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Resumo

Este trabalho foca no estudo de sistemas de poucos corpos em duas dimensoes no
regime universal, onde as propriedades do sistema quantico independem dos detalhes
da interacao de curto alcance entre as particulas (o comprimento de espalhamento
de dois corpos é muito maior que o alcance do potencial). Nés utilizamos a decom-
poscao de Faddeev para escrever as equacoes para os estados ligados. Através da
solucao numérica dessas equagoes nos calculamos as energias de ligacao e os raios
quadréticos médios de um sistema composto por dois bésons (A) e uma particula
diferente (B). Para uma razao de massas mp/m4 = 0.01 o sistema apresenta oito
estados ligados de trés corpos, os quais desaparecem um por um conforme aumenta-
mos a razao de massas restando somente os estados fundamental e primeiro excitado.
Os comportamentos das energias e dos raios para razoes de massa pequenas podem
ser entendidos através de um potencial do tipo Coulomb a curtas distancias (onde
o estado fundamental estd localizado) que aparece quando utilizamos uma aprox-
imagao de Born-Oppenheimer. Para grandes razoes de massa os dois estados ligados
restantes sao consistentes com uma estrutura de trés corpos mais simétrica. Nés en-
contramos que no limiar da razao de massas em que os estados desaparecem os raios
divergem linearmente com as energias de trés corpos escritas em relagao ao limiar
de dois corpos.

Palavras Chaves: Estados Efimov; Distribuicao de momento; Problema de poucos
COrpos;

Areas do conhecimento: Fisica tedrica; Fisica atomica, Fisica de poucos corpos
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Abstract

This work is focused in the study of two dimensional few-body physics in the
universal regime, where the properties of the quantum system are independent on
the details of the short-range interaction between particles (the two-body scatter-
ing length is much larger than the range of the potential). We used the Faddeev
decomposition to write the bound-state equations and we calculated the three-body
binding energies and root-mean-square (rms) radii for a three-body system in two
dimensions compounded by two identical bosons (A) and a different particle (B). For
mass ratio mp/m4 = 0.01 the system displays eight three-body bound states, which
disappear one by one as the mass ratio is increased leaving only the ground and the
first excited states. Energies and radii of the states for small mass ratios can be
understood quantitatively through the Coulomb-like Born-Oppenheimer potential
at small distances where the lowest-lying of these states are located. For large mass
ratio the radii of the two remaining bound states are consistent with a more sym-
metric three-body structure. We found that the radii diverge linearly at the mass
ratio threshold where the three-body excited states disappear. The divergences are
linear in the inverse energy deviations from the corresponding two-body thresholds.

Keywords: Efimov states; Momentum distribution; Few-body problem;

Areas of knowledge: Theoretical Physics; Atomic Physics, Few-body physics
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Chapter 1

Introduction

Recently, the study of few-body correlations has received a special attention due to
the possibility of changing the two-body interactions inside ultracold atomic traps
by using Feshbach resonance techniques[1]. The experimental realization of such
traps also allows the construction of a quasi two-dimensional (2D) environment|2, 3]
where, in many situations, the physics involved differs considerably from the three-
dimensional (3D) case [4, 5]. In the case of diluted atomic gases compounded by
neutral atoms the interactions between them are of very short-range compared to
the two-body scattering length [6, 7, 8]. This implies that the (low-energy) observ-
ables are universal: they do not depend on the details of the interaction [9, 10]. In
order to study this universal regime we may consider a zero-range interaction.

The universal regime can be described by only few scale-parameters [11]. Fur-
thermore, in a three-boson system the number of these scales is drastically affected
by the dimensionality of the system. In 3D, we need both a two- and a three-
body scale to describe the observables [12]. In contrast in 2D all observables can
be expressed as functions of only one two-body scale parameter, e.g. the two-body
scattering length [9, 10]. This difference is closely related to the appearance of the
Efimov effect [13] in 3D and its absence in 2D [14, 17]. The extra scale appearing
in 3D may be explained by the emergence of the Thomas collapse.

We already have an extensive amount of investigations about the energy spec-
trum of three-atoms in 2D [15, 16, 17, 18, 19, 20, 21, 22], but very little information
can be found in the literature about the three-body structures [9]. For three identical
bosons we have only two three-body bound states with energies (FEs3) proportional to
the two-body energy (F2) and given by E3 = 16.52F5 and F3 = 1.27F,, respectively
for the ground and excited states [15]. However, considering an asymmetric systems
as AAB formed by two identical bosons and a distinguishable particle we can in-
crease the number of three-body bound states only by changing the mass asymmetry
[19]. When the mass ratio, mp/m, between particles B and A is decreased, then B
may be easier exchanged between the identical A-particles, which in turn generates
an effective potential with infinite attraction in the limit of mpg/m4 — 0 [20, 22, 24].
This provides a prescription for an arbitrary increase of the number of three-body
bound states.
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An interesting question is how the three-body bound-state structure varies close
to the mass threshold where the state disappear into the continuum. In general,
the structure variation with the mass ratio is not known in 2D for neither ground
or excited states. If the quantum mechanical wave function is known it is in prin-
ciple very direct to study the calculated density distribution. However, this may
be too elaborate for a first overall orientation. The simplest observable quantities
that carry structure information are the relative average distances between pairs of
particles. Here the second moment is most often used as the measure, but obviously
only as a constraint on the possible structure. First order or higher moments would
clearly add information to the spatial distribution.

The thesis work is organized as follows. In chapter 2 we set and study in details
the formalism used in a collision process. We obtain expression for the transition
operator for two-body and three-body system in two dimensions for a local and
separable interaction such as a Dirac-0 potential. By using the Faddeev method,
we obtain the Faddeev equations for a three-body system where we use them to
obtain an expression for a three-body bound state equation in two dimensions.
In chapter 3 by using concepts of quantum mechanics, we obtain expressions for
mean square radius in momentum space for a three-body system compound by
three distinguishable particles ABC. In chapter 4 we provide an algorithm to solve
the mean square radii equations obtained in chapter 3. Finally in chapter 5 we
present our summary, conclusions and perspectives.



Chapter 2

Formalism: Three-body dynamics

In this chapter we shall first define the transition operator, usually called as tran-
sition matrix, 7', or only T-matrix. Because T-Matrix is related with the Green
function we study it in details. Once defined the T-Matrix, we calculate it, for
two-body and three-body system with short-range interaction such as the Dirac-d
potential. We will follow closely the theorical development presented in Charles. J.
Joachain [38].

Next we discuss the Lipppmann-Schwinger equation’s problems for three or more
-body systems and the solution given by L. D. Faddeev [26]. This analysis leads to
the Faddeev equations for three-body problems. Also we calculate those Faddeev
equations for two-dimensional case and the matrix elements in a bound state context.

By extracting the k-component of the transition operator in a bound state con-
text for the Faddeev equations in two-dimensions, we define the set of coupled spec-
tator functions by projecting this k-component in a momentum space basis known
as the Jacobi relative momentum coordinate between particles. Finally, combin-
ing the spectator functions and the Green function we get the wave function for a
three-body bound state.

2.1 T-Matrix

The operator is defined by the relation

1
T(F) = By = lim —— 2.1
(E)=V4+VGHV V+Ve—l>r(?+E—Hiz’eV (2.1)
where V is the full interaction between all the particles and G&) = lim,_, o+ ﬁ

is the Green’s operator. In order to have a good understanding of this equation we
may study in details the Green Operator.
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2.1.1 The Green’s Function

Free Green’s Function

Considering a time-independent Schrédinger equation that describes a system of
two colliding particles interacting by a potential U(7) which depends only on their
relative coordinates 7
(Vi + Kk, 7) = UMy (k, 7), (2.2)
where ¥ (k, ) is a solution that satisfy equation (2.2) which involves an incoming
plane wave and a scattered wave, k is the wave vector. Also the right-hand side
from equation (2.2) is known as an inhomogeneous term that without it, we get the
homogenous Schrodinger equation [V2+k2|¢(k, 7) = 0. The general solution v (k, 7))
1s written as

Dk, 7) = ok, 7) + / drGo(k, 7,7\U (7Y (k, 7) (2.3)

where ¢(k,7) is a solution of the homogeneous Schrodinger equation. The
Green’s function corresponding to the V2 and the number k? follow the next re-
lation

[VZ+ k] Go(k, 7, 77) = (i — 17). (2.4)

We want to determine the free Green’s function Gy(7,7”). It is convenient for
that purpose to work in wave vector space.

We are going to write the green’s function as

Go(7,7') = (2m) 3 / go(K, ) exp (ik".7)di (2.5)

where go(l;’ ,73) represent just an auxiliary function which will help to do the
calculations. Replacing it into equation (2.4) we get

(2m) 3 [V2 + k2] / go(k, ) exp (il .7)dk = 8(7 — 17), (2.6)

using the integral representation for the delta function
§(7— ) = (2m)73 / exp{ikt (7 — )} dF? (2.7)

we obtain for go(k’, )
~ . exp(—ikl.r)
9olk'.T') = =55

and therefore our equation (2.5) becomes

(2.8)

o _ exp ik (7 — -
Go(F,7') = —(27) 3/ {k@ka g (2.9)
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As we can see the equation (2.9) has poles at k' = £k, due to that we need to
avoid these singularities and give a meaning to the integral. In order to do this,
we use the boundary condition that assume the potential V' (7) tends to zero faster
than ! as r — oo, in other words, the stationary scattering wave function will
have an asymptotic behavior, that lead us to an outgoing spherical wave. Due to
that we will denote by Gy (7,7") and ¢ () the corresponding free Green’s function
and the stationary outgoing scattering wave respectively. As we saw from equation
(2.1) our Green function possess two different signs that are totally relates which
pole we will choose and depending on the pole Chosen the behavior of our scattered
wave (incoming or outgoing wave). We set 77— 7' = R and chose polar coordinates
in a way that the z axis coincides with the vector R as we can see in Figure (2.1)

K'(K,0,¢)

6/

Figura 2.1: Illustration of the vectors R and K of the text.

the equation (2.9) then is

/ /
Go(R) = —(21)" / di’ k’2/ d6' sin(0 / dgs eXp%RCOSQ}, (2.10)

performing the angular integrations, we get

~ k'sin (K'R)

here we used the fact that the integrand is an even function of k&’ to extend the
integral on the &’ from —oo to co. We may use the next relations
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k:/
LA FENN 212
sin(K'R) = 5 (e(iklR) — e(_ik/R)) (2.13)

we may also write

S 0 1 1 © .0 1 1
(1672 _1{/ (ik' R) ]dk’—/ (—sz){ }dkz’}.
fO(R)) (167=5R) = ) e Wk WLk € Wk WLk
9.14

Those integrals can be analyzed in the complex &’ — plane and be solved by using
Cauchy’s theorem,

R 1

L=¢ die® ] 2.1

D A s ey o (2.15)
Tl |

Li=¢ di Z’“R{ } 2.16

2= v E T —k (2.16)

the integral must contain closed paths. For the integral I; the path C] is a
semi-circle in the counterclockwise direction in the semi-plane where, Imk’ > 0.
Otherwise the integral I; have a semi-circle path Cs, closed in the clockwise direction
in the semi-plane where, Imk’ < 0. Those semi-circles are larger, so that the
contribution to the integral tends to zero as we let the radius of €', and C5 tend to
infinity. The integrals (2.15 and 2.16) is then equal to its value along the real axis,
for which we have four possible choices of paths Py, Py, P53, P4, as shown in figure
(2.2).

Imk Imk
P _<‘_~ P, <‘
S Y Rek! VI B >—— Rek’
—k +k —k +k
Imk Imk
Py <‘ P, <‘
U o Ve Rek! L D s L Re k!
—k +k —k +k

Figura 2.2: The four possible integration contours for the evaluation of the integral
L.

Applying Cauchy’s theorem, we then obtain for the integral I; the values showed
in Table (2.1)
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Path Cq I
P1 0 0
P2 | poles +k | 2mi (eikR + e*ikR)
P3 | pole —k 2mie kR
P4 | pole +k 2mietk i

Table 2.1: Result for the integral I; respect to the inclusion of the poles +k inside

the path C closed by a semicircle in counterclockwise direction.

proceeding in the same way with the second integral, just knowing that the
contour are closed now in the lower-half k&’ plane, we find the next values for the
contribution of this integral showed in Table (2.2)

Path 02 12
P1 | poles &k | —2mi (eikR + e—ikR)
P2 0 0
P3 | pole +k —2ie kit
P4 | pole —k —2mieth R

Table 2.2: Result for the integral I5 respect to the inclusion of the poles +k inside

the path C5 closed by a semicircle in clockwise direction.

Therefore we conclude that there is only one way of defining the Green’s function
GJ (R) in such a way that it behaves as a purely outgoing wave for large values of r
or of R. That is through the path P4

[ Ksin(K¥R)
Gi(R) = (R SRS

= —(167R)~" [2mie™ " — (~2mie™H)] (2.17)
= —(4rR) kA

1 eisz
47 R

dk'

or returning to the original variables 7 and 7’

G+ F,T/ - = 218
L e (218)

This is the free Green’s function for an outgoing spherical wave.
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Total Green’s Function

Going back to the definition of the transition operator T(E) = V + VG®HV | it is
defined in terms of the total Green function, then we are going to find the relation

between the already found free Green function G5 (7,") and the total Green func-
tion G (7, 17).

From the Lippman-Schwinger equation expressed as

Vi (7) = o, (F) + (7, (2.19)
where ¢y, (7) represent the solution of the homogenous Schrédinger equation

mentioned before and ¥}, (7) represent the scattered outgoing wave, and must satisfy
the inhomogeneous equation

(V24 B = U)ee(r) = U(") b, (7). (2.20)

—

Now, supposing that we know the total Green’s function of the problem G* (7, '),
and it have to satisfy

—

(V2 + k2 — UP))GH (7 r") = 6(F—r') (2.21)

and such that comparing with equation (2.3), but in a general case, knowing the
total Green function

LR = [ GHEPU) b (P (2.22)

Now we determine the total Green’s function by replacing (2.4) into the equation
(2.21).

V2 + B|GH(F ") = 6(F—1) + UF)GT (1)
= [V2 4+ E*Go(7,7") + UF)GT(7,1"). (2.23)

Let us now consider some properties of the d-function to rewrite U(F)G™ (7, r7)

in an integral form. Using equation (2.4) and replacing [V? + k%] = L£(r) (which is
a linear operator) we get

V2 1 KGHF ) = [V2 4 k2Go(F, ) + / (7 — FYU )G, 7)d (2.24)

and therefore

LGH(Fr) = LGo(F, 1) + [ LGo(F, 7U ()G (7, 7 )di
F,

LGHF ) = L[Go(Tr7) + [ Gol7. 7 U(F)GH (7, 7)di"| (2.25)
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finally we obtain for the total Green’s function as an integral equation

G (7, 17) = Go(7, 1) + [ Gol#, P U ()G (7, 7). (2.26)

or

Gt =G +GiUG™. (2.27)

2.1.2 Relation with Collision Operator, Second form Dirac notation and

Matrix elements of the Transition Operator

In the scattering theory, the collision operator, S, and the transition operator, T,
are two important operators which are related with the observables measured from
collision experiments. Therefore the importance of studing their relation. If we
denote by ¢, the asymptotic free state vectors, that satisfy the Schrédinger equation
of a free particle, Hy¢ = E¢, we may find the matrix elements of the T-matrix which
are given by (®3|T|®,), where &5 and @, are asymptotic states with energies Ej
and E, respectively. And those elements connect with the S-matrix by the next
relation (details of the S-matrix are given in Appendix A)

(5] S|Pu) = bug — 2mid(Es — Ea)(®5|T|D0) (2.28)

indeed, for E, # Ej the second term on the right-hand side of equation (2.28)
vanish independently of the value of the matrix elements (®5|7'|®,). On the con-
trary, for £, = Egz, the second term on the right-hand side of equation (2.28),
constitute the non-trivial part of the S-matrix, the fact that i0(Ez — E,,) is actually
infinite, is not a problem since we eventually consider transition into a group of
states in the continuum centered £/ = E, = Ej, in other words the delta function
ensures energy conservation in a transition ®, — 3.

Writing the transition operator as:

T=V+VGHT=v+1G"V, (2.29)

*which can be demonstrated that this relation is equivalent with equation (2.1) by self-iteration

and using the relation (2.27) as

= v+ve (vaves (vave..))
= vav(e+avel + v (2.30)
— V+VGHV.
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The matrix elements in a momentum spaces basis of the transition operator
are possible to find by using equation (2.29), since we know the form of the free
Green operator and how it acts in a momentum space state. Those elements will
be useful since they becomes in an integral equation, which can be used later in the
computation of the spectator functions. Then, the matrix elements of the transition
operator from a transition between the state [p') to a state |§) could be rewritten as
an integral equation as

GTI") = GVIF) + Y T

" e 1 i
BT = V1P + BV g [ 0TI,
. | P
BT = VIE) + [ BV g 0 BT,
— —, =Y 7| = ]-—.\—.\
W) = AVIE)+ [ @ GV e T (@231)
2m

from the collision experiments we get measurable data for the cross-section, then
through this way we may connect the experiments with the scattering theory. The
collision operator describes the connection between the initial and final states of the
system and it is highly related with the transition operator as we see in equation
(2.28). From the scattering theory we have a relation between the transition operator
and the scattering amplitude given by f = |T'| where f is the scattering amplitude,
and at the same time the scattering amplitude lead us to a differential cross section
j—g = |f|?, where ¢ is the cross-section, which we use to compare with the collision
experiments.

In three-dimensional systems the study of phase-shift and cross-section by the
scattering theory it is widely done in several text books. In two-dimensional prob-

lems there are some subtle details. A good description can be found in [27, 28].

2.2 Two-body T-Matrix for Dirac-0 potential

We determine the T-Matrix for a two-body system, considering a zero-range poten-
tial. The Dirac-6 potential is also separable and may be written in the operator
form as

V=l (2.32)

where A is the potential strength.
Then using the transition matrix, equation (2.29) and replacing the above potential
we get

T(E) =V + VGo(E)T(E),

T(E) = Ax){x| + Ax) (xX|Go(E)T (E), (2.33)
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multiplying by (x|Go(F) the last expression, and solving for (x|Go(E)T(E) we
obtain

(XIGo(E)T(E) = Mx|Go(E)|x) (x| + Mx|Go(E)|[x){(x|Go(E)T(E),

(1= XXIGo(E) X)) (XIGo(E)T(E) = Mx|Go(E)[x){xl,
Mx|Go(E)|x) (x|
1 — Xx|Go(E)|x)

we note that this term in equation (2.34) appears in equation (2.33), then if we
replace this term that leads to

XIGo(E)T(E) = (2.34)

A1) (X|Go(E) [x) (x|

T8 =N T30 Go B

T(E) = Alx) (1 +7 i<§<|jocgi¥)(|>x>> (x|, (2.35)
which in compact form becomes
T(E) = X)7(E)(x], (2.36)
the matrix elements of 7(F) are given by
r(E) = (A = (Go(B)W) - (2.37)

Introducing the identity 1 = [ d”p|p)(p] in equation (2.37), we may write the
integral form of this T-matrix

wB) = (x = [ [erah G mim )

_ (A—l_/deE_g<p€) He) (2.38)

zmred

here my.qq is the two-body reduced mass and g(p) = (p|x) is the form factor of the
potential V. The form factor have spherical symmetry and in the Dirac-6 potential
g(p) = (Plx) = (x|p) = 1, which is demonstrated below.

Calling by R as a vector that links two particles, we may calculate the matrix
element for a local potential in coordinate space as

(R'|V|R) = 6(R' — R)\V(R), (2.39)
where V(R) is given by
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V(R) = (2m)PA6(R). (2.40)

Then substituting this potential in equation (2.39) we have

(R|VIR) = (2m)°X0(R' — R)5(R)
= R) (2.41)

In this way we see that the Dirac-d potential is a local and separable. Now we
need this potential projected in a momentum space in order to find the form factor
that is defined in this space, then we write the matrix elements of Dirac-0 potential
in a momentum space (p/|V|5) as

GV = @I{ [ RIE)E Y { [P RIB)E] 1D
= [ dPRa"RG|F) (R VIR) (R|5)

[aPRaR ( 27513 B

(275’3/2

~ / dPR' dPR =R P RS R)5(R)

= Mgl (2.42)

i B 5 = 1 i7.B
e RIVIR) G e

—in R g = 1 iv.B
e P R (QW)D/\(S(R/>5<R)W€ PR

/ A" R'd" R

where g(p) = [dPR eiﬁ'éé(ﬁ) = 1.

2.2.1 Renormalization

The form factor of the Dirac-d potential in equation (2.38) introduce a divergence in
the integral for larger momentum. In 2D and 3D the divergence can be treated by
introducing a physical scale in the problem|[39]. We will follow the theoretical devel-
opment presented in F. F. Bellotti doctoral thesis [40]. The physical information is
introduced by attributing a physical value, Ag, for the T-matrix in a subtraction en-
ergy point, K = ,u?z) (the index here indicates that we are considering the two-body
scale), that means

Tr(—pfy) = Ar(—1ly) (2.43)

the index R means renormalization. This is a general method used both for two
and three -body systems [41, 42, 43].
Introducing the above condition (physical information) in equation (2.38) and the
form factor as 1, we obtain
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-1
TR(_HJ%Q)) = [A_l —/de 2 ] = AR(_M%@))

1
_'U/?Q) o 2Myed

1 -
A /de 2 7 =R (=ny),
_/’L(Q) o 2Myed
_ _ 1
M(Q) 2Myed

and substituting (2.44) into the equation (2.38), we get a finite expression for
the transition matrix of two-body system

1 1
-1 -1 2 D
ZNE) = An(—udy) + [ e —
( ) _M%Q) o QTZTed E - 2771:7‘6(1 + L€

(2.45)
1

2 2 . :
the integral part in equation (2.45) is now finite. Using the residue theorem to

calculate the integral, the renormalized two-body T-matrix in 2D (with D=2) is
given by

= ANty + (B + ) [ d7p -

TR(E)_l — )\El(_ué)) _47Tmred In ( 2E), (246)
H2)
this equation could be used for positives energies (scattering states, £ > 0) and
negatives energies (binding states, £ < 0). We just need to be careful, when we are
in the case of the scattering states, the scattering amplitude is obtained from the
analytic continuation of the equation (2.46) in the upper complex semi-plane of F
as shown in the next equation.

R(E)™ = Aﬁl(—ué)) — 47TMyeq In ( 5) + 272 e (2.47)
H2)

If we are looking at the matrix elements of the equation (2.46), it is not straight-
forward to identify the s-wave scattering phase-shift and cross-section for the zero-
range model, and it was pointed out in the reference [27]. In units of h = 2meq = 1,
the matrix elements for the two-body transition matrix in the case of £ > 0 written

as (p|T(E)|p) = 2 (p/|T(E)|p) are
2

/\IEI(—,ué)) —7ln ( ”%i)) + g2

WIT(E)p) =
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2
= a(Zcot (0) +9) (248)

where the s-wave scattering phase-shift for the zero-range model is defined as

1 1 FE
t =+ —In| — 2.4
cot (02) 7T2>\(—,u%2)) + - n (“%2)) (2.49)

and the two-dimensional scattering length as is found to be

1 1 1
+ —In (pfy) = as + —ln (1)) (2.50)

R ———
7r2>\<_:“%2)) Qi

as we see in this equation, the logarithmic term, which appears in the low energy
expansion, lead us to an ambiguity in the definition of the scattering length in 2D,
which depends on the scale used to measure the energy. To avoid this ambiguity,
the binding energy of the pair, Ej, is chosen as the physical scale in the problem.
This means we can choose the subtraction point ué) to be the physical scale of the
problem, ,ué) = —F,, and at the same time this choice is going to fix the value of
the physical information, given by A(— ,u%z)), therefore

E
TR(E)™ = A3 (Ep) — 47myeq In < — >, (2.51)
at the bound-state pole, case (£ < 0)

gt (Ep) = 0. (2.52)

Finally, the renormalized 2D two-body T-matrix for the zero-range model is

TR(E)_l = _47rmred In (U ;,f’ ), (253)

which is used to describe some properties in the case of three-body systems in
2D.

2.3 Three-body T-Matrix for Dirac- potential

As we know the transition operator is given by equation (2.1), this relation also
holds for a case of N-particles, then for the case of three-body system where we
have three distinguishable particles called A, B, C, where the interaction between
particles is given by V, the three-body transition operator is written as

T(E)=V +VG®V (2.54)

and using the relation between the total Green function and the free Green
function, equation (2.27) we obtain
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T(E) = (1+T(E)GS?(E) = V(1 + GSP(E)T(E)). (2.55)

If we use a separable Dirac-0 potential, which we already probed that beside to
be local is a separable potential, equation (2.41). Then we may write the potential
as

Vo= A = MIxa) Oal + Ixe) (el + [xs)(xsl} = va +vs +ve (2.56)

where \ as before is the potential strength, the v4, vp and ve are the separable
potential where v4 mean that the particles B and C are interacting, vg mean that
the particles A and C are interacting and vc mean that the particles A and B are
interacting.

Replacing the potential into the transition operator, equation (2.55), we get

T(E) = va +vg + ve + (va + vp + v0) GV (B)T(E). (2.57)

2.4 The Faddeev Equations

It has been known from the literature that the Lippmann-Schwinger equation for
three or more bodies has two main problems to solve this kind of system. The first
problem noticed by severals authors [29, 30, 31] is that the Lippmann-Schwinger in-
tegral equation does not have a unique solution. Specially in ref [30] they show the
existence of a solution to the homogenous counterpart of the Lippmann-Schwinger
integral equation.

The second problem arises from the analysis of the kernel given by K = G,V
Faddeev [32] pointed out that this kernel is not square integrable (£?), which basi-
cally means that by integrating this quantity over all space, in this case two dimen-
sions, the integral tends to infinity. The same problem was also studied by other au-
thors, e.g. Weinberg [33], where he expressed the trouble of the Lippmann-Schwinger
integral equation in a number of ways: 1) The Kernel of the Lippmann-Schwinger
equation is not of the Hilbert-Schmidt (or £?) type, even if the interactions are
well enough behaved to give an £? two-particle kernel. 2) The L-S kernel has a
continuous spectrum. 3) The graphs for the L-S kernel are not connected. 4) The
scattering amplitudes are not meromorphic functions of the coupling constant, but
contain cuts, as well as the poles which are present for two particles. 5) The “Fred-
holm alternative” does not hold.

Until now the most successfully solution to this problem has been provide by
Faddeev(32, 34] who has suggested the following method, we will follow the theo-
retical development in the Charles J. Joachain [38], where the basic idea is to write
the scattering operator T'(E) as
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T(E)=TY(E) +T®(E) +T®(E) (2.58)

where T(W(E) represent the sum of al the diagrams contributing to 7'(E) in
which particles 2 and 3 are going to interact. In other words, TW(E) is a scattering
operator such that any three-body process has occurred (including no interaction at
all), and then particles 2 and 3 interact.

In order to understand, let’s introduce a diagrammatic representation [38], which
is quite intuitive and may help to visualize some of the key properties for three-body
systems.

1. Particles are represented by horizontal lines, which in the beginning of the line
the particles are going to be labelled by p/;, and after some process occur, in
the end of the line the particles are labelled by p;.

2. A vertical dashed line between a pair of lines corresponds to a two-body in-
teraction.

3. The T-matrix is represented by a shaded blob.

4. There is a propagator Go between two vertical dashed lines or a dashed line
and a T-matrix in the same diagram.

Considering the equation (2.29), which is T = V 4+ VGoT. Then, replacing
V =V!+V24+V? we have

T = V4+VGT
= V4 VP4 V3+ (VI 4 V2 + VAGT
V34 V4 V24 V3G, T + VG, T + VG, T.

and the diagrammatic Faddeev decomposition is
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7 B 1 _ ; ;

Figura 2.3: Diagrammatic Faddeev decomposition for the three-body T-matrix. The

diagrams where one particle remains unaffected, are called disconnected.

Now that we know how the diagrams work, we return to the equation (2.58) and
using the Faddeev idea we may draw the different terms of the scattering operator,
T(E) =TW(E)+T®(E)+TC)(E), as

1 T 1 T 1
: 3 : 3 3

Figura 2.4: Diagrammatic representation of equation (2.58)

where in a more carefully analysis of the content of T (E) from the figure
above, allows us to separate it in two parts. In the first part, the particle 1 never
interacts with particles 2 and 3. Due to that, we are able to write as a two-body
scattering operator, shown in the figure (2.5) ( we will call ¢;(E) as the two-body
T-matrix)

Figura 2.5: Diagrammatic representation first part of the term 7" (E), whose equa-
tion is t1(F)

In the second part, there are an arbitrary sequence of interactions between the
three particles, followed by an interaction between particles 1 and 3 (or 1 and 2
), and then particles 2 and 3 interact a certain number of times. The sum of such
contributions may be represented as
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: 1 : 1
T™VE) = 2+ ' 2
: 3 3

Figura 2.6: Diagrammatic representation second part of the term TW(E), whose
equation is TW(E) = t;GoT® + t,GT®)

all contribution to the first term of equation (2.58) is

TO = ¢ 4 FO
= 4 +tGT? +t,G,T® (2.59)

in a similar way, we may find the second and third terms of equation (2.58)

T(2) == t2 + tQGOT(l) + tQGOT(g) (260)
and

T® =t5 + t3GoTY + t5G, T, (2.61)

The equations (2.59, 2.60 and 2.61 ) are known as the Faddeev equations for the
T-operator. In matrix form they are written as

T t 0t t, 7
TO | =t |+ | t2 0ty |Go| TP |. (2.62)
TG) ts tyts 0 TG

The Faddeev equations, obtained from the diagrammatic representation must be
the same as obtained directly from the two and three -body transition operators, as
follows.By using the transition operator definition, equation (2.57), of a three-body
system with a separable potential V = V1 + V2 4+ V3, and replacing the Faddeev
decomposition we get

T(E) = VI+ V24 VP4 (VI V24 VHGT(E)
TOE)+TPE)+TO(E) = VI V24 V34 (VI 4+ V21 V3G T(E)
(2.63)
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where we can define that

TO(E) =V + VG T(E) (2.64)
TA(E) =V? 4+ V2GoT(E) (2.65)
TO(E) = V3 4+ V3G, T(E) (2.66)

in order to find a relation with the two-body transition operator we use the
equation (2.33) where we are denoting t; as the two-body transition operator where
only particles 2 and 3 interacts with a potential V!, t, as the two-body transition
operator where only particles 1 and 3 interacts with a potential V2 and t5 as the
two-body transition operator where only particles 1 and 2 interacts with a potential
V3, then the two-body transition operators are written as

tl = Vl -+ t1G0V1 (267)
ty = V24 1,GoV? (2.68)
t3 - V3 + t3G0V3 (269)

replacing equation (2.67) into the equation (2.64) we obtain

TOE) = t; — GV + (t — t1GoVHGoT(E)
= t1 +1GyT(E) — t,Go(V + VG T(E))
= t +t,GoT(E )—thOT(l( )
= 11+ 0Go(T(E) - TV(E))

= t1 + tGo(TY(E) + T@)(E) TO(E) - TW(E))
= 1+ hG(TP(E)+ TP (E)) (2.70)

following the same procedure for T (E) and T®)(E) we may find the next
equations

TO(E) = ty+ t,Go(TYV(E) + TO(E)), (2.71)
TO(E) = t3+4t:Go(TV(E) + TP(E)), (2.72)

where if we wrote in matrix form we get the same equations as obtained from
the diagrammatic procedure

7 t 0t 4 7(1)
T | =1ty |+]| t20ty |Go| T
T®) t3 t3 t3 0 TG

Then from the above equation, that is the same as equation (2.62), it have a
similar form of equation (2.57), then we may say that the Kernel matrix is given by
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0t tg
K=VGy=| t. 0t, | Gy (2.73)
tsts 0

Analyzing the equation (2.62), they explicitly depend of the well behaved two-
body transition operator. This suggests that something has been gained by intro-
ducing the Faddeev method. More specifically, Faddeev proved that this kernel
(2.73) [K] = Ky (i,j = 1,2, 3) is square integrable £ for all physical values of the
energy (E) [35]. Even better he showed that for real values of E, the fifth power
of the kernel is a compact operator [36, 37], that basically mean the solution of the
Faddeev equation is unique.

The kernel, equation (2.73), it seems to be disconnected and by disconnected
we mean that it not have interaction connected by a propagator, an example of a
connected terms is (t1Got2), but iterating once the Faddeev equations (2.62), we get
the new matrices equations that contains [K?]

7 t 0ty ty t 0ty ty T
7@ = ta |+ t20ty |Gol| ta |+ | 20ty |Gy| T®
TG ts ts ts 0 ts ts ts 0 TG
TW t t T
T | = |ty | +[K]| ta | +[K*]| TP (2.74)
T@3) ts ts T@®)
with
thOtQ + thotg tl Gotg thOtQ
[K? = t2Glots taGot1 + t2Got3 t2Goty Go (2.75)
t3Goty t3Goty t3Got1 + t3Goty

we see that this new kernel [K?] only contains connected elements. Then by
remembering the troubles mentioned by Weinberg [33], specifically the third prob-
lem, where he mentioned that the L-S kernel are not connected, it is not a problem
anymore.

Once we obtained the Faddeev equations and they seem to be consistent without
the problems that the Lippmann-Schwinger equation have, we are able to write the
Faddeev equations in momentum space by using the equation (2.29), since this
way we may see the matrix elements of the transition operator for a three-body

system in a transition from a state |p;p;pi) to an state |];;p§pz>, that are going

to be useful in the computation of the spectator function. Then by replacing the
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definition of the green’s function from (2.1) and the matrix elements of the two-
body interaction potential (p/;p/ ;p/1.|V*|Pip;, k) = 6(0's — 0:) (P’ ;01| V' |7 Pk) into the
two-body transition operator we have

W Pt E)pmipe) = 0 — )0 0V P
+5(ﬁi — Di) / ldp7/jdp7,k <1;;j1;;k|vZ |p7/jp7/k>
o 1
E — p}/2m; — p;?[2m; — p2 [2my, + ie

><<p7'jp7'k|tz-<E—p%/zmm@m] (2.76)

where this equation is known as the two-body transition matrix element in the
three-body Hilbert space. If we replace ¢; = p;pi, we are able to write a short

expression for equation (2.76)
2
P; o
t, (E— Li)|g
(=3 )|7)

p?
tE- 2 \q 2}
( Qm) q> (2.77)

and replacing it into the Faddeev equations 2.59, 2.60 and 2.61 we get

P (BT = (s — ) <pp

—

= (¢ — 1) <q_;z

(00 as | TV (E)| i)
— o = 5) (a1 [ty (B = p/2ma) | @) + [ a5, — 071)
- " — 1 - - g
2 e - - /! /" /"
x (|t (B = p%/2m) | ¢ ) —— ST i Pt Pt B = = P = 1)

T(z)(E)’ﬁlﬁzﬁ3> + <p7’1p7’2p7’3 T(3)(E)‘ﬁlﬁ2ﬁ3>] : (2.78)

X [<p7’1p7’2p7’3

In a similar way we may find in momentum space the equations for 7 (E) and
T®(E). In equation (2.78) we see that all the information about the two-body
subsystems which is necessary in order to solve the Faddeev equations, appears in
the form of the two-body matrices ¢t;. We may say that those two-body T-matrix
play a similar role to the interaction potentials in two-body scattering. Usually
the two-body T-matrix elements are more closely related to experiment than the
potentials V*, and become more significantly when the potential are not known.
Another important property of the Faddeev equations in three-body system is that
the matrix 7 (E) satisfies the unitarity if the two-body T-matrices satisfy the
unitarity [32].
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2.5 Three-body bound state equation in 2D

The dynamics of three-body system with a short-range potential can be describe by
the set of equations (2.62). That may allow us to say that T-matrix gives informa-
tion about both, bound (E£3 < 0) and scattering (F3 > 0) states. In order to find
the three-body bound state equations in two dimensions, we will focus in negative
energies, where starting from the transition operator we will be able to derive the
coupled homogenous integral equations for the bound state. There is another pro-
cedure using directly the Faddeev decomposition for the bound-state wave function

[44].

Using a completeness relation of a set of eigenstates of the Hamiltonian H =
Hy+ V', defined as

=Y @) (@] + [ k2w (w0 (2.79)
B

where |®g) represents the wave function of bound states and |¥(*)) the wave
function of scattering states. There are eigenfunction of H with eigenvalues EFz and
E.. Inserting equation (2.79) into the three-body transition operator (2.1), we get

T(E;) = V+VGIV
T(E;) = V+VG lZ\q>B><q>B| +/dk2|\1f§+>><xpg+>\] v
B

1
TE)) = VaVe— S |®p) (o /dk2 TN D] Y
( 3) + E — H +ie [Z‘ B>< B|+ ’ c >< c ‘
V|<I>B ch|v L, VU (W)
T(E) = V+ / dk 2.80
() Z — Ep + e Es — E. +ie ( )

where we can identify the bound-state poles of the transition operator. When
the three-body system is close to a bound state (E3 ~ Ep), the second term on the
right-hand-side of equation (2.80) become dominant due to the proximity of the pole
and the scattering term can be neglected. Defining the bound-state vertex function
as

ITg) =V|®p), (2.81)

we may rewrite the three-body T-matrix near the pole (E3 ~ Epg), where the
first and third term in the right-hand-side of equation (2.80) are neglected, as

Ts)(Usl _ I'p){T's
Es—Ep  Es+ |Eg|

we are able to decompose this T-matrix in three Faddeev components as we did
(T(E3) = TO(E3)+T®(E3)+T®(E3)) in equation (2.58), replacing the potential,
V =V!'+ V2?4 V? we have

T(E;) ~ (2.82)
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L) (Tl
E3 + |Ep|’
where |I',) = V*|®g), with a = 1,2, 3. Equation (2.83) is the transition operator
of a three-body system when we are really close to the energy of a bound-state.

Tu(E3) (2.83)

2.5.1 The Spectator Functions near to the bound-state (E5; ~ Ep) pole

Now that we found the a-component of the Faddeev equation (2.83), we are able to
introduce it into the T-matrix component of the Faddeev equation that we found in
Section (2.4), specifically in equation (2.62). But first let decompose that T-matrix
of the Faddeev equations into an index equation in order to find the a-component

T (Es) = to(ES) {1 + Go(Es + i€) (T (Es) + T (E3)) | (2.84)

where a,b,c = 1,2,3 follow a cyclical permutation and (a # b # ¢). We should
note that the argument of the two-body transition operator is indeed the relative
two-body energy (EZ, the superscript R is to denote Relative between the particles
that are interacting and the subscript 2 is for the two-body bound energy), then we
must relate this energy EF with the three-body bounding energy E3 and that can
be done by using the Jacobi coordinates of a three-body system (Appendix B).

In the framework of the two-body system, the total two-body energy EI con-
nects with the relative two-body energy through

75

ET — ER
2 2 T 2(mp + my)

(2.85)

where ¢ is the total momentum of the pair.

In the framework of the C.M. of the three-body energy Ej5, the total energy of
the pair is the difference between the three-body energy and the kinetic energy of

the third particle, namely EI = E3 — i

2mg ”

Then by using an auxiliary momentum (), which we will see it in details in the
next chapter, then if () = 0, the momentum of the pair is exactly the momentum of
the third particle. In other words, |¢i| = | — ¢3| = ¢ [40], then the relative two-body
energy as function of the three-body energy is written as

¢ ¢ ¢

— = Fa —
2my 2<mb + mc) ° mec,a

El = E;— (2.86)

replacing the relative two-body energy found in equation (2.86) into the equation
(2.84)

ﬂ%@:a@TQﬁ)@+%@+@@W&Hﬂ%wﬂ.(mn

Mpe,a
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Finally we found the a-component of the Faddeev equation, now we continue by
replacing as we mention the a-component of the tree-body transition operator near

to a bound state (T,(FEs3) ~ %)

L) (T q; ) [Ty ) (| L) (|
vl vty (By— -2 ) |1+ (6W(E
Es+ B~ "\ 2mpe, +< o 3)> E3+\Ea\+E3+]Ea!

(2.88)

where F, is the bound-state energy from the pair (bc). Remembering that this
equation is valid for (E3 — —|FE,|), and becoming in a homogenous equation, which
reads

2
G
I0.) = tg, (ES = S ) (GE7(Bs)) (ITw) + [Te)) (2.89)
replacing explicitly the two-body T-matrix from equation (2.36) we get
Ga (+)
L) = b (B2 = 58 )l (667(E0) (0 +10) (290

and the projection of equation (2.90) into states |p,, ¢y) is

2

eI = Gabatn (B4 5 ) il (G57B) (T 1) (200)

mec,a

for a Dirac-d potential, we are able to write (7u,u|la) = (PalXa)(Galfa) =
9a(Pa) fa(@) = fa(@), (we already show that the form factor for a Dirac-d potential
9a(Pa) = 1, equation 2.42). Then the spectator function or the a-component from
the homogenous Faddeev equation for three-body bound state is given by

o) =7n (B = 5 ) el (G5B (T 1) (292)

2mbc,a

we may remind that the spectator functions describe the relation of each specta-
tor particle with corresponding two-body subsystem. By permutation of the index
a = 1,7,k that are the particles labelled in Appendix (B), we are able to found
the other spectator functions f;, f; and f, where all of them satisfy a set of three
coupled homogenous integral equations when the interaction between particles is
through a zero-range potential. If we base our study of three-body system in cases
such as: 1) three identical particles, then just one spectator function has to be solved
as the spectator functions are all equals f; = f; = fx. 2) Two identical and one
different, then we will solve a set of two coupled homogeneous integral equation
since f; = f; # fx. 3) A general case where the three particles are distinguishable,
we get a set of coupling equations as

2

) = 1r (B = )l (G5 (E0) ()l + ) (299)

2mjkﬂ-
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2

5(@) == (E - "j) 0 @] (GS(E)) (Dlf) + )l ) (2.04)

ka:i,j

Fi@i) = 7 (E - ) O Gl (GO (Bs)) ()l £2) + Dl ) (2.95)

2?712‘]'7].C
Replacing explicitly the matrix elements from the two-body 7T-matrix and cal-

culating the matrix elements for the free Green function in the different basis

(Xi, G (G(()H (E3)> 1x;)|f;) (made in details in the Appendix C), we finally get the set

of three coupled homogenous integral equations for the bound state of a three-body

system composed by distinguishable particles as (the particles are denoted by the

index i, j, k while the internal momentum is labeled by uppercase K)

—1
mitmytme 22 [
7 MM 2 (m; +my) Lo 3
(@) = |-4r——"—1n i
fi(@) o J 3
x l/aFK fi(K)
mg;r+m mi+m 1 — N
By — Gomd? = G 12 — o K- G
2 fj(f?)
+/d KE _ mitmy Q_mj+ka2—1[?-_f‘|’ (296)
3 2mymy; 1 2m my, m; qi
+mitme o -1
TG TME_ 22 [
7 Mtk 2m; (mitmy) L~ 3
. L) — _4 71 j
il@) ﬂ-mi + my N J E;
><|‘/dKE_mj‘+mk2‘_mi-i-ka2_1[?'_{
3 2m;my 11 2m;my, my q;
+/d2K ity 2 f’;,f[fnz — H], (2.97)
Es = Smim G~ 2y B~ o K- G
1 J
7, mgm; mqk_ 3
= —4 7]1 k J
fk(%) ﬂ-mi +m] n \l Ez
X 2K fi(K)
Fl, — Matm 2—MK2—LI?-_’
3 2mjmk: k Zmimj m; qk
+/d2K m;+mp 92 f]nEI—fT)n . = _"‘|. (298)
Es = G G~ zmgm B2 = i K- G
ik K] )

The two-body boun state energy of each pair, defined as the scale factor of the
two-body system, is labeled as F;j, Fj, Fi.
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2.5.2 Wave Function of Three-body bound-states

Using the spectator functions from equations (2.96, 2.97, 2.98), the vertex function
II'p) = V|®p), defined in equation (2.81), a separable and local potential V' =
v; +v; + v, and a general bound state |V ), its possible to combine those to write

VIWg) = [Iy)+[T5) +[Tk)

multiplying by the free Green function on both sides we have

(Wijk) = |Wi) + [V5) + Vi) = Go(Es) [[T3) + |T5) + |Te)] (2.100)

where |V;) = Go(E3)v;| V) is one of the Faddeev components of the wave func-
tion. Now projecting into the Jacobi momenta |, ¢)

(Pir @il Wije) = (Di, @i Go(Es) ([T3) + [T) + [T)) (2.101)

once again, replacing (|I';) = |x;)|f;)) and the matrix elements of (x;, cﬁ](G((]H(Eg)) X f)
obtained in details at the Appendix C, we get

oy il@) + £i(q5(d p) + Fi(Gk (G Pi))
Vi (G, pi) = B metmitm o mitm (2.102)
3 Zml(mj—&—mk) 7 2m]-mk pz

if we use a compact notation such as («, 3,7) that are cyclic permutations on the
particles (i, j, k) and introducing this notation into the wave function, taking into
account the Jacobi relative momentum of particle a to the C.M. of the subsystem
(Bv), we may write

folao) + fo (Po = iz @ol) + £y (P + 5700

U (Gos Par) = : (2.103)

the Jacobi momenta of a particle a(qq, po) with shifted arguments are given in the
Appendix C, mgy o = ma(mg+my)/(ma+mg+my) and mg, = (mgm,)/(mg+m,).
Using this formalism we can write the spectator functions in a compact notation as

N £2(R)
—F, + q? + K? _I_L[_() 71
3 2mag 2mpgy mg q
(2.104)
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In order to solve this integral for the spectator functions, we will assume that
the particles are interacting by s-wave potentials and the total angular momentum
is zero. Thus, the spectator functions do not depend on the angle that means
fa(@) = fa(q). Remembering that we wrote in polar coordinate the vector K as we
see in Figure (2.1), then, the angular integration on equation (2.104) is solved using

2m do 1
/0 1 —zcos(f) (1- Zg)’ (2.105)

where the constant z satisfies |z| < 1. Then, the spectator functions are written

as

fa(@) = 27 |4mmg, In

. /de K f3(K) N Kfy(K)
C B ) - () B ) - ()

(2.106)

where (a, By = 14,7, k) follow a cyclical permutation of the particles. The study
of three-body bound states, will be based on the numerical solution of the cou-
pled homogeneous integral equations for the spectator functions given by equation

(2.106).



Chapter 3

Structure of three-body system in 2D

In this chapter, we describe the formalism used to calculate the mean square radii
defined for a general three-body system compounded by three distinguishable par-
ticles. The Jacobi coordinate momenta are showed in Figure 3.1.

Figura 3.1: Jacobi momenta.

3.1 Mean Square Radii

From the Figure 3.1 we may distinguish three sets of Jacobi coordinates that help
us to describe each particles, in other words for the particle ¢ they relatives Jacobi
coordinates are (p; and ¢;) with the canonically conjugate positions (R; and 77;) re-
spectively.

The mean square radius, can be calculated for any pair of particles ((r7;), (r%,),
(r?)) and the mean square radius from each particle to the center-of-mass of the
three-body system ((r7, ), (7.}, (The,,))-

The mean square radius from the relative distance between particles 7 and k,
(R?) = (r3,), is given as

28
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(R) = /dQRiRZZ;Oi<Ri) (3.1)
where the two-body matter density is given by
= [ @i, Bl (3.2)
Using a Fourier transform, we may write the two-body matter density as

—iQ.R;

/ PQFy, o (3.3)

and the inverse Fourier transform give us the function Fj,(Q?), which must be
normalized by Fj,(0) =1

Fu(Q) = [ R Fp () (3.4

expanding the exponential in the equation (3.4) in a Taylor series until second
order we get

o o GGRY
e 1 4 (iQ.R;) + (ZQQ') (3.5)
and replacing back into the equation (3.4) we have
o /dzRipl )+ /d2 (0. R pi(Ry) + /d2 QR ry  (36)

but if we considerer a spherical symmetry for p;(R;) and that the integration of
the probability function over all space is one

o [d*Ripi(R;) =1

Fi(Q)

Q

1
1= [ ERQuEQsR)pi(R)
1@@ﬁ/fRR”%mmn
1—*~@a@gt/d2 (O R R )

1- = /dQR R2pi(R,)

QQ
4

Q

Q

Q

Q

~ (R?), (3.7)

where if we perform a derivation of the equation (3.7) against Q% we get
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dr(Q?)
dQ2 Q2:0
As we mentioned before, by following the same procedure we showed, its possible

to obtain

(RE) = —4

(3.8)

0 ey A5(@)
(B =tk =~ (3:9)
oy _ 2y — g (@)

Now applying a similar procedure, (we just need to be careful over the coordi-
nate we are integrating) we can find the mean square radius from a particle to the
center-of-mass of the three-body system.

The mean square radius from the relative distance between a particles ¢ and the
center-of-mass of the pair (j, k) is given as

(02) = [ dritpi(r) (3.11)

where the one-body matter density is given by

pilri) = [ BRIV, B (3.12)
Using a Fourier transform, we write the one-body matter density as

—

plr) = [ PRE@) s

and the inverse Fourier transformation give us the function F;(Q?), which must
be normalized by F;(0) =1

(3.13)

Fi(Q%) = /dQTieiQ'Fipi(ri) (3.14)

expanding the exponential in the equation (3.14) in a Taylor series until second
order we get

- . ’ *_*i 2
¢07 1+ (i0.7) + (ZQQT ) (3.15)
and replacing back into the equation (3.14) we have
0 )2
L= 1. T;

but if we considerer a spherical symmetry for p;(r;) and that the integration of
the probability function over all space is one
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d fdQTiPi(Ti) =1

o [d%;(iQ.7)pi(r)) =0

F@) = 15 [@r(Qut)Qudm(r)
1—7@06@5 [ Erieird)pur)
1= 5(@uQs) [ Pri( el o)
|- Q2 / &2ri (1)

o

=), (3.17)

Q

Q

Q

Q

where if we perform a derivation of the equation (3.17) against Q* we get
dF;(Q%)
dQ?

It is necessary to find the center-of-mass of the three-body system that is located
in the line that connect the particle (i) and the center-of-mass of the pair (jk)

<7"2 - m; + my, dF;(Q%)
oM m; +m; 4+ my, dQ)?

the other two mean square radius from particles to the center-of-mass of the
three-body system can be found in a similar procedure.

(r}) = —4

(2

(3.18)

Q2=0

: (3.19)
Q%=0

3.2 Function F(Q?) in Momentum Space

The auxiliary functions F'(Q?) are given by equations (3.4) and (3.14). Thus, writing
explicitly the Fourier transform we have

F@Q) = [dne® [ [P
— /d% ZQ“/OF (7 Ril ) (07, Ry
= [ @9 [ ERdpdgdyd [m, B, i) (7, i)
x<¢|ﬁi,c?i><ﬁi,ql|a,ﬁi>]7 (3.20)

replacing



Chapter 3. Structure of three-body system in 2D 32

. =, 1 T D 1 Z'ﬁ. 7
(73, Ralpi, @) = o€ P 5 fiv i (3.21)

into equation (3.20) and using the definition of the Dirac delta function
F@Q) = <21>2 [ Brid RidPpid? gyl et O i R
7r
= [ Endadvidd; 5(Q +pi — ¥)3lai — a)
= [ Enda i al) (v + Q)

then if the wave function is real
o (i, Gilv) = (P, @ilv)”
L <7/}’p_;z+@aq_;z> = <w‘ﬁz+@7q_;z>

for numerical convenience we can symmetrize the arguments of those wave func-
tion by substituting the momentum p; by p; — %,

F(Q?) = /dzqupi <q?,p? + §‘¢> <q§-,ﬁi - g‘w> . (3.22)

As we see, our function F(Q?) is given by the wave function from equation
(2.103), which at the same time depends on the Jacobi coordinates we choose to
project, that means we are going to have six different functions F(Q?) such as
(F;;(Q%), Fjr(Q*) and Fy;(Q?)) for the mean square radii between particles and
(F(Q%), F;(Q?) and F(Q?)) for the particle and the center-of-mass of the three-
body system. Note that here the arguments of the wave functions are given in
shifted momenta due to the introduction of an auxiliary momentum Q2.

3.3 Radii of three-body system

From the above sections we already have the expressions for the different radii in
a three-body system, equations (3.8,3.9,3.10 and 3.19) and the equation (3.22) give
us the auxiliary function F(Q?) necessary to compute the different radii. Also this
equation have an angular dependence on the integrals which we can see in figure 3.2
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y

2y
=y

Qu

Figura 3.2: Momenta orientation. Cj is fixed in X axis.

Additionally, we will change the particles name as: ¢ = A, j = B and k = C,
with masses m;, m; and my, respectively. In the next equations A = m;/m; and
B =m;/my.

3.3.1 Radius between particles B and C

From equation (3.8) using the new notation we get

dF’ 2
(B = (rhe) = 422 (3.23)
dQ Q2=0
where Fc(Q?) is described by the Jacobi relative momentum p; and g;
Fpe(Q?) = /dzqid2pi <q_;;717z‘ + §‘¢> <q§,ﬁi - g‘w> (3.24)
with
fila) + 15 (|Pi = ooir @) + fu ([P + o G
v — A i) + g (i )

\Es| + Ho(pi, @)
B fec(@i) + fac (ﬁz #mkq@ ) + faB ( e @i ) (3.25)
|Es| + Ho(pi, @) .

and replacing the wave function (3.25) into the equation (3.24), taking into
account the shifted arguments on the momentums

as (|7

)

2 A+1 Di + + A+1qZ

FBC(Q2) _ /dqideqdpidep[fBC(%) + fac ( ) _
|Es| + Ho(p; —i-Q Cf)



Chapter 3. Structure of three-body system in 2D 34

-
—

Qg A = S g 1 -
Pi—g—rﬂQi)‘i‘fAB(Pi—g‘i‘TH%‘
|Es| + Ho(p; — £,7)

IBc(q) + fac (
X

)] . (3.26)
The shifted momenta arguments are calculated in (Appendix D).

3.3.2 Radius between particles A and C

From equation (3.9) using the new notation we get

dFac(Q?)
(r?) = (rhc) = —4 107 (3.27)
Q2=0
where F4c(Q?) is described by the Jacobi relative momentum pj; and ¢;
Fac(Q?) = | &q;d” g+ O - 3.28
4c(Q7) = q;a°p; Qj,pj+§¢ Qj7pj_§w (3.28)
with
w5y — D@ A mmd]) « 4 (- )
Y | Es| + Ho(pj, 45)

| Es| + Ho(p;, 4;)

and replacing the wave function (3.29) into the equation (3.28), taking into
account the shifted arguments on the momenta

Q

(17 + 8 + 53|

fac(qj) + fan (’ﬁg + % - B%rlq;’) + /B

| Es| + Ho(p; +
Jaota) + fan (5 = § = g ]) + foe (15— § + 56
|| + Ho(5; — $.4))

FAC(Q2) = /dedeqdpjd‘gp[

3.3.3 Radius between particles A and B

From equation (3.10) using the new notation we get

dF45(Q?)
dQ2 Q2=0

where Fp(Q?) is described by the Jacobi relative momenta p, and g

(re) = (rip) = —4 (3.31)

—

Fap(Q?) = /d29kd2pk <ka,ﬁk + 22’?/1> <§k,ﬁk - §’¢> (3.32)
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with

o e+ (- ) + 8 (B i)
a | B3| + Ho(Pk, Gk)
 Jas(a) + feo (‘ﬁk ~ et (ka + fac (‘ﬁk + (TkD
| B3| + Ho(pk; Gr) (3:33)

and replacing the wave function (3.33) into the equation (3.32), taking into

account the shifted arguments on the momentum

fas(ar) + fc (‘ﬁk +9- ﬁffk‘) + fac (‘ﬁk +9 AA_;BQED

Fup(Q%) = /qudQ dpydf [
¢ PR |Es| + Ho(pr + %, )
y fas(ar) + fsc (’ﬁk -4 - A%zs‘fk‘) + fac (‘ﬁ’“ —5 Aﬁf(j’“‘)] (3.34)
|E3| + HO(ﬁk - %,Cﬁ;)

3.3.4 Radius between particle A, B and C and the Center of Mass of

the System
The mean square radii from particles A, B and C to the C.M. of the three-body

system are computed by their respective form factors, which are given by
mj + mi > dFA(Q2)

2\ _ m; + my 2

<7"A> (mi +m, +mk> <7‘z> (mi +m; + my dQ? 020
(3.35)

Pa(@) = [ Pan (a+ Salo) (a- G.aio).

iy = (M Y g (_mite ) dFn(@)

m; +m;+my ) 7 m; +m; 4+ my d@Q?* |y
(3.36)
Ful@?) = [ Ea {5+ Sife ) (5 - Sofw).
and
(r2) = [ —2 BT, S Y L dFe(Qr)
m; +m; + my m; +m; + my d@)? 9*—0
(3.37)

Fo(Q%) = /d2de2pkz <_‘k +
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Numerical Method and Results

The homogeneous integral equations for the spectator functions in equation (2.106)
are a set of coupled equation, which do not have analytic solution in general. Then
it turns into a numerical problem which exist many solution methods for solving an
integral equation in literature, some of them are found in reference [46, 47].

The three-body problem by this analysis consists in finding the bound-state en-
ergy from an integral equation. Those energies arise from the zeros of a determinant
of the matrix. Consequently the spectator functions can be calculate replacing the
already founded values of the bound-state energies. As soon as the energies and
spectator functions are determined we are able to calculate the wave function and
therefore the mean square radii of the system.

4.1 Three-body energy

We are going to illustrate a method by using a three-body system ABC formed
by distinguishable bosons. Their masses are m4 = mec = 1 and mp is a variable
mass. For simplicity we will assume that the two-body binding energies are equal
and given by Exp = Fac = Egc = FEy = 1.

By using the Gaussian Quadrature we integrate over orthogonal polynomial ap-
proximation to the integrand defined at specially located points or nodes. The nodes
are chosen to give the exact value of a polynomial of the highest possible degree.

This method require the location of the nodes which are given by the roots of
the Legendre polynomial of degree n. Since the orthogonal property of Legendre
polynomials exists only on the interval —1 < x < 1.

Writing in a compact form the set of equations (2.106) using F3 = and

!
-3
E>

fole) = [ Kool Busa. ) falR)b + [ Koo (Buiq, 0)F, (R)dk, (41)

where (o = A, B,(C') goes in a cyclical permutation. Expanding explicitly for
each particle the above equation, we get the set of equation as

36
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fa@) = [ " Kuo(Bsyq, k) [ (k) dk + / " Kus(Bsyq, k) fe(R)dk (4.2)
fola) = [ " Ko (Bs;q, k) fa(k)dk + / " Kos(Bs q, k) fo(k)dk (4.3)
fol@) = [~ Ka(Bsa ifadb+ [~ Kao(Bsia, ) fo(k)dk,  (44)

with the kernels defined as

2mJ;CA —Bs
2mpc In fope k
K12 E37C]» > - 3 (4-5)
k2
2mBC miqc
e ) - (i)
—1
2 1 27”}(132CA —E3 k
mpc 1n EBC
K13 E37Q7 5 5 (4~6>
k2 _ (k¢
\/< 2mAB 2mBC) (mB)
-1
2m:ch —FB3
ZmAC In Eac k
K21 E37C]» > - 3 (4-7)
k2
2ch 2mAc o miqc
e ) - (i)
-1
2 1 2WAZB —E3 k
mac EAC
K23 E37q7 2 5 (48)
J 2 o) — ()
2mAB 2mAC ma
-1
) 1 2mAZB’C —Es k
map Eag
K31 (Es;q, k > = (4.9)
kQ
\/< Es + 2mBC 2mAB) B (mi(;)

ZmA2B 2maB,c 7 —Es
2map In EAB k
K3(E3;q, k) 2 2 » 3" (4.10)
( E3 + 2mAc 2mAB> (m)

Then the Gauss-Legendre mesh-points are used for the discretization of the ker-
nels in equations 4.5 to 4.10, where the discrete momentum ¢; = x; corresponds
to a set points with its respective Gauss-Legendre weights dg; = w;. The limits on
the integral equation from the spectator functions are defined to be in the interval
[0, 00]. Tt is possible to use a transformation of the Gauss-Legendre mesh points and
weights in order to be defined over this interval as
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i = 4.11
%=1, (4.11)
2 (4.12)
W; = 7 —SW; .
(1 — IZ'>2
therefore, the discretization of the integral equations (4.1) is written as
N N
fa(Qi) - Z KaB(E?n qi, %)fﬂ(q] w; + Z Kaw E37 qi, Qj)f’Y(Qj)wj
j=1 J=1
N N
fa(%’) - ZKa6<E37q“% f,B QJ ZKa'y E3>QzaQ])f'y(Q]) =0
j=1 j=1
N N fa(Qi)
ZKaﬂ E?nQqu ZKory E3aQuQJ) fB(Qi) =0
J=1 j=1 fv(%‘)
(4.13)

where 6;; is a Kronecker’s delta, the dimension of the equation (4.13) depends
on the number of mesh points. Then the matrix equation of the discretized kernel
is a matrix by blocks

1 Hyy Hi fa
H21 1 H23 fb - O (414)
Hsy Hsp 1 fe

here 1 is the identity matrix. The matrix blocks (H,g) and f, are given by

N

Hop = — 21 Kas(Es3, 65, 45)w; (4.15)
] folq)

fo= falai) = fa(:qQ) (4.16)
fa(;JN)

where 0 <7 < N. We are able to write the elements of the matrix H,3 as

Kog(Es,qi,q1)wr  Kog(Es,qu,q2)we -+ Kog(Es, q1, qn)wn

o Kop(Es, q2, q1)wn  Kog(Es, qa, @2)ws -+ Kop(Es, q2, qn)wn
af — : : .. :

Kos(Es,qn, q)wi Kap(Es, qn, @2)ws -+ Kag(Es, qn, qnv)wn
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As wee see, from equation (4.14) we have an equation of the type HF = 0, where
H and F are matrices, this homogenous system will admit a non-trivial solution only

if

1 H12 H13
det H = det H21 1 H23 =0 (418)
Hs Hs 1

the above determinant is a function of the three-body energy Ej3, namely h(Es)
and when the value Ej correspond to a three-body bound state energy EY (the
superscript n labels the three-body energy for the n'* bound state), the determinant
of H must be null

hED) =0 (4.19)

then we have a function that only depends on the three-body bound state energy
Es. Choosing an interval of the energy E3 and plotting against the function h(Es),
we are able to see how this function behave and probably the closest values where
the roots of this function are located (we may select two closest points Es() and
FE3(1y). This will be helpful, because later we want to get the exact value of a root
using the Secant-Method [46, 47], that it is an improvement of the Newton-Raphson
method when we do not have access to the analytic expression of the function A or
its derivate h'.

Then by expanding the equation (4.19) up to the first order around FE3 we get

h(EY) = h(E3) + (E} — E3)W (E3) =0

" h(E
By =FE3— h,(( EZ)) (4.20)
where h/'(E3) = dzﬁg ) . Now from the definition of a derivate
* |Ep=py
h(Es + AEs) — h(E
W(Ey) = lim EstAEs) = h(Ey) (4.21)

AE550 AE

replacing the above definition into equation (4.20), and using a discrete notation
for the energy (which means a new sub index (m) )

E3tm—1) — E3(m-2)

E} =FE m—1) = " E3(m—
: 3m—1) — R(Es 1))h(E3(m—1)) — h(E3(m-2))

for m > 2 (4.22)

here as we see, we need to guess two starting points (Eg(o) and E3(1)> as we
discuss already. However we take advantage from a great propriety of the Kernel
from equation (4.5 to 4.10) that presents the so-called well of attraction, which
basically mean, even for bad guesses for the Ej3, it would lead to the right final
result.
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4.2 Spectator Functions

Using the value already computed for the three-body bound-state energy EY, it is
necessary to replace once more into equation (4.14) in order to get the H matrix.
Now, our problem is to solve a set of 3N equations for 3N unknown variables, namely
the spectator functions. However, the exact value of the three-body binding energy
is the one which fulfills det H = 0, meaning that one of the equations from the set
of 3N variables is redundant and leading us to an underdetermined system. In other
words, 3N — 1 variables will be given in terms of an arbitrary value. Here we are
setting f,(q1) = 1, then the equation (4.14) become

1
fa(qQ)

ft(z(QN))
Jolans _
]ZI(SN—l)x(3N—1) : =0 (4.23)

fb(Q2N)

fc(Q2N+1)

folasw) ) oo

(3Nx3N)

using the Gauss-Jordan elimination method we solve the set algebraic equation
in terms of f,(q1) = 1.
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4.3 Numerical Results

In literature exists an extensive information about the energy spectrum of three-
atoms in 2D [15, 16, 17, 18, 19, 20, 21, 22|, but very few information about the
structure of three-body systems. In the theory developed in this thesis, the energy
spectrum of a three-body system is a crucial element for the study of the structure
of those systems. Due to that, we calculated the energy spectrum of an asymmetric
system AAB changing the mass asymmetry. Then, we calculated the different mean-
square radii.

TAA

Figura 4.1: Schematic figure showing the three-body system of two equal particles,
A, and one particle, B, allowed to differ. The point marked C.M. means center-
of-mass of the three-body system. The notation used in this work for the relevant

distances are also shown.

Figure 4.1, sketches an, AAB system, with two identical particles, A, and another
distinguishable particle, B. Also the relevant distances to characterize this system
are shown. The units that we use to obtain the numerical results obtained were
h:mA:EAA:EAle
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4.3.1 Mass Dependence
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Figura 4.2: Low-energy spectrum of an AAB system as a function of the mass ratio
A = mp/mu. The two two-body energies are equal, Eap = E4a = FE2, and the
three-body energy is F3. The energies on the y-axis are given relative to the two-
body bound state energies, Es. The vertical lines indicate the mass ratios A = 6/133
and A = 6/87 corresponding to the systems °Li-'33Cs-133Cs and °Li-®"Rb-8"Rb. Only

ground state and first excited states are bound for A > 1.

In figure 4.2 we show the energy spectrum obtained from the numerical solution
of the coupled integral Equations. (4.1). A similar figure can be found in [48] for
other physical conditions.

There are many characteristic we can analyze from the energy spectrum result.
One of them is the tremendously increase of the number of three-body bound states
with decreasing mass ratio A. In the figure 4.2 the smallest mass ratio we show is
A = 0.01 where the system displays eight bound states of energies F3. As we start to
increase the mass ratio, the excited three-body states disappear remaining only the
first and ground states. For A = 1, we recover the well known result, where only exist
the ground and first excited states, bounded with energies F35 = 16.52F5 and E3 =
1.27F5. The dramatic mass dependence when decreasing A can be understood as a
consequence of the increase of the effective interaction generated by the light particle.
This has been known since 1978 for three dimensions [49] and since 1980 for two
dimensions [50]. These derivations assumed the Born-Oppenheimer approximation,
where the validity only is justified for A < 1. In this scenario it is valid get an
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effective hamiltonian for the relative motion of the two heavy particles dependents
on the relative coordinate between them (R) as
h2
Hpo = —5—Aj

Qiga Faa +Vaa(Raa) + VPO (Raa) (4.24)

where 1144 is the reduced mass, Va4 (Ra4) is the two-body potential and V(B9 (R4 ,4)
is the strongly A depending Born-Oppenheimer potential resulting from the light
particle B. By taking the expression from the literature of the VB9 (R 4,) found by
[51] where it was derived analytically as a function of A in both limits of small and
large distances and written in an asymptotic form as

-1
2e77 e 7 4dm 1 e 4dm
BOR)=——— [1—— | —=R |1 =) —=In | —/——
VIER) 41123( 2 m—l—QR (1=) 2 n( 2 m—|—2R> )
(4.25)

4m

4m
- m—+2 R

VEO(R) = —1 — Var— e

)

for 1/ﬂ‘i—’J’:QR > 1.15. We may find more details in ref [51].

(4.26)

Now using small values for the mass ratio A

4A 1/2
mef = <M> ~ vV 2./4 (427)

then the equations (4.26) and (4.27) for the limits of the effective potential in
this approximation are

2|FE -
VBON(R) ~ — |Easl eX]I%)( ) for m.sR <115, (4.28)
Mey

V2mexp(—mesR)
w/mefR

where v = 0.5772156649 is Euler’s constant, and R is the dimensionless measure
of distance given in units of (A%/ma|E4|)'/2.

VBON(R) ~ —|EAB!<1 +

) for mgyR>115,  (4.29)

As we may see from equation (4.29) the large-distance behavior is an exponential
approach towards the two-body energy with a length scale proportional to 1/m.;.

The small-distance behavior from equation 4.28 is located in the strong attractive
region in the lowest energy states at small distance. It have a Coulomb-like attractive

behavior with a charge of 2|E4g|exp(—y)/mes ~ 1/2/A|Esp|exp(—y). In this
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approximation we may say that our system become in hydrogen-like atom with a
typical solution in three-dimension of the energy spectrum as

e mc?

Ep, =—|—|=7F""—— 4.30

o <hc> 20+ 1+mn,)? (4:30)

with n, = 0,1,2,--- as the radial quantum number. Taking equation (4.30),
using our units, the charge mentioned before and the mass ratio it lead us to

(BO) _ _ exp(—27)
fnr 2A(n, +(+1)2’

this is a energy spectrum solution in the Born-Oppenheimer potential for a three-
dimensional case. We are able to lead these solution into the two dimensional case
for the hydrogen atom by setting ¢ = —1/2 (we also may find more information of the
two dimension energy spectrum of the hydrogen atom in the references [52, 53, 54]).

(4.31)

o) _ _0.630473504
’ A@2n+1)2 7

with n = 0,1,2,---. Now we are in position to relate the energies displayed in
figure 4.2 with the equation (4.32) but applied for A < 1. We first notice that
each state roughly follows the predicted linear decrease on the logarithmic scale for
smalls A. The calculated energies for a mass rate A = 0.01 are almost reproduced
by the Born-Oppenheimer estimates. Those conclusions hold as long as the Born-
Oppenheimer approximation are valid and the states are located within the small
distances of the Coulomb attraction.

(4.32)

A EPYE.s ENV/E.s Fs/Eag

Ground 0.01 63.04 53.07 157.56
0.02 31.52 27.76 90.75
First 0.01 7.00 7.72 11.34
0.02 3.50 4.25 6.36
Second 0.01 2.52 3.21 3.94
0.02 1.26 1.92 2.34
Third 0.01 1.28 1.92 2.18
0.02 0.64 1.28 1.42

Table 4.1: Energies of ground and first excited states for the mass ratios A = 0.01,
0.02 for the analytic Born-Oppenheimer approximation, E’éBO) (in Eq. (4.32)), the
numerical results both without, EéNI), and with, F3, an interaction between the two

heavy A-particles.

We can use Eq. (4.32) as a useful reference spectrum for comparison to the
energies in the limit of A < 1, shown in Fig. 4.2. To do this we have to distin-
guish between the present calculations and the pure Coulomb spectrum obtained
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by neglecting the short-range potential between the two heavy A-particles. We
compare these results in Table 4.1 for the lowest two bound states. The pure Born-
Oppenheimer binding energies in the first column turn out to be larger by about
15 % for the two lowest states than the numerically calculated energies for precisely
the same system. These deviations, already verified in Ref. [20], arise entirely from
the inherent approximation in the Born-Oppenheimer procedure, that is neglect of
recoil energy of the heavy particles. This difference has the same origin as the non-
adiabatic diagonal term in an adiabatic expansion like in [14].

The numerical inaccuracy in these computations are much smaller and rather on the
level of fractions of permille. It is probably useful here to emphasize that omission
of the AA-interaction in the present two dimensions is completely equivalent to use
of zero binding energy between the two A-particles. This is seen formally by letting
E 44 approach zero in Eqgs.(4.2), (4.3) and (4.4).

We now present the background behavior through the different distances defined
before in equations (3.23), (3.27), (3.31), (3.35), (3.36) and (3.37) of the three-body
system showed in figure 4.1. There exist many facts we can analyze in order to
test the results obtained are well behaved and expected. Anticipating before the
graphics of the different radii we may suppose that at some point the radii from the
second forward excited states are going to diverge as the figure 4.2 of the spectrum
energy does.
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Figura 4.3: Dimensionless product m(r% ,)|Eaa|/h* (Eaa = Eap) as a function of
the mass ratio A. As A is increased the radii diverge at the threshold where the
excited states disappear. The remaining ground and first excited states assume a
constant value as A — oo. Vertical lines are the mass ratios corresponding to the
systems SLi-1?3Cs-133Cs and SLi-*"Rb-*"Rb.
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Figura 4.4: The same as Fig. 4.3 for (r%z).

At least one more distance is required to characterize the three-body geometric
structure. We first choose the distance between unequal pairs of particles, A and
B. The mean-square radius is a quantum mechanical expectation value where the
two identical particles cannot be distinguished. The results shown in Fig. 4.4 are
therefore averages over distances between particle B and the two A-particles. We
notice first that the AB mean-square distance is a flat or slightly increasing function
with decreasing small mass ratios for both ground and first excited states. The
higher-lying states show the opposite tendency of marginal decrease. Furthermore
the ryp-value in Fig. 4.4 is much larger than the r44 radius in Fig. 4.3, although
with a difference decreasing with excitation energy. To understand this we cannot
turn to the Born-Oppenheimer calculations which only provides information about
the AA system while the B-coordinate is integrated out. In the limit of small mass
ratios the light B-particle is very little concerned with the slow relative AA motion.
The B-particle moves much faster and almost independently in an orbit of much
larger radius.
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Figura 4.5: The same as Fig. 4.3 for (13 ). As A — o0 (r3_ ) = (rip).
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Figura 4.6: The same as Fig. 4.3 for (rg_ ). As A —= oo (r5,,,) = 0.
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Through the study and understanding of the energy spectrum as function of the
mass ratio, we now want to analyze the corresponding results for the underlying
structure. The figures 4.3, 4.5, 4.4 and 4.6 show the mean square distances (r% ),
(r3), (r}p) and (r%), between the two identical particles AA, the center of mass of
the system and the particle A, the particle B and one of the identical particles A
and from the center of mass of the system and particle B, respectively.

From the radii figures, we may analyze some characteristics that lead us to believe
in the consistence of the results. We may start by the symmetric case, where the
masses of all particles are the same A = 1, in this case we expect that the behavior
of the system is similar to an equilateral triangle and the distances (r%,) = (r%z)
and (r%) = (r%) follow those conditions. From the numerical calculations we obtain
the next values, showed in table 4.2 and 4.3, for the ground and the first excited
states

Es/Ey | A| (ri )Es | (rig)Es | (r)Ex | (ry)Es
16.5238 | 1 | 0.04678 | 0.04684 | 0.01558 | 0.01557

Table 4.2: Numerical results for ground state for the symmetric case where the mass
ratio A = 1. They follow the geometry of an equilateral triangle for the different

mean square radial distances.

E3/Ey | A| (ria)Es | (rig)Es | (r)Es | (ry)Es
1.2704 | 1 3.2737 3.2739 | 1.07307 | 1.07309

Table 4.3: Numerical results in first excited state for the symmetric case where
the mass ratio A = 1. They follow the geometry of an equilateral triangle for the

different mean square radial distances.

Another important result is when A — o0, at this point the center of mass of the
system is dislocated towards direction of the particle B and the distances (r%) — 0
and (r%) — (r%p) follow those conditions. From the numerical calculations we
obtain the next values, showed in table 4.4 and 4.5, for the ground and the first
excited state

Es/Ey | A | (ri ) Es | (rig)Ey | (r3)Es (r) By
21.6023 | 102 | 0.02986 | 0.01777 | 0.01724 | 4.675 % 10~°

Table 4.4: Numerical results in ground state for A — oo case. They follow those
condition: (r%) — 0 and (r3) — (r3z).
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Es/Ey | A | (i) Es | (rip)Es | (r)Es (rg)Es
1.51119 | 10% | 1.461589 | 1.13088 | 1.10259 | 2.9237 x 10~

Table 4.5: Numerical results in first excited state for A — oo case. They follow

those condition: (r%) — 0 and (r%) — (rip).

When A — 0 the center of mass of the system is going to be close to the particles
AA and that implies that r,4 is going to approach to r44/2. This means that the
different mean square radii are going to follow the condition (r%) — (r%4)/4, as can
be seen in tables 4.6 and 4.7.

B3/ Ey A | (ra)Es | (Mp)Ey | (1) Ex | (rp)Es
157.5634 | 1072 | 0.006702 | 0.16888 | 0.001675 | 0.16577

Table 4.6: Numerical results in ground state for A — 0 case. They follow those
condition: (r%) — (r%,)/4.

B3/ Ey A | (0B | (Mp)Ey | (r)Ey | (ry)Es
11.34824 | 1072 | 0.427928 | 3.05216 | 0.106568 | 2.92115

Table 4.7: Numerical results in first excited state for A — 0 case. They follow those
condition: (r?) — (rj,)/4.

There are another kind of considerations that we can analyze from the behavior
of the Figures 4.3, 4.5, 4.4 and 4.6 of the mean square distances. When A — 0, the
center of mass of the system will dislocate towards the two particles AA and the
distance from the center of mass and the particle B is going to increase. That is
exactly what we see from figure 4.6 for the ground and first state. At the same time
the distance from the center of mass and the particle A is going to decrease as the
figure 4.5 shows it.

By the Born-Oppenheimer approximation we directly relate the radii for small
mass ratios with a Coulomb orbits because for small mass ratios we may say we
have a Coulomb-like attractive potential, see equation (4.28). Then the values for
the (r% ,) are given analytically by

<714,y >= Aexp(2y)(n, + £ + 1)2(5(71,, +O+1)2+1 3000+ 1)) , (4.33)
with n, = 0,1,2,-- -, remembering that this equation is for the three dimensional
case. By setting ¢ = —1/2 we goes to the two dimensional case
3.1722
<riy>="TARn +1)*(5(2n +1)*+7) (4.34)

16
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where we again have that n = 0,1, 2, - - -, which only is valid for sufficiently small
A. Figure 4.3 qualitatively reproduces the Born-Oppenheimer estimate from equa-
tion (4.34).

A CO R OV R2 (3 /R

Ground 0.01 0.023 0.029 0.006
0.02 0.047 0.056 0.011
First  0.01 0.923 0.916 0.427
0.02 1.837 1.767 0.757
Second 0.01 6.510 6.268 3.911
0.02 12.955 12.254 7.201
Third  0.01 24.359 23.381 16.594
0.02 48.478 48.534 32.219
Table 4.8: Mean-square-radii in the Born-Oppenheimer approximation, <7‘£f40)2),

from Eq. (4.34), and numerical results without, (7“1(4]2[)2% and with, (r?,),

the interaction between the two A-particles. All these lenghts are in units of

Ru = h/\/mA|EAB|.

Let us first consider the radii of the states obtained for the smallest mass ratios
of A = 0.01, 0.02. We compare with the Born-Oppenheimer estimates precisely as
we did for the energies in Table 4.8. We observe the opposite behavior compared
to the energies, that is the mean square radii are largest for the smallest binding
energies. The results for the two lowest states for rigorous Born-Oppenheimer are
about 15 % smaller than obtained from the full numerical calculation without an
AA interaction. These deviations are again due to the neglect of recoil energy as
assumed in the Born-Oppenheimer prescription. The observed opposite tendency is
reflected in the formula in Eqgs. (4.32) and (4.34) where the product is state inde-
pendent apart from the last factor in Eq. (4.34).

We now turn to the full calculation with sizable two-body energies between all
three pairs of particles, shown in the last column of Table 4.8. The ground state
mean-square radius is a factor of about 3.5 smaller than derived from the Coulomb
estimate in Eq. (4.34). This deviation is again qualitatively consistent with the
similar larger binding energy of that state. The first excited state is only smaller
than the Coulomb estimate by a factor of 2.2. The following two higher-lying states
have radii rather similar to the Coulomb estimates. These states extend beyond
the Coulomb region and into the region of the more confining large-distance Born-
Oppenheimer potential from Eq. (4.28). The effect is a comparably smaller spatial
extension which is very close to the results from Eq. (4.34).

In order to investigate in more details how the structure varies when the energy
of a state approaches its threshold for binding, we will to use the second excited state
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which is the lowest excited state that disappears at the threshold. By multiplying
the radii for a linear function of the energy above the threshold, F5 — F5, we obtain
the behavior of the divergence. Figure 4.7 shows the divergence of the different
mean square radii for the second excited state.
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Figura 4.7: The threshold behavior of different mean-square radii for the second
excited state as function of mass ratio. The divergent mean-square radii reach a
constant value at threshold when multiplied by F3 — E5. Vertical lines are the mass

ratios corresponding to the systems ®Li-!33Cs-133Cs and SLi-8"Rb-8"Rb.

The striking results are the constant values for the product (r?)(FE3; — Es) as the
threshold is approached. Because the divergence is proportional to E3 — FE5, this
implies that the threshold structure must have the energy, E3 — Es, corresponding
to one bound two-body system. Two structures seems to be intuitively possible at
threshold, that is either particle A or particle B is ejected while the remaining pair
settles in their ground state, as we show in figures (4.8 and 4.9). In both cases the
threshold structure resembles two-body systems, that is (AA) — B or (AB) — A with
corresponding reduced masses 144 g ~ 0.18 for the case shown in figure (4.8) and
pap.a =~ 0.54, for the case shown in figure (4.9) where we used a threshold value of
A= 0.2.

These structures would according to ref. [25] lead to the two-body divergences,
< rfj >= h?/ (3ptij k| Ernl|), where g5 and |Ey,| are three-body reduced mass and
the vanishing threshold energy, respectively, the ¢, j, k indices follow a cyclical per-
mutation of the particles (AAB). By using our natural units, the divergence near to
the threshold value will follow the relation
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Figura 4.8: Threshold structure. In this Figura 4.9: Threshold structure. In this
case the particles AA remain bounded and case the particles AB remain bounded and
the particle B is ejected. the particle A is ejected.
<1} > |Ew| = ! (4.35)
3lbijk

This means that for the first case, figure (4.8) where the particles AA are bound
the particle B is ejected, the divergence behavior for the quantity is expected to be
< 1%, > |Em|/R* — 0 due to the fact that threshold energy tends to zero while the
mean square radius for the bound particles AA is finite and < 135 > |Ew|/h* — 1.85
due to the mean square radius for the particle B goes to infinity. For the second
case, figure (4.9) both mean square radii are growing, and the divergence behavior
is <13, > |Ewl/h® — 0.62 and < 125 > |Ey|/h* — 0.62.

If we compare these results obtained for the two cases discussed above with the
result obtained in the figure (4.7), the best match is the second case, where one
of the A-particles is ejected. In the calculated expectation value is contained an
average over the distances between the two A-particles and particle B. One of these
distances remains finite and do not contribute except through a reduction of the

probability by a factor of 2. This accounts for the value of %@(Eg — E,) = 0.6,

being only about two thirds of %(E{g — E,) = 0.9, at threshold.
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Conclusions

In this thesis we developed the equations for the structure of a three-body system
formed by using a two-body Dirac-0 potential in momentum space in two dimen-
sions. We saw that for short-range potentials the observables of a three-body system
can be represented as a universal scale function. This independence on the form of
the potential is valid only when the two-body scattering length is much greater than
the range of the potential. We computed all distances to characterize our three-body
system for a mass ratio supporting up to eight bound states. The development of
our formalism in momentum space may be suitable to study such weakly-bound
systems as in configuration space the tail of the three-body wave function should
extend considerably making the numerical part of the calculation more difficult. The
mean square radii were extracted here from the derivative of the one and two-body
form factors, which is also easier than to perform the complete Fourier transform of
the wave function.

The technique used here may be easily extended to a fully asymmetric system
considering even unbound two-body subsystems. Our zero-range calculation, which
is the limit for the short-range potentials, provides a qualitative guide for the ex-
perimentalists to study the universal behavior of the structure of molecules inside a
mixed species atomic trap.

For the system we studied (AAB), the relevant parameters were the two-body
energies and the mass ratios. For our purposes we considered equal two-body en-
ergies and varied the mass ratio. We saw a very different behavior for small and
large mass ratios. For the energy spectrum we obtained the same result as previous
calculations: as the mass ratio is decreased the number of three-body bound states
increases. As this mass ratio is increased only the ground and first excited state
survive. Small mass ratio was analyzed through the Born-Oppenheimer approxima-
tion of the potential. The effective interaction generated by the light particle has
a Coulomb like behavior for small distances between particles of the heavier pair.
This is the most attractive region and consequently where the lowest states are lo-
cated. Considering this Coulomb potential, the three-body energies and A-A radii
were derived and compared to the full calculations. We saw a qualitative very good
agreement. The quantitative agreement should be checked for different two-body

23



Chapter 5. Conclusions 54

energies in such a way the distance between the heavy particles can be made small
comparing to the other distances.

We discussed the different radii results for the limits of small and large mass
ratios, where some distances should match. The radii close to the mass ratio thresh-
old diverge proportional to the three-body energy measured with respect to the
two-body threshold. The analysis of the different radii permitted to conclude that
at the threshold we have a bound AB pair and the ejection of particle A. In the fig-
ures we showed explicitly the mass ratios for the recent set of atoms 6Li-'33Cs-133Cs
and SLi-*"Rb-8"Rb produced experimentally.

In summary, the present work contribute to the characterization of the many
variations of universal three-body structures in two dimensions. We confined our-
selves to two-body mean square moments in AAB systems where each pair is bound
with the same energy.

For future works we are planing to vary the ratio of two-body energies and
extract mean square radii when thresholds of two-body binding are approached.
Also extensions into the two-body continuum, still for bound three-body systems,
would be another set of interesting investigations. The last tempting generalization
is the ABC systems with three different particles.



Appendix A

The S matrix

The collision matrix or collision operator which relates the state vectors describing
the system in the remote past (# — —o0) and in the far future (¢t — +00) is defined
as

S = U(400,0)U(0, —00) = QTQH) (A1)

where Q) are the Moller operators [38]. We assume that his operator acts on
the eigenstates @, and ®5 two asymptotic free states of Hy. The matrix elements
of this operator S between this two states are

(@5]S|B0) = (|05]Q2TQH@,) = (W) [W(D) (A.2)

where we have used |[U()) = Q®)|d,). We also note that the elements are
time-independent.

A.1 Properties of the collision operator

The collision operator is unitary

stg = QMIQEIQEITOME)

= QW1 - A
QDI _ HTAQH)
= I (A.3)

where we use that 3 QHFHQ®T = T — A and A = |[TBE)(UB)| represent the
bound states of the system. Remembering that the Moller operator annihilate the
bound state QA = 0 [38].

Another important propriety that the collision operator inherited from the Moller
operators HQ® = QF) H, . is that

QO = QIO H,
QUTHO® = 000 (A.4)
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therefore

A.2 Relation between Collision Operator S and Transition

Operator T

From equation (A.2) we add and subtract (\I/,(,+)| to be rewritten as

(@5]S|00) = (W5P1U) + (05 — vl |wiH)
= Gap + (W5 — WD) (A.6)

and using the hermicity of H and V' and the explicit form of the Moller operator|[38],

we may write (W(ﬁi” = (Pg| + lim6%0+<©5]ﬁ. In this way, the equation (A.6)
is rewrite as
V V
Ds|S|D,) = dop + lim (P — (+)
@o1SIB) = b+ Jim @l e — W)
1 1
= Jap + 1 — D4V WH
B+e—l>r(§l+<Eﬁ—Ea+ie EB—Ea—z'e>< AlVIve")
) 2i€
= 0ap — lim (Dg|V W), (A7)

0+ (Eg — Bo)2 1 €

Now we consider the limit expression, we have two cases: The first case is if
E, # Ej then the limit will vanish. The second case If £, = Ej3 then the limit get
an infinity value. As we see the behavior of that limits is similar to a delta function
for the energies £, and Ej3 then we may write

€
E,— Ez) =1l
71'5( a ﬁ) E_l}(%- (EB _Ea)2+€2

(A.8)

the constraint 7 is due to the fact that the integral of this function over the
all spectra values of the Energies must be equal to 1, we easily can prove this by
performing the integral [ lim o+ i = dE,. Replacing the value of the limit

ngEa)2+62
(A.8) in our equation (A.7)

(@515|Pa) = dap — 2mi0(Es — Ea){Ds|V W) (A.9)

through this equation (A.9) we do the connection with the transition operator,
by using the equation (2.22) replacing into equation (2.19) and using the Dirac’s
notations
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(@51S]Pa) = dap — 2mid(Es — Ea)(@|V {|6a) + G"V]¢a)}  (A.10)
= Gap — 2mid(Ep — Ea)(@s| {V + VGV |60) (A.11)
(A.12)

and from the definition of the transition operator, equation (2.1) we finally get

(D5|S|Bo) = 8ag — 20 (Es — Ea){(®5|T|®0) (A.13)

that is the relation between to important operators in the scattering theory,
because they are highly related with the observables measured from collision exper-

iments.



Appendix B

Jacobi Relative Momentum (Three-body System)

Figura B.1: The Jacobi coordinates.

If lgl + ];j + l;k = (0 are the momentum of the particles in relation to the center
of mass (C.M.); m, and v, with (o = 4,7, k) are the masses and the velocities
respectively. Then the Jacobi relative momentum are given by

mkkj — mjk;k

~ mime
;g — —————(U; — U — B1
p mj—l—mk(J k) m; + my (B1)
and for the momentum ¢,
= almg tme) o mgl k| (B.2)

7
m; + m; + my m; + my

-

analogous we write ¢; = k; and g, = Ek Then by linking the coordinates we
obtain

m; + my

o8
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L Mg — G
ik T B4
bs m; + my (B4)
L myq; — g
5 = % iy (B.5)

mH—mj



Appendix C

Matrix Elements of the Free Green function in

Momentum Space

The six matrix elements that appears in the equations (2.93, 2.94 and 2.95) are
calculated for the different Jacobi relative momentum basis p,, and ¢, with o =i, j, k
(we will use M E as the name of the Matrix Elements)

ME = (X Gal (G6" (E3)) x5 f3) (C.1)

using the completeness relation as

i = [ Paslin) @ (C2)

i = [ dpalp) (5 (%)

the equation (C.1) after setting the completeness relation is

ME = [ Pas(xe. @l (G5 (E) 195} @ 1xs)1 )

= /dzqadzpadQPﬁ(XmCfalﬁa><ﬁa| (G (Es)) [95) (Pslxs, @) £5(35)

ga ﬁOé)g ﬁ) — — | = — —
= [ Eastpaiipy L TIIE) G g @) (©4)
2mpy,a 2mpgy

and now we must calculate the elements (,, Pa|Ds, 75) [45].

(G ol B3, @) = 0 (Do = P o3, @) ) 0 (G — 0P, G5) ) - (C.5)
From the Jacobi relative momentum we may get the relations between different
relative momentum, then from equations (B.3, B.4 and B.5) we may write

m“/q_b - mﬂcfw (CG)

pla(ﬁﬁaq_b) = mg +m
Y

60
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My . mg . 5

_ _ —q — C.7
mg+m7q5 mg—i—m,y( 4 qﬁ) ( )
- mg -

= +—"—Ga C38
% mg + qu ( )

and the first delta on the right-hand-side from the equation (C.5) is

— = — — — — m —
6 (P = Vallis @) = 6 <pa — s — ﬁQa) : (C.9)

m5+m7

We too can find the relation which arrive from the momentum ¢/,

FF0ngy) = atMag | Mag C.10

¢ o (73, ) m pﬁ+quw (C.10)
mfy—i_ma_; ma — —

_ Moz _ C.11

. p,8+m7( ) (C.11)

and replacing this relation founded above into the second delta term on the
equation (C.5), we get

— - - = — — me —
0 (CIa - q/a(p6> Qﬁ)) =0 (pb’ + go + MC]g) (0.12)
y o

and remembering that for a J-Dirac’s potential the form factor is g(p) = 1.
Replacing the values from the delta functions into equation (C.4)

0 (Po = @5 — 5a) O (s + @ + 52005) ;

ME = /d2QBd2pad2pﬂ R R 5(d5)
2mpy,a 2mpgy
f5(ds)
= [ apdpadiny 2 (C.13)
o _ (i),
2mpgy,a 2mgy

where finally we write the matrix elements (C.1) are given by

O (G5 0)) bl ) = [ Eanpucny— D) - (C1a)



Appendix D

The Shifted Momenta

D.1 The shifted momenta between particles B and C

The shifted momenta and the Hamiltonian can be written as

ol

P+

4
Q)
+

gl

=y
|
ol

+

g
F|~
=
)

o

P
Al
<y

7
F|~
=
2y

i

2 1/2
= <p2 + Ci + (ﬁ) q* + pQ cos(6,) — Qﬁpq cos (6 — 6) ﬁ@q cos (Hq))
2 1/2
= (p2 + 94 (ﬁ) q* + pQ cos(0,) + 2A%r1pq cos (6, — 6p) + ﬁ@q cos (Hq))
2 1/2
_ (p2 + Ci + (AA—H) 7 —pQ cos(f,) — Qﬁpq cos (0 — 6p) + ﬁ@q coS (Hq))
2, Q? 1 \2 2 1 1 12
— (p + 5+ (ﬁ) q° — pQcos(bp) + 217 Pq cos (0g —6p) — 7 @g cos (Hq))
ﬁjk (p2 + % +pQ cos(@,)) + 2m1jk,iq2
2nlzjk (p2 + % —pQ cos(Gp)) + 2m1jk,iq2
D.2 The shifted momenta between particles A and C
The shifted momenta and the Hamiltonian can be written as
2, Q? 1 )\2 2 1 1 12
= (p + 9+ (g1) @ +PQcos(6y) — 25E7pg cos (0, — 0,) — 57 Qqcos (9q))
2, @ B\? 2 B B 1/2
= (p + 5+ (ﬁ) q* + pQ cos(0p) + 2577pg cos (0 — 0)) + g7 Qq cos (9q))
2, Q2 1)\ 2 1 1 12
= (p + 5+ <?> q* — pQ cos(0p) — 25 7pg cos (0 — b)) + g7 Qg cos (Gq))
2., @ B\? 2 B 12
= (p + %+ (BT—l) q° — pQ cos(6p) + 257Pq cos (0g —0,) — B @q cos (Gq))

Sy
ol

o

+
AR
=y

62
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o« Ho(i+ 9.0 = 55 (1 + 9 +pQeos(0y)) + 5’

« Ho(f~%0) = 527 (P + § —pQoos(6y)) + 5 d?

D.3 The shifted momenta between particles A and B

The shifted momenta and the Hamiltonian can be written as

M\@i
‘m

® P+

PN
_l’_
o
2y
Il

2 2
(17 + %+ (E5)" 0+ pQeos(t)) — 2Egpacos (6, 6,) ~ 2xQacos (6,

o
Sy
+

2|y

_|_

pN
T

o
Sy

Il

2
q* + pQ cos(6,) + 2A+qu cos (6, — 6p) + ﬁ@q cos (Gq)>
q° — pQcos(b,) + Qﬁpq cos (0, — 6,) — AL_;BQQ coS (Gq)>

o 3 ) 2
o |p— % — ALJFBQ = <p2 + % + (%) ¢ — pQ cos(6,) — Q%er,pq cos (6, — 6p) + AL_%QQCOS (64)
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