous

zeros from Melnikov functions defined in two or three zones (see Proposition 7).

5.2 A classification to system (5.1)]—g

In order to computation the zeros of the first order Melnikov functions My and M; associated

to system (5.1) that, similarly as in Theorem 1 but doing some adaptations, are expressed as

CHAA) , HEAHS(As) o HEAVHS (A HE(A)
Moh) = ey le T e ms Ay T H(A)AE (A H (Ag)
HP(A)VHS (A3) HE(A)HE (4y)
T A AL A HS (A (A €T
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and
.+ (B) J(B)H (B1)
My (h) = =2 I Y Y I, h
R R A A
with

- /A godz — fody, 10 = /A gode — fody, IO — /A gedz — fody,
A3A A2A3 A1A2

Igz = /A gedr — fedy, Ié* = //\ gedxr — fedy  and [112 = //\ grdxr — frdy,
AAl BlB BBl
it is necessary to find the open intervals Jy and Ji, where they are defined. For this, we have

the following proposition.

Proposition 6. Consider system (5.1)|e=o satisfying the hypotheses (Hi), i = 1,2,3. Then Jy =
(2v/Be,Tr) and Jy = (0,2v/Bc), where 77 = (a% — bpBr — w?)/(brwr) with wg = /a2 + bgcx,

and the periodic annuli are equivalent to one of the Figures 5.4-5.5.

Proof. Firstly, we can note that if the saddles of the right or left subsystem from (5.1)|.—¢ are
virtual or boundary, then we have not periodic orbits passing through the three zones. Let W}
and W3 (resp. W}* and W}) be the unstable and stable separatrices of the saddles of the right
(resp. left) subsystems from (5.1)|c—o, respectively. Denote by P! = Wi N{(—1,y) : y € R} and

PL=Win{(1,y): y € R}, for i = u,s. After some computation, it is possible to show that
Pg = (_17TL)7 PE = (_17 _TL)7 P}g = (17 _TR)7 P]i = (177—R)7

where 7, = (a% — bpBr — W2)/brwr, T = (@ + b.f, — w?)/brwy, wr = \/m and
Wy = \/m . Moreover, we have a symmetry between the points P}* and P; (resp. P} and
P;) with respect to z-axis.

As the vector field X associated with the central subsystem from (5.1)]e=o is Xc(z,y) =
(y, —r+Bc), with o > 0, then we have a periodic orbit L} tangent to straight line z = —1 in the
point P, = (—1,0) that intercepts crosswise the straight line z = 1 at two points, P. = (1,2/Bc)
and P2 = (1,-2v/Bc). If 0 < B¢ < 1, there is a periodic orbit L2 tangent to straight line z = 1
in the point P; = (1,0) contained in the region bounded by L(l). Moreover, the periodic orbit of
central subsystem from (5.1)|c—p with initial condition at the point P} intercepts the straight
line z = —1 for positive time at two points P? = (—1, —+/72 — 43c) and P} = (—1,/72 — 453.).
Note that this periodic orbit coincides with the periodic orbit L{ when Bc = 72/4 (see Figure
5.2) or it does not intercept the straight line # = —1 when 72/4 < B¢ (see Figure 5.3). In these
cases, the orbit of system (5.1)|e=o with initial condition at the point A(h) = (1,h), h € (0, 7z),
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does not intersect crosswise the straight line x = —1 for positive times, i.e., system (5.1)|.—o has

no periodic orbits passing through the three zones.

Figure 5.3: Phase portraits of system (5.1)[.—¢ with (c) 72/4 < B < 1, (d) 72/4 < B¢ and
Be > 1.

Suppose now that 8o < 72/4. Then, by a reflection around the y-axis if necessary, we can
assume without loss of generality that \/7'1%—74% < 711,. Moreover, if \/7'}%—74/6’0 < T, system
(5.1)]c=0 has a homoclinic loop passing through the points P35, P¥, P! and P? (see Figure 5.4)
and if \/m = 7, system (5.1)|e=o has heteroclinic orbits passing through the points Pj,
Py, Pf and P} (see Figure 5.5).

Consider an initial point of the form A(h) = (1,h), with h € (24/Bc, Tz). By the hypothesis
(H2), system (5.1)|c=o has a family of crossing periodic orbits that intersect the straight lines
x = %1 at four points, A(h), A1(h) = (1,a1(h)), with a1(h) < h, and Az(h) = (—1,a2(h)),
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Figure 5.4: Phase portraits of system (5.1)|c—o with () 0 < Bc < 1, Bc < 72/4 and /72 — 453 <
7, (F) 1 < Be < 72/4 and /72 — 4B < 71

rx=-1 (g) x:i

Figure 5.5: Phase portraits of system (5.1)|.—o with (g) 0 < B¢ < 1, B¢ < 72/4 and \/71%—7450 =
72, (h) 1< B < 72/4 and /72 — 4B = 4.

As(h) = (—1,a3(h)), with az(h) < as(h) satisfying

More precisely, we have the equations

2 (h— ay () + s () =0,
(@ (R) — ax(m))(ar (1) + aa(R) — 45c) =0,
by

(a2(h) — az(h))(az(h) + asz(h)) =0,

= o

(as(h) — h)(as(h) + ) + 4B0) = 0.

[\
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As a1(h) < h, az(h) < as(h), bp > 0 and b, > 0, the only solution of the above system is
a1(h) = —h, az(h) = —/h? — 483c and as(h) = \/h? — 40, i.e., we have the four points given
by A(h) = (1,h), Ai(h) = (1,—h), As(h) = (=1, —\/h? — 4c) and Az(h) = (—1,/h? —45c).
Moreover, system (5.1)|c—o has a periodic orbit L; passing through these points, for all h €

(2\//@, TR)-

Now, consider an initial point of the form B(h) = (1,h), with h € (0,2+/B¢). By hypotheses
(H2), system (5.1)|c=0 has a family of crossing periodic orbits that intersect the straight line
x =1 at two points, B(h) and B;(h) = (1,b1(h)), with b1(h) < h satisfying

H"(B(h)) = H*(Bu(h)),

H(Bi(h)) = H(B(h)).

More precisely, we have the equations

(= bu () a (1) =

%(bl(h) — ) (ba(h) + ) = 0.

As bi(h) < h and by > 0, the only solution of the above system is bi(h) = —h, i.e., we have
the two points given by B(h) = (1,h) and B;(h) = (1,—h). Moreover, system (5.1)|c=o has
a periodic orbit L;, passing through these points, for all h € (0,2v/Bc). If h € [, 00) then
the orbit of system (5.1)|c—o with initial condition at A(h) does not return to the straight line
x = 1 for positive times, i.e., system (5.1)|.—p has no periodic orbit passing through the point
A(h). Therefore, system (5.1)|c=¢ has a periodic annulus, formed by the periodic orbits Ly, for
h € (0,2/Bc), passing by two zones and bounded by the periodic orbit L}, when 8o > 1, or
the two periodic orbits L(l] and L(Q), when 0 < B¢ < 1. Now, assuming that . < 72/4, system
(5.1)|e=0 has a periodic annulus, formed by the periodic orbits Ly, for h € (2v/Bc, Tz), passing by
three zones and bounded by the periodic orbit Lé and a homoclinic loop when \/m < T
or by two heteroclinic orbits when \/m = 7,. This completes the proof. O

As, for h € (2y/Bc,Tr), A(h) = (1,h), A1(h) = (1,—h), A2(h) = (=1, —+/h?> — 48:), As(h) =
(—1,4/h? —4B:) and, for h € (0,2v/Bc), B(h) = (1,h), Bi(h) = (1,—h), the coefficients that
multiply the integrals of first order Melnikov functions (5.5) and (5.6) associated with system

(5.1) can be easily calculated. More precisely, we have the immediate corollary.

Corollary 10. For Jy = (2/Bc,7r) and J1 = (0,2v/B¢), the interval of definition of Melnikov
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functions given by (5.5) and (5.6), respectively, we have that

HF(A)  H}B) HFAHS(As)HE (A7)
HS(A)  HG(B)  HS(A)HE(A3)HS(Asz)

and
HJ}(B)Hy; (B1) Hj(A)H, (As)Hy(A2)H, (A1) ]
HS(B)HE(B1)  HG(A)HE(A3)HS(A9)HEF(Ar)

Then, the first order Melnikov functions associated to system (5.1) can be written as

b
Mo(h) = b [ geda — fody+ 3" [ gudo fudy
AzA L JA3A3 (55)
+ by /A godz — fody + /A Gndd — Fady
A1A2 AAI
and
BlB BBI

5.3 Melnikov functions associated with system (5.1)

In order to prove Theorem 13, we simplify the expression to the first order Melnikov functions

My and M; associated to system (5.1). For this, we define the following functions:

fi(h) = V/h* —4Bc,

h?+2—hfi(h) — 28
il = - (P20 25

hfi(h) — 1+ 822
o) = \/1 (e )

_ (hfi(h) =14 B2
Juth) = < h? + (Bo —1)? >’ (5.7)
FE(R) = (h — 1) (h + ) log ( i;_TZ)’
FE(0) = (12 4o — 72y tog (L)

fE(h) = (h? + (Be — 1)?) arccos(fa(h)),
fE(h) = (h? + (B — 1)?) <27r — arccos (

1—h?—2B,+ 32
h? + (Be — 1)? >>’

with h € (0,7z) and 0 < B¢ < 72/4.

Theorem 14. The first order Melnikov functions My and M,y given by equations (5.5) and (5.6),
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respectively, can be expressed as

Mo(h) = kgh + (k{ + kih) fo(h) + (K9 + k3h) f3(h) + (k§ + ksh + k3h?)

Fa()? + (kS + kth + k2h2) f3(h) fa(h) + KD f1(h) + k. f1 (h) fa(h)

(5.8)
+ k7 f1(h) f3(R) + kg f1(h) f3(R)* + K fr(R) f3(h) fa(h) + KSo f57 (h)
kLf () + KO S (R),  h € (24/Bos Tr)
and
Mi(h) = 3h+ k 4f0( ) + k?5flc(h)v h e (072 50)- (5.9)

The functions fi, fot, foys jc, i=1,...,4 and j = 0,1, are given in (5.7). Here the coefficients
kg, i=0,...,15 and j = 0,1,2, depend on the parameters of system (5.1).

Proof. Firstly, let us simplify the Melnikov function Mj given by equation (5.5). For this,
consider the orbit (zz(t),yr(t)) of system (5.1)]e—q, such that (xz(0), yz(0)) = (1,h), given by

—twRr
zR(t) = — € (th — bpe? Ry — 20 Ry, + by — 2bpet BT, + bRthwRTR>
Wr
eftwR
yr(t) = — 5 < — aph + ape®™@Bh —wph — %Ry h — apTh + 206" R Ty
Wr

— ape®™Rr, — wpTh + eZt“’RwRTR>.

The flight time of the orbit (zx(t),yr(t)), from A(h) = (1,h) to A1(h) = (1,—h), is

1 (h+TR>
tR:fIOg .
Wr T — h

Now, for frp and gx defined in (5.2) and (5.3), respectively, we have

IJO:c ://\ grdx — frdy
AAr

tr
— /0 (9r(@n(t), ya(E) () — Falza(t), ya(t))ya(t))dt
/ < Z 4ij T Z Pij T y;%(t)> dt

i+7=0 1+75=0

=arh + as f§'(h)

with
1 br
o = — (2(]900 + p1o)wr + br(p10 + qm)TR) and g = (plo + qo1)-
Wr 2wp



5.3 Melnikov functions associated with system (5.1) 128

The orbit (x¢1(t), yo1(t)) of system (5.1)|c—o, such that (z¢,(0),y:(0)) = (1, —h), is given by

tealt) = o + (1 fe) cos(t) — hsin(t),
Yeur (t) = —hcos(t) + (Be — 1) sin(t).
The flight time of the orbit (z¢(t), yoi(t)), from Aq(h) = (1, —h) to Aa(h) = (=1, —\/h? — 48¢),
is
to, = arccos(f4(h)).

Now, for fo and g. defined in (5.2) and (5.3), respectively, we obtain

- /A geda — fody
A1As

—/0 1 (90(9301 (t)ay01(t))mlcl(t) - fc(ﬂﬁm(t),yCl(t))y’Cl (t))dt

tc1 1 . . L . . 5 11
[T (X w00 3 et (a0 ) (5.11)
0 i+j=0 i+j=0
= (a3 + ash) f2(h) + (a5 + ach + a7h®) f3(h) fa(h) + (as + agh) f3(h)

+ (a1 + annh + aah?®) f3(h)? + a3 f§ (h),
with

az = —(Be — 1)(voo + v10Be),

ag = —(voo + vi0fc),
ay = ugo + u108c, 1 ) )
1 , ajg = 5( —up1 — v10(Be — 1) 4+ 2up1 e — u0150)7
as = §<u10 - ’UOI)(BC - 1)5
a1 = (u10 — vo1)(Be — 1),
ag = (uo1 +v10)(Bc — 1), 1
1 Q12 = 5 (um + v10)7
a7 = 5 <U01 - u10)7 1
Q13 = B (ulo + 001)-
ag = —(ugo(Be — 1) + u10(Be — 1)Bc),

The orbit (z,(t),y.(t)) of system (5.1)|c=0, such that (z,(0),y,(0)) = (=1,—+/h? —40.), is
given by

—twL
zp(t) = 62% (bL fi(h) = boe®™® fi(h) — 2e"Fw, + by1y — 2beP Ty + bLthwLTL),
e_twL
yu(t) = %, ( —afi(h) + ae®™* fi(h) —wp fi(h) — e*“Pwp fi(h) — ayy + 20,0 T,

—a e, —w, T + th”LwLTL>.

The flight time of the orbit (x,(t),y.(t)), from As(h) = (—1,—+/h? —48:) to Asz(h) =
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1 fi(h)+ 712
b= ;Llog (TL - fl(h))

Now, for f, and g, defined in (5.2) and (5.3), respectively, we have

(—1,\/h% —48.), is

10— /A guda — fody
AgAs

= [ 0000000, 0) — b)) )

L X - (5.12)
-/ ( sy (O (O (1) — 3 njwi(t)yi(t)yi(t))df
0 i+j=0 i+j=0

= aisf1(h) + a15 5 (h),

with

b
L (7“10 + 501)-

o4 = *( — 2roowr, + 2riowr, + b (110 + 801)TL) and o5 =
wr, 2(-‘-}L

The orbit (¢, (t), yoa(t)) of system (5.1)]c—o, such that (z¢2(0), ye2(0)) = (=1,4/h% —408¢), is
given by
Teo(t) = Bo — (1 + Be) cos(t) + fi(h)sin(t),

Yoa(t) = fi(h) cos(t) + (1 + Bc) sin(t).

The flight time of the orbit (z¢,(t), yeo(t)), from As(h) = (—1,/h? —48:) to A(h) = (1,h), is
teo = arccos(fa(h)).
Now, for fo and g defined in (5.2) and (5.3), respectively, we obtain
It Z/A goda — fody

A3zA

_ /Otc2 (go(xea(t), Yoo ()25, (t) — fo(Tea(t), Yoo (b)) Yo, (t)) dt
teo 1 ' . |
_ /0 (;0 Vij Ty ()Yt (1), (£) — ;0 wi T, ()l ()1, 2(t)> gt 51
= a6 f2(h) + arrfi(h) f2(h) + arsf3(h) + aqg f1(h) f3(h)
+ (a0 + ao1h?) f3(h)2 + ass fi(R) f3(h) + (a3 + aah?)

f3(h) fa(h) 4 ags fi(h) f3(h) fa(h) + caz f§ (h),
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with
1
13 = 5 (ulo + U01>, 1
Q] = B (U01 + UIO)7
aie = —(1 4 Be)(voo + vioBe),
a2 = —(ui0 — vo1)(1 + Be),
a7 = —(upo + u106c), 1 9
93 = —§<U10 - Uol)(—l —68c — BZ),
aig = —(1 4 Be)(uoo + u108c), 1
Qg = —§<U10 - 001)7
a19 = (voo + v10Be),
1 ags = —(up1 + v10)(1 + Bo).
a0 =5 (um + 1110) (=1 —68c — 32), ¢

Hence, by Corollary 10, the first order Melnikov function M associated to system (5.1) is given
by

b _
Moy(h) = b + b—RIQ + bRI2 + IV, (5.14)
L

Replacing (5.10), (5.11), (5.12) and (5.13) into (5.14) we obtain (5.8), with

kg =, 9 0
k3 = br(oiz + a21), k7 = brag,
=0 (a3 + aug),
e k] = br(as + ass), kY = brass,
ki = bpou,
Lo k) = brag, kY = bras,
kS = bp(as + ais),
2o k3 = br(ag + as), Ky = as,
kY = bray, b b
) kg = aas, ki = a5,
k3 = br(a10 + a20), o o
kd = brar, kY = 2brans.

1
k3 = braqy,

Now, let us simplify the Melnikov function M; given by (5.6). Similarly as in previous case,
we have that

IL = ath + as fE(h). (5.15)
The orbit (xo(t),yc(t)) of system (5.1)|c=0, such that (x-(0),y-(0)) = (1, —h), is given by
zo(t) = P + (1 — Be) cos(t) — hsin(t),
Yo(t) = —hcos(t) + (Bc — 1) sin(t).

The flight time of the orbit (z¢(t),y(t)), from Bi(h) = (1,—h) to B(h) = (1,h), is

1—h?-2 2
tc=27r—arccos< BC+BC>.

h? 41 —28c + B2
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Now, for fo and go defined in (5.2) and (5.3), respectively, we obtain

Qzﬁ\%mn@
B1B

_/0 ’ (gc(xc(t%y(?(t))x/cz(t) - fc(xc(t),yc(t))y/c(t))dt
:/ (Z vt (t Yy (t Z uijat (t YL (¢ yc(t)>dt

i+35=0 i+5=0

(5.16)

= ageh + agr f{ (h),

with

1
aoe = 2ugo + u10 — vo1 + (w10 + vo1)Be  and oy = 5(“10 + vo1).

Hence, by Corollary 10, the first order Melnikov function M; associated to system (5.1) is given
by
Mo(h) = bpl} + I} (5.17)

Replacing (5.15) and (5.16) into (5.17) we obtain (5.9), with

0 0 0
klg = 1 — bROéQG, k14 = (Y9 and k15 - bROéQ’?

5.4 Proof of Theorem 13

To prove Theorem 13, we study the number of simultaneous zeros of the Melnikov functions M
and M, associated with system (5.1). Our study focuses on a neighborhood of the periodic orbit
that simultaneously bounds the periodic annulus of the two and three zones, since to estimate
the zeros of the Melnikov functions we consider their expansions at the point corresponding to

this orbit. For this, we need of the following result.
Consider the functions F': R — R and G : R — R given by

F =2 (Cj(d)(h — 7 + Dy (8)(h— )%

=0

) +O((h = 7)), (5.18)

and

3

G(h) =Y Cj()(h—T1) +O((h— )", (5.19)
j=0

with 7 > 0 and the coefficients C;(6) and D2;41(6), j = 0,...,n, are smooth functions depending

on the parameters 6 = (d1,...,dy,) € R™. Then we have the following proposition.
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Proposition 7. Suppose that there exist an integer k > 1 and § € R™ with m > 2k + 1 such that

Ci(5) = Dajur(5) =0, j=0,....k—1, (5.20)

and
0(Co, D1, ..., Dop_1,Cy) =
k =2 1

T S s Sy B C

or
C](S) = D2j+1(5) = Ck—l(g) = 07 .] = Ov s k — 25 (521)

and

a(CO)Dla"‘ack—laDQk—l) =
o) = 2k.
001,02+ Om1s0m)

rank

Then, if condition (5.20) holds, functions (5.18) and (5.19) have at least 2k and k real zeros,
respectively, in a neighborhood of h = 7 for all § near 6. Moreover, function (5.19) has ezxactly k
real simple zeros, in a neighborhood of h = 7 for all § near &, when Ck(g) % 0. Now, if condition
(5.21) holds, functions (5.18) and (5.19) have at least 2k — 1 and k — 1 real zeros, respectively,

in a neighborhood of h = T for all § near 6.

Proof. We prove only the case where condition (5.20) holds. The proof is similar when we have

the condition (5.21). By the condition (5.20) we can assume that

8(005D17"‘7D2k—1)0k) N
5) 0,
901,02, 0o ) 7

det

Then the change of parameters C'j = Cj(61,. .., 02k+1, S2k+2, e ,5m), j=0,...,k, and D2j+1 =
D2j+1(51, . ,52k+17 SQkJ’_Q, “eey Sm), ] = 0, ey k— 1, has inverse (51'(60, ﬁl, NN ﬁgk_l, ék), 1=
1,...,2k + 1, and we can rewrite (5.18) and (5.19) as

F(h)=Co+Di(h—7)2 + -+ Dop_1(h — 1) "% + Ch(h — 7)% + O((h — 7)*+1),

G(h) = Co+Crlh— 1)+ + Cilh — 1) + O((h = 7)**)

with C;(8) = Dgj11(0) =0, j =0,...,k — 1.
Suppose that k is even (if & is odd the proof is similar) and let 0 < |C}, — Cx(d)] < 1,
0<hl"—7<1and 0<7—h{ <1 such that

Ce(W' =)k >0 and Cr(h¢ —7)* > 0.
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Take D2k;—1 such that |D2k_1‘ < ék, Dzk—lék < 0 and

2k—1

Dop_1 (b —1)77 + Cp(hf —=7)F > 0.

As [)gk,l < 0, we can choose hf, such that 0 < hg —T L hf —7 <« 1and

2k—1

DQkfl(hg—T) 2 +C~’k<h§—7')k<0

Therefore, the equation
2k—1 ~

Doj_1(h—71)"2 +Cr(h—7)F=0

has a zero ﬁf, with hg < ilf < hf. Now, take Cj_; such that ]C’k,l\ < \ﬁ%,ﬂ < Cy,
Cr_1Dog—1 < 0,

2k

G (bl — 1) <0

C’kfl(hg — T)k_l + Dzkfl(hg — 7')

and

Cro1 (WS = )1+ G (WY — 1)E > 0.

As ék,l > (0, we can choose th and hG, such that 0 < h3F —T L hg - T, 0< T — hg <
T—h¥ <« 1,

2k

= O — )k >0

ék_l(h?)F — T)k_l + bgk_l(h?lj — T)

and

Cr1(hS — )" 1 4+ Ci(h§ — )k <0.
Therefore, the equation

2k—1 ~

Coci(h =7 Y4 Do (h—7)"2 +Ch(h—7)F=0

has one more zero 135 , with hf < ﬁg <hl < ﬁf < hf", and the equation
Cra(h=7)" "+ Cp(h—7) =0

has a zero iL?, with h? < iz? < hg. Continuing with this reasoning, there are Co. D1, ...,

ng_l, C’k, such that

é@Dl <0, Dlég <0,..., ﬁQkflék‘ <0, ’éo’ < ’Dﬂ <L K ’DQk,l‘ <K ék,
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and functions (5.18) and (5.19) have 2k and k real simple zeros near 7, respectively. Note that
we could have done all of the above computations by adding at each step the remainders of
functions (5.18) and (5.19) (indicated by the Landau Symbols). Moreover, if Cj(5) # 0 and
C~'j(5) = D2j+1(5) =0,j=0,...,k—1, by Rolle’s theorem, for all § near 6 we can choose the C;
and th, with i =0,...,k and j = 1,...,k, such that equation (5.19) have exactly k real simple

zero near h = 1. O
Now, we are able to prove Theorem 13.

Proof of Theorem 13. In order to prove Theorem 13, let us consider the Melnikov functions
associated to system (5.1) with f and g given by (5.2) and (5.3), respectively, and H in the
normal form given by (5.4). Our study will be concentrated in a neighborhood of the orbit
Ly with h = 2¢/Bc (i.e., the orbit L}), since to estimate the zeros of the Melnikov functions
we consider their expansions at the point corresponding to this orbit. More precisely, consider
the Melnikov functions My and M; given by Theorem 14. Note that, the function My is not
differentiable at h = 21/B.. Thus, for obtain the expansion of this function at h = 2v/Bc we need
to do a change of variables h = u? + 21/B¢ and, after compute its Taylor’s expansion at u = 0,
we return to the original variable by doing the change u = m . Then the expansion of
functions My and M at h = 2/Bc are given by

Mo(h) = Coo + D1 (h — 2v/B)® + Cro(h — 2/Be) + Ds(h — 2/Be) ?
+Coo(h—2v/Bc)’ + O((h—2v/Be)?), 0<h—2Bc<1 (522

and

My(h) = Cor + Cui (h = 24/Be) + Car (h = 2¢/Be)” + O((h — 2/B0)°),
0<2v/Bc—h<1 (5.23)



5.4 Proof of Theorem 13 135

where

1
Coo = 50 <4\/ Be((2poo + 2p10 — br(2upo + w10 — vo1 + (w10 + v01)8c))we + br(p1o
R

+ qo1)7r) + 2bg(u10 + vo1)(1 + ﬁc)sz ALCCOS <gz —
—7—2)10g(— 2\/5704—7—}%))

2\/ /Bc — Tr
4b
= Rb bo (7”10 — 700 + b (1o — U10)>7
L

> + br(p1o + qo1)(48c

Dq

brv/ -1
Cio = 2<P00 + p1o — br(ueo + u10) + nv/Pe (2(u10 + Vo1 )wg arccos (BC >
Wr BC +1

2\/57+m>>>’

+ (P10 + qo1 10g<—
( ) QVBC_TR

1
" 6b,/Bo(1 + Be)wiTs

(1 + 50) + (_3U10 — 35u108c — 32v018c + 3U00(1 + /BC))WLTL))7

fe—1 br 4v/Be
Be + 1) " 2wg ((1 + Bc)*(4Bc — T3)

(B — 1)Bewr — (p1o + go1)(1 + Be)*Th — (w10 + vo1)(Be — 1)wRT§>

Ds

< — 3br(ro0 — 710) (1 + Be)wr s + brbr(32(r10 + so1)Be

Ca0 = br(u1p + vo1) arccos < (4(u10 + vo1)

+ (p10 + go1) log ( - m»
Co1 = ;(8(1900 +p10)V/ Be — 4ba/Bo(2u00 + w10 — vor + (w10 + vo1)Be) + 4bR\:BicTR
_ 2
<P10 + CI01> + br(u1o + vo1) (1 + Be)? (27r — arccos (W)) + Osz
(910 + 101) 2/ B — 7)(23/Be + 7)o ( - ;“g*:))

brT
C11 = 2(poo + p10) — br(2upo + w10 — vo1 + (w10 + vo1)Bc) + Z = (plo + %1)

R

+ br(uio + vm)(‘ V(B —1)2+ 2\/57‘(% T AReeos <1(_1650ﬁ:)2ﬁg>>>
- z};(plo +QO1> <TR —2y/Bclog ( 2m+TR>>7

_2\/57—73
Co1 = b (uio + vor) + 2b JF(TR( Fao) - YD 4y ))
21 rRT(U10 T Vo1 RV Pc wn(72 — 460) P10 T qo1 B2+ 1) 10 T Vo1
_ 2
_ %R(ulo + vp1 ) arccos (1 (16_fcﬁ;i_)fc> + 2?; (P10 + qo1) log ( — 3%4_2)
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Further, we have that

Coo — Co1 = _bn (ulo + 1101) (1+ Be)* ®(Be),

2
_bR(ulo + Um)%‘ﬂﬁc% it 0 < 50 S 17
Cio—Ci1 =
20 (u10 + vo1)(Be — 1 —VBe®(Be)), if Be > 1,
C (5.24)
—?R(Ulo + 1101) Q(Bc), if 0<pe <1,
Cy — Co1 = Q(ﬁcl)}:tl)?(ulo + Uo1> (8(50 —1)vBe — (Be + 1)2‘1’(50)>,
if Be > 1,

with

®(Bo) = 2w — 2arccos (gz ; i) — arccos (W)

In this way, we divide the proof of Theorem 13 in two cases. The first one is when 0 < B <1
(i.e., the central subsystem has a real or boundary center) and the second one is when So > 1

(i.e., the central subsystem has a virtual center).

Case 0 < Be < 1: In this case we have that ®(1) = 0 and, after some computation, it is
possible to show that ®'(5.) = 0. Therefore, ®(8.) = 0 for 5. € (0, 1] and, by equations (5.24),

Coo = Co1, C1o = C11 and Coy = Oy, i.e we can rewrite equation (5.23) as
Mi(h) = Coo + Cro(h — 2v/Be) + Cao (b — 2/Bc)? + O((h — 2¢/Bc)?).

Moreover, when

Poo = qo1 + br(uoo — vo1), 10 = —So01, w10 = —vo1,
700 = —S01 + b(uoo +vo1) and  pig = —qo1,
we have that

9(Coo, D1, Cro, D3, Cap)

= 5.
a(1000, 710, U410, 7“00,1010)

Coo=D1=Ci1o=D3=Cy90 =0 with rank

This implies, by Proposition 7, that Cyy, D1, Cig, D3 and Cyy can be taken as free coefficients,
satisfying
C(]()Dl < 0, chw < 0, 010D3 < 0, Dgcgo <0
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and

|Coo| < |D1] < |Cro| < | D3| < [Caol,

such that functions (5.22) and (5.23) have at least four and two positive simple zeros near
h = 24/0¢, respectively.

Now, when

poo = 2w1 A (4 Be((pro + br(vor — u00))(Be — V)wr = br(pio + qo1)7r) — 2((p10 + br
(vo1 — 100)) (1 + (B — 6)Be)wr — 4br(p1o + qo1)BcTr) arccos <g€ J_r 1) — by
(P10 + qo1) ( — 482 — 7+ 2/Be((Be — 1) + 77) arceos (gc —_F 1))’
o (M2 7))

\r—2vB:) )

1o = _QWRAl(lﬁchl) <4 Be(s01(B2 = Dwn — (P10 + qo1)wr7r) — 2501 (1 + Be) (1 + (Be

— 6)fBc)wr arccos <gz J: 1) + (p1o + qo1)w. (48 + 73) log (%));
uip = _le)\l (4\/5?(7101(50 — Dwr = (P10 + q01)7x) — 2vo1(1 + (B — 6)Bc)wr

arccos (50 — 1) + (P10 + qo1)(4Bc + 73) log (

2m+TR>)
Bo+1 ’

Tr — 2\/570
To0 = W (4\/@(—(801 — by, (w0 + v01)) (B2 — Dwr — (p1o + qo1) (br, + b.Be

— waTu) ) + 2(s01 — b (00 + v01))(1+ fe)(1+ (e — 6)Bc)wr arceos (ﬂc : 1)

Bo+1
2\/670"1'7'1%))

+ (p1o + qo1) (by + brBe — wiTL)(4Bc + 77) log <7'—2\/F

with

M =28 — 1)v/Be — (1+ (B — 6)8c) arccos (gi . 1)

we have that Cyg = D1 = Cg = D3 = 0,

b A 0(Coo, D1, C1p, D3, C
Cop = — c(P1o + qo1) A2 and  rank (Coo, D1, Cho, D3, C)

2wr(1 + Be)?(4Bc — T2) M1 9(poo, 710, U10, 700, P10)

=35,
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with

A2 = 8(Bc — 1)Ber((Be — 1)2 + Tg) — 4/ Be(1+ 60)2(50 —1—713)(Bc +71r — 1)7s

(g . 1) (4B —72) ( =2 Bo - 1)v/Bel(Bo — 1) — 72) + (1 + Bo)

((Be — 1)2 + rﬁ) arccos <§Z 4__ 1) log <m>>

It is possible to show that the equation A; = 0 has a unique zero in the interval (0, 1]. Using the
Newton’s method we obtain that the zero is B¢ &~ 0.23031022687. Moreover, there are parameter
values for system (5.1) such that Ao # 0. For example, if a, = b, =bgr =cr =1, ¢, =ar =0,
Br=—4, B, >/9 — 48 and B € {1/2,1}, we have that the left subsystem from (5.1)|c—o has
a saddle at the point (—1— 3., 8,), the right subsystem from (5.1)|.—¢ has a saddle at the point
(4,0), Ay &~ 223.526 when B- = 1 and A9 ~ 23.0517 when - = 1/2. Hence, for pig # —qo1,
we have that Cyy # 0. This implies, by Proposition 7, that we can take Cyg, D1, C19, D3 and
Cyo as free coefficients, such that function (5.22) has at least four positive simple zeros near
h = 2v/Bc and function (5.23) has exactly two positive zeros near h = 2y/B.. Therefore, the
maximum number of limit cycles from system (5.1) that can bifurcate of the periodic annulus

near h = 2v/8c when 0 < 8o <1 is at least six.

Case Bo > 1: In this case, if we take vg; = —ujo in (5.24), we obtain Cyyp = Cp1, C19 = C11 and

Cy = Cs1. Moreover, when

Poo = qo1 + br(uoo + u10), 710 = To0 + br(u10 — U00),

1
pio=—¢qo1 and wujp= —F(TOO + s01) + uoo,
L

we have that

9(Coo, D1, Cho, D3)
9(Poo, 10, P10, U10)

Coo=D1=Ci1g=D3=0 with rank =4.

This implies, by Proposition 7, that we can take Cyg, D1, C19 and D3 as free coefficients, such
that functions (5.22) and (5.23) have at least three and one positive simple zeros near h = 21/,
respectively. Therefore, the number of limit cycles from system (5.1) that can bifurcate of the

periodic annulus near h = 2/ when G- > 1 is at least four. [



CHAPTER

Persistence of periodic solutions from system

(1)|¢=p having a saddle in the central region

In [61], Zhang et al. showed that at least five limit cycles can bifurcate simultaneously of
three periodic annuli, by linear perturbations, from a piecewise linear Hamiltonian differential
system, symmetrical with respect to the origin, of the type CSC. Motivated by this result, in
this chapter we estimate the number of limit cycles that can bifurcate from a periodic annulus,
assuming that the central subsystem has a real saddle and the other subsystems have centers
or saddles, without imposing restrictive hypotheses like symmetries. More precisely, the lower
bound for the number of limit cycles that can bifurcate from the periodic annulus of this kind

of piecewise systems, by linear perturbations, is at least six.

6.1 Preliminaries and main result

For this purpose, let us consider a discontinuous piecewise linear near-Hamiltonian differential

systems with three zones, given by

&= Hy(z,y) + ef (z,9), (6.1)

y = _Hiﬂ(xay) + eg(x,y),

139
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with )
b
H*(z,y) = ?Lyz - %Lx2 +agxy+ay— B, x< -1,
b
H(z,y) =4 Hw,y) = fyz - %0:132 + acxy + acy — fer, —-1<x<1,
R _br 9 Cr oo
H (:C,y) 9 - 555 +apxy + gy — Brr, T 2>1,

;

fo(z,y) =rwor +rowy +rop, < -1,

f@,y) =9 felz,y) = wor +uny +ug, —1<z<1, (6.2)

fr(z,y) = prox + po1y + poo, = >1,

g.(z,y) = si0z + so1y + s0, = < —1,

9 ¥) =9 go(x,y) = vior + vo1y +vo0, —1<z <1, (6.3)

9r(z,y) = qox + g1y + qo0, = > 1.

In addition, let us assume that system (6.1)|.—o satisfies the following hypotheses:

(H1) The unperturbed central subsystem from (6.1)|c=p has a real saddle and the other

unperturbed subsystems from (6.1)|c—o have centers or saddles.

(H2) The unperturbed system (6.1)|c—p has only crossing points on the straight lines x = +1,

except by some tangent points.

(H3) The unperturbed system (6.1)|c—¢ has three periodic annuli, one consisting of a family
of crossing periodic orbits passing through three zones and the other two consisting of
families of crossing periodic orbits passing through two zones, such that each orbit of these

families has clockwise orientation (see Figure 6.1).

By hypothesis (H1), we can classify system (6.1)|.—o according to the configuration of their
singular points (without taking into account if the singular points are real or virtual). More

precisely, we have the following three classes of piecewise linear Hamiltonian systems: SSS, CSS

and CSC.

We will use the vector (k,1,m) € Z* to denote the limit cycle configurations of system (6.1),
where its components k, [ and m indicate the number of limit cycles passing through three zones,
the number of limit cycles passing through two zones and surrounding the tangent point of the
central subsystem with the switching line x = 1 and the number of limit cycles surrounding the

tangent point of the central subsystem with the switching line x = —1, respectively.
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Figure 6.1: The crossing periodic orbits of system (6.1)]c=q.

Thus, the main result of this chapter is the following.

Theorem 15. The lower bound for the limit cycles of system (6.1), satisfying hypotheses (Hi),
for i = 1,2,3, which can bifurcate simultaneously from the periodic annuli of the unperturbed
system (6.1)|c=o is at least five, in the case SSS, and at least siz, in the cases CSS and CSC.
Moreover, the following configurations of limit cycles are achievable: (2,2,1) or (2,1,2) for the
case SSS and (2,2,2) for the cases CSS and CSC.

Theorem 15 gives us a larger lower bound for the number of limit cycles than the one obtained
in the paper [61]. We would like to point out that in [61] the authors perturb a particular system
which is symmetrical with respect to the origin. In this chapter, we work with perturbations of
a piecewise linear systems determined by the hypotheses (Hi), for ¢ = 1,2, 3, without imposing
restrictive hypotheses like symmetries. Furthermore, in [61] the authors only deal in detail the
Melnikov function associated with the right subsystem and do not explain clearly how to ensure
the simultaneous occurrence of zeros in the three Melnikov functions involved in the problem.
Thus, as in the previous chapter, we provide a detailed analytical method to study the number
of simultaneous zeros from Melnikov functions defined in two or three zones (see Proposition
10). It is worth noting that Theorem 15 also deals with cases not yet addressed in the literature,

i.e., the cases CSS and SSS.

6.2 A normal form to system (6.1)].—g

As in Chapter 3, we will do a continuous linear change of variables that keeps invariant the

straight lines x = £1, in order to reduce the number of parameters of system (6.1)|c=o. More
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precisely, following the steps of the proof of Proposition 1, and doing the obvious adaptations,

we have the following result.

Proposition 8. Suppose that the central subsystem from (6.1)|c=0 has a saddle and the other two
subsystems have saddles or centers. Moreover, suppose also that system (6.1)|c=o satisfies the
hypothesis (H2). Then, after a linear change of variables and a rescaling of the independent

variable, we can written system (6.1)|c—o with

b c
HL(x’y) = ?Ly2 - ?LxQ +arzy +ary — B, < —1,
y? 22
H(z,y) = H(z,y) = E_E_ch’ -1<z<1, (6.4)
R _br o Cr
H (‘T’y) = ?y - ?x + arxy — ary — Br, z > 1

Remark 2. In what follows, we will consider system (6.1) with f(x,y) and g(x,y) given by (6.2)
and (6.3), respectively, and H(z,y) given by (6.4) with S = 0. This extra restriction implies
that the singular point of the central subsystem from (6.1)|c—o is at the origin and it simplifies
the expressions of the Melnikov functions, which becomes the computation more easy. Moreover,
this normal form for system (3.1)|c=o, with Bo = 0, still satisfies the hypotesis (Hi), i = 1,2,3,

and so we can use it in the proof of Theorem 15.

6.3 A classification to system (6.1)].—g

As in previous chapters, to study the zeros of the first order Melnikov functions associated with

system (6.1), that are expressed by (see Theorem 1)

L HJA) g I A () ()
M = eyt mgmgay g O (As g () (6.5)
| A H A Hy(A)HF (A1) o .
HS (A)HE(A3)H (Ag) HF(Ay) ™ 05
Hy(B *(B)HS (B
= HzCEB;Ié ’ H}EB;H}EBB&’ e (6.6)
and
Hy(C HS(C)HE(C
e HEC; e f;;((c)>H§cf>)Ié’ ned (6.7)
where

I = /A godz — fody, TP = /A gude — fody, T0— /A gedz — fody,
A3A A2A3 A1A2
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IIO% = /A grdr — frdy, Ié = //\ gedr — fedy, Izlz = //\ grdxr — frdy,
AA1 B1B BB,

I = //\ grdx — frdy and I} = //\ gedx — fedy,
CIC CCI

it is necessary to find the open intervals J;, i = 0,1,2, where (6.5)-(6.7) are defined. For this,

consider the following proposition.
Proposition 9. Consider system (6.1) assuming the hypotheses (Hi), i = 1,2,3.

(a) If system (6.1)|c=0 is of the type SSS or CSS, then Jo = (1,7rs) and J; = Jo = (0,1),
where Trs = (a% — brBr — wis)/(brwrs) with wrs = \/a2 + brcr, and the periodic annuli

are equivalent to one of Figure 6.2-6.5.

(b) If system (6.1)|e=o0 is of the type CSC, then Jy = (1,00) and Jy = Jo = (0,1), and the

periodic annuli are equivalent to one of Figure 6.6.

Proof. Firstly, suppose that system (6.1)]c—¢ is of the type SSS or CSS. Note that, if the saddles
from the right or left subsystems are virtual or boundary then we do not have periodic orbits
passing through the three zones. Denote by W}, W4 and Wy (resp. W7, W and W};) the
unstable (resp. stable) separatrices of the saddles of the left, central and right subsystems
from (6.1)|.—o, respectively. Let P! = WiNn{(-1,y) :y € R}, Pi = Win{(1,y) : y € R},
PL=WiNn{(-1,y):y € R} and P, = Win{(1,y) :y € R}, i = u,s. After some computation,

it is possible to show that
Pg = (_17TL5)7 Pi - (_17 _TLS)u P}; = (17 _TRS)7 P}i == (17TRS)7

Pg = (_17 _1)7 Pg‘ = (_17 1)’ Pg = (17 1)7 -Pcs* = (1)_1)>

where Tps = (a% — bpfBr — W2s)/brwrs, Tos = (a2 +b.BL — w?,)/brwrs, Wrs = \/m and
Wrs = \/(m. Moreover, we have a symmetry between the points P} and P; (resp. Py
and Pj) with respect to the z-axis. Define by 7 the smallest ordinate value between the points
P§ and P}, i.e., 7 = min{7.s, Trs}. Then, by a reflection around the y-axis if necessary, we can
assume that 7 = 7.

Note that, if system (6.1)|.=o is of the type SSS and the ordinates of the points P and P}
are distinct, i.e., Trg # Tos (see Figure 6.2) or if system (6.1)|c=0 is of the type CSS (see Figure
6.4-6.5), then we have a homoclinic loop passing through the points P; and Py. Otherwise,
if system (6.1)|e—o is of the type SSS and the points P; and P;* have the same ordinate, i.e.,
Trs = Tus (see Figure 6.3), then we have heteroclinic orbits passing through the points Pj, Py,

P¢ and Pp'. Moreover, the central subsystem from (6.1)|.—o has two tangent points P = (1,0)



6.3 A classification to system (6.1)].=o 144

Figure 6.3: Phase portrait of system (6.1)|c—o of the type SSS with 745 = 715.

and P, = (—1,0). Figures 6.2-6.5 show the possible phase portraits of system (6.1)|c=o of the
type SSS and CSS.

Consider an initial point of the form A(h) = (1, h), with h € Jy = (1, 7zs). By the hypothesis
(H3), system (6.1)|c=o has a family of crossing periodic orbits that intersect the straight lines
x = +£1 at four points, A(h), A1(h) = (1,a1(h)), with a1(h) < h, Az(h) = (=1,a2(h)) and
As(h) = (—1,as3(h)), with az(h) < as(h), satisfying

where H®, HY and H* are given by the normal form in Proposition 8. More precisely, we have
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Figure 6.4: Phase portrait of system (6.1)|.— of the type CSS with a virtual center in the left
subsystem.

Figure 6.5: Phase portrait of system (6.1)|c—¢ of the type CSS with a real center in the left
subsystem.

the equations
b
?R(h —a1(h))(h+ a1 (h)) =0,

2 (@(h) — as(W)(ar(h) + as(h) = 0.

% (as(h) — as(h)) (aa(h) + as(h)) =0,

5 (as(h) — h)(as(h) + ) = .

As ai(h) < h, az(h) < as(h), bg > 0 and b, > 0, the only solution of the above system is
ai(h) = ag(h) = —h and as(h) = h, i.e., we have the four points given by A(h) = (1,h),
Ai(h) = (1,=h), A2(h) = (—1,—h) and As(h) = (—1,h). Moreover, for each h € Jp, system
(6.1)]c=o has a periodic orbit LY = xm U m U A/QA\g U 14/3:4 passing through these points.
Similarly to the previous case, consider two initial points of the form B(h) = (1,h), with h €
J1 =1(0,1), and C(h) = (=1, h), with h € Jo = (0,1). By hypothesis (H3), system (6.1)|.=o has
two families of crossing periodic orbits passing through the two zones with clockwise orientation.

The first one, intersect the straight line z = 1 at two points, B(h) and Bi(h) = (1,b1(h)),
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with b1(h) < h. The second one, intersect the straight line z = —1 at two points, C'(h) and
Ci(h) = (—1,c1(h)), with ¢;(h) < h. Moreover, these families of crossing periodic orbits satisfy

the following equations

H"(B(h)) = H*(B1(h)),
H(Bi(h)) = H(B(h)),
H(C(h)) = HY(C1(h)),
H*(Cy(h)) = H*(C(h))

More precisely, we have the equations

(= bu () (1) =

S (1 (R) By () + 1) =0,

S = cr(h)(h +ex (1) =0,

% (cr() — B)(ea () + h) = .

As by(h) < h, c1(h) < h, bg > 0 and b, > 0, the only solution of the above system is by(h) =
c1(h) = —h, i.e., we have the four points given by B(h) = (1, h), Bi(h) = (1,—h), C(h) = (—1,h)
and Cy(h) = (—1,—h). Moreover, system (6.1)|.—o has two periodic orbits L} = BB, UB B,
with h € Ji, and L? = CCL U C/’l\C’, with h € Jo, passing through these points. If h € [Tzs, 00)
then the orbit of system (6.1)|c=o with initial condition at A(h) does not return to the straight
line z = 1 for positive times, i.e., system (6.1)|.=o has no periodic orbit passing through the point
A(h). Therefore, if h € (1, 7zs) system (6.1)|c=o has a periodic annulus, formed by the periodic
orbits L?l, bounded by one double homoclinic loop at h = 1 and either a homoclinic loop (see
Figures 6.2-6.5) or two heteroclinic orbits (see Figure 6.3) at h = 7z5. Now, if A € (0, 1) system
(6.1)]e=0 has two periodic annuli, formed by the periodic orbits Lz, 1 = 1,2, and bounded by
homoclinic loops. Therefore, item (a) is proved.

To prove item (b), suppose that system (6.1)|c—o is of the type CSC. As in the previous
cases, for each h € (1,00) we have a periodic orbit L) passing through the points A(h) = (1, h),
Ai(h) = (1,—h), As(h) = (—1,—h) and As(h) = (—1,h). Therefore, system (6.1)|—o has a
continuum of periodic orbits formed by the periodic orbits L?, with h € (1,00), bounded by
one double homoclinic loop (see Fig. 6.6 (a)-(c)). Now, if h € (0,1) system (6.1)|c=o has
two periodic annuli, formed by the periodic orbits L, i = 1,2, with L,ll passing through the
points B(h) = (1,h), Bi(h) = (1,—h) and L? passing through the points C(h) = (—1,h),
Ci(h) = (—1,—h), and bounded by the homoclinic loops. Figure 6.6 show the possible phase
portraits of system (6.1)]c—o of the type CSC. O
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Figure 6.6: Phase portraits of system (6.1)|c—p of the type CSC when (a) left and right
subsystems have virtual centers; (b) left subsystem has a real center and right subsystems
has a virtual center; (c) left and right subsystems have real centers.

As, for h € Jy, A(h) = (1,h), Ai(h) = (1,—h), As(h) = (—1,—h), A3(h) = (—1,h) and, for
h e Ji,i =12 B(h) = (1,h), Bi(h) = (1,—h), C(h) = (—=1,h) and Ci(h) = (=1, —h), then
the coefficients that multiply the integrals of first order Melnikov functions (6.5), (6.6) and (6.7)
associated with system (6.1) can be easily calculated. More precisely, we have the immediate

corollary.

Corollary 11. For h € Jy, we have that

HE(A)  HMA)HS (As)HE(Ag) ) HE(A)HS (A3) by
HG(A) — HG(A)HP(As)HG(A2) " HG(A)HF(As) b’
Hy (A)Hy (A3)Hy (A2)Hy (A1) .
HY(A)H[(A3)HS (A2)Hj(A1)
and for h € J;, i = 1,2, we have that
H}(B) . Hy(C) 1 HyB)Hy(B1) _ Hy(O)Hy(Ch) _ )
HY(B) ™ HYC) b, HZ(BHHB)  HLC)HGCy)
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Then, the first order Melnikov functions associated to system (6.1) can be rewritten as

b
Mo(h) = be [ geds — fody+ " [ gudo fudy (6.3)
Az A L JA2A3
+br //\ gedr — fody + //\ grdx — frdy,
A1A2 AAl
Mi(h) = bs [ gedo— fedy+ [ guds ~ fudy, (6.9)
BlB BBI
1
Msy(h) = b/A grdx — frdy + /A godx — fody. (6.10)
L JCC CCy

6.4 Melnikov functions associated with system (6.1)

In order to prove Theorem 15, we will simplify the expressions of the first order Melnikov

functions associated with system (6.1). For this, we define the following functions:

fo(h) =h, h e (0,00),

0(h) = (h2 — 1) log <Zi> he(1,00),
fo(h) = (h2 — 1) log (’ffi) he (1),
22 p2
fre(h) = (h® +12.) (27r,u1 + (—1)** arccos (M)), h € (0,00), (6.11)

7_2 —h2
Fuoh) = (12 4 720) (2 + (-1 avccos (T2 ) ). e (0,00),

h 4+ Trs
Trs — h
h+ 7.s
Trs — h

frs(h) = (h* — 724) log < > h e (0,1)U (1, Trs),

frs(h) = (R* = 12,) log ( ) h e (0,1)U (1, Trs),

with 7pc = (a% — brfBr + w?{c)/bRwR07 Trc = (a% + b6 + W%c)/waLcw Trs — (a% — brfBr —

w%s)/bRwRS, s = (a? +b.fL — w%s)/waLS, wic = /—a? —b;c; and w;s = /a2 + b;c;, for
i—L R

The following three theorems provide expressions for the first order Melnikov functions
associated with system (6.1) when system (6.1)]c—¢ is of the type SSS, CSS and CSC. The
proofs of these results are similar to the proof of Theorem 14, doing the obvious adaptations,

and are presented in Appendix 7.3, 7.4 and 7.5, respectively, to simplify the text.

Theorem 16. Suppose that system (6.1)|c—g is of the type SSS. Then, the first order Melnikov

functions given by (6.8), (6.9) and (6.10) associated with system (6.1) can be expressed, when
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we have homoclinic loop, i.e., Tos # Trs, GS

Mo(h) = S fo(h) + kg fo(h) + k3 frs(h) + k3 frs(h), R € (1,7ns), (6.12)
My(h) = K fo(h) + ki fo(h) + K3 frs(h), h e (0,1), (6.13)
My (h) = k3 fo(h) + k3 fo(h) + K3 fs(h), h e (0,1), (6.14)

and, when we have two heteroclinic orbits, i.e., T,s = Trg, QS

Mo(h) = EQfo(h) + kS o) + k2 frs(R), h e (1,7hs), (6.15)
My (h) = kY fo(h) + ki fo(h) + ki fas(h), h € (0,1), (6.16)
My(h) = k3 fo(h) + k3 fo(h) + k3 frs(h), h € (0,1), (6.17)

where the functions fo, f2, fc, frs and fis are the ones defined in (6.11). Here the coefficients
k:lj and l;:f, fori=20,1,2 and j = 0,1,2,3, depend on the parameters of system (6.1).

Theorem 17. Suppose that system (6.1)|c=o is of the type CSS. Then, the first order Melnikov

functions given by (6.8), (6.9) and (6.10) associated with system (6.1) can be expressed as

Mﬁ(h) - kgf()(h) + kéfg(h) + kngs(m + kg’ch(h), h e (17 TRS)a (6~18)
Mi(h) = k] fo(h) + ki fo(h) + ki fas(h), h € (0,1), (6.19)
Ma(h) = ky fo(h) + k3 fo(h) + k3 fro(h), h e (0,1), (6.20)

where the functions fo, f2, fo, frs and fuc are the ones defined in (6.11), with uy = 0 (resp.
po = 1) if the left subsystem from (6.1)|c—o has a virtual (resp. real) center. Here the coefficients
kg, fori=0,1,2 and j = 0,1,2,3, depend on the parameters of system (6.1).

Theorem 18. Suppose that system (6.1)|c—o is of the type CSC. Then, the first order Melnikov

functions given by (6.8), (6.9) and (6.10) associated with system (6.1) can be expressed as

Mo(h) = kg fo(h) + kg fo(R) + kg frc(h) + ko fro(h),  he (1,00), (6.21)
My (h) = k{ fo(h) + ki fo(h) + k% frc(h), h € (0,1), (6.22)
Ma(h) = k3 fo(h) + ky fo(h) + k3 fro(h), h € (0,1), (6.23)

where the functions fo, fO, fo, fre and frc are the ones defined in (6.11), with u; = 0 (resp.

wi = 1), i = 1,2, if the right or left subsystem from (6.1)|c=¢ has a virtual (resp. real) center.
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Here the coefficients k:g, fori=0,1,2 and j = 0,1,2,3, depend on the parameters of system
(6.1).

6.5 Proof of Theorem 15

In order to prove Theorem 15, we study the number of simultaneous zeros of the Melnikov
functions My, My and My associated with system (6.1). Our study focuses on a neighborhood
of the double homoclinic loop which separates the periodic annulus of orbits that pass through
three zones from the two periodic annulus of orbits that pass through only two zones. Thus, to
estimate the zeros of the Melnikov functions we consider its expansions at the point corresponding

to this orbit. For this, we need of the following results.

Consider the real functions F; G, H given by

2
F(h)=Y CF(@)(h—7) +O((h—1)%), for h >, (6.24)
j=0
2
G(h) = Z CE(6)(h— 1) +O((h— 1)), for h<T, (6.25)
2
Z I+ 0((h—=1)%), for h<T, (6.26)

such that C']F C’G + C’H, 7 > 0 and the coefficients 02(5), i=FGH, j=0,...,n, are
smooth functions depending on the parameters § = (d1,...,0d,) € R™. For each fixed §, denote
by Nr(6), Ng(d) and Ny (0) the number of simple zeros of the function F'; G and H, respectively.

Then we have the following proposition.

Proposition 10. Suppose that there exist 6 € R™, with m > 5, such that

cé)y=cj'(0)=0, j=0,1,2,

o(Cy, CF . CF, G, )
(01,05, 06, Om)

(6) =5, (6.27)

rank

and

CH_OZ()CO +OZ1 Cl +062 02 +OZO CO +Oé1 Ol s (628)

where o/C 1 =0,1,2 and k = G, H, are constants. If ozg < 0 and erG # —1 (resp. either
§ >0 oraf = —1), then the max{Np(8) + Ng(0) + Ny (8)} is at least siz (resp. five) in a
nez’ghborhood of h = 7 for all 6 near 5. Moreover, the following configurations (Ng, Ng, N ),

Np,Ng,Ng € {0,1,2}, for the number of simple zeros, are achievable. In particular, when
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a§ < 0 and of # —1 (resp. either oS = —1 or a§ > 0), we can have (2,2,2) (resp. either

(1,2,2) or (2,2,1) or (2,1,2)).
Proof. By the condition (6.27) we can assume that

det 0.
8(51762a53a54755) ( ) ?é

Then the change of parameters Cij = Cf((sl,...,55,86,...,gm), j = 0,1,2, and CJH =
Cf[(dl,...,55,<§6,...,5m), j = 0,1, has inverse @(éﬁé?,é&‘,éﬁ,éﬁ, j=1,...,5, defined
in a neighborhood of the origin 0 € R° Now to simplify the notation and becomes
the proof more understandable, let us do the following change of parameters and variable
(C§, 08¢, 08, Clt,CH h) v (2a,eb,c,e%a,eB,ex + 7), for 0 < ¢ < 1. Hence, by (6.28) and
as CJF = CJG + CJH, for 7 = 0,1,2, in these new variables and parameters we can write (6.24),

(6.25) and (6.26) as

() Pz +1)=(a+a)+ (b+ Bz + (c(1+ oS + O(e)) 22+ O(e),
(eH7'G(ex + 1) = a + bz + cx? + O(e),

() 'H(ez +7) = a+ Bz + (afc + O(e)) 22 + O(e).

Then, for 0 < € < 1, the right side of the above equations are small perturbations of the

following polynomials

p(z) = (a+ )+ (b+ Bz + (1 + o) ca?, (6.29)
g(x) = a + bx + cx?, (6.30)
q(r) = a + Bz + oca?, (6.31)

where 0 = ag. Thus, to conclude the proof of the proposition, it is enough to study the simple
roots of the above polynomials.
Denoting the real roots of (6.30) by ri, ro and solving the system {g(r1) = 0, g(r2) = 0},

with respect to a and b we get
a=criry and b= —c(r1 +r2).

Analogously, if s; and s2 denote the real roots of (6.31), then the solution of the system {q(s1) =
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0, q(s2) = 0} with respect to « and S is
a=cos18y and 8= —co(s) + $2).

Substituting these above relations into (6.29), we obtain the expression of the polynomial p,

whose coefficients now depend on the new parameters ¢, o, r1, r2, s1 and so, given by
p(x) = c(14 0)2® — c(r1 + 72+ o(s1 + 52)) & + c(r179 + 05152). (6.32)

Observe that, for ¢(1 4 o) # 0, the roots of (6.32) are

T4 7o+ o(s1+ 82) £/ (r1 +r2+o(s1 +52)2 —4(1+0)(rire + os152)
2(1+0)

We are looking for positive simple roots of (6.29) and negative simple roots of (6.30) and
(6.31). Obviously, taking ¢ # 0 and 0 = —1, we can choose suitable values for the parameters
a, b, ¢, « and 8 such that we have the configuration (1,2,2) for the number of real simple roots.
Now, for ¢ # 0 and o # —1, by the Routh-Hurwitz stability criterion (see [50, p. 58]), if we take

r1 < 0,79 <0, s1 <0and s <0, then (6.32) has roots with positive real part if and only if

ntratolsts) g oq Mr2tosise (6.33)
1+o0 14+0

Therefore, for o < 0 and o # —1, we can choose suitable values for the parameters a, b, c,
a and (3 such that we have the configurations (2,2,2) for the number of real simple roots of
polynomials (6.29), (6.30) and (6.31). When ¢ > 0, the conditions from (6.33) are not satisfied
for negative roots r1, ro, s; and sg, but we can choose suitable values for the parameters a, b,
¢, a and (3 such that polynomials (6.29), (6.30) and (6.31) have the configurations (2,2,1) or

(2,1,2) for the number of real simple roots. This completes the proof of the proposition. O

Lemma 2. Let f : R — R be a function of class C*¥*1, k> 1. Then

f(z)log(t —x) = P(x)log(t — x) + R(z), when z<T,

f(x)log(x — 7) = P(x)log(x — 7) + R(x), when x>,

where P(z) = Zf:o 1) (x — 7)" is the Taylor’s polynomial of f at x = T of degree k and

7!

R(z) =log(£(r — 2))(f(x) — P(x)). Moreover, limy_,; R(z) = 0.

Proof. To prove the lemma, it suffices to show that lim,_,; R(x) = 0. By the Taylor’s formula
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with Lagrange remainder, there is ¢ € R such that

(k+1)
R(z) = JZ]H()) log(4(r — 2))(x — 7)F*1.
By the L'Hospital rule
. B f(k+1) C) )
i R) = F ) b g7 - ) - )

_ IO ) los(E(T — )
(k+1)! a=7 (x — 1)~ (k+D)

S )
(k+ 1)l aor (k+ 1)(z — r)-(k+2)
f(k+1)( ) k+1) =0.

lim (z — 7)(

BRRCE I

Now, let is prove Theorem 15.

Proof of Theorem 15. In order to prove Theorem 15, let us consider the Melnikov functions My,
M; and M associated to system (6.1) given by Theorems 16, 17 and 18, respectively. We
separate the proof in three cases. We begin with the case where system (6.1)|.=g is of the type
SSS. For this case, we have two subcases. The first one is when 7,5 # 7zs (i.e., we have an
homoclinic loop) and the second one is when 7,5 = 7zg (i.e., we have two heteroclinic orbits).

The second and third cases are when system (6.1)|.—o is of the type CSS and CSC, respectively.

Case SSS. Consider the Melnikov functions given by Theorem 16. When we have homoclinic

loop, i.e., 7,5 # Trs, by Lemma 2, we can expand functions (6.12)—(6.14) at h =1 as

2 2
Mo(h) =Y Ci(h—1) + Y Dllog(h — 1)(h — 1) + O((h — 1)*), (6.34)
j=0 Jj=1
2 2
My(h)=> C{(h—1Y +> D]log(1—h)(h— 1) + O((h — 1)*), (6.35)
j=0 j=1
2 2
My(h) = C(h—1)Y + > Djlog(1 - h)(h— 1) + O((h — 1)*), (6.36)
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where

2b brT brT
Y = b (r10 — 700) + 2(Poo + P10 — bru1o + bavor) + ——= (110 + so1) +
L Wrs WRs
bR 2 TrLs + 1 bR
_ 11 _
(P10 + qo1) S, (10 + s01) (725 — 1) log <7_LS 1) " %rs (P10 + qo1)
2 TRS + 1
(TRS ) Og <TRS o 1>7
Cl _ 2bR bR

2 (r10 — r00) + 2(poo + P10 — bruio + brvor) + br(uio + vo1) log(4) +
L

Trs +1 b Trs + 1
(T10+801)10g( £5 )+ % (p10+CJ01)10g( i >,

Trs — 1 WRrs Trs — 1

Wrs

b T 7
Cc2 = ?R <2U10 + 2<U01 + +(T10 + 501) + +S1)(p10 T qo1)>

wrs(T2s — 1) Wrs(Ths —

1
+ (u10 + vo1) log(4) + -

LS

Tre+ 1 1
(r10 + 501) log ( = ) + —(p1o + qo1)

Trs — 1 Wrs

RTRsS br

b
CY = 2poo + 2p10 + br(vor — 2ugo — u1o) +

1
<ﬁs—nkg(“”+ )

Trs — 1

(P10 + qo1) — (p10 + qo1)

RS 2Wrs

b
C1 = 2poo + 2p10 + br (1101 — 2ugo — u10 + (u10 + vo1) IOg(2)> + wi(pm + qo1)

RS

1 27 1
C? == (;S(plo + qo1) + (w10 + vo1)(1 + log(2)) (P10 + qo1)
2 UJRS( )

+ -
Ths — 1 Wrs
=)
log :
Trs — 1
2 T
C9 = ——(roo — r10) + 2u00 — u10 + vo1 + —(r10 + s01) + (10 + s01)
b, LS 2w s
2 TLS + 1
1)1
(2~ 1o (1),

2
Oy = —b*(roo —1r10) + 2ugo — w10 + vo1 + (u10 + vo1) log(2) +
L

<TLS -+ 1>
log (| —— |,
Trs — 1

1 2T 1
2 LS
C35 = 5 (CULS(TLQS—l)(TlO + s01) + (u10 + vo1)(1 + log(2)) + wrs (r10 + S01)

=)
log ;
Trs — 1

and Df, fori =0,1,2 and k = 1,2, depend of the parameters of system (6.1), whose expressions

1
(r10 + so1)

Wrs

have been omitted for simplicity. Now, when we have two heteroclinic orbits, i.e., 7,5 = Trg, the
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expansions of Melnikov functions are the same as in (6.34)—(6.36) with Cl-j = Cij and

|TLS:TRS

D} = D! |, gmrps, i = 0,1,2, 5 = 0,1,2,3. Moreover, as
lim log(h —1)(h —1)Y =0, j=1,2, for 0<h—1,
h—1

lim log(1 —h)(h—1) =0, j=1,2, for 0<1—h,

h—1
the factors log(4(h—1)) of the expansions in (6.34)—(6.36) can be disregarded in the study of the
number of zeros. Therefore, we consider only the coefficients Cf ,fori=0,1,2and £k =0,1,2,3.

Furthermore, when 7,5 # Trs, we have that

br —1
2brwrs

08 —(CY+CY) = < > <4st(7“10 —100) + 2b.,(2upo — w10 + Vo1)Wrs

Trs + 1
+ 2bL(T10 + 301)7'1,5 - bL(rIO + 801)(7'25, — 1) log (LS>>’

Trs — 1
br —1

brwrs

Cy — (CL +C3) = < > <st (2(?“10 —r00) + by (2u00 — u10 + Vo1

(6.37)
Trs + 1

+ (w10 + vo1) 10%@))) + by, (r10 + s01) log <LS>>,
TrLs — 1

2wrs(TEs — 1)

C2—(C}+C3) = < > <2(T10 + 501)7s + (w10 + vo1)wrs (77 — 1)

(1-+108(2) + (a0 -+ s00) 72, — Do (72 1))

Trs — 1

Thus, if by = 1, we have that C§ = C) + CY, C} = C} + C3 and C2 = C? + C3. Moreover, when

(2(U10 — o1 + 2(u00 — P10))wrs — 2(p10 + q01)Trs + (P10 + qo1) (T2 — 1)

Poo = Ao
(25))
log - 4 )
Trs — 1
1
Uy = o log(d) < — 2(p10 + q01)Trs + vo1wrs 1og(4) + (P10 + go1) (1 + T2¢)
(25))
log | —— ,
Trs — 1
P10 = —qo1,
ro0 = 4(r10 + by (ugo + vo1))wWrs + 2b. (110 + S01)Trs — br(r10 + s01) (T2 — 1)
4w
LS

log ,
Trs — 1

10 = —S01,
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we have that

d(CY,CL, Ct, 03, C)
9(poo, u10, P10, 00, T'10)

CV=ct=0c?=0Y=C}=C?=0, with rank =5.

Moreover, C3 = a2C?+a)CY+al Cl +aJCY+ad C1, where o correspond to a§ from Proposition

10 and it is given by

2 ¢(TRS) wi ) = )\1(7')
o = ¢(7—LS)’ th ¢( ) )\2(7_)7
where
M(T) = (7% = 1) ((7’2 +1)log (:—_i—i) — 27'),

No(7) = 7(2 ~ log(4) - 72+ 1og(4)) ) + (log(2) — 1+ 74(1 + log(2)) — 7*log(4))

<T+1>
log .
T—1

For ap = ¢, =0, bg =cg =a, =1, Br = =3, b, € {2/3,1} and [, € {2,3}, the right and

left subsystems from (6.1)|.=o have real saddles at the points (3,0) and (—3,3), respectively,
with a homoclinic loop when b, = 2/3 and 5, = 3. Now, for the same parameter values, except
for b, = 1 and B, = 2, the right and left subsystems from (6.1)|c—p have real saddles at the
points (3,0) and (—3,2), respectively, with two heteroclinic orbits. Moreover, in the homoclinic
case, we have that af = 0.80487, and in the heteroclinic case, we have that o} = 1. This
implies, by Proposition 10, that C¥, Ct, CZ, CY and C3 can be taken as free coefficients, such
that max{ Nz, + Nar, + Nag, } is at least five in a neighborhood of h = 1. More precisely, the
configuration of zeros (2,2,1) is achievable (obviously we can obtain the configuration (2,1, 2)
through a reflection with respect to the y-axis). Therefore, the number of limit cycles from
system (6.1) that can bifurcate from the periodic annulus near h = 1, when system (6.1)|c=o is

of the type SSS, is at least five.

Case CSS. Consider the Melnikov functions given by Theorem 17. By Lemma 2 we can expand

these functions at h =1 as

3 2
Mo(h) =Y " C(h—1)Y + Y D}log(h — 1)(h — 1) + O((h — 1)*), (6.38)
j=0 j=1
2 2
My(h) =Y " C{(h—1)Y + Y Dilog(1— h)(h— 1)’ + O((h —1)*), (6.39)
j=0 j=1
2 2
My(h) =Y " Ci(h—1) + Y Dilog(1 — h)(h — 1)’ + O((h — 1)*), (6.40)
j=0 i=1
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where C’ij and Dg, i=0,1,2and j = 0,...,3, depending on the parameters of system (6.1).
As in the previous case, we consider only the coefficients C’g ,t=20,1,2and j =0,...,3, whose
expressions are in Appendix 7.8.

Further, similarly as in (6.37), we have that if b, = 1 then C§ = C? + CY, C} = C} + C}

and C2 = C? + C3. Moreover, when

(2(U10 — o1 + 2(u00 — P10))wrs — 2(p10 + q01)Trs + (P10 + go1) (T2 — 1)

Poo =
RS
(=5))
log | —— ,
Trs — 1
1
Uy = onaloa(d) ( — 2(p10 + q01)Trs + v01wWrs 1og(4) + (P10 + go1) (1 + T2¢)
(75))
log | —— ,
Trs — 1
P10 = —qo1,
00 = o (47“10ch + 4bL(u00 + Um)ch + QbL(Tm + 801)(7Tu2(1 + TL20) — TLC)
LS
+ (=1)"2b, (110 + s01)(1 + 72) arccos Tio — 1
L 0 0 LC TEC + 1 )
710 = —S01,

we have that

9(CY, C1, CF, €3, Cy)

= 5.
3(2900, u10, P10, 700, 7“10)

CV=Cct=C}=0CY=C}=C3=0, with rank

Moreover, C2 = a2C? + a{C) + alC} + aCY + alCd, with a? given by

2

af = ¢1(Trs)b2(Trs), with ¢1(7) = al

o(r) and  ¢9o(T) =
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where

M) = (2= 1) ((72 +1)log C*i) _ 2T>,

Xo(7) = 7(2 ~ og(4) - 73(2 + log(4)) ) + (log(2) — 1+ 74(1 + log(2)) — 7*log(4))

<T+1>
log ,
T—1

Ag(7) = (—1)k2 (arccos <

21
2+1

T

) (= 1+10g(2) + T(1 + og(2)) + 72 log(4) )
+ T(log(4) —2-7%(2+ log(4)))) + 7ru2( —2+log(4) + 74(2 + log(4))
+ 72 log(lG)),

M(T) = (1+72) (2m2(—1 +72) + (1) < — 27 + (=14 7?) arccos (i;)))

For this case, with ar = 0, by = ¢cg = a, = 1, fg = =3, b, = 2, ¢, = —1 and [, €
{—4,—1/2}, the right subsystem from (6.1)|c=o has a real saddle at the point (3,0) and the
left subsystem has a virtual (resp. real) center at the point (0,—1/2) (resp. (—7,3)) when
B, = —1/2 (resp. 8, = —4). Moreover, we have that a2 ~ —0.2170 (resp. a3 ~ —3.3874). This
implies, by Proposition 10, that C¥, C}, CZ, CY and C3 can be taken as free coefficients, such
that max{ Nz, + Nar, + Nag, } is at least six in a neighborhood of h = 1. More precisely, the
configuration of zeros (2,2, 2) is achievable. Therefore, the number of limit cycles from system
(6.1) that can bifurcate from the periodic annulus near h = 1, when system (6.1)]c—¢ is of the

type CSS, is at least six.

Case CSC. Consider the Melnikov functions given by Theorem 18. By Lemma 2 we can expand

these functions at h = 1 as

3 2
Mo(h) =Y " C(h—1)Y + Y D}log(h —1)(h — 1) + O((h — 1)*), (6.41)
j=0 J=1
2 2
My(h) =Y C{(h—1)Y + Y Dilog(1— h)(h— 1)’ + O((h — 1)*), (6.42)
j=0 J=1
2 2
My(h) =Y " Ci(h—1)Y + Y Dilog(1 — h)(h — 1) + O((h — 1)*), (6.43)
j=0 i=1

where Cij and D‘Z-j, i=0,1,2and 5 =0,...,3, depending on the parameters of system (6.1). As
in the previous cases, we consider only the coefficients Cij ,t=20,1,2 and 5 = 0,...,3, whose

expressions are in Appendix 7.9.

Further, similarly as in (6.37), we have that if by = 1 then C§ = CY + CY, C} = C} + C}
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and C2 = C? + C3. Moreover, when

1
Poo = 7~ < = 27(p10 + qor)p + 2<2(“00 — P10) + U10 — 7101)ch + 2(p10 + 901)Tre
RC
2. -1
— 27 (p10 + go1) 1 The + (=1) T (pr1o + go1) (1 + 75 ) arceos (7—204_1))’
RC
uip = S - (P10 + QO1)< —2(=1)M + (1)1 (1 + 72 )) arccos @
wre log(4) e T2, + 1
+2((p10 + g01) (=) I e+ (7 = 1)) = voreone 1og<2>)) ,
P10 = —4o1,

1
roo = ™ <4r10ch + 4b (ugo + vo1)wre + 2br(r10 + so1) (2 (1l + Tgc) — Tre)
Ls

2. —1
+ (=1)"2b, (r10 + so1)(1 4 72.) arccos (TZH))’

10 = —So01,

we have that

a(CY,Ct,CE,C8,C3)
(P00, 110, P10, 7005 T10)

V=0 =0C}=CY=C3 =C3=0, with rank =5.

Furthermore, C3 = a2C? + o{CY + o Cf + a3CY + adC3, whose expression of parameter o?

will be omitted due to its complexity. For this case, with ar = 0, by = a, = 1, by, = 2,
cr = ¢, = —1, Bg € {0,2} and B, € {—3,—1/2}, the right subsystem from (6.1)|.—p has a
virtual (resp. real) center at the point (0,0) (resp. (2,0)) when 8z = 0 (resp. Bz = 2) and
the left subsystem has a virtual (resp. real) center at the point (0,—1/2) (resp. (—5,2)) when
B, = —1/2 (resp. B, = —3). Moreover, we have that a3 ~ —1.3811 when 3; = 0 and 3, = —1/2,
a? ~ —27.0327 when ; = 0 and 3, = —3, a? ~ —1.0591 when 3; = 2 and 3, = —3. This
implies, by Proposition 10, that C¥, Ct, CZ, CY and C3 can be taken as free coefficients, such
that max{Nyz, + Nas, + N, } s at least six in a neighborhood of h = 1. More precisely, the
configuration of zeros (2,2, 2) is achievable. Therefore, the number of limit cycles from system
(6.1) that can bifurcate from the periodic annulus near h = 1, when system (6.1)]c—¢ is of the

type CSC, is at least six. O

Remark 3. Through numerical simulations, apparently for the case SSS, we always have
a? > 0. Therefore, we cannot guarantee more than 5 limit cycles using our method proposed in

Proposition 10.
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7

Appendix

7.1 Proof of Theorem 11 from Chapter 4

Next, we present the proof of Theorem 11 from Chapter 4.

Proof. Firstly, let us obtain the expressions of Melnikov functions (4.32) and (4.33). For this,
consider system (4.1)|c—o with a, = bz =cr =0, =1, b, =2,a5 =0, ¢, = —1 and Bz = —2.

The orbit (xx(t),yr(t)) of system (4.1)|c—o, such that (zz(0),yz(0)) = (1, h), is given by

(h—l)—e;(h+1)+2, .
2, 7.1

(h—1)+ %(thl).

~

e
Tr(t) = o
t
e
yr(t) = D)
The flight time of the orbit (xz(t),yx(t)), from A(h) = (1,h) to A1(h) = (1,—h), is

1+h

Now, for fr and gx defined in (4.3) and (4.4), respectively, we have that

IZ ://\ grdr — frdy

AA;
= [ (0nlen(®). 3 0)10) ~ Fun), a0 ) 73)
[T (X b0~ 3 poeudono o

0 Nitj=0 i+j=0

160
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with n = 2,3. Replacing (7.1) and (7.2) into (7.3), we obtain

I = (2poo + 3p10 + 6p20 + qo1 + 2q11) fo(h) (7.4)
+% (Plo + 4p20 + qo1 + 2Q11)fg(h) + §<p02 — 2pgo — Q11>f2(h)7

I3 = %(8}900 + 12p19 — p12 + 24p2o + 59p30 + 401 — 3%3) fo(h) (7.5)
4% (8(111 + 17qQ1)f0(h) + %(41)10 — p12 + 16p2o + 511030) fo (h)
+é (4(101 — 3qo3 + 8q11 + 176]21)fos(h) + % (81?02 + 13p12>f2(h)
—i—%( — 16p20 — 87p30 + 15go3 — 8q11 — 29Q21>f2(h)
-lé (p12 — 3p30 + 3403 — qu)fzs(h)-

The orbit (xo1(t), yoi(t)) of system (4.1)|e=o, such that (z,(0), yo:(0)) = (1, —h), is given by

T (t) = cos(t) — hsin(t),
(7.6)
Yeoi(t) = —hcos(t) — sin(t).

The flight time of the orbit (z¢y(t), ye1(t)), from Ay(h) = (1,—h) to Aa(h) = (=1, —h), is

R —1
tCl — arccos <h2—|—1> . (77)

Now, for fo and g defined in (4.3) and (4.4), respectively, we have that

I - /A geda — fody
A1As

= [ et (00, 5en(®)ae () = el (0, a0 () (7.5)
:/0 h ( Z vijxél(t)yg‘l(t)x;1(t) - Z uijxél(t)ygl(t)ylcq(t))dt’

i+j=0 i+5=0

with n = 2,3. Replacing (7.6) and (7.7) into (7.8), we obtain

2
I_g =73 (Un + 3ugo + 2vp2 + UZO) — (w10 — vo1) fo(h) — 2vp2 h? (7.9)

+% (uw + U01>f1(h)7
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— 2 1
Ig = —g (u11 + 3vgg + 2vgp2 + 1)20) =+ Z( — 4duqg + u1a — dugg + 4vo1 (7.10)

1
+3v03 + ’021)f0(h) — 2ugoh? — 1 (U12 + 3usg — Svo3 + U21)f2(h)

1

—(u12

1
+3 <4u10 + w12 + 3usg + 4dvor + 3vo3 + Uzl) fi(h) + 3

+3(uso + vo3) + va1) f3(h).
The orbit (x.(t),y.(t)) of system (4.1)|c—o, such that (z.(0), y.(0)) = (=1, —h), is given by

x,(t) = —4cos(t) — 2hsin(t) + 3,

(7.11)
yr(t) =(2 — h) cos(t) + (24 h)sin(t) — 2.
The flight time of the orbit (z,(t),y.(t)), from As(h) = (—1,—h) to As(h) = (=1,h), is
4 —h?
t;, = arccos <4+h2> (7.12)
Now, for f, and g, defined in (4.3) and (4.4), respectively, we obtain
UZﬂ\mM—ﬁ@
Ay Az
tr,
- /0 (9008, ()2, (1) — Fulwa (1), 2 (1)), () dt (7.13)
/ ( Z sZ]wL yL :EL Z TWUL Z/L yL( ))dt
i+75=0 1+5=0
with n = 2,3. Replacing (7.11) and (7.12) into (7.13), we have that
2
I} = —3 (37"00 + 3(r10 — 4711 + 13720 + 2501 — 8802 + 6811))f0(h) (7.14)
2
-3 (7“02 — 2111 + 8rgo — 4sp2 + 4811)f2(h) + (r10 — 2r11 + 6720
+s01 — 4sg2 + 3811)foc(h), with n = O,
2
=% (3700 + 8(r10 — 4r11 + 12r15 + 13720 — 82721 + T7rs0 + 2501 (7.15)

2
—8502 4+ 36503 + 6511 — 32512 + 26821))f0(h) — g (7“02 —2r11 + 8r12

+8rog — 22191 + Hdr3g — 4892 + 27s03 + 4811 — 22819 + 18821)f2(h)
1

+§ (27“1() —4dry1 +12r19 + 2(67"20 — 16791 + 39730 + Sso1 — 4502

1

= (7’12 — 2rg1 + 6730

2
+3s03 — 2512 + 2821>f10(h), with u = 0.

18505 + 3511 — 16512 + 13521) ) /5 (1) +
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The orbit (x¢o(t), Yoo (t)) of system (4.1)|c—o, such that (z¢2(0),yc2(0)) = (=1, h), is given by

Zeo(t) = — cos(t) + hsin(t),

(7.16)
Yoo (t) = hcos(t) + sin(t).
The flight time of the orbit (z¢y(t), yea(t)), from As(h) = (—1,h) to A(h) = (1,h), is
h?—1
too = arccos <h2+1> (7.17)
Now, for fo and g. defined in (4.3) and (4.4), respectively, we obtain
12 = [ geds— fedy
AsA
[Zep) , ,
_/0 (QC(xcz(t)7 Yoo (1)) Ty (t) — folmea(t), ycz(t))ycz(t))dt (7.18)
to2 1 ) . 1 . .
:/ < Z Uijl‘zc2 (t)yéQ (t)l'/(m(t) - Z uijaTZcz(t)y%Q(t)yICQ (t))dt
0 i+j=0 i+j=0
with n = 2,3. Replacing (7.16) and (7.17) into (7.18), we have that
2 2 2
I; = 3 (un + 3voo + 2v02 + UQO) — (w10 = vo1) fo(h) + 2vo2 h (7.19)
1
+§ (Ulo + 001) fi(h),
, 2 1
I = § (u11 + 3vgo + 2vg2 + UQ()) + 1 ( — 4uq0 + u12 — dugg + 4vg1 + 3vgs (7.20)

1 1
+U21)f0(h) + 2U02h2 — Z (U12 + 3ugg — dvgs + ’U21>f2(h) + é (4u10

1
+u12 + 3ugo + 4vor + 3vos + U21>f1(h) + 3 <U12 + 3(uso + vo3) + 1121>f3(h)-

Moreover, by Corollary 9, the first order Melnikov function associated to system (4.1) is given
by
1 -
M(h) =18+ ST} + 12+ Iy, n=2,3. (7.21)

Therefore, if n = 2, replacing (7.4), (7.9), (7.14) and (7.19) into (7.21) we obtain (4.32), with
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k% = 2poo + 3p10 + 6p20 + go1 + 2(q11 — 700 — 710 + 4111 — 13790 — 2501 + 8502 — 6511
— w10 + vo1),

1
k1y = u10 + vo1,

2
k%2 = - 3 <p02 — 2p20 — q11 — To2 + 2111 — 8rop + 4502 — 4311),
0 1
Ly = 3 (plo + 4pag + CI01) + qu1,

m(l)Q =710 — 2111 + 67909 4+ So1 — 4S02 + 3511

Finally, if n = 3, replacing (7.5), (7.10), (7.15) and (7.20) into (7.21) we obtain (4.33), with

1
4
— 8r11 + 24110 + 26199 — 64191 + 154130 + 4sg1 — 16592 + 72503 + 12517 — 64512

k{3 = 2poo + 3p1o + (241720 — p12 + 59p30 + 4q01 — 3qo3 + 8q11 + 17q21 — 2(2700 + 2710
+ 52891 + 4u10 — w12 + Suzo — 4vor — 3voz — U21)>,

kiig = %(4?110 + w12 + 3uzg + 4vor + vz + 1121),

kiy = 11*2 (82902 + 13p12 — 16pao — 87p3o + 15go3 — 8q11 — 29ga1 — 2(2702 — 4711 + 16712
+ 16799 — 44191 + 108r39 — 8s02 + 54803 + 8511 — 44812 + 3(12591 + u12 + 3usg
— Supz + v21))>7

1
K3y == (um + 3(uso + vo3) + ’021>,

4
1
195 = 3 (41910 — p12 + 16p2g + 51p3o + 4qo1 — 3qo3 + 8q11 + 17(]21),
1 1
lis = 3 (p12 — 3p30 + 3q03 — Q21),
1
miy = 1 (27‘10 —4ry1 4+ 12r19 + 2(6720 — 16721 + 39730 + so1 — 4502 + 18503 + 3511
— 16510 + 13321)),
1
m%3 = Z (7"12 — 2r91 + 6730 + 3S03 — 2812 + 2821>.

With a similar proof, that will be omitted to simplifying the text, we can obtain the expressions
of the Melnikov functions (4.34) and (4.35), but it is important to emphasize that for this case
the flight time of the orbit (z,(t),y.(t)), from Aa(h) = (—1,—h) to As(h) = (=1, h), such that
(22(0),y.(0)) = (=1, —h), is given by

Ly 1— h2
= 27T —arccosy{ ——— |.
g 1+ h2
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Moreover, the coefficients £}"; and ", of Melnikov function (4.34) are given by

k95 = 2poo + 3p10 + 6p20 + qo1 + 2(q11 — o0 + 2r10 + 711 — Trao + So1 + 2502
— 3511 — w10 + o1),

kgy =10 + vo1,

kyy = g (p02 — 2p20 — q11 — To2 + 2111 — 8rop + 4502 — 4811),

1
19, = 5 (plo + 4poo + %1) + q11,

2
Moy =710 + 711 — 6720 + So1 + 2502 — 3511.

For Melnikov function (4.35), we have that

K9y = %(SPOO + 12p10 — p12 + 24p20 + 59p30 + 4q01 — 3qo3 + 8q11 + 17g21 + 2(—27g0
+ 4rig 4 2r11 + 3r12 — 1drog — 14ro1 + 62139 + 2501 + 4502 + 9503 — 6511 — 14519
+ 205921 — 4uyg + w12 — Hugg + 4vpr + 3vos + vgl)),

kiy = %(41“0 + u12 + 3usp + 4vo1 + 3vo3 + 1)21),

ks = % (81902 + 13p12 — 16p20 — 87p3o + 15go3 — 8q11 — 29¢21 — 4ro2 + 8r11 + 22r12
— 32r99 — 68ra1 + 252130 + 16502 + 54503 — 16511 — 68s12 — 6(—14891 + u12

+ 3ugg — Svgz + 7)21)),

1
k3 = 3 (U12 + 3(us0 + vo3) + 2121>,
1
l33 = 3 (4p10 — p12 + 16p2o + 51p3o + 4go1 — 3qo3 + 8q11 + 17q21>,

1
I35 = 3 (Plz — 3p30 + 3qo3 — Q21)7

1
m%3 = 1 (27"10 4+ 2r11 4 3r12 — 12r99 — 14r91 + 60130 + 2501 + 4S02 + 9503 — 6511
— 14519 + 20821>7

1

mgg = 1 (7”12 + —2r91 4+ 6730 + 3503 — 2512 + 2821>.

7.2 Proof of Theorem 12 from Chapter 4

Next, we present the proof of Theorem 12 from Chapter 4.

Proof. Firstly, let us obtain the expressions of Melnikov functions (4.36) and (4.37). For this,

consider system (4.1)|e=o with a, =bg =0, =1,b, =2, agr = fr =0 and ¢, = cy = —1. The
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orbit (xx(t), yr(t)) of system (4.1)|c=o, such that (z(0),yz(0)) = (1, h), is given by

xr(t) = cos(t) + hsin(t),

(7.22)
yr(t) = hcos(t) — sin(t).
The flight time of the orbit (zx(t),yx(t)), from A(h) = (1,h) to A1(h) = (1,—h), is
1 — h?
tr = arccos (1 n hZ)' (7.23)
Now, for fr and gp defined in (4.3) and (4.4), respectively, we obtain
1= [ gude — fudy
AA,
tr
= [ (anlan(®). s O) ) = Fulont). a0 (7.24)
lr n . . n ) )
[ (3 webnhi0 - Xm0 ),
0 Nipj=0 i+5=0
with n = 2,3. Replacing (7.22) and (7.23) into (7.24), we have that
2 2
I; = <2p00 + p1o + 2p20 — Q(n)fo(h) t3 (P02 + 2p2o + Q11)f2(h) (7.25)
1 .
+§<P10 + QOl)fzc(h), with A =0,
1
I = o (481700 + 6(4p1o0 — p12 + 8p20 + Sp3o — 4go1 — 3qo3 — QQI))fO(h) (7.26)

1
+ﬁ <8P02 + 3p12 + 16p20 + 9p30 — 15qo3 + 8q11 + 3QQ1>f2(h)

1 1
+§ (42910 + p12 + 3p30 + 4qo1 + 3qo3 + Q21>f20(h) + 3 (3(1930 + qo3)

+g21 +p12>f§(h), with A =0.
The orbit (x¢1(t), yer(t)) of system (4.1)|c—o, such that (z¢,(0), yo1(0)) = (1, —h), is given by

Te(t) = cos(t) — hsin(t),
(7.27)
Yor(t) = —hcos(t) — sin(t).

The flight time of the orbit (z¢y(t), ye1(t)), from Aq(h) = (1,—h) to Aa(h) = (=1, —h), is

h?—1
ter = arccos <h2+1> (7.28)
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Now, for fo and go defined in (4.3) and (4.4), respectively, we obtain

I - /A geda — fody
A1As

_/0 h (gc(afm(t),ym(t))mgl(t) - fc(w(n(t):ym(t))ylm(t))dt (7.29)
tol n . ) n . .
_ /0 ( S i, (D (D (B) — S uijxgl(t)yjcl(t)ygl(t))dt,

i+5=0 i+5=0

with n = 2,3. Replacing (7.27) and (7.28) into (7.29), we have that

fg = —g (uU + 3vpo + 2v02 + Uzo) — (u10 — vo1) fo(h) — 2vp2 h? (7.30)
+% <U10 + 001) fi(h),

I_gi = —; (uu + 3vgo + 2vg2 + 1)20) + %( — 4uqg + w2 — Hugg + 4voy (7.31)
+3vo3 + Um)fo(h) — 2ugeh® — i(uu + 3uzo — Svoz + U21>f2(h)
—I—é <4U10 + w12 + 3ugo + 4vor + 3vp3 + 1121> fi(h) + %(UH

+3(U30 + 1}03) + Ugl)f;),(h).

The orbit (z.(t),y.(t)) of system (4.1)|c=o, such that (z,(0), y.(0)) = (=1, —h), is given by

x(t) = —4cos(t) — 2hsin(t) + 3,

(7.32)
yr(t) =(2 — h) cos(t) + (24 h)sin(t) — 2.
The flight time of the orbit (z,(t),y.(t)), from As(h) = (—1,—h) to As(h) = (=1, h), is
4—h?
t, = arccos <4+h2> (7.33)
Now, for f, and g, defined in (4.3) and (4.4), respectively, we obtain
IE ://\ grdx — frdy
Ax A3z
tr

- /0 (9000, ()2, (1) — Fulwa (), 2 (1)), () (7.34)

—/otL< i syt By (1)), (t) — i Tijxi(t)y{(t)yi(t)>dt

i+j=0 i+7=0
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with n = 2,3. Replacing (7.32) and (7.33) into (7.34), we have that

2
I? = -3 (3r00 + 3(r10 — 4r11 + 13720 + 2501 — 8502 + 6311))f0(h) (7.35)

2
—3 (7"02 — 2111 + 8rop — 4502 + 4811)f2(h) + (ri0 — 2111 + 6729

+s01 — 4802 + 3811)f§(h), with w =0,

2
Ig = —§ <37“00 + 3(7“10 —4r11 + 12719 + 13199 — 32791 + 7Tr3g + 2501 (7.36)

2
—8s02 + 36503 + 6511 — 32512 + 26821)>f0(h) — g (7“02 — 2r11 + 8r12

+8rog — 22191 + 5413y — 4802 + 27s03 + 4511 — 22812 + 18821) fg(h)
1
+5 <27~10 — dr1y + 12713 + 2(6r20 — 1671 + 39730 + s01 — 4509

1
+18sg3 + 3511 — 16s19 + 13821)>foc(h) + 5 (T12 — 2r91 + 6739

+3s03 — 2512 + 2821)ff(h), with p©=0.
The orbit (xos(t), yoo(t)) of system (4.1)|e=o, such that (z¢2(0),ye2(0)) = (=1, h), is given by

Zeo(t) = — cos(t) + hsin(t),

(7.37)
Yoo (t) = hcos(t) + sin(t).
The flight time of the orbit (z¢s(t), yeo(t)), from Ag(h) = (—1,h) to A(h) = (1,h), is
h?—1
tC2 = arccos <h2<|»1> . (738)
Now, for fo and g defined in (4.3) and (4.4), respectively, we obtain
12 = [ geds — fody
A3A
to2 / /
—/0 (gc(x02<t)a Yoo ()T, (t) — fc(fl?cz(t)aycz(t))ycz(t>)dt (7.39)

toa 1 ) . 1 . .
_ /0 ( S ity (D) — S uiijCQ(t)chz(t)y’CQ(t))dt,

i+j=0 i+5=0
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with n = 2,3. Replacing (7.37) and (7.38) into (7.39), we have that

2
12 = 3 (un + 3voo + 2002 + vzo) — (u10 — vo1) fo(h) + 2vg2 h? (7.40)
1
+§ <U10 + Uo1) fi(h),
2 1
=2 (u11 + 3v00 + 2002 + v20> +3 ( — dugo + ugs — Busy + dvog (7.41)

1
+3vo3 + 7)21> fo(h) + 21}02h2 — 1 (ulg + 3ugg — dvgg + U21)f2(h)
1 1
+§ <4U10 + w19 + 3ugg + 4vg1 + 3vgs + ’021> fi (h) + g <u12
+3(U3o + U03) + U21)f3(h).

Moreover, by Corollary 9, the first order Melnikov function associated to system (4.1) is given
by
1 _
M(h):Ig+§If+Ig+I§, n=23. (7.42)

Therefore, if n = 2, replacing (7.25), (7.30), (7.35) and (7.40) into (7.42) we obtain (4.36), with

kY = 2poo + p1o + 2p20 — qo1 — To0 — 710 + 4711 — 13790 — 2(S01 — 4802 + 3511 + U10 — Vo1)

1
k19 =u10 + vo1,

1
kiy = 3 (21?02 + 4pag + 2q11 — ro2 + 2111 — 8o + 4502 — 4511),
1
1(1)2 =5 (7‘10 — 2711 + 6720 + 501 — 4502 + 3511>,
1
o = B (plo + CI01>.

Finally, if n = 3, replacing (7.26), (7.31), (7.36) and (7.41) into (7.42) we obtain (4.37), with

1
ks = 1 (81900 + 4p1o — p12 + 8p20 + 5p30 — 4qo1 — 3903 — q21 — 2(27rp0 + 2710 — 8711

+ 24119 + 26199 — 64191 + 154139 + 4501 — 16802 + 72803 + 12811 — 64519 + 52591

+ 4u1g — w12 + dugg — 4vor — 3vg3 — 021)>,

1

4
1

K3y = T2 (81902 + 3p12 + 16p20 + 9p30 — 15qo3 + 8qi1 + 3q21 — 2(2rp2 — 4711 + 16712

(4U10 + w19 + 3usg + 4vgr + 3vos + U21>,

+ 16799 — 44r91 4+ 108r39 — 8sg2 + 54dsgz + 8s11 — 44512 + 3(12821 + w12 + 3usg

— 5up3 + U21))>,



7.2 Proof of Theorem 12 from Chapter 4 170

. 1
k3, = 1 (ulz + 3(ugo + vo3) + 1121),

1
l(l)S = Z (2?"10 —4ri1 + 12719 + 2(67“20 — 16721 + 39730 4+ sg1 — 4sg2 + 18sg3 + 3s11

— 16812 + 13821)),

1

lis = 1 (7“12 — 2191 + 6730 + 3503 — 2812 + 2321)7
1

133 = 3 (41910 + p12 + 3p30 + 4qo1 + 3qo3 + QQ1>7
1

511)’3 =3 (p12 + 3(p3o + qo3) + Q21>-

With a similar proof, that will be omitted to simplifying the text, we can obtain the expressions of
the Melnikov functions (4.38), (4.39), (4.40) and (4.41), but it is important to emphasize that for
these cases the flight time of the orbit (z,(t),y.(t)), from As(h) = (—1,—h) to A3(h) = (=1, h),
such that (z,(0),y.(0)) = (=1, —h), is given by

t, =2 4-h?
= — arccos
L e I 4+h2 s

and the flight time of the orbit (xz(t),yr(t)), from A(h) = (1,h) to A1(h) = (1, —h), such that
(xr(0),yr(0)) = (1, h), is given by

tp = 21\ + (—1)* arccos 1_7]12
r=2m r T )

with A = 0 (resp. A = 1) if the right subsystem from (4.1)|.=o has a virtual (resp. real) center.

Moreover, the coefficients k]"; and ", of Melnikov function (4.38) are given by

ks = 2poo + P10 + 2p20 — qo1 — Too + 3710 + 4111 — 21790 + 2(s01 + 4502 — BS11
— w10 + vo1),
k3o = w10 + vo1,

1
k3y = 3 (21002 + 4pao + 211 — ro2 + 2r11 — 8rog + 4502 — 4511),

1
19) = B <7“10 + 2711 — 107r90 + sp1 + 4802 — 5511>,

1
l§2 =3 (pm + QO1>-
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For Melnikov function (4.39), we have that

1

ks = 1 (82000 + 4p1o — p12 + 8p20 + 5p30 — 4g01 — 3qo3 — 21 + 2(—2r00 + 6710 + 8711

+ 247119 — 42199 — 96721 + 3507130 + 4501 + 16502 + 72503 — 20811 — 96512 + 116591

— 4uqg + w12 — dugg + 4vg1 + 3vgs + UQI))fO(h),
1
k%g =3 (4U10 + w12 + 3uso 4+ 4vo1 + 3vos + 1121),
1
kg = 12 (81902 + 3p12 + 16p20 + 9p30 — 1503 + 8q11 + 3g21 — 2(2ro2 — 4r11 — 2072

+ 16790 + 607191 — 204730 — 8sgo — 54593 + 8511 + 60519 — 68591 + 3(u12 + 3usg

— 5vp3 + ’021))),

1
k3 = 1 (U12 + 3(us0 + vo3) + 2121>,

1
5 = 1 (27“10 471+ 12719 4+ 2(—10ra0 — 24791 + 87730 + so1 + 4502 + 18503 — 511

— 24519 + 29821)),

1
l%?) = 1 (Tlg + (—2r9; + 6730 + 3503 — 2512 + 2521)>,

1
133 = 3 (4p10 + p12 + 3p30 + 4qo1 + 3qo3 + QZ1>7

3 (p12 + 3(p3o + qo3) + qQ1>~

I35 =
For Melnikov function (4.40), we have that

k3% = 2poo + 3p10 + 6pao + qo1 + 2q11 — 700 + 3710 + 4711 — 21720 + 2(s01 + 4502
— 5811 — u10 + vo1),

1
k3o =u10 + vo1,

1

k3o = 3 (2]702 + 4pog + 2q11 — ro2 + 2r11 — 8rog + 4sp2 — 4811>,
1

19, = B (7’10 + 2111 — 10rgg + Sp1 + 4802 — 5811>,

1
13, = B (plo + 4pag + go1 + 2Q11>-
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Finally, for Melnikov function (4.41), we have that

1
4
+ 67“10 + 8r11 + 247“12 — 427“20 — 967191 + 350’/“30 + 4801 + 16802 + 72503 — 20511

ks = (8]900 + 12p10 + p12 + 24p20 + 59p30 + 4qo1 + 3q03 + 8q11 + 1721 + 2(—2r00
— 96512 + 116527 — 4uqg + w12 — duszg + 4vgr + vz + 021)),

1
ki, = 1 <4U10 + w12 + 3uzg + 4vo1 + 3vo3 + 1121>7

1
ks = ) (81902 + 13p12 + 16p2g + 87p3o + 15qo3 + 8q11 + 29¢21 — 2(2r02 — 4r11 — 20712
+ 16790 + 60r2; — 204r39 — 8sg2 — 54803 + 8811 + 60812 — 68521 + 3(u12 + 3uso

— Svp3 + Uz1))>,

1
k§’3 =1 (ulz + 3(ugo + vo3) + v21>,

1
lg3 = — (27’10 +4ri1 + 12r10 + 2(—107”20 — 247191 + 87r30 + So1 + 4sg2 + 18sg3 — 5sq1

4
— 24519 + 29821)),
1
lgl)?) = 1 (Tlg + (—2r9; + 6730 + 3503 — 2512 + 2321)>,
1
133 = 3 (41910 + p12 + 16p20 + 51p3o + 4qo1 + 3qo3 + 8q11 + 17q21),

1
I35 = 3 (p12 + 3(p3o + qo3) + qQ1>.

7.3 Proof of Theorem 16 from Chapter 6

Next, we present the proof of Theorem 16 from Chapter 6.

Proof. Firstly, let us simplify the Melnikov function My given by (6.8) for the case 7,5 # Trs.
For this purpose, consider the orbit (zx(t), yx(t)) of system (6.1)|c=o, such that (xz(0),yx(0)) =
(1, h), given by

e—tsz

za(t) = — (th b RS 2RS4 b — 2bpel RS g+ bpetRs TRS),
2Wrs
—twRrs
(t)—fe — agh + are®™ RS h — wrsh — RS wsh — apTrs + 2aRe/“RST
Yr = % R R RS RS RTRS R RS
RS

2twRrs 2twRrs
— Ggre Trs — WrsTrs T € WRsTRs |-

The flight time of the orbit (zx(t),yr(t)), from A(h) = (1,h) to A1(h) = (1,—h), is
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Now, for fr and gp defined in (6.2) and (6.3), respectively, we have

ﬂzfa%mm@
AAq

= /tR (gzz(ﬂfR(t)ayR(t))a?;(t) — fR(xR(t);yR(t))y;(t))dt
0
/ ( Z %JSER yR xg Z p”xR yR yR(t)>dt

i+5=0 i+35=0

= Oélfo(h) + anRS(h)

(7.43)

with

1
ap = — (2(]900 + p10)wrs + br(pio + QOl)TRs) and g =
s

Wr

(Plo + (Jo1>

2RS

The orbit (x¢1(t), yer(t)) of system (6.1)]c=o, such that (z¢1(0),ye1(0)) = (1, —h), is given by

o (t) = %(h +1) = S(h-1),
verlt) = = S-(h+ 1) = S(h = 1),

The flight time of the orbit (x¢(t), ye1(t)), from Ay (h) = (1,—h) to Az(h) = (=1, —h), is

h+1
th = log <h—1>

Now, for fo and g defined in (6.2) and (6.3), respectively, we obtain

ﬁzﬂ\%M—h@
A1As

_/0 Cl(gc($c1(t)ayc1(t))$/c1(t) - fc(xm(t),y(;l(t))y’m(t))dt

o | | . | | (7.44)
[ (X w00 = 3 et (00
0 i+5=0 i+5=0

= — 2ung + a3 fo(h) + au fO(h)

with

1
Q3 = Vg1 — U10 and Qy = 5 (Ulo + 1)01) .
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The orbit (x,(t),y.(t)) of system (6.1)|c—g, such that (z,(0),y,(0)) = (—1,—h), is given by

—twrs
e
2t t t 2
xp(t) = 5 (bLh — b eSS h — 2" LSy, o + by Ts — 2be" LS T o + bre ”LSTLS>,
LS
—twrs
€ 2tw 2tw tw
yo(t) = 5 ( —arh+ae®™S5h —wrsh — e™™ESw,sh — arTrs + 20" 51,5
Ls

2twr s 2twr s
—are Trs — WrsTrs + € WrsTLs |-

The flight time of the orbit (z,(t),y.(t)), from As(h) = (—1,—h) to As(h) = (=1, h), is

1 h+T.s
t, = —log [ —E5 ).
Wrs Trs — h

Now, for f, and g, defined in (6.2) and (6.3), respectively, we have

IE = //\ grdr — frdy
AgAs

tr
S A YO AU RO AT I

1 (7.45)

tr ' _ 1 ‘ A
[ (S st o - 3 r oo )

i+5=0 i+75=0

= asfo(h) + asfrs(h)
with

1

Wrs

br
(7“10 + 801> .
2wrs

The orbit (xos(t), yoa(t)) of system (6.1)]e=o, such that (zc2(0), yo2(0)) = (=1, k), is given by

a5 = (2(r10 —7100)wrs + br(rio + 801)TLS) and ag =

The flight time of the orbit (z¢,(t), yeo(t)), from Ag(h) = (—1,h) to A(h) = (1,h), is

h+1
tcg = log <h—1>
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Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

ﬁzfx%wn@
A3A

—/O c2 <gc($cz<t)v yc2(t))$/(;2(t) - fc(wCQ(t)7yCQ(t))y/C’Q(t>>dt

vy s 1 - . - (7.46)
[T (X ) = 3 w0 i
0 i+j=0 i+j=0

= 2ug0 + ag fo(h) + asfo(h).

Hence, by Corollary 11, the first order Melnikov function My associated with system (6.1) is

given by
br

Moy(h) = bl + ;
L

I+ bRI0 + 10, (7.47)
Replacing (7.43), (7.44), (7.45) and (7.46) into (7.47) we obtain (6.12), with

b
—Rag,, k‘é = 2bray, k:g = a9 and k:g = —og.

kg = aq + 2bras +
by

Now, let us simplify the Melnikov function M; given by (6.9) for the case 7,5 # Trs. Similarly
as in (7.43), we have that

ﬁzﬁ&%M—m@
BB

— [ (900 5n(®)}0) = Fulan(®) yn()i(0))
0 (7.48)

tr ! . . ! . .
= /0 < PR EAGIAGENGEY pz’jx%(t)yé(t)yﬁa(t)> dt

i+j=0 i+5=0

= aq fo(h) + aa frs(h).

The orbit (xo(t),yc(t)) of system (6.1)|c=0, such that (z-(0),y-(0)) = (1, —h), is given by

—t t

zo(t) = %(m 1) — %(h —1),
et et
Yo(t) = —7(}”‘ 1) — 5(h —1).

The flight time of the orbit (x(t),yc(t)), from By(h) = (1,—h) to B(h) = (1,h), is

h+1
tCZIOg (]_—h)
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Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

- /A goda — fody
B1B

- / (Ge(@o(t), ve (D) 2a(t) — folro(t), vo(t)yh(6))dt
/ (vaxc yb(t Zum% yL(t yc(t)>dt

i+35=0 i+5=0

= arfo(h) + asfe(h)

(7.49)

with

a7 = —2ugy — w19 + vo1-

Hence, by Corollary 11, the first order Melnikov function M; associated with system (6.1) is
given by
My (h) = bpl} + I} (7.50)

Replacing (7.48) and (7.49) into (7.50) we obtain (6.13), with
) = oy 4+ bray, ki =bray, and kf = as.

Now, let us simplify the Melnikov function My given by (6.10) for the case 7,5 # Trg. Similarly
as in (7.45), we have that

IE = //\ grdr — frdy
Cc1C

tr
= [ (a0 = fuler ()0 1))

L - . - (7.51)
=[5 okl - Xm0 o
0 Nitj=0 i+j=0

= asfo(h) + as frs(h),

The orbit (x¢(t), ye(t)) of system (6.1)|c=o, such that (z¢(0),y(0)) = (=1, h), is given by

vo(t) = e; (h+1)+

m\ﬁ"’W

(h —1),

e;t(h+1)

velt) = 5 + -,

The flight time of the orbit (z¢(t),y(t)), from C(h) = (—1,h) to C1(h) = (—1,—h), is

h+1
tCZIOg (1—h>
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Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

32[\%Mh@

cCl1

= [ (sele e (0)(6) = folee®).ue()ie(®)) d
0 (7.52)

tc ! . . ! X .
7 (3 st e - 3 wiak O 0u0) Ja

i+j=0 i+7=0

= anO(h) + a4fc(h)

with

ag = 2ugp — u10 + Vo1-

Hence, by Corollary 11, the first order Melnikov function My associated with system (6.1) is
given by
1

Ma(h) = b,

I? + I2. (7.53)
Replacing (7.51) and (7.52) into (7.53) we obtain (6.14), with

1 1
kg = —aj + as, k% = ay, and k‘% = —ag.
bL bL

Finally, replacing 7,5 = Tgs in (6.12), (6.13) and (6.14) we obtain the expression (6.15), (6.16)
and (6.17), with

br

k) = ay + 2braz +

(2(7"10 —1r00)wrs + br (10 + SUI)TRS)a kb = 2bgay,

LWLs

- b y .
k2 = ag + b—R%, and k! =k |; grpg, fori=1,2, j=0,1,2.
L

7.4 Proof of Theorem 17 from Chapter 6

Next, we present the proof of Theorem 17 from Chapter 6.

Proof. Firstly, let us simplify the Melnikov function My given by (6.8). For this purpose, consider
the orbit (xz(t),yx(t)) of system (6.1)]c=o, such that (zz(0),yx(0)) = (1,h), given by
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e_twRS

Ta(t) = — brh — bre?™RSh — 2e"RS o 4 bprpg — 2bRe™ RS Trg + bre* @RS g
R ’
2wgrs
—twRrs
(t)——6 — aph + ape®“rSh — wrpsh — €2YRSwash — apTrs + 20z RS T
yR - 2W R R RS RS RITRS R RS
RS

2tw 2tw
—are” S TRg — WRsTRs + € RSwRSTRS>~

The flight time of the orbit (zx(t),yx(t)), from A(h) = (1,h) to A1(h) = (1,—h), is

1 h + TRS
WRs Trs — h

Now, for fr and gg defined in (6.2) and (6.3), respectively, we have

ﬂz/A%M—n@
AAq

= /tR <gR($R(t)7yR(t))le(t) — fR(QCR(t),yR(t))y;(t))dt
0
/ ( Z QZJLUR Z/R wR Z p”xR yR yR(t)>dt

1+7=0 1+7=0

(7.54)

= Oélf()(h) + anRS(h)a

with

= (p10 + qo1)-

2WRS

1
= <2(P00 + p10)wrs + br(p1o + qu)TRS> and a9 =
RS

The orbit (x¢1(t), yo1(t)) of system (6.1)|c—g, such that (z¢,(0),y:(0)) = (1, —h), is given by

e—t t

zer(t) = - (h+1) - %(h —1),

—t et

yor(t) = —-(h+1) = S (h = ).

The flight time of the orbit (z¢y(t), ye1(t)), from Aq(h) = (1,—h) to Aa(h) = (=1, —h), is

o (P
a8 \h=1)
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Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

- /A goda — fody
A1As

—/O c1 (90(3301 (t>7 y(n(t))HT/cl(t) - fc(ﬂ?m(t),ym (t))yél(t»dt

v 1 - . - (7.55)
[ (X w00 = 3 st (00
0 i+j=0 i+j=0

= — 2ugo + as fo(h) + as fO(h)

with
u10 + Vo1

a3 =vo1 —u1g and ay = 5

The orbit (. (t),y.(t)) of system (6.1)|c=0, such that (x.(0),y.(0)) = (=1, —h), is given by

1
x(t) = — > <wLC —byTre + byTre cos(twre) + brh Sin(twLC)),
LC
1 .
yo(t) = - ( —ayTe + (—wieh + aptre) cos(twre) + (aph + wreTre) sm(tww)).
LC

The flight time of the orbit (x.(t),y.(t)), from Ay(h) = (=1,—h) to Asz(h) = (—1,h), is

1 2 _h2
t, = (27r,u2 + (—1)*2 arccos (TLC>>,

Wre 72, + h?

with pa = 0 (resp. po = 1) if the center of the left subsystem from (6.1)|e— is virtual (resp.

real). Now, for f, and g, defined in (6.2) and (6.3), respectively, we have

Ig - /A/QA\J grdx — frdy
= /0 L (gL(ﬂfL(t)ayL(t))ﬂf/L(t) — fL(JUL(t)ayL(t))y/L(t))dt

1 (7.56)

:/otL< > sigal (Ol (), (t) — i ”jxi(t)y{(t)y;(w)dt

i+j=0 i+j=0
= as fo(h) + asfrc(h),

with
1

Wro

as = (2(7“10 —100)wre — br(rio + 801)TLc> and o = (r10 + S01)-

2wre

The orbit (xeo(t), yoa(t)) of system (6.1)]e—o, such that (zc2(0), yo2(0)) = (=1, k), is given by

Tealt) = _e;(m D)+ S(h—1),

~

—t t

2
yea(t) = - (h+ 1) + S (h = 1).
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The flight time of the orbit (z¢,(t), yeo(t)), from Ag(h) = (—1,h) to A(h) = (1,h), is

1 h+1

=log | —— ).

2= 8 \h -1

Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

Ig :/A gedr — fedy
Az A

:/0 ) (QC($C2(t)uyC2(t))CC,cz(t) - fc(xc2(t)vyCQ(t))y/Cz(t)>dt

s 1 | L | (7.57)
-/ ( S vt Oha(n(t) — 3 uijxa(t)yﬂcz(t)ygz(t))dt
0 i+j=0 i+j=0

= 299 + a3 fo(h) + s fa(h).

Hence, by Corollary 11, the first order Melnikov function M associated to system (6.1) is given

by
br

Moy(h) = bpI2 + ;
L

BI04 bR 10 + 10, (7.58)
Replacing (7.54), (7.55), (7.56) and (7.57) into (7.58) we obtain (6.18), with

b b
/~c8 = a1 + 2bgras + b—Roc5, ké = 2bray, k% = a9 and kS’ b—Raf;
L L

Now, let us simplify the Melnikov function M; given by (6.9). Similarly as in (7.54), we have

that
Izlz = //\ grdx — frdy
BB

_ / ’ (9R<xR<t>7yR<t>>x;<t> — falwa(t), yn<t>>yﬁa<t>)d’f
0
/ < Z wth Z Pij T ()Y ()Yt ))dt

i+35=0 i+35=0
= a1 fo(h) + aafrs(h).

The orbit (xo(t),yo(t)) of system (6.1)|c=0, such that (x-(0),y-(0)) = (1, —h), is given by

(7.59)

—t t

e (t) %(m 1) — %(h —1),
velt) == (h+1) - S(h-1).

The flight time of the orbit (z¢(t),y(t)), from Bi(h) = (1,—h) to B(h) = (1,h), is

h+1
tC:lOg (:l-h)
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Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

- /A goda — fody
B1B

= / tc(gc(xc@)a ye )z (t) — felza(t), yc(t))y’c(t)>dt
0
/ (Z UUQJC yc Z uzjxc yc yc(t)>dt

i+35=0 i+5=0

= arfo(h) + asfe(h)

(7.60)

with

a7 = —2ugy — w10 + vo1-

Hence, by Corollary 11, the first order Melnikov function M; associated to system (6.1) is given
by
My (h) = bpl} + I} (7.61)

Replacing (7.59) and (7.60) into (7.61) we obtain (6.19), with
E) = oy 4+ bray, ki =bray, and kf = as.

Finally, let us simplify the Melnikov function My given by (6.10). Similarly as in (7.56), we have

that
IJ% = /A grdr — frdy
Cc.1C

— /O L (gL(fliL(t),yL(t))as’L(t) - fL(xL(t)ayL(t))y/L(t)>dt

L - . - (7.62)
= [T (3 ool — Ym0 )a
O Nitj=0 i+j=0

= asfo(h) + a6 fro(h).
The orbit (x¢(t), ye(t)) of system (6.1)|c=o, such that (z¢(0),y(0)) = (=1, h), is given by

—t

zo(t) = — 62 (h+1)+ S (h - 1),

M\CL

T+ Sm-.

Yo(t) = 5

The flight time of the orbit (x(t),yc(t)), from C(h) = (=1,h) to Ci(h) = (—1,—h), is

h+1
tczlog (]__h>
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Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

22[\%Mh@

cCl1

= [ (sele e (0)(6) = folee®).ue()ie(®)) d
0 (7.63)

tc ! . . 1 X .
7 (3 st e - 3 wiak O 0u0) Ja

i+j=0 i+7=0

= anO(h) + a4fc(h)

with

ag = 2ugp — u10 + Vo1-

Hence, by Corollary 11, the first order Melnikov function M associated to system (6.1) is given

by
_1

Ma(h) = b,

I} + I2. (7.64)
Replacing (7.62) and (7.63) into (7.64) we obtain (6.20), with

1 1
kg = —aj + as, k% = ay, and k‘% = —ag.
bL bL

7.5 Proof of Theorem 18 from Chapter 6

Next, we present the proof of Theorem 18 from Chapter 6.

Proof. Firstly, let us simplify the Melnikov function My given by (6.8). For this propose, consider
the orbit (xz(t),yx(t)) of system (6.1)]c—o, such that (zz(0),yx(0)) = (1,h), given by

1 .
xR(t) = r (wRC — bRTRC + bRTRC COS(tch) + th Sln(tch)>,
RC
1 .
yr(t) = o ((LRTRC + (Wreh — arTre) cos(twre) — (arh + WreTre) sm(twRC)>.
RC

The flight time of the orbit (zx(t),yx(t)), from A(h) = (1,h) to A1(h) = (1,—h), is

1 2 h2
th = — <27T,u1 + (=1)"* arccos <Tm>>,

Wre TI%,C + h2

with g1 = 0 (resp. p; = 1) if the center of the right subsystem from (6.1)]c—¢ is virtual (resp.
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real). Now, for fr and g defined in (6.2) and (6.3), respectively, we have

ﬂzfa%mm@
AAq

= /tR (gzz(ﬂfR(t)ayR(t))a?;(t) — fR(xR(t);yR(t))y;(t))dt
0
/ ( Z %JSER yR xg Z p”xR yR yR(t)>dt

i+5=0 i+35=0

= Oélfo(h) + QQch(h)

(7.65)

with

" (p1o + qo1)-

2Wre

1
a1 = T (2(1900 +p10)ch — bR(p10 + qu)TRC) and a9 =
RC

The orbit (x¢1(t), yer(t)) of system (6.1)]c=o, such that (z¢,(0),ye1(0)) = (1, —h), is given by

o (t) = %(h +1) = S(h-1),
verlt) = = S-(h+ 1) = S(h = 1),

The flight time of the orbit (x¢(t), ye1(t)), from Ay (h) = (1,—h) to Az(h) = (=1, —h), is

h+1
th = log <h—1>

Now, for fo and g defined in (6.2) and (6.3), respectively, we obtain

ﬁzﬂ\%M—h@
A1As

_/ Cl<gc(xc1(t),y@(t))x’m(t) — fc(xm(t),yc1(t))y’01(t)>dt
0

tc 1 ‘ ' 1 ‘ ' (7.66)
[ (X vt O 00— S et (et

i+j=0 i+5=0

= — 2ung + a3 fo(h) + au fO(h)

with
u10 + Vo1

a3 = Vg1 — U10 and oy = D)
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The orbit (x,(t),y.(t)) of system (6.1)|c—g, such that (z,(0),y,(0)) = (—1,—h), is given by

1
xp(t) = — - <ch —byTe + byTre cos(twre) + brh sin(tch)),
Le
1 .
yo(t) = " ( —ayTe + (—wieh + aptre) cos(twre) + (aph + wreTre) sm(tww)).
LC

The flight time of the orbit (x.(t),y.(t)), from Ay(h) = (—1,—h) to Asz(h) = (—1,h), is

1 2 *hQ
t, = <27T,u2 + (—1)"* arccos (Tw)),

Wre 72, + h?

with pa = 0 (resp. po = 1) if the center of the left subsystem from (6.1)|e= is virtual (resp.

real). Now, for f, and g, defined in (6.2) and (6.3), respectively, we have

Ig = //\ grdr — frdy
Az A3

tr
= [ a0 = folor ()0 1)

) (7.67)

tr, ) ) 1 ‘ A
[ (S st o - 3 r oo )

i+j=0 i+75=0

= asfo(h) + asfrc(h),

with

a5 = (2(7“10 —100)wre — br(ri0 + SOI)TLC> and og = (r10 + s01)-

Wro 2wrc

The orbit (x¢s(t), yoa(t)) of system (6.1)]c—o, such that (z2(0), ye2(0)) = (=1, k), is given by

—t

Toa(t) = —%(m D+ S(h—1),

~

—t t

2
yoalt) = 5-(h+ 1)+ S (h - 1).

The flight time of the orbit (x¢y(t), yea(t)), from As(h) = (—=1,h) to A(h) = (1,h), is

h+1
tCQ = ].Og <h—1>



7.5 Proof of Theorem 18 from Chapter 6 185

Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

ﬁzfx%wn@
A3A

—/O c2 <gc($cz<t)v yc2(t))$/(;2(t) - fc(wCQ(t)7yCQ(t))y/C’Q(t>>dt

vy s 1 - . - (7.68)
[T (X ) = 3 w0 i
0 i+j=0 i+j=0

= 2ug0 + ag fo(h) + asfo(h).

Hence, by Corollary 11, the first order Melnikov function M associated to system (6.1) is given
by
br

Moy(h) = bl + ;
L

I+ bRI0 + 10, (7.69)
Replacing (7.65), (7.66), (7.67) and (7.68) into (7.69) we obtain (6.21), with

b
—Rag,, k‘é = 2bray, k:g = a9 and k:g = —og.

kg = aq + 2bras +
by

Let us simplify the Melnikov function M;j given by (6.9). Similarly as in (7.65), we have that

@zéE%M—n@

— [ (9ntan(®) 5n()}6) = Fulan(®) yn()(0))
OtR 1 1 (7.70)
:/0 ( PR A OAOEROES S pijxﬁ(t)yf;(t)y;(t)> dt

i+5=0 i+5=0

= Oélf()(h) + QQch(h)-

The orbit (xo(t),yc(t)) of system (6.1)|c=o, such that (x-(0),y-(0)) = (1, —h), is given by

zo(t) = %(m - Sh-1),

—t t

volt) = =S (h+1) = S(h—1).

The flight time of the orbit (z¢(t),y(t)), from Bi(h) = (1,—h) to B(h) = (1,h), is

h+1
tC:lOg (:l-h)
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Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

- /A goda — fody
B1B

= / tc(gc(xc@)a ye )z (t) — felza(t), yc(t))y’c(t)>dt
0
/ (Z UUQJC yc Z uzjxc yc yc(t)>dt

i+35=0 i+5=0

= azfo(h) + asfc(h),

(7.71)

with

a7 = —2ugy — u1g + vo1-

Hence, by Corollary 11, the first order Melnikov function M; associated to system (6.1) is given
by
My (h) = bpl} + I} (7.72)

Replacing (7.70) and (7.71) into (7.72) we obtain (6.22), with
E) = oy 4 bray, ki =bray, and kf = as.

Finally, let us simplify the Melnikov function My given by (6.10). Similarly as in (7.67), we have

that
IJ% = /A grdr — frdy
Cc.1C

= /O L (gL(fliL(t),yL(t))as’L(t) - fL(xL(t)ayL(t))y/L(t)>dt

L - . - (7.73)
= [T (3 okl — Ym0 o
O Nitj=0 i+j=0

= asfo(h) + a6 fre(h).
The orbit (x¢(t), ye(t)) of system (6.1)|c=o, such that (z¢(0),y(0)) = (=1, h), is given by

—t

zo(t) = — 62 (h+1)+ S (h - 1),

M\CL

T+ Sm-.

Yo(t) = 5

The flight time of the orbit (x(t),yc(t)), from C(h) = (=1,h) to Ci(h) = (—1,—h), is

h+1
tczlog (]__h>
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Now, for fo and g. defined in (6.2) and (6.3), respectively, we obtain

32[\%Mh@

cCl1

= [ (sele e (0)(6) = folee®).ue()ie(®)) d
0 (7.74)

tc ! . . ! X .
7 (3 st e - 3 wiak O 0u0) Ja

i+j=0 i+7=0

= agfo(h) + afc(h),

with

ag = 2ugp — u10 + Vo1-

Hence, by Corollary 11, the first order Melnikov function M associated to system (6.1) is given

by
_1

Ma(h) = b,

I? + I2. (7.75)
Replacing (7.73) and (7.74) into (7.75) we obtain (6.23), with

1 1
kg = —aj + as, k% = ay, and k‘% = —ag.
bL bL

O]

7.6 Coefficients of functions (4.44) and (4.45) from Chapter
4

The coefficients list of functions (4.44) and (4.45) from Chapter 4 are the following:

2 14 2
Cfy = 2poo + 3P0z + 3p1o + 3 P20 +qo1 + 3 (26111 — 3rg0 — 102 + 6710 + 5111 — 19790

3
+ 3501 + 10sg2 — 8811) + (7T - 2)u10 + (7T + 2)1)[)1 — 3 (Tl() + 2r11 — 67199 + So1

+ 4802 — 3811) log(S),
Cly = 2poo + 2po2 + 3p10 + qo1 — 2100 — 2702 + 2110 + 2120 + 2511 + (T — 4)u1o + TVOL
+ (p10 + qo1) log(2) + (r10 — 6720 + so1 — 3s11) log(3) + ¢11 log(4) + r11(log(9)

= 2) + p20(2 + log(16)) + so2(log(81) — 4),



7.6 Coeflicients of functions (4.44) and (4.45) from Chapter 4 188

1
Ci, = 6 <12p02 + 3p10 + 3qo1 — 12rp2 + 4110 + 4501 — 8s02 + 3(m — 2) (w10 + vo1) + 12p2

(log(2) — 1) — 9(2r20 + s11) 1og(3) + (p10 + go1) log(8) + (r10 + so1 + 4s02) log(27)
+ g1 (log(64) — 6) + 711 (log(729) — 4)),

1
C{’z = 296 (144]902 + 27p10 — 180p20 + 27g01 — 90q11 — 8(18r02 — 16710 — 147111 + 60799

— 16501 — 28502 + 30811 + 9(U10 + ’001)>>,

1
cl = T%( — 27p10 — 108p20 — 27q01 — 5dqu1 + 8(32r10 4 64711 — 192790 + 32501

+ 128592 — 96511 + 27(u10 + v01)>),

CD3 = 2poo + é<4p02 + 18p10 + 5p12 + 28p20 + 45p30 + 6901 + 3qo3 + 8¢11 + 11g21 — 12rg
— 4rge + 24110 + 20711 + 441190 — 76199 — 134191 + 309730 + 12501 + 40502 + 120503
— 32511 — 134512 + 3(33s21 + 2(m — 2)u19 — Bugo + 4vor + 8vos + 7 (w2 + uso
+ 2v01 + 3vps + 1121))> - §(4r10 + 8r11 + 16719 — 24190 — 5droy + 117130 + 4501

8
+ 16502 + 48503 — 12511 — 5481 + 39321) log(3),

Cls = 2poo + 2po2 + 3p10 + 3p12 + 2p20 — T30 + qo1 + 303 — 3g21 — 2700 — 2702 + 2710
— 2r19 + 2r99 4+ 16191 — 28739 — 4802 — 12503 + 2511 + 165812 — 10891 + (7T — 4)u10
— 2(u12 + Suzo — 3voz + v21) + m(u12 + 3uso + vo1 + 3vez + vo1) + (P10 + 12p30

1
+ qgl) 10g(2) + 5 <27’10 — 12799 — 30191 + 63r30 + 2501 + 24503 — 6(811 + 5812)

+ 21321> log(3) 4+ q111og(4) + r11(log(9) — 2) + (p20 + g21) log(16) + (r12 + so2)
log(81),

Chs = %2 <24P02 + 6p10 + 39p12 + 6go1 — 63g21 — 247102 + 8r10 — 8r11 + 8ri2 + 72ra
— 108730 + 8s91 — 16802 + 6(12512 — 8503 — 6521 + (1 — 2)u1p + 7(2u12 + Gus
+ vo1 + 6vp3 + 2v21) — 2(3u12 + Yuszo + vo1 — 3vos + 3va1)) + 24pep(log(2) — 1)
+ 27p3o(log(4) — 7) + 6q11(log(4) — 2) + 9qos(5 + log(4)) + (2710 + 4711 + 8712
— 12799 — 26191 + 57r30 + 2501 + 8sp2 + 24503 — 6511 — 26512 + 19591) log(27)

+ (p10 + p12 + qo1 + 3¢21) log(64)),
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1
Cy = 216 <144p02 + 27p10 — 180p20 + 27go1 — 90q11 + 108go3(4 + log(8)) + 36p12(8

+1og(8)) — 108p30(13 + log(8)) + 4(32r19 — 36702 + 28111 + 92r12 — 12019
+ 396730 + 32501 + 56502 + 3(56803 — 20811 — 48519 + 44591 — 6uqg + 3(371’ — 10)

U2 + 97T(3(U30 + 1)03) + 2121) — 6(15U30 + vo1 + 3vg3 + 51)21)) — 27(37‘30 — 2819 + 821)

log(3) — 021 (13 + log(8)) + 18rz1 (log(27) — 8))).

1
ol = %( — 2710 — 108p20 — 27qo1 — 5dqu1 + 2(128r10 + 256717 + 512115 — 76872

— 1128r91 + 2844r39 + 128501 + 51202 + 3(512s03 — 128511 — 376512 + 316921

+ 9(4uip + (37 — 8)u12 + 3(3m — 8)ugp + 4vo1 + (3™ — 8)(3vos + v21))) + 81(2r9;
— 3r30 + 2512 — s21) log(3)) + 81p12(3 + log(4)) + 81qo3(9 + log(64)) — 81p30(13
+ log(64)) — 27ga1 (13 + log(64)) ),

1
Cfg = 35030 (1351?10 + 540p12 + 540p2g + 135q01 + 1620g03 + 270q11 + 32(96710 + 192711

+ 384119 — 576199 — 8967121 + 2208730 + 96501 + 384502 + 1152503 — 288511 — 8965712
+ 736521 — 27(2u10 + w12 + 3ugo + 2vp1 + 3vpz + v21))),

1
S, = M( — 729p10 — 1215p12 — 2916p20 — 5103p30 — 72901 — 364503 — 1458¢1

— 1701¢21 + 32(1088r19 + 2176711 + 4352112 — 6528r90 — 11520791 + 27072r30
+ 1088501 + 4352502 + 3(4352s03 — 1088511 — 3840512 + 3008521 + 81(u1g + w12

+ 3usg + vo1 + 3vg3 + U21)>)),

1
7T _
Cis = 9797760

+ 102064q11 + 15309¢21 + 32(160647“1() + 32128r11 + 64256719 — 96384719

(5103p10 + 5103p1s 4 20412pao + 45927ps0 + 510301 + 15309¢03

— 175872791 + 408384730 + 16064501 + 64256502 + 3(64256503 — 16064511

58624512 + 45376521 + 243(u10 — 3u1s — Juzo + vo1 — Vo3 — 31)21)))).
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7.7 Coefficients of functions (4.46)—(4.49) from Chapter 4

The coefficients list of functions (4.46)—(4.49) from Chapter 4 are the following:

1
C’?Q = 2poo + 3 (2]302 + 9p10 + 14p20 + 3q01 + 4q11 — 2(3700 + T02 + 3r10 — 14711 + 47r90
+ 6591 — 28802 + 22811)) + (71' — Q)Um + (2 + 7T)U01 + 5(7’10 — 2r11 + 6790 + So1
3
— 4502 + 3s11) arccos <5> ,
0112 = 2poo + 2po2 + 3p10 + qo1 — 2700 — 2702 + 4111 — 1819y + 8592 — 8s11 + (TF — 4)u10

3
+ g1 + 2 <T10 + (?”10 — 2r11 + 6790 + So1 — 4S02 + 3811) arccos <5>> + (p10 + q01)

log(2) + q1110g(4) + p20(2 + log(16)),

1
0122 =10 (20]902 + 5p1o + 5qo1 — 20rp2 + 8r19 + 24111 — 112r99 + 8501 + 48502 — 56511
3
+ 5(71' — 2)(u10 + 1)01) + 10(7“10 — 2r11 + 6790 + so1 — 4502 + 3811) arccos <5>

+ 20pa0(log(2) — 1) + 1011 (log(2) — 1) + (p1o + qo1) log(32)),
L1

75
+ 32501 + 72502 — 10411 — 25(u1o + v01)>,

1
Cty = 21 (162?02 + 3p10 — 20p20 + 3go1 — 1UQ11) (327‘10 — 50702 + 36711 — 208790

cl, = ﬁ( —125p1g — 500p2p — 125qo1 — 25011 — 8(64719 — 128711 + 384790 + 64501
— 256502 + 192511 — 125(u10 + v01))),

Cs = 2poo + %(41?02 + 18p10 + Sp12 + 28p2 + 49p30 + 6go1 + 3go3 + 8gi1 + 11ga1 — 6o
— 2rgo — 6710 + 28711 — 88119 — 94r9g + 236191 — 570730 — 12501 + 56502 — 270503
— 44511 + 236812 + 3(—64521 + 2(7m — 2)u19 — 8ugg + v + 8vps + w(u12 + usg

5
+ 2vg1 + 3vgs + 1)21))> + 1(27”10 —4ri1 + 13719 + 12199 — 34191 + 84r39 + 2501

3
— 8302 + 39s03 + 6811 — 34512 + 28s91) arccos <5>,

Cls = 2poo + 2po2 + 3p10 + 3p12 + 2pa0 — T30 + o1 + 303 — 3g21 — Too — To2 + 10 + 2711
— Trio — 9rog + 20191 — 47130 + 4S02 — 24503 — 4511 + 20812 — 16591 + (71' — 4)U10

— 2(u12 + bugg — 3vgs + 1)21) + 7r(u12 + 3ugg + vo1 + 3vgs + 1)21) + (7’10 —2r11 + 9712

3
+ 67190 — 227191 + 57130 + So1 — 4S02 + 27503 + 3s11 — 22510 + 19821) arccos <5)

+ (p10 + 12p30 + qo1) 1og(2) + q11 log(4) + (p20 + ¢21) log(16),
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1
% = —

+ 2(47“10 — 107"()2 + 127’11 — 34T12 — 567“20 + 1127”21 — 2527‘30 + 4801 + 24802 — 132803

(40p02 + 10p1o + 65p12 — 40p20 — 315p30 + 10a0r + T5q03 — 20a11 — 10521

— 28811 + 112519 — 845891 + 5((7T — 2)u10 + 7T(2u12 + 6ugg + vo1 + 6vg3 + 27)21)

— 2(3u12 + 9usg + vo1 — 3vps + 3v21))) + (107“10 — 20711 + 110712 + 60190 — 260797

3
+ 690?”3() + 10801 — 40802 + 330803 + 30811 — 260512 + 230821) arccos <5> + (10p10

+ 10p12 + 40p20 + 90p30 + 10go1 + 30go3 + 2011 + 30¢g21) log(2)>,

B 1
600
— 1300¢21 — 200792 + 128719 + 144r11 + 72110 — 832190 + 5d4ray — 384r3y + 128501

<400p02 + 75p10 + 800p12 — 500p20 — 3900p30 + 7501 + 1200g03 — 250411

+ 288802 — 384803 - 416811 + 544812 — 128821 — 2001610 — 1000U12 + 3OOTFU12

— 3000ugp + 9007usg — 200v0; — 600vp3 + 900703 — 1000v2; + 3007va1 + (600712

3
— 1200721 + 3600730 + 1800503 — 1200812 + 1200591 ) arccos <5> + (300p12 — 900p30
+900go3 — 300g21) log(2)),

1
Cﬁv) = m (3375q03 — 125p10 — 500p20 — 4875p30 — 125qm - 250(]11 - 1625(]21 + 2(2567“11

— 128719 + 408119 — 768r99 — 304r91 + 2064130 — 128501 + 512509 + 1224503

— 384511 — 304812 + 688591 + 125(4u1g + 4ver + (37 — 8)(u12 + 3usp + 3vos + vgl)))

3
+ (15007"12 — 3000791 + 9000730 + 4500503 — 3000812 + 3000821) arccos <5>

+ (2250403 — 2250p30 — 750g21 ) log(2) + 375p12(3 + 1og(4))),
.1 1
Cl3 = 192 (Plo + 4p12 + 4p20 + qo1 + 12qo3 + 2C]11) + 18750 <32T10 — 64711 + 1408712
+ 192199 — 29447191 + 854413y + 32591 — 128s02 + 4224503 + 96511 — 2944519

+ 2848591 — 625(2u10 + w12 + 3usg + 2v1 + 3vp3 + Ugl)),

1
CYy = 7( — 9375p10 — 15625p12 — 37500pa0 — 65625ps0 — 4
1376000000 P10 P12 P20 — 65625p30 — 937501 — 46875403

— 18750(]11 - 21875QQ1 + 143367’10 — 286727"11 — 245767"12 + 860167“20 — 8192T21
— 104448130 4 143365091 — 57344502 — 73728503 + 43008511 — 8192519 — 34816591

-+ 100000u10 + 100000u12 + 300000us3g + 100000vg1 + 300000vp3 + 1000001}21>,
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Cly = 7<21875 21875 87500 196875 21875 65625
137 42000000 P10 + D12 + P20 + P30 + qo1 + Qo3

437501, + 65625¢21 — 34816710 + 6963271, — 90112115 — 208896120 + 319488172
645120730 — 34816501 + 139264502 — 270336503 — 104448511 + 31948851

— 215040s5; + 100000w10 — 300000t — 900000us0 + 10000061 — 900000v03

- 3000001}21),

082 = 2poo + %(2}702 + 9p10 + 14p2o + 3qo1 + 4q11 — 6700 — 2702 + 3(4 + 37)r10 + 10714
— 58rag + 6501 + 20802 + 97 (r11 — 6120 + So1 + 2802 — 3511) — 26511) + (7 — 2)ugo
+ (24 m)vor,

Cas = 2p00 + 2002 + 3p10 + qo1 — 2700 — 2702 + (2 + 37)r19 4 4711 — 18799 + 8502 — 8511
— dugg + 7(3r11 — 18r90 + 3s01 + 6502 — 9s11 + w10 + vo1) + (P10 + qo1) log(2)

+ q111og(4) + p20(2 + log(16)),

C3y = %(4}702 + P10 + qo1 — 4ro2 + (3™ — 2)r10 + 3(2 + 7)r11 + T(3s01 — 18720 + 6502
—9s11 + w10 + vo1) — 2(10720 + So1 — 6502 + 5511 + w10 + vo1) + (P10 + Go1)
log(2) + a1 (log(4) — 2) + pao(log(16) — 4)),

C%z =

1
BV (16}902 + 3p10 — 20p20 + 3q01 — 10¢11 — 8(2rp2 + 710 — 3r11 + 10720 + S01

— 6802 + 5s11 + uip + 001))7

1
Csy = 3 ( — p1o — 4p20 — qo1 — 2q11 + 8(r10 + 111 — 6720 + So1 + 2502 — 3511 + U0 + v01)>7

Cos = %(121?00 + 4po2 + 18pio + Sp12 + 28p20 + 45p30 + 6go1 + 3qo3 + 8g11 + 11g21 — 6roo
— 2rg2 4 3(4 4 3m)r10 + 2(5r11 + 10r12 — 29799 — 38ra; + 156730 + 3501 + 10502
+ 27803 — 13811 — 38812 + blsg; — 6uqg — 12us3g + 6vg1 + 122}03) + 377(37”11 + 6719
— 18r9g — 24191 + 99730 + 3501 + 6502 + 18803 — 9511 — 24812 + 33891 + 2u19 + U12
+ 3uszg + 2vp1 + 3vp3 + v21)>,

C33 = 2po0 + 2po2 + 3p10 + 3p12 + 2p20 — P30 + o1 + 303 — 3¢21 — Too — To2 + T10

n 3mri0

+ 2711 + 5rio — 9rog — 16791 + 61739 + 4sg2 + 12503 — 2(2811 + 8s19
— 10891 + 2u1g + w12 + duzg — 3vog + 1)21) + 5(37’11 4+ 9119 — 18r99 — 3079
+ 117r3g + 3sg1 + 6592 + 27s93 — 9511 — 30512 + 39s91 + 2(u10 + w12 + 3usgg

+ vo1 + 3vp3 + U21)> + (P10 + 12p30 + qo1) 1og(2) + 11 log(4) + (p2o + go1) log(16),
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C33 = i<8po2 + 2p10 + 13p12 — 63ps0 + 2q01 + 15q03 — 21g21 — 4ro2 + (37 — 2)r10+
77(37“11 + 15719 — 18r9g — 42191 + 153730 + 301 + 6Sg2 + 45503 — 9511 — 42512
+ 51821 + 2(u10 + 2wz + 6ugo + vo1 + 6ve3 + 2v21)) + 2(3r11 + Triz — 1079
— 22791 + 81730 — So1 + 6502 + 15503 — Bs11 — 22819 + 27821 — 2(u1p + 3u12

+ 9uzo + vo1 — 3v3 + 3v21)) + 8p20(l0g(2) — 1) + (pro + P12 + 9p3o0 + qor) log(4)
+ q11(log(16) — 4) + (qo3 + g21) log(64)),

1
C3y = o1 (161)02 + 3p10 — 20p20 + 3qo1 — 10g11 + 12go3(4 + log(8)) + 4p12(8 + log(8))

- 12p30(13 + 10g(8)) — 4(27“02 4+ 110 — 3r11 + 10r9g + 14791 — 57130 + So1 — 6502
— 3503 + 5511 + 14512 — 19591 + 2(u10 + buio + 15usg + vo1 + 3vgs + 51)21> — 3(7‘12

+ 37rig + 7T(187’30 — 6r91 + 9sg3 — 6519 + 691 + U9 + 3(U30 + 1)03) + Ugl)) + qo1
(13 + 10g(18)) ).

1

Cyz = = <27CI03 — P10 — 4p20 — 39p30 — qo1 — 2q11 — 13qa1 + 4r10 + 4r11 + 4(2r91 — 6rag
+ 3r30 + 501 + 2502 — 9503 — 3511 + 2512 + 521 + 2(u10 — 2u12 — 6uz0 + vo1 — 6V03
- 21121)) + 6((37[‘ — 2)’/“12 + 7T(18T30 — 6791 + 9spg3 — 6512 + 6S21 + w12 + 3(U30

+ vo3) + v21)) — 6(3p30 — 3qo3 + ga1) log(2) + p12(9 + log(64)))7

1
C33 = 960 <5P10 + 20p12 + 20p20 + 5qo1 + 60go3 + 10g11 — 32(r10 + 111 + 2r12 — 6190 — 8791

+ 33730 + S01 + 2502 + 6503 — 3511 — 8512 + 11591 + 2u10 + u12 + 3uz0 + 2v01 + V03

+U21))7

1
C33 = 1920 ( — 3p10 — Hp12 — 12pag — 21p3o — 3qo1 — 15qo3 — 6q11 — 7g21 + 16(r10 + r11

+ 3r12 — 6rag — 10721 + 39730 + So1 + 2502 + 9503 — 3511 — 10512 + 13521 + 2(u10

+ w12 + 3ugo + vor + 3voz + U21))),

1
Cyy = 13440 (71910 + Tp12 + 28p20 + 63pso + Tqo1 + 21qo3 + 14q11 + 21ga1 + 16(r10 + 711

— 5119 — 6790 + 6ra1 — 9730 + So1 + 2502 — 15503 — 3s11 + 6512 — 3s21 + 2(u10

— 3u1a — uzg + vo1 — vz — 31)21))) .

7.8 Coefficients of functions (6.38)—(6.40) from Chapter 6

The coefficients list of functions (6.38)(6.40) from Chapter 6 are the following:
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(r10 + so1) (mp2(1 + 77)

2b
CY = 2(poo + p10) + ——(r10 — r00) + br <2001 — 2uy0 +

bL Wrc
TRrs (_1)u2bR 2 TLZC —1
- (=1)"bg 1 e
Tre) + e (P10 + CJ01)> o (r10 + s01) (77 + 1) arccos 72+ 1

Tre + 1>

Trs — 1

b
— —"(p10 + qo1)(25 — 1) log <

2Wrs

(_1)#2bR

LC

(r10 + s01) (2mp2 + ((=1)"2 = 1)710) + uio(log(4) — 2) + vor (2 + log(4))>

b Tre + 1
+ —(p10 + qo1) log < = >a

2
7, —1 2 1
Cy = 2(poo + p10) + (710 + S01) arccos < 5 > + b <(7“10 — 7o0) +

TEC + 1 bL Wrco

WRrs Trs — 1
b (—D)H27 0w
2 R LCWRS
CO = m <2 <7T(7“10 + SOI)MQWRS + (Ul() + 'U(]l)chsz + W(Tlo + 801)
2
TrsW T, —1
(P10 + %1)) + (=1)"2 (710 + s01)wrs arccos < 5= > + (u10 + vo1)wre
Trs — 1 Tre +1
Trs +1
wrs log(4) + (p1o + qo1)wrc log ( 15 >),
Trs — 1
br 8(—1)r7) 875
Ci=—=|3 — - e _ STrs
0= 1o < (u10 +vo1) + o720+ 1)2 (710 + s01) + wns(72s — 1) (P10 + qo1),
0 brTrs br
C7 = 2(poo + p10) + br(vor — 2ugo — u10) + (P10 + qo1) — 5 (p10 + qo1)
LC WRs

Trs — 1

1
(2, — 1)log ( - )

b
C1 = 2(poo + p1o) + b (001 — 2ugo — u10 + (w10 + vo1) log(2)> + wi(plo + qo1)

RS
log | —— |,
Trs — 1
C? = br 27ns 1+ log(2 —_—
=5 m(mo + qo1) + (w10 + vo1)(1 +1og(2)) + e (P10 + qo1)
log | ——— ,
Trs — 1
2
Y = bf(ﬁo —700) + 2ugo — 10 + vo1 + - (r10 + so1)(mp2(l + T20) — Trc)
L LC

(=DF2(r7e +1) Toe =1
S (r10 + So1) arccos 2 1)
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2 1
C3 = —(r10 — r00) + 2u00 — 10 + Vo1 + (r10 + so1)(2mp2 + ((—1)*2 — 1)

bL Wre

(—1)r2 (TLQC - 1>
710 + So1) arccos ,
oo (r10 + So1) 2 31

1 2 (—1)#2710 (
C2 == ~ /e
5 5 (UJLC <7T/L2 -+ Tgc 1 (7‘10 + 801) -+

Tre) + (w10 + vo1) log(2) +

—1)k2
(r10 + s01)

Wre

2
Tre—1
arccos + + 1+ log(2 .

(ch 1> (ulO UOl)( g( )))

7.9 Coefficients of functions (6.41)—(6.43) from Chapter 6

The coefficients list of functions (6.41)-(6.43) from Chapter 6 are the following:

1 2
Cy = B <4(Poo + p10) + 2bg (b(rlo —700) — 2(u10 + vo1) — o (10 + so1) (mp2(1 + 72c)
L L

(fl)usz

Wreo

2b
- >) 250 (10 + gor) (a1 + 720) — 7o) + (r10 + s00) (P20 + 1)

Wre

2 2
Tre — 1 (_1>mbR 2 (TRC —1
arccos + + T + 1 arccos s

(TEC + 1) Wre (P10 + 01) (7o + 1) T2, +1

1

Op = ————— Wrcwre (201 (oo + P10) + 2ba (110 — T00) + 2brbr(vor — u10)) + brbr
brwroWre

(27T(7“10 + S01) powre + (=710 — So1 + (—1)#2(r10 + S01)) TroWre + Prowre (2

+ (=14 (=1)"")7Trc) + o1 2T piwre — WreTre + (_1)M1WLCTRC)> +brbg <(_1>u2

2 2
T, —1 T2, —1
+s arccos | —=¢ —1)Mm RC
(r10 01)Wre ar (Tgc n 1) + (=1)"*(p1o + qo1)wrc arccos <7'1%c 1

+ (w10 + vo1)WroWre 10g(4)>> )

, by 1 (1 (—1)k2
Cy = = | 2u10 + 2| vor + — m(p1o + qo1)pawre + T(r10 + S01)H2Wre + 5
2 Wre T4, +1

Wro LC

(—=1)M7pe (—1)k2
Trowre (10 + 801)) + o (p1o+gqo1) | | + e (r10 + s01)
2

2. -1 —1)m —1
arccos (:%Z " 1) + (wR)c (pro + qo1) arccos (:gz n 1) + (u10 + vo1) log(4)>,

8(—1)" e

8(71)1127—20
WRC(T%C —1)?

wLC(TIQ,C + 1)2 (rlo * 801) "

b
Cc3 = ﬁ <3(u10 +vo1) + (p10 + QO1)> ,

? Yeome (4(}?00 —|—p1o)ch - 2b3(2u00 + u10 — ’UOl)CL)Rc + 2bR(p10 + QOI)(W,Ul(l 4 T}%c)

RC

2
Tae — 1

— Tro) + (=1)"br(p1o + qo1)(1 + 75 arccos < 5 >>,
Tho +1
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1
Ci=— <2(p00 + p1o)wre + br(pro + qo1) (271 + ((=1)" = 1)7re) + (=1)"1bg

Wro

2
T4, —1
(p10 + qo1) arccos (T};C n 1> + brwre(vo1r — 2upo — w10 + (w10 + vo1) 10g(2))>,
RC

Cf

br 2 2. -1
Y 1) 2 1 RC
2wmo (T2 1 1) <( ) (p1o + QO1)< Tre + (1 + 75 ) arccos <72

+(1+770) <27T(p10 + qo1) 1 + (w10 + vo1)wre (1 + log(2)))>,

2 1)
CY = —(r10 — r00) + 2u00 — 10 + vo1 + (r10 + so1)(mpa(1 + 72.) — 7o) + (i
b Wre 2wie
(r10 + s01)( 2 4 1) @
10 S0 )\Tre arccos TEC n 1 5
2
Cy = 5 (110 = 700) + 2ug0 — w10 + vo1 + ——(r10 + s01) (2mpz + ((=1)" = 1)7..0)
L LC
(_1)M2 <7_1?c - 1>
+ 10 + So1) arccos + (u19 + vo1) log(2),
o (r10 + s01) 2 31 (u10 + vor1) log(2)
1/ 2 (—DF270\ | (=1)F2 T2, — 1
CQ:< 10 + 8 <7r -+ + r10 + So1) arccos | —=<
279 ch( 10+ so1) | T2 2, +1 Wro (10 + s01) 2, +1

+ (w10 + vo1)(1 + log(2))>.

7.10 Parameter values to function (4.44) from Chapter 4

Next, we provide the perturbation parameter values of system (4.1) such that the coefficients of

function (4.44) from Chapter 4 satisfies Ci, = 0, for i = 0,...,3, and C{; # 0.

1
Poo = & (67’00 — 2po2 — 9Ip10 — 14p20 — 3q01 — 4q11 + 2702 — 12719 — 10711 + 38r20 — 6501

3log(3
— 20502 + 16511 + 6u1g — 37u10 — 3(2 + 7r)v01> + f( ) (7“10 + 27111 — 6r9g + So1
+ 4502 — 3811),
1
P10 = Tog(60) (16]?20 — 8po2 + 8q11 + 8roz + 12710 + 4(8711 — 22720 + 3501 + 16502 — 11511

+ 3(u10 + vo1)) — 15(7r10 + 2711 — 6720 + S01 + 4502 — 3s11) log(3) — 4(2p20 + ¢q11)

log(8) — qo1 10g(64))7
1

oo A8 12 32r11 — 88 12 64502 — 44 24711 log(2
3210g(2) — 16( roz2 + 12110 + 32r11 r20 + 12501 + 04502 511 + 24111 log(2)

P20 =
+ 20(T10 + 801) 10g(2) — 4(47"02 + 227"20 — 12502 =+ 11511) 10g(2) + 6(U10 + U01)(2
+ 7rlog(2)) + 8p02(10g(4) — 1) — 8(]11(10{;(4) — 1) — 3(7”10 + 2111 — 67190 + Sp1 + 4502

— 3s11) log(3)(5 + 1og(8))),
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S0l = %(2(8767"20 — 584502 + 438s11 + 9(37 — 4)(u10 + vo1) — 4(104s02 — 156799 — 78511
+9(4 4 37) (u10 + vo1)) 10g(2)) + r10(18910g(3) — 292 + 41log(2)(81 log(3) — 52))
— 27(6r20 — 4s02 + 3s11) log(3)(7 + log(4096)) + 711 (—584 — 4161og(2) + 54 1og(3)
(7 + 10g(4096)) ),

u10 # —vo1,

with A =292 + 41og(2)(52 — 811log(3)) — 189 1log(3).

7.11 Parameter values to function (4.45) from Chapter 4

Next, we provide the perturbation parameter values of system (4.1) such that the coefficients of

function (4.45) from Chapter 4 satisfies Ci, =0, for i = 0,...,7.

P10 qo1
=-" - 2p12 — 2p2g — 5 6403,

g21 = P12 — 3p30 + 3403,

700 = Poo + P10 + P20 + P30 + 710 — 20 + 730 — 2(w10 + u30),

1

Tz = & (6]?02 + 3p10 + 3qo1 — 18qo3 + 2r10 — 2r11 + 2112 + 2501 — 4502 — 12503 + 361)03),
1

S11=3 <7°10 + 2711 + 4r12 — 6rog + 6721 + so1 + 4502 + 12503 + 6812>,

891 = 2191 — 3130 + 2512,
Vo1 = —U10,

vo1 = —u12 — 3(us0 + vo3)-

7.12 Parameter values to functions (4.46) — (4.49) from
Chapter 4

Next, we provide the perturbation parameter values of system (4.1) such that the coefficients
of functions (4.46) — (4.49) from Chapter 4 satisfies C’f2 =0 and C # 0, for i = 1,2 and
j=0,...,3. For function (4.46), we have that
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1
Poo = ¢ (67‘00 — 2po2 — 9p10 — 14p20 — 3qo1 — 4q11 + 27102 + 6710 — 28711 + 941 + 12501

— 56502 + 44511 + 6ul0 — 37U — 3(2 + 7T)1)01 — 15(7‘10 — 2r11 + 6190 + s01 — 4502
3
+ 3s11) arccos (5)),

3(u1g + vo
Po2 = 2p20 + q11 + o2 — 3r10 + 4r11 — 10129 — 3501 + 8Sp2 — Hs11 + (21)

9 3 3log(2
+ 1 (7‘10 — 2111 + 6120 + Ssp1 — 4502 + 3811) arccos (5) — f( ) (plo + %1)
log(8
- g2( ) (2P20 + GI11)7
1
— (5 5 — 52 104r11 — 312 — 52 208 — 156
10(log(4) — 1) < P10 + 9901 10 + 11 720 S01 + S02 S11

q11 =

+5(4 + ) (u10 + vo1) + 55(r10 — 2r11 + 6720 + S1 — 4s02 + 3511) arccos (g)
— 20p20(log(4) — 1) — (p1o + qo1) 10g(1024)),
vl = )\11(9847"20 + 164501 — 656502 + 492511 — 100u10 + 757U19 + 18720790 log(2)
+ 3120501 log(2) — 12480502 log(2) + 9360511 log(2) — 1200u;¢ log(2) — 3007
u1010g(2) + 4r19(41 + 78010g(2) — 2361og(4)) — 8r11(41 + 780log(2) — 236
log(4)) + 75p10log(4) + 75qo1 log(4) — 5664r9g log(4) — 944501 log(4) + 3776
sp2 log(4) — 2832511 log(4) + 400u10 log(4) — 300p10 log(2) log(4) — 3000 log(2)
log(4) — 15p19 log(1024) — 15¢p1 log(1024) + 60p10 log(2) log(1024) + 60go1 log(2)
1og(1024) — 75(r10 — 2r11 + 6120 + So1 — 4oz + 3511) arccos (g) 1+ 10g(1048576))>,
s11 # é(%n — 110 — 6roo — so1 + 4802),

with A; = 25(4 + 7(log(4096) — 3) + log(65536)).
For function (4.48), we have that

Poo = é(Groo — 2po2 — 9p10 — 14p20 — 3qo1 — 4q11 + 2rp2 — 10711 + 5819 — 6591 — 20502
+ 26811 + 6u1p — 6v91 — 3((4 + 3m)7r10 4+ 7(3r11 — 18r90 + 3501 + 6502 — 9511 + w10
+v01)))

Do2 = 2(81020 +4q11 + 4roz + 6710 — 2(7r11 + 2720 — 3501 + 2802 + 511 — 3(u10 + v01)) — (P10

+ 4poo + qo1 + 2q11) log(S)),
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=~ Toe(16) — 2) 4+3 3ri; — 18 3 65y — O
q11 (log(16) — 2) (Plo + qo1 + (4 + 3m)rio + 7(3r11 790 + 3801 + 6502 — 9511 + u1g
+ wvo1) + 4(r11 — 6120 + S01 + 2502 — 3511 + w10 + vo1) + p20(4 — 8log(2)) — (p10
+ qo1) 1og(4)),

1
Vo1 = _)\7 (1087T7“20 — 487“20 + 8801 — 187[‘8(]1 + 16802 — 367‘(802 — 24811 + 547T811 + 8u10
2

— 67u1g + 48p2p log(2) + 6p1o log(4) + 6qo1 log(4) — 1921 log(8) — 14471y log(8)
+ 32501 log(8) + 247501 log(8) + 64502 log(8) + 48752 log(8) — 9611 log(8) — 727ws11
log(8) 4 32u10 log(8) + 8mu1p log(8) — 3p10log(16) — 12pag log(16) — 3go1 log(16)

+ 96790 log(16) — 16501 log(16) — 32502 log(16) + 48s11 log(16) — 16u1g log(16)

+ 2711 (4 — 97 + 127 log(8) + log(65536)) + 2r10(4 + 37(410g(8)) + log(65536) — 3)),
1
511 # 3 (7”10 +r11 — 6120 + S01 + 2502),

with Ay = 8 — 67 + 8mlog(8) + 8log(16).
For function (4.47), we have that

p1o qo1
m=-7 - 2p12 — 2p2o — o5 6403,

q21 = p12 — 3p30 + 3903,
T00 = 200 + 2p10 + 2p20 + 2p30 + 110 — 20 + 730 — 4u10 — 4uso,

ro2 = 2po2 + p1o + qo1 — 6qo3 + 2111 + 112 — 8rog + 4ro1 + 4sg2 — 4s11 + 4512 + 12003,

1
s01 =5 (47“11 — 2r10 + 712 — 12190 + 6721 + 8502 + 3503 — 6511 + 6812)7

r12 3503
$91 = ——(—— + 191 — 3130 — —— + 512,
2 2
Vo1 = —U10,
vo1 = —u12 — 3(u30 + v03).

For function (4.49), we have that

Pb1o qo1
Gn=-7 - 2p12 — 2p2o — o5 6403,

g21 = p12 — 3p30 + 3qo3,
700 = 2poo + 2p10 + 2p20 + 2p30 + 110 — r20 + 730 — 4(U10 + U30),
ro2 = 2po2 + p1o + qo1 — 6qo3 + 2711 — 5112 — 8rog + 4ra1 + 4sg2 — 18503 — 4511 + 45192

+ 121)03,
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Trisg 21503
S01 = T10 — 11 + 5 + 6190 — 3191 — 2502 + + 3511 — 3512,
r12 503
891 = ——— +7To1 —3r30 — —(— + S12,
2 2
Vo1 = —U10,

vo1 = —u12 — 3(usp + vo3).



CHAPTER

8

Conclusions

In this work, we estimate the number of crossing limit cycles in planar piecewise linear
Hamiltonian differential systems with two or three zones separated by straight lines, and parallel
if there are more than one, such that the linear systems that define the piecewise one have isolated
singular points, i.e. centers or saddles. More precisely, we started with the study of the number
of limit cycles for continuous or discontinuous piecewise linear Hamiltonian differential systems
with two or three zones. In this case, we showed that if the planar piecewise linear Hamiltonian
differential system is either continuous or discontinuous with two zones or continuous with three
zones, then it has no limit cycles, but if it is discontinuous with three zones then it has at most
one limit cycle, and we provide examples with one limit cycle.

Next, we study the number of crossing limit cycles that can bifurcate from periodic annulis
in a discontinuous piecewise linear Hamiltonian differential system with three zones, after
polynomials functions perturbations. For theses cases, we prove that if the linear differential
system defined in the region between the two parallel lines has a center at the origin and the
others subsystems have centers or saddles then we have at least three, four or seven limit cycles
bifurcating from a periodic annulus after linear, quadratic or cubic polynomials perturbations,
respectively. Now, when the central subsystem has a real or boundary center and the others
subsystems have only real saddles then at least six limit cycles can bifurcate simultaneously from
two periodic annuli, after linear perturbations. Finally, if the central subsystem has a real saddle
and the others subsystems have centers or saddles then at least six limit cycles can bifurcate

simultaneously from three periodic annuli, after linear perturbations.
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