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RESUMO

O principal objetivo desta tese é estudar os polindmios ortogonais com respeito a uma
classe de produtos internos do tipo Sobolev que envolve pares coerentes de medidas
de segundo tipo na reta real. As férmulas de conex&o entre a sequéncia de polindbmios
ortogonais ménicos com respeito ao produto interno de Sobolev e a sequéncia de
polinbmios ortogonais moénicos com respeito a uma das medidas que aparecem no
produto interno sdo amplamente analisadas. Além disso, mostramos que 0s zeros
dos polindmios ortogonais de Sobolev sédo os autovalores de uma matriz dada através
de uma simples modificagdo de uma conhecida matriz de Jacobi associada a uma
das medidas do produto interno de Sobolev. Finalmente, estudamos um exemplo de
par coerente de medidas de segundo tipo na reta real no qual umas das medidas € a
medida de Jacobi, e possibilita um estudo detalhado dos polinémios e coeficientes de

conexao associados.

Palavras-chave: Polinbmios ortogonais na reta real. Polindbmios ortogonais de Sobo-
lev. Pares coerentes de segundo tipo. Sequéncias encadeadas positivas.






ABSTRACT

The main objective in this thesis is to study the orthogonal polynomials with respect
to a class of Sobolev-type inner products which follows from coherent pairs of positive
measures of the second kind on the real line. The connection formulas involving the
sequence of monic orthogonal polynomials with respect to the Sobolev inner product
and the sequence of monic orthogonal polynomials with respect to one of the measures
that appear in the inner product are thoroughly analyzed. It is also shown that the zeros
of the Sobolev orthogonal polynomials are the eigenvalues of a matrix which is a simple
modification of a well known Jacobi matrix associated with one of the measures in the
Sobolev inner product. Finally, we deal with a special example of a coherent pair of
positive measures of the second kind on the real line where one of the measures is the
Jacobi measure and it provides a much more detailed analysis of the polynomials and

the associated connection coefficients.

Keywords: Orthogonal polynomials on the real line. Sobolev orthogonal polynomials.
Coherent pairs of the second kind. Positive chain sequences.
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Introduction

The theory of orthogonal polynomials which has gained an increasing attention over
the past decades plays a wide role in mathematics, physics and engineering. For exam-
ple, orthogonal polynomials appear in many problems regarding quadrature rules, signal
processing, operator and spectral theory.

Let v be a linear functional defined on the linear space IP of polynomials with complex
coefficients and consider P* the space of all linear functionals defined on P. We denote
by (v,p) the action of the linear functional v € P* on the polynomial p € P. In what
follows, we will refer to v € P* as moment functional.

A sequence of monic polynomials {P,},>o on P is said to be a sequence of monic
orthogonal polynomials (MOP) with respect to the moment functional v if deg(P,) = n
and

(Va Pmpn> = ﬁném,n, ﬁn 7& O, m,n = O, 1, 2, e

A moment functional v is called quasi-definite if and only if there exists {P,}n>0 a
sequence of MOP with respect to v. In this case, the sequence of MOP {P, },>¢ satisfies
the three-term recurrence relation

,Pn+1(x) = (I - Cn—i-l),Pn(x) - 0n+177n_1(13), n=>1,

with Po(z) = 1, Pi(z) = x — ¢; and 0,47 # 0 for n > 1. Moreover, if ¢, € R and
0,41 > 0 for all n > 1 then v is said to be positive definite and, in addition, has an
integral representation

(v.p) = /Rp(fc)dV(x), peP,

where v is a positive measure with infinite support on R. We will refer to the sequence
of MOP with respect to a positive definite moment functional v as the sequence of MOP
with respect to a positive measure v.

In this work we are interested in orthogonal polynomials with respect to the Sobolev-
type inner product (-,-)g given by

(f.9)s = [ F@g(@)dn(a) +s [ f@)g @)dn(a), s>0

where {1, 11} is a pair of positive measures supported on the real line. We will denote
by {S,(vo, V1, s; ) bn>o the sequence of monic orthogonal polynomials with respect to the
inner product (-,-)gs, which we call sequence of monic Sobolev orthogonal polynomials
(MSOP) with respect to (-, )e.

A pair of positive measures {vg, 1} supported on the real line is said to be a cohe-
rent pair of positive measures on the real line if the corresponding sequences of MOP

18
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{Pn(vo; ) }no and {Py,(v1; ) }n>o satisfy

Pu(vi;x) = n—lkl [P;LH(VO;x) - O'n'P;L(VO;ZL’)] , o, #0, n>1 (1)
This concept of coherence between pairs of positive measures on the real line was intro-
duced in 1991 by Iserles, Koch, Ngrsett and Sanz-Serna [13] in the framework of approxi-
mation theory. The authors of [13] proved that when {1y, 14} is a coherent pair of positive
measures on the real line the corresponding sequence of MSOP {S,, (v, v1, s; x) }n>o with
respect to the inner product (-, -)g satisfies the connection formulas

Sn+1(V0, I/175;x) - fYnSn(Vm Vl,S;.%) = PnJrl(VU;x) - UnPn(Vo;ﬂf)’ > 1
n .

S;L+1(VO7V17S;I) - /ynS;L(V()aVl)S;I) = (n + 1)7)n(V1,CC>,

These formulas proved to be an important tool in studies regarding the analytic properties
of the corresponding Sobolev orthogonal polynomials, such as the location of their zeros
and some related asymptotic relations.

A complete classification of pairs of positive measures supported on the real line that
satisfy the coherence property was due to Meijer [28]. He proved in 1997 that if
{1, 1} is a coherent pair of measures on the real line, then one of the measures must be
classical (either Jacobi or Laguerre) and the other one is a rational perturbation of it.

The concept of coherence was further extended to measures on the unit circle in
[4], where the authors introduced the coherence property for pairs of signed measures
supported on the unit circle T = {z € C : |z] = 1}. By referring to [4], a pair {po, p1}
of positive measures supported on the unit circle is said to be a coherent pair of positive
measures on the unit circle if the corresponding sequences of MOP {®,,(po;: 2) }n>0 and

{®n(p1; 2) fnzo satisfy

1

i) =

{‘I);LH(P(J; 2) — 0,9 (po; z)} . o, A0, n>1

As it was shown in [4], if {po, p1} is a coherent pair of positive measures on the unit circle
then the following can be stated:

- If po is the Lebesgue measure (dpg(z) = 5% ), then the measure p; is such that
dpo(2)
dpi(z) = z—af’

with |a| < 1. This means p; belongs to the Bernstein-Szegé class.
- If p; is the Lebesgue measure, then the measure pg is such that

dpo(z) = |2 — al*dpi(2).

Also, they prove that the only Bernstein-Szegé measure py, for which {po, p1} is a coherent
pair, is the Lebesgue measure. A full classification of all coherent pairs of measures
supported on the unit circle is not given and remains as an open problem.

More recently, in Sri Ranga [34] the author presented an example of a family of pairs
of measures {po, p1} supported on the unit circle such that there holds the relation

1

m‘I’LH(Po;Z), Tn # 0, n =1 (2)

(I)n(pla Z) - an)n—l(pl; Z) =
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Motivated by this example in [34], pairs of measures on the unit circle satisfying were
further investigated in [2I]. The authors of [21] referred to such pairs of measures as
coherent pairs of measures of the second kind on the unit circle.

In the paper [I1], we established a characterization of pairs of positive measures {vg, 11 }
on the real line for which {P,(vo; ) }n>0 and {P,(v1; x) }n>0, respectively the correspon-
ding sequences of MOP, satisfy

1

Pn(l/lsﬂi) - Tnlpnfl(yl;x) = m

Pra(voiz), 7 #0, n=>1 (3)
Following [21], we also referred to the pair of measures {1y, 1} on the real line satisfying
(3) as coherent pair of positive measures of the second kind on the real line (CPPM2K
on the real line, for short). In fact, we were able to solve this problem by dealing with a
more general approach concerning the characterization of pairs of quasi-definite moment
functionals.

As introduced in [I1], a pair of moment functionals {vg, v} is said to be a coherent
pair of moment functionals of the second kind, if the corresponding sequences of MOP

{PO}, o and {PV}, 50 satisfy

1
o Pii(@) = PP (@) = P (@), A0, 21
n

The results in [II] provided a complete study of these pairs of moment functionals and
the corresponding sequences of orthogonal polynomials. For example, it was shown that
{Vvo,v1} is a coherent pair of moment functionals of the second kind if and only if there
exists an admissible pair of polynomials (As, Ay) with deg(As) < 3 and deg(A2) = 2, such
that

Dv, = Ayvg and vy = Aszvy.

Here, Dv denotes the distributional derivative of v defined by (Dv,p) = — (v,p’) for
p € P. We recall that the admissibility condition of (As, A2) holds if yy + nt3 # 0 for
n > 1, where 1, is the leading coefficient of Ay and t3 is coefficient of degree 3 in Aj.

The motivation for such a study on CPPM2Ks on the real line is that this provides
a convenient approach to the analysis of the orthogonal polynomials with respect to the
Sobolev inner product (-, -}g. In fact, when {1y, 1} is a CPPM2K on the real line, the
corresponding sequence of MSOP {S,,(vy, v1, $; ) }n>0 with respect to the inner product
(-, )e exists and satisfies the connection formulas

SnJrl(VOv V1, S5 x) - an’Sn(Vm V1, S; .T) = PnJrl(VO; JJ),
n>1, (4)
S;L+1(Voa vy, S;x) - %SA(VO, 1, 8§$) = (” + 1) [Pn(l/l;x) - Tnpn—1(l/1;$)] )

with Sy (v, 11, s;2) = Pi(vo; x). These simple connection formulas allow us to study the
analytic properties of the polynomials S, (g, 14, s; ) with great ease.

The main objective in this thesis is to provide a detailed study of the orthogonal
polynomials S, (v, 11, ;) with respect to the inner product (-,-)s when {1y, 11} is a
CPPM2K on the real line. This includes an extensive analysis of the connection coef-
ficients ~, that appear in . It is also shown that the zeros of S, (v, 11, s;x) are the
eigenvalues of a matrix which is a simple modification of the n xn Jacobi matrix associated
with the sequence {P,(vp; x) }n>o0-
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We also look at a special example of a CPPM2K on the real line which provides much
more detailed information regarding its corresponding orthogonal polynomials. Precisely,
the example that we consider is such that

CPPM2K-J: {vy, 11} = {al®Fe0) ylerlirhy

where the measures (% and i(*#%9 which we consider to be probability measures, are
defined as follows

(i) p*# is the Jacobi probability measure on [—1,1] given by

(e, 8) _ F<Oé + 6 + 2) . «
dﬂ g (LE) - 2a+5+11"(a+ 1)F(6 + 1)(1 :E) (1 + x)ﬁdx

Its corresponding MOP are the monic Jacobi classical orthogonal polynomials which
are defined for o, f > —1.

(ii) fi(*#29) is the probability measure such that

77](0457‘1)

AP0 (@) = (1= T a9 (@) + €3,

r—q
with |¢| > 1 and 0 < € < 1, where , denotes the Dirac delta function located at g.
As a consequence,

1 7i(c,8,9)
/[—1,1]u{q} F@)dp(Pe) (z) = (1 — ¢) /_1 f(x)7]x_qdu(aﬁ)<x> + ef(q).

Notice that the measure ji(*#9 is obtained through a rational modification of z(*#)
jointly with the addition of a Dirac mass point at = ¢. Furthermore, ji(*#%9 is known in
the literature as a Geronimus perturbation of 4(*#). As stated in [T1], the pair CPPM2K-
J constitutes an example of a CPPM2K on the real line in which one of the measures is
classical and the other one is a rational perturbation of it.

Another set of important results that we have presented in this thesis emerged during
our attempts to study the asymptotic behavior of the connection coefficients =, that
follow from the pair CPPM2K-J. These results found in Chapter [2| provide a novel way to
represent the parameter sequences of a traditional positive chain sequence in the theory
of orthogonal polynomials. Such results, which have been published in [19], also play a
key role in the remaining part of the thesis since they provided another means to examine
the orthogonal polynomials following from the pair CPPM2K-J.

This work is organized as follows. Chapter [I]summarizes the basic concepts about spe-
cial functions, positive chain sequences, moment functionals and orthogonal polynomials
to be used in the sequel.

In Chapter [2] we provide a representation of all the parameter sequences of a positive
chain sequence that has been of importance in the theory of orthogonal polynomials on
the real line. We also explore some of the consequences and applications that follow from
this representation.

Chapteris devoted to the study of the Sobolev orthogonal polynomials S, (v, 14, s; )
with respect to the inner product (-, -)g when {1y, v1} is a CPPM2K on the real line. We
also provide a detailed study of the connection coefficients ~, appearing in (4). Finally,
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in Chapter 4] we deal with the Sobolev orthogonal polynomials that follow from the pair
CPPM2K-J. The main results in these chapters were published in [I§].

As mentioned previously, some of the main results contained in this thesis are also
presented in the following texts, which we have also listed within the bibliography at the
end of this thesis:

18] G. A. Marcato, F. Marcellan, A. Sri Ranga, Yen Chi Lun, Coherent pairs of
measures of the second kind on the real line and Sobolev orthogonal polynomials.
An application to a Jacobi case. Submitted.

[19] G. A. Marcato, A. Sri Ranga, Yen Chi Lun, Parameters of a positive chain sequence
associated with orthogonal polynomials, Proc. Amer. Math. Soc., 150 (2022),
2553-2567.

We have also contributed to the following paper which contains some results used in
the development of this thesis.

[II] M. Hancco Suni, G. A. Marcato, F. Marcellan, A. Sri Ranga, Coherent pairs
of moment functionals of the second kind and associated orthogonal polynomials
and Sobolev orthogonal polynomials, J. Math. Anal. Appl., 525 (2023), 127118,
DOI: https://doi.org/10.1016/j.jmaa.2023.127118.



1 Preliminaries

In this chapter we give an overview of the basic knowledge required to the development
of this work. We only point out results which are important for understanding the material
contained in this thesis. This requires some basic background in the theory of orthogonal
polynomial sequences.

We start by giving a brief introduction to special functions and positive chain sequen-
ces. After that, we present some of the fundamental concepts and results on the theory
of orthogonal polynomials on the real line.

1.1 Special Functions

In this section we give a short overview on special functions and hypergeometric series.
We refer to Andrews, Askey and Roy [1].
For a € C and n € N, we define the Pochhammer symbol (a), by

(a)o=1, (a)p=ala+1)(a+2)---(a+n—-1), n>1.
It is straightforward to see that
(a) (1), =n! forn € N;
(b) Let n,m € N. Then (—m),, = 0 if n > m. A useful relation is

(@a+m)p—m if n>m,

The Gamma function I'(z) is defined by

| hz—1
['(z) = lim v

n—oo (Z)n !
for all complex numbers z # 0, +1,4+2, . ... Follows directly from this definition that
['(z+1)==zI(z).

Also, one can prove that I'(n + 1) = n! and I'(z + n) = (2),I'(2) for n € N.
The generalized hypergeometric series is a series

0o
>
n=0

23
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for which ¢y = 1 and the ratio of successive terms can be written as

1 (nda)(n+az)---(n+ap,)

cn (A b)ntby) - (ntb)n+1)

Thus,

0o

Z N ar,...,0qp
C”_P q b b

n=0 Ly--» Y

z) =, F, (a1, ..., ap;b1,..., by 2)

< (1)) "
TLZ:O (b1)n -+ (Dg)n n!’

witha; € C,i=1,2,...,pand b; € C\ {0,—1,-2}, i =1,2,...,¢. By the ratio test ,F,
converges absolutely for all z if p < ¢ and for |z| < 1if p=¢q+ 1.

The Gauss hypergeometric function or simply the hypergeometric function, denoted by
oF1(a, b; ¢; 2), is defined as

2 I (a, b; ¢; Z) = i (a)n(b)nj:}

n=0 (C)TL

where a,b and ¢ are complex parameters.

1.2 Positive Chain Sequences

In this section we provide a brief introduction to positive chain sequences. We only
present results which are important for understanding the material contained in this thesis.
For a detailed discussion on the theory of positive chain sequences we cite the book [6]
of Chihara. For the theory of general chain sequences (in a slightly more general setting)
we cite Wall [37].

Definition 1.1. We say that a sequence of real numbers {a,},>1 is a positive chain
sequence if there exists a second sequence {g, },>o such that

(i) 0<go<1l, O0<g,<l1l, n>1I;
(i) an = (1= gn-1)gn, n=>1.
The sequence {g, }n>o is called a parameter sequence of {cu,}n>1.
We remark that a parameter sequence needs not be unique.

Theorem 1.2. Let {a, },>1 be a positive chain sequence and let both {gn tn>0 and {hn, }n>0
be parameter sequences of {ay}n>1. Then g, < hy, for n > 1 if and only if go < hy.

Definition 1.3. Let {a,},>1 denote a positive chain sequence. A parameter sequence
{mp}n>0 of {a,}n>1 is called its minimal parameter sequence if my = 0.

Observe that every positive chain sequence {«;, },>; has a minimal parameter sequence
{my }n>0 which can be obtained by setting mo = 0 and
Oy,

my = ——, n > 1.
1_777'71,—1
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If the minimal parameter sequence {m,, },>¢ is the only parameter sequence of {a,}n>1,
we say that {a,}n>1 is uniquely determined. By Theorem [L.2] if {g,}n>0 is any other
parameter sequence of {a,},>1 then

Mp < Gn, n=012....

When the positive chain sequence {a;, },,>1 is not uniquely determined we can also talk
about its maximal parameter sequence { M, },>o.

Definition 1.4. Let {a,},>1 denote a positive chain sequence. A parameter sequence
{M,}n>0 of {an}tn>1 is called its mazimal parameter sequence if {g,}n>o0 is any other
parameter sequence of {a,},>1 then g, < M, for n > 0.

Now we summarize some basic results on the theory of positive chain sequences which
are necessary for the development of the subsequent chapters.

Theorem 1.5. Let {a,},>1 be a positive chain sequence and let {my,}n>0 and {M,},>0
be, respectively, its minimal and mazximal parameter sequences. Let {f,}n>1 be a positive
chain sequence with a parameter sequence {hy}n>o0. If a, < By, for n > 1, then

my < h, < M,, n>0.
Moreover, if we have in addition ay, < Bn, for some Ny > 1, then
My < h,  for n >N and hj < Mj; for j=0,1,...,Ny—1.

In particular, if {a, },>1 and {5, },>1 are positive chain sequences such that «,, < (3,
for n > 1, then {a,, },>1 has multiple parameter sequences.

Theorem 1.6 (Comparison Test). Let {a,},>1 denote a positive chain sequence and let
{cn}tn>1 be a sequence. If 0 < ¢, < ay, for n > 1, then {c,}n>1 s also a positive chain
sequence.

Theorem 1.7. Let {a,},>1 be a positive chain sequence and let {my, },>0 be its minimal
parameter sequence. If {gn}n>0 is any non-maximal parameter sequence of {au, tn>1 then

. mn
lim — =1.
n—oo gn

Theorem 1.8. Let {a,}n>1 be a positive chain sequence such that

lim o, = .
n—oo

Then 0 < a < 1/4. Moreover, if {ay}n>1 is uniquely determined, then

1
lim m, = 5[1 + V1 —4al.

n—oo

Otherwise, if {auy, }n>1 has multiple parameters sequences, then

1 1
lim mn:§[1—\/1—4a] and T}LrlgoMn:§[1+\/1—4a}.

n—oo
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1.3 Orthogonal Polynomials on the Real Line

In this section we give some of the basic results on the theory of orthogonal polynomials
on the real line to be used throughout this thesis. These results can be found in Chihara
[6], Ismail [14] and Szeg6 [35]. We utilize here an algebraic approach to the study of linear
functionals defined on the space of polynomials which was introduced by P. Maroni in
[22] and played a central role in a variety of studies concerning orthogonal polynomials
since it provides a general perspective to the study of the topic (see also [24] 26], 27]).

Let v be a linear functional defined on the linear space P of polynomials with complex
coefficients and let P* denote its algebraic dual space, i.e., the linear space of all linear
functionals defined on P. If v € P* and p € P, then we denote by {v,p) the action of the
linear functional v on the polynomial p € PP.

Definition 1.9. Given v € P*, we denote by
(V)p =(v,2"), n=0,1,2,...,
the moment of order n of v.

Since the moments play a key role in the study of these linear functionals, it is also
customary to call such linear functionals as moment functionals. Clearly, if u,v € P* are
such that (u), = (v), for all n > 0, then u = v.

Now we present the definitions of some basic operations in the space P*.

Definition 1.10. Let v e P*, m € P and g € C.

(i) The left multiplication of v by m, denoted by mv, is the linear functional on P*
defined by

(nv,p) = (v,mp), peP

(ii) The distributional derivative of v, denoted by Dv, is the linear functional on P*
defined by

(Dv,p) = —(v,p'), peP,

and satisfies
D(nv) = n'v + 7Dv.

(iii) We define the division of v by (z — q) as

< L V,p>:<v,p(x)_p(q)>, pel.

r—q r—4q

(iv) The linear functional d, given by

(0q,p) =p(q), peP,
is said to be the Dirac delta linear functional supported at q.
It is straightforward to verify that

1
r—q

1
r—q

(:l:—q)[ v] —v  and [(z = q)v] = v — (v)od,.
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Throughout this thesis d,,, will denote the Kronecker’s delta symbol

5 1 if m=n,
0 it mo#£ .

Let us introduce the basic notion of orthogonality which will be used along this thesis.

Definition 1.11. A sequence of monic polynomials {P,},>¢ on P is said to be the se-
quence of monic orthogonal polynomials (MOP for short) with respect to the moment
functional v if

(i) deg(P,) =n, n=0,1,2,...;
(ii) (v, PnPy) = Fubmn, with f, ={(v,P?) #0, m,n=0,1,2,....
The next theorem is a direct consequence of Definition [1.11]

Theorem 1.12. Let v be a moment functional and let {P,}n>0 be a sequence of monic
polynomials. Then the following statements are equivalent

(@) {P.}n>o0 is the sequence of MOP with respect to v;
(b) (v,7P,) =0 for all m € P such that deg(m) < n, while {v,nP,) # 0 if deg(m) = n;
(c) (v,2™P,) = Ay, where f, = (v, P2) #0 form=0,1,...,n.

In order to study the existence of a sequence of MOP with respect to a moment
functional v let us introduce the Hankel matrices

H, = [(V)H—J}n

., n=0,1,2,....

4,7=0

Theorem 1.13. Let v be a moment functional and let {H,},>o be its corresponding
sequence of Hankel matrices. Then there exists a sequence of MOP with respect to v if
and only if

det(H,) #0, n >0.
In this case v is said to be quasi-definite.

Some important properties in relation to the concept of orthogonality emerge in the
so-called positive definite case.

Definition 1.14. A moment functional v is said to be positive definite if its moments are
real and
det(H,) >0, n>0.

When v is positive definite we also have (v, 7) > 0 for every nonzero and non-negative
real polynomial 7.

Definition 1.15. Let v be a positive definite moment functional and let {P, },>¢ be its
corresponding sequence of MOP. The sequence of orthonormal polynomials with respect
to v, which we denote by {p, }»>0, is given by the normalization

P,(x) "> 0

n(‘T) = ) - Y
TV

where we assume p,(z) to be a polynomial with positive leading coefficient. Consequently,
the following orthogonality relation holds

(Vapmpn) = 6m,n7 m,n = 0,1,2,....
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As we shall see in the sequel, every positive definite moment functional can be repre-
sented as a Stieltjes integral with respect to a positive measure supported on an infinite
subset of the real line.

Definition 1.16. Consider v > 0 a non-decreasing bounded real function defined on [a, b]
with —o0 < a < b < 4+00. The set

supp(v) ={£ € [a,b] :v({+¢€) —v({ —¢) >0, forall >0}
is called the support of v.

Definition 1.17. Let v > 0 be a bounded non-decreasing function defined on [a, b] with
infinite support. Then v is called a positive measure on [a, b] if the moments defined by
the Stieltjes integral

b
Un :/ a"dv(z), n=0,1,2,...,
all exist. Moreover, v is said to be a probability measure if vy = 1.

An absolutely continuous measure v has the form
dv(z) = w(z)dz,

where w > 0 is a nonzero bounded real function on (a,b) known as weight function.
It is well known that if v is a positive definite moment functional, there exists a positive
measure v with infinite support £ C R such that v has an integral representation

(v.p) = [ p(@)dv(z). peP.

Remark 1.18. Let v be a positive definite moment functional represented by the positive
measure v and let {P,},>¢ be its corresponding sequence of MOP. We can also refer to
{P,}n>0 as the sequence of MOP with respect to the positive measure v. It is important to
emphasize that in the following chapters we will limit our scope to the study of sequences
of MOP with respect to positive measures supported on the real line.

One of the most important characteristics of orthogonal polynomials on the real line is
the so-called three-term recurrence relation (TTRR, for short) in which three consecutive
polynomials are connected by a simple relation.

Theorem 1.19. Let v be a quasi-definite moment functional and let { P, }n>o be its cor-
responding sequence of MOP. Then the polynomials P, satisfy the three-term recurrence
relation

Poi(z) = (x — cpy1)Pu(x) =01 Pra(z), n>1, (1.1)

with Py(xz) =1 and Py(x) = x — ¢, where the coefficients ¢, and 0,41 are given by

by,

L <v,:rP2 1> and V1 =-——#0, n>1

[ " -1
The TTRR (L.1) can be written in matrix form,

Cnp =

rpn(z) =J,pu(z) + Pi(x)e,, n>2 (1.2)
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where e,, is the n-th column of the n x n identity matrix,

P() ($) C1 1 o --- 0 0
P (x) 0 ¢ 1 - 0 0
P () 0 93 ¢3 --- 0 0
pn(x) - : ) I = : : . : :
Pn_Q(x) O 0 0 -+ ¢ 1
_Pn_l(a:)_ 0 0 0 -+ 0, ¢y

We refer to J,, as the n x n monic Jacobi matriz associated with the sequence {P,},>¢.
It is straightforward to see that the zeros of P, are the eigenvalues of J,,.

The converse of the previous theorem is valid and it is known in the literature as
Favard’s Theorem.

Theorem 1.20 (Favard). Let {¢,,},>1 and {0, },>2 be two arbitrary sequences of complex
numbers, and let { P, }n>0 be a sequence of monic polynomials defined by the TTRR (1.1)).
Then there exists a unique moment functional v such that

(v,1) #0 and (v,P,P,) =0 if n#m.

Moreover, v is quasi-definite and { P, },>o is its corresponding sequence of MOP if and
only if 0,41 # 0 for n > 1, while v is positive definite with {P,},>0 as its corresponding
sequence of MOP if and only if ¢, € R and 0,41 > 0 for each n > 1.

Another important fact is that sequences of MOP satisfy the so-called Christoffel-
Darboux identity.

Theorem 1.21 (Christoffel-Darboux Formula). Let {P,},>0 be a sequence of MOP sa-
tisfying the TTRR (1.1]) with 9,41 # 0 for n > 1. Then

zn: Pi(z)Pj(y) 1 Pop1(2)Pu(y) — Poti1(y)Pu(2)

-7 ;, n=0.
3=0 ﬁj h, r—Yy
Moreover, if v is positive definite then
n PQ 1 , ,
Z ﬁn [Py i1 (2)Py(x) = Poya(z) P (2)] >0, n>0.

With {c¢, },>1 and {0, },>2 given as in (1.1), we can consider {P}},>¢ as the sequence
of monic associated polynomials of {P,}n>o given by the TTRR

Pra(z) = (@ = cn1) P (@) =01 Py (2), n=1,

where Pj(z) = 0 and P;(z) = 1. Notice that deg(Pf) = n — 1. Another important
representation of {Pf},>¢ is

e BB, o

Definition 1.22. Let v be a positive definite moment functional. The support of v is
the largest interval (a,b) C R where (v,7) > 0 for every real polynomial 7 which is
non-negative on (a, b) and does not vanish identically on (a,b).
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The next result gives information about the zeros of MOP with respect to positive
definite moment functionals.

Theorem 1.23. Let (a,b) C R be the support of the positive definite moment functional
v and let {P,},>0 be the sequence of MOP with respect to v. Then

(a) All zeros of P, are real, simple and lie inside (a,b);
(b) The polynomials P, and P,, have no common zeros;

(c¢) Let xp1 < Tpo < -+ < Xy, denote the zeros of P,. Then,
Tnt1,j < Tn,j < Tp41,54+15 j = 1, 2, oo,
This property is called the interlacing property.

We now turn our attention to the so-called semiclassical moment functionals. Firstly,
let us define the admissibility condition of a pair of polynomials.

Definition 1.24. Let ¢ and ¥ be two nonzero polynomials such that deg(¢) = M > 0
and deg(¢y)) = N > 1 with leading coefficients A7, and A%, respectively. Then, (¢,1)) is
said to be an admissible pair of polynomials if either N # M — 1 or if N = M — 1, then
n)\%ﬂ—i—)\% #0,n > 0.

Definition 1.25. A quasi-definite moment functional v € P* is said to be semiclassical
if it satisfies

D(¢pv) = v, (1.3)

where (¢, 1)) is an admissible pair of polynomials.

We remark that the pair of polynomials (¢, 1) satisfying is not unique. Also, the
equation is known in the literature as Pearson equation (see [23], [26], [32]).

To a semiclassical moment functional v one can associate the class of v as the non-
negative integer number given by

min {max{deg(¢) — 2, deg(v)) — 1} : D(¢v) = v and (¢,¢)) is admissible}.

When v is semiclassical of class zero, the so-called Classical Orthogonal Polynomials
appear (up to a change of variables). These are the families of Hermite, Laguerre, Jacobi
and Bessel polynomials. In other words, the classical MOP are the only monic orthogonal
polynomials such that their corresponding moment functional v satisfies the Pearson
equation ([1.3)) with deg(¢) < 2 and deg(1)) = 1. In this case, we say that v is classical.
In addition, a classical moment functional v has an integral representation

(v.) = [ p(@)wl@)dr, peP,

where w(z) is a weight function and/or a measure with support set F.

Remark 1.26. Differently from the other three families of Classical MOP, the Bessel
polynomials are orthogonal with respect to a quasi-definite linear functional.
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With the notation introduced in this section, the following table outlines the principal
parameters for the classical families of MOP.

P, Hermite Laguerre Jacobi Bessel
o 1 x 1 — z? x?
v =2z —r+a+1 —(a+0+2)x+0—« (v +2)x + 2
w e rhe " (1—2)*(1 —2)° ree 2T
E R (0, 4+00) [—1,1] T={:e€C:|z|=1}
B2—a? 2a
Cn 0 a+2n—1 (a+B+2n—2)(a+B+2n) " (a+2n—2)(a+2n)
n An(a+n)(B+n)(a+L+n) 4n(a+n)
DnJFl 2 n(a + n> (a+B+2n—1)(a+B+2n)2 (a+2n+1) - (a+2n—1)(a+2n)2(a+p+2n+1)
a>—1 a, > —1 a¢{0,—-1,-2,...}

Table 1.1: The Classical families of MOP

Finally, we present some well known theorems that we will need in the subsequent
chapters when analyzing the zeros of certain Sobolev orthogonal polynomials.

Theorem 1.27 ([33] p. 365]). Let {P,}n>0 denote the sequence of MOP with respect to
the weight function w(zx) on (a,b). Any polynomial f(z) of exact degree n can be written
in terms of {P;(2)}}—y as

f(z) =coPo(z) + c1Pi(2) + - + cnPu(2), ¢, #0. (1.4)

Then all the zeros of f(z) lie in the strip

Theorem 1.28 ([I0, p. 62]). Let (1,(s, ..., ¢, denote the zeros of the polynomial f(2)
given in (L4) and let h, = [° P2(x)w(z)dz. Then

G

| Im(z)| <1+ max {
Cn

0<j<n—1

n 1 n-1 c12\1/2
> [1m(c,) _(Zﬁ- ] )
P A =
with the equality if and only if co =c1 =+ =c,_2=0 and Re(c,_1/c,) =0.

1.4 Jacobi Polynomials

In this section we recall some of the basic properties of the Jacobi classical orthogonal
polynomials. The results given here, which are required for our study, can be easily found
among the basic literature (see, for example, Andrews, Askey and Roy [I], Chihara [6],
Ismail [14] and Szegé [35]) associated with Jacobi polynomials. The notation introduced
here will be used along this thesis
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For a, 3 > —1, let us denote by {P{*#},~ the sequence of monic Jacobi orthogonal
polynomials given by

2"l (a4 B+ 1),

(@.B) () —
P ﬁ@%_(a+ﬁ+n%

n

where
P(z) =

(a+1), (ﬂua+ﬁ+n+1
72F1
a+1

11—z

2
is the n-th degree Jacobi polynomial as usually defined. These polynomials can also be
defined via the Rodrigues’ formula as follows

(a+B+1),
(a+ B+ 1o,

n!

P () = (1) (1-2)" (1 +a2)7"

dn

e (1= z)* (1 + 2)%].

It is known that, with the probability measure p(*# on [—1, 1] given by

I'(a+B+2)

dp? (z) = 1—2)*(1+x)°d > —1 15
H (ZE) 2a+,8+1F(a + 1)P(6 + 1)( ZL') ( + ZE) Z, Oé,ﬁ ’ ( )
there holds the orthogonality relation
1
/ PLB) () PB) (1) dplP) (z) = ﬁ,(f“’ﬁ)ém,n, for m,n=0,1,2,..., (1.6)
-1

with
ﬁ@m:(a+UM5+UMa+5+Un?%}
" (a+ B+ 1Dap(a+ B+ 2)2, '

The monic Jacobi polynomials {P(*?}, 5, satisfy the TTRR

n > 0.

Pl @) = (o = aZDPEO @) @) — dT P @), n> 1,

with P (z) = 1 and P{*?(z) = 2 — *? | where the coefficients ¢(#) and d'®? are
given by

af) — f* o ,
" (a+ B +2n—2)(a+ 5+ 2n)

o) _ An(a+n)(B+n)(a+ B +n)
LT (a4 B4+ 20— D(a+ B+2n)2a+ B+ 2n+ 1)

The n zeros of P{*% are simple and lie inside (—1,1). Moreover, for # = 1 we have

2"+ 1)+ B+ 2)p1
(O{ + B + 2)271—1

73(()047/3)(1) —1 and 73780"5)(1) — , n>1. (1.8)

Finally, the derivatives of {P{*#}, 5, satisfy

P (z) =nP (@), n> 1. (1.9)



2 Companion Orthogonal
Polynomials and Positive Chain
Sequences

The purpose of this chapter is to provide a representation of all the parameter sequen-
ces of a positive chain sequence that has been very important in the theory of orthogonal
polynomials on the real line. We also explore some of the consequences and applications
that follow from this representation. An example of a class of positive chain sequences
with explicit formulas for all the parameter sequences is given. As mentioned, the results
presented here were published in [19)].

2.1 Introduction

Here we let v denote a positive measure supported on the real line. Throughout this
chapter we will assume v is such that if [a, b] is the smallest closed interval containing the
support of v then R\ [a, b] is non-empty. We will also assume v is such that its moments
given by

b
Vn:/x”dl/(a:), n=0,1,2,...,

all exist. Let {Q,,}n>0 denote the sequence of MOP with respect to v and consider again
the sequence of positive constants {ﬂn}nZO such that

b
/ O (2) On(@)dv(x) = Fiubs myn=0,1,2,....
Let us consider the TTRR satisfied by {Q,,}n>0. Then we write
QnJrl(x) = (1: - cn+1)Qn(x> - 0nJrl anl(x)v n Z 1; (21)

with Qp(z) = 1 and Q;(x) = = — ¢, where the coefficients ¢, and ?,, are given by

h,

b
/ rQ? (r)dv(r) and 0,41 = >0 for n>1.

F s

¢, =
b

It is straightforward to see that ¢, € (a,b) for n > 1.
Now we consider the most traditional positive chain sequence that follows from the

TTRR (2.1). Here, for ¢ € R\ (a,b), we define the positive chain sequence {a(?},>, by

al? = Ont1 n>1

- -

(¢ —cu)(q = i)’ (2:2)

33
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where {¢,},>1 and {9,41},>1 are as in (2.1). This positive chain sequence was first
introduced in Wall and Wetzel [38] in connection with the continued fraction (J-fraction)

1| 0 | o

’Z—Cl _’Z_CQ N zZ— Cp

and it was further investigated in Chihara [5]. In particular, the following result concerning
its minimal parameter sequence has been shown (see [5] and [6]).

Theorem 2.1 ([6, p. 110]). Let {a@},>1 be the positive chain sequence given by (2.2).
Then its minimal parameter sequence {mq(f)}nzo can be explicitly represented by

méq) =0 and me) =1- Qni1(0) = Qu19n-1(0) n =1 (2.3)

(@ = cni1)Qn(q) (¢ — 1) Qnlg)’

Proof. From ([2.1)) we can deduce

i1 _ Qi L Q) i

(@ —c)(g—cnr1)  (¢—¢n)Qn1(q) (@ —c)Qulq)]”  —

Thus, a(9 = (1 — mﬁf}l)mgﬁ) for n > 1 with m{@ given by (2.3)). From the positiveness of
al? and m(9(e) we see that 0 < m@(¢) < 1 for n > 1. This proves the theorem. ]

The aim of this chapter is to provide a characterization of all the parameter sequences
of the positive chain sequence {aﬁlq)}nzl and explore some of its consequences. To be more
precise, with the use of a companion measure 7% which is a rational perturbation of v,
we obtain a representation of all the parameter sequences of {a(?},;.

The outline of the chapter is as follows. In Section we provide our main result
and its proof. In Section [2.3] we explore some results which are obtained as consequences
of the result provided in the former section. Finally, in Section we give an example
of a family of positive chain sequences with explicit expressions for all the parameter
sequences.

2.2 The Main Result

In order to state our main result let us introduce the companion measure 7(¢€) and its
corresponding sequence of MOP. Precisely, for ¢ € R\ (a,b) and 0 < € < 1 we define the
positive measure 7(%¢ as

()
A7) (z) = (1 — €)—

- xdv(w) +e€d,. (2.4)

As already mentioned in the introduction, the measure #(9€ constitutes a Geronimus
perturbation of v (see Maroni [26] for an algebraic approach).
We set the constant 4@ in ([2.4)) as

! :/ab L @), (2.5)

7@



The Main Result 35

Consequently, 7(%9 becomes a probability measure for any value of e. In addition, for
q € R\[a, b] it is easy to see that (@ # 0. However, if ¢ = a or ¢ = b this is not necessarily
true. Thus, except where otherwise indicated, in this chapter we always assume %@ % 0.

Let {@fﬂ’e)}nzo be the sequence of MOP with respect to the probability measure (@)

and consider the sequence of positive constants { A%}, 5o such that

/ 099 () Q149 (2)dir?9) (z) = ﬁ,(ﬂve)am,n, myn=0,12,....
[a,b]U{q}

Since 7(%9) is a probability measure we can write ﬂo(q’e)

= [ 8] 00000

(-0 [ [6r)]

= 1. Moreover,

2 gl@

~ 2
d (g,€) > 1.
@) + e [Qg)]", n>
Notice also that

/[a b]u{q}(x — ¢)m(2)do' 49 (z) = —(1 — €)@ / (2.6)

for every real polynomlal .
Finally, let {€@9},~; and {3\%7},51 be the coefficients in the TTRR

Q) (@) = (x — G QM (@) — 0TI (@), n =1, (2.7)
where Q{79 (z) = z — €% and Q%9 (z) = 1.
The main result in this chapter is the following theorem.

Theorem 2.2. Given the positive measure v as stated prior to ) let {a(D},51 be the
positive chain sequence given by . Let {Q 7)Y ,50 be the sequence of MOP with respect
to the probability measure 0\ given by [2.4) and let

Q) (q)
(¢ — cas1) O (g)’

where ¢,41 are as in (2.1). Then for any e € [0,1), the sequence {g\? (¢)}n>0 is a parameter
sequence of {047(1‘7)}7121. Moreover, the following can be stated:

() If 0< e <ea <1 then g 9(er) > g\ D(ey) >mlD for n > 0;

n

g(€) =

ii n> ! fn>1;
(i) {92(0)},>0 is the mazimal parameter sequence of {a?},>
(iii) lirr% g 9D(e) =mlD for n>0.

e—

We point out that the idea of connecting companion orthogonal polynomial sequences
using positive chain sequences is not new. For example, this idea has been used in [7]
to orthogonal polynomials on the unit circle. Likewise, the authors of [5] and [36] use a
similar strategy by shifting the interval [a, b] to the interval [0,b — a] and then making
the connection via a sequence of orthogonal polynomials associated with a symmetric
measure.

Before providing the proof of the Theorem [2.2] we will need some preliminary results.
In particular, we will make use of Theorem which gives another method to describe
all the parameter sequences of the positive chain sequence {a(®},;.

We start by stating the well known Christoffel’s formulas.
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Lemma 2.3 (Christoffel’s formulas). Consider the positive measures v and (29 as sta-
ted prior to (2.4) and let {Q,}ns0 and {Q99},50 be, respectively, their corresponding
sequences of MOP. Then

(v = 9)Qu(2) = Q) (x) = X9 QI (x), n >0, (28)
where 00
€ 7(2)
oo = D@ gF 2.9
n () [
Proof. Clearly (2.8) holds for n = 0. From [, 5,19 O\ (z)di =0 and (2.6),
0= [l’—q—Fq—qu’E)]dﬁ(q’E)( )=—(1—e)rPDfy+q— ( <),
[a,b]u{q}

Then ([2.9) holds for n = 0. For n > 1 if we write

(2 — q)Qu(x) = 879(2) + 32 Any 899(2), (2.10)

7=0

then multiplying both sides by Q; and integrating with respect to (99 we obtain

, 1 (g:€) ~(q,€)
= 7 /[abu{q}< 0)Qu (@) Q)" (@)™ (@)

- o (2) QY (x)dv ().

Hence A\, ; =0 for j=0,1,...,n— 1 and (2.10) becomes

(z = ) Qu(@) = Q5 () + A.n Q9 (2), (2.11)
with of
A = —(1—€) ,é,(lq’e) .

The evaluation of at © = ¢ gives the desired result. [

Another important fact is that the polynomial Qn 11 can be written in terms of the

polynomlals Qn+1 and @, using a simple connection formula. To be more precise, by

n+1

expressing Q 1 as a linear combination of the polynomials {Q;}7Zy one can deduce

Q@) = Quia(w) — B9 Qu(w), n=>0, (2.12)

where the connecting coefficients 57({1’5) are given by

n

" (1- R0 A,

£(a:©) '21(161)
b = n>0. (2.13)
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The coefficients ¢,, d,,, €29, 3% and b{%¢) are known to satisfy the formulas (see [2],
[20], [23])

09 w9t Ot ;
E?q,e) + 6 0, = ¢ = ~g0 T Cnt1 T b{&),
n n—1
n>1, (2.14)
6((147:2) Ont1 g.€) | r(q.€) r-(q,€)
n _ n ~\q,€ €) q,€
Eglq,e) - Equfl) and Crntl + bn—l = Cpg1 t bn )
with the initial conditions
~ 32
@ =+ b and 24§ =g
bOQ)E)
By writing 0,41 = f,/A,_1 with A, given by ([2.9) and then using (2.13)) we get
~(Q75) ii q,e) ~(q7€) -
p1 = %‘*j)@ " - %(”j)@ ), n>1. (2.15)
i (q) (1= Db,y Q1 (g)
Combining this with (2.14]) one finds
~(:€) _
2l — 210 g >, (2.16)
OR

With {¢, },>1 and {9,41}n>1 given as in the TTRR (2.1 let {QF },,>0 be the sequence
of monic associated polynomials of {Q,,},,>0 given by the TTRR

(1) = (2 = 1) Qp(7) =00 Q4 (), n>1, (2.17)

with Qf(z) = 0 and Qj(z) = 1. We remind that the polynomials {Q"},>o have the
integral representation

" L2 Qn(x) — Qn(y)
Q5 (x) _ﬁo/a pr—y dv(y), n>0.

Along this chapter, we will denote by F(z) the function defined by

Fo =220 [ e, zeR\(ab) (218)
z) = v(x z a,b). .
hy Jo z—x ’ ’
The next theorem provides another way to represent all the parameter sequences of
{a{@}, 5. In fact, this theorem will be useful to verify that {g'?(0)},>¢ in Theorem

is the maximal parameter sequence of {a(?}, ;.

Theorem 2.4 ([3]). For any t € [0,1/F(q)] the sequence {39 (t)}n>0 defined by

A(q)<t) —q_ Qni1(q) —t(q — Cl)QZ-H(Q)

, n>0
(¢ = €nt1)[Qnla) — tg — 1) Q;(9)]

- Y

is a parameter sequence of the positive chain sequence {a(D},>, given by (2.2)). Moreover,
{391/ F(q)) }n>0 is its mazimal parameter sequence.

With these results we are now able to consider the proof of Theorem [2.2]



The Main Result 38

2.2.1 Proof of the Main Result

Proof of Theorem [2.3. We begin by considering the positive chain sequence formulas that
follow from the TTRR (2.7). We write

Q9 (g) {__ 9ll(g) ]: eS|
(q—e8NQ ) | (a—e4DA™q)| (g

Hence, from (2.16|)

0(g) P_ 0(a) ]_ ope) b
(1=&QM) | (-8NA)]  (a-#)Q) (-l

for n > 1. Thus,

E(%e) ~(g,€)
s =1 %”51( ()q 5 120, (2.19)
q— Cppi (q — cn+1) n (Q)

where we set 6 @9 — .

Furthermore combining ([2.14]) with ( -

~(a:€) -
V1 = 2nia(9) €09 409 —c,], n>1,

% (a)
where again 6'%° = 0. Hence from (2.19), by writing

G S — = (g = 1)+ B9 + (0 - ),

we find
(g:€) (q,€)
dunr = 2D | (g0 g (g g1 20 )+@—w]
Qn7 (CI) L (q —Cn )Qnil<Q)
~(g€) (g€
Q?qtl) (q> a %ZJ e)(q) + (C] cn):| , n=>1
Therefore
~( 5) (q,e
al® = On1 — an+1(q() . % )((ql +1f, n>1
(q - Cn)(q - cn—i—l) (q - cn-&-l) ¢ (Q> ( CH)Q . ( )
From this if we set ~
q,€
g,(f)(e) Qn-H( (l —, n>0,
(q - cn-l—l) (Q)

then
u—g@<n¢W@=a@,n21.

Thus, from the positiveness of gW(e) and a{? we see that {g\?(e)},>0 is a parameter
sequence of {a?},5;. This proves the first part of the theorem.
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Taking n = 0 in (2.9) gives

A(a:€) ()
O ) NN
w01 (q— )05 (q) ( e)q —a

From this if 0 < €; < €5 < 1, then
9" (0) > 9" (e1) > " (e2) > 0.
Thus, from Theorem

g90) > g9 (e1) > gP(ey) >0 for n > 0.

This proves assertion

To prove assertion we compare the parameter sequence {gflq)(e)}nzo with the pa-

rameter sequence {39 (¢)},>0 given by Theorem From ({2.5) and (2.18)
FOfy  1—e
g—c  Flg)

Since the initial parameter of a parameter sequence uniquely determines the remaining
parameters, by setting 40 (t) = g{” (€) one finds that if

a’(e) = (1—¢) (2:20)

1—e¢
=10 =Fy
then
(1= e/F (@) =), n>0, (2.21)

for any 0 < € < 1. In particular, from ([2.2I)) we have §\?(1/F(q)) = ¢'2(0). Thus,
from Theorem [2.4] we can verify that {g(?(0)},>0 is the maximal parameter sequence of
{a{D},5;. This proves assertion |(ii)}

Now to prove assertion |(iii)| we first remark that when ¢ = 1 the measure 7 becomes
a trivial measure with just a single mass point. Thus, we are not able to represent the

minimal parameter sequence {m?}, -, using the result given in Theorem . On the

other hand, since g\ (¢) — 0 as € — 1 there follows

lim ¢'9(e) =m?, n>0.

e—1 n

This completes the proof of the theorem. n

2.3 Some Properties and Applications

This section is devoted to the study of some results which follow as consequences of
Theorem [2.2] We shall establish some connection formulas that will play a key role in
the following chapters. Finally, we study aspects about the monotonicity and asymptotic
behavior of the parameters g9 (¢) and the connection coefficients b(®).

The next result allows us to determine when {047(—;])}7121 is a multiple or a single para-
meter positive chain sequence.
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Theorem 2.5.

(i) Let g€ R\[a,b]. Then &9 # 0 and {a'D},>1 is a multiple parameter positive chain
sequence.

(ii) Let ¢ =a or ¢ ="b. Then {a'D},> is a multiple parameter positive chain sequence
if B9 #£ 0 and it is a single parameter positive chain sequence if K? = 0.

Proof. Let us first assume #@ # 0. From Theorem and taking into account ([2.20)),

we can see that
7(@)
>0

9 (e) = (1 — e)hg

q—C
uniquely determines a parameter sequence of {a(9},~; for each ¢ in the range [0,1).

However, if either ¢ = a or ¢ = b and 9 = 0, the minimal parameter sequence {m(?}, >,
which can be given by (2.3)), exists and is the only parameter sequence of {ay,},>;. =

2.3.1 Connection Formulas

We now look at some consequences of the results contained in Theorem [2.2] Firstly,

from Theorem [2.4| and from (2.21)

Qn+1( ) (1 - E)ﬂoﬁ(q n+1(Q)

;, n=0. 2.22
(¢~ cui1)[Qule) — (1 — Vi@ Qs (q)] (2.22)

Hence, from Theorem [2.2{ and using ¢\? (¢) = a!? /[1 — 97 (e)] we deduce

0\ (q) 09 (e) = 01 Qu1lq) — (1= MEDQ; 1 (q)
(¢ — o) O g) 7" q= a1 Qu(q) — (1 — ) AR Q% (q)

for n > 1. Combining these with (2.9 we find the alternative formulas to the coefficients

Qn— 1( ﬁofi
Qn()_(_>’40/€ n()

which appear in the Christoffel’s formulas ([2.8)).
On the other hand, from (2.23)) one gets

(2.23)

)

>~<7(1q,e = (q— Cn+1)97(1q)(6) =01 , n>1, (2.24)

~( © ~( *
0 2 @_ % 2@-(-9kF9Q) o g

QY q) (g cay)g?(e)  Quale) — (1= )hi@Q;_(q)

Therefore, takmg into account - we get the following formulas for the connection
coefficients b(¢9) that appear in ([2.7)

Qnia(q) — (1 - )ﬁo/f n+1()
Qn(q) — (1 — €) A9 Q3 (q)

With these formulas we can state the following theorem.

b\ = (¢ — cur1)[1 — g0 ()] = , 20 (2:26)
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Theorem 2.6.

~ € - 0 a "'an
Qif(a) = (1= )&V o YA

nlq) — (1 — ) AR @ Qz(q)

with " (q) = (1 — )& hy.
Proof. From (2.9) we get the expression for 9\ (¢) and
~(g,€ - Q ~ ~(q,€
a8l - TT 220 _ (1 gx LI 0z
J=0 Q] (Q)
Thus the desired result follows from (2.24)). n

The next theorem states that the rational functions
O\ (1) Qx () — 9,11 099 () Qs ()
Q1) (1) Qu(w) = 01 O (2) Qi (2)
are invariant under n when evaluated at x = q.
Theorem 2.7.
0\ (q) 9z (q )—0n+1Qq€( )9 -1(0) 1
0 (9)Qn(q) — 9,109 (q)Qn1(q) (1 — ) figi®

Proof. Multiplying [2:25) by 0\%7(¢)Q; (g

)
Q.(9)9;-1(q) — (
Qn1(q) — (

S
v
—_

gives

)ho
VhoR@ Qs (q) ’

. 1—
n+1Qq€)( ) n— l(q) = leq‘;‘l)(q) 1_Z

From this

0% () Q% (q) — 0,410 (q) Q7 (q) = Q% (q) 9, 1(9)25(0) — (@) 251 (9)

Qn-1(q) — (1 — ) ARDQ;,_(q)

for n. > 1. Similarly, by using (2.28) to compute 9,199 (¢)Q,_1(q), one finds

0% (9)Qn(q) = 9,11999(¢) Q-1 (g)
(1 — €) i@

for n > 1. This proves the desired result. ]

= QU (9)Q5(q) — 9,199 (q) Q%4 (q)

Now let {O9},50 denote the sequence of orthonormal polynomials with respect to
the measure 7(%9). Then we write

~ (qe (x)
n /ﬁ'gqe

Since ﬁéq’e) =1 and ﬁng’f) = ﬁéq NI ... 3% for n > 1, we get

[@(q»6)<x>]2 _ [Q qe)( )] n>1

- ~, n>1, (2.27)
SN

with [0 ()] = 1.
The following lemma will be useful in the proof of Theorem [2.9
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Lemma 2.8.

(1 — E)H{)/% 0203 an+1

A(4,€) 2 _
(001 (q)] 10(q) — (1 — ) i@ Q% (q)][Qnst(q) — (1 — ) ok @ Q%1 (q)]

with
ogp=— 17 _ (1= 9hiY |
Fla) =1 =¢)  Qilg) — (1 - e)hil?Qj(q)

Proof. Firstly, we have from (2.16)) and ([2.26)

<00 _ Q@) g0 _ Ail(g)
Ote = =g, On =09
' (q) 2 (q)

(¢ — cas))[1 = 99(%e)], n>0.

Then
L (@)
1— g (e) 11501 (q)
Multiplying both sides by ¢'?(¢) and then using yields
A G I (o v {U) S (U]
1-g”(0 PP (08 ()

On the other hand, from (2.22)) and ([2.23)),

6Oy Q) - (1-9kF )

T = Ontl >
1— gﬁzq)(e) i Qn—i—l( ) 1 - E)HOH(Q) Qn-i—l Q)
Setting n = 0 in (2.20) we find

() (1—9hEQ(g)
1-g(e)  Qi(a) — (1 - AR Qi(g)

Thus, comparing the product

n >0

Y

, n=>0.

~(q.e n g.
[Ow(ﬁrf@]? = H ]7@
n (2.28)) and ([2.29) gives the required result.

The next theorem gives an expression for the sum SN [0@)(¢))2.

Theorem 2.9.

n>1

Y

(2.28)

(2.29)

N n—1 (q) N ~(q) O*
ZH () Z (1_6)’40’%()QN(Q) ’ N >1.

n=1;=0 1 — gj n=1 QN(C]) — (1= ) hoR@Qx(q)
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Proof. Using the TTRRs (2.1)) and (2.17)), we can deduce

Qu(0)Q511(0) ~ Qi () Qi(0) = —001 [Qu(@) Q5 1(0) — Qs (0) Qi(0)
(2.30)

=0903...0,41, n>1.
Then we can write
(1 — ) A D003 -+ - 0py1 = (1 — ) HoR'D Q. (9) Q511 (q) — [(1 — ) AR D)2 Q5 (9) Q1 ()
+[(1 =€) AR D125 (¢) Q51 (0) — (1 — €) o Q1(q) ;i (q)

for n > 1. Therefore, substituting this in Lemma we get

7(a,€) 2 _ (1- ﬁo,g(q Q*+1( ) (1—¢) ﬁofﬂ Q,.(q)
[On—i-l(Q)] - Qn+1( 1—6 ﬁ()l{(q +1 (] Qn( )—(1—6);;0 (q) Q ( )

for n. > 1. Thus, the summation Y [0@9)(¢)]? gives the required result. [

n

The value of 3% ,[049)(¢)]? gives a characterization of the mass point of 7@ at
x = q (see [14, Thm. 2.5.6]). By Theorem

X HE (N2 — i (L VR O (9)/Qn(a)
;[On = T (1 — )o@y (q)/Qn(a)

Since v is a positive measure whose moments all exist, it is known that for ¢ € R\ [a, 0]
(see |14, Thm.2.6.2))

*

i (9) _

li ! (2.31)
im = ) .
Therefore,

oo 1—

>0 =~

n=1 €

2.3.2 Asymptotic Results

The following theorem prov1des some results regarding the monotonicity and asymp-
totic behavior of (%9 = n+1( )/ Q@9 (¢) with respect to .

Theorem 2.10.

(a) Let 0 <€ < ey < 1. Then

QM) _ |2 () Q.-1(q)
- o, , n>1

‘ )| 2 T e "

Moreover, [6@<)| < [b@<2)| for n > 0.
(b) For0<e<1andn>1,
59RO (g) Q.-1(q) 79| A,

1— — Vgl < (1 -
=9GP < |59~ o | < O awGn - FRe:
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@@‘Rq) Q,-1(q)
lim "*1 - > 1.

)
Proof. From g\?(€;) > ¢\9(ey) > m@ for n > 1,
A(g,€2)
) 2,11 (g) -~ m@ — Qn-1(q)

> n s =
(@ — 1) O~ (g —cns)O¥ (g~ " = e)Qnlg) "

From this the first part of @ follows. The latter part of @ follows from ([2.26).
Now to prove assertion [(b)} we have from (2.23)

9D (e) = [ 00419n-1(q) ] 1 — (1 - e hr Wi (q)
" (@ = 1) Qn(@) ] 1= (1= )R OW, (q)
where W,,(q) = Q(q)/Qn(q) for n > 0. Then from
O _ 1= (1= 0hF W, i)
m@ 11— —)ROW,(q)

Q% V(g

) n>17

Thus, one writes
D) _ ., (1 ORFD W, (@) - Wi (g)
@ — -
M 1— (1 — €) AR @OW,(q)
On the other hand, from (2.30) we have for ¢ € R\ (a,b)
005 001
Qni1(0)Qnla)”

n>1.

) -

Wn—H(Q) - Wn(q) =

Hence, for ¢ € R\ (a,b),
ﬁO"%(q)Wn+1(Q) - ﬁOR(q)Wn(CD > 07 n Z 1.

Formula (2.20) yields A& OW(q) = g0 (€)/(1 — €) > 0.
Furthermore, from (2.31]) we have for ¢ € R\ [a, b],

Tim AR DWW, () = 1.
Thus, for ¢ € R\ (a,b), we can write
0 < AR DWW (q) < Aok DWsy(q) < -+ < Be'“PW,(q) < 1.
Consequently, for 0 < e < 1,

(9) — O\ AnF )
(1= DRI~ W] < S <114 A DEDID) = Wil

Since A, = Ay, - - 0,41 for n > 1, from (2.3) we get
RO

Ll ey X A

Therefore,
(1—e)kDh, @ _ (@ (1—e)RDh,
(=)@l =7 T () [P AR OW, ()]

Thus, from ([2.3)) assertion @ holds. The assertion immediately follows by letting
e —1lin @ This completes the proof of the Theorem. [
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The next theorem gives the behavior of g(?(e) as |q| — oo.
Theorem 2.11. If 0<e< 1, then
lim g(()q)(e) =1-e

q—00
Moreover, the following statements hold:

(i) Letn > 1. Then
lim ¢{?(0) = 1.

n

q—o0
Precisely,
Qi (q - -
gT(Lq)(O): +1() :1_0n+2q2+0(q 3) as |q\—>oo

(4= cni1) Q7 (0)
(i) Letn>1. If 0<e<1, then
lim ¢'? () = 0.

q—00
Precisely,
o\ (g _ _
9 (e) = “(~()q,€) =% g2 +0(q7%) as lgf = oo
(4 = €ns1) Q0" (q)
Proof. Since
I &
q—T o = qurl
we can write ) b1 -
v
_— = d = J
(@) /a q—x V(ZC) 32_;) q]+1’
where vy = fiy and v; = f; 2/dv(z) for 7 > 1. Thus, from (2.20)
ROk (1—e)hy

— (1—¢€) as |g| = oo.

@) = (1 — ¢ r =
900 == = b S, (/e — /4

On the other hand, from
Quale) (/i) (1= hQs()/@unle)
(=)@ (rD) - (1- k@ = = &%

Now we analyze the second term in the product (2.32)). Note that ¢"/Q,(q) =1+0 (¢ ).
Then

1—gi(e) =

Q,.(q) L 2 Qulg) — Qu(o)
ﬁOQn = /a dv(z)

(@) Qulq) q—x
1 1 b Q,(x)
=5 0@ b ama ™)
1 X1 b
i@ Q,.(q) Jz:(:) qgnﬂ-ﬂ/a 2" Q, (x)dv(x)
1= M

_ _ J
o (9) Z q2n+j+1 ’

J=0
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With the observation 1/0 = h, we find
00 (n—l—l)
1 n+1(Q) €
1 Q" (q) S (n)
RO ﬁﬂ 9.(q) EZ ]+1 1—6)];(12,&“
From this, the second term in the product (2.32)) is
1 ) -2 -3\ _
@—(1—6)%m Dn—f—Qq +O<q ) if 6—0,
1 (0 _on .
=@ —(1—6)ﬁan(q> 1—|—O(q ) if €#0.
For the first term in the product (2.32)) we have
Qn+1(9) Qn+1(Q) -2 -3
(¢ = cnr1)Qnla)  Lns1(@) + 0pt1Qn-1(q) i ()
Multiplying these two terms gives the desired results. [

We now look at some consequences of Theorem Firstly, let us observe that by

using ¢; = v1 /1y and Ay = vy — ¢y we obtain

7(a) %, 17t
Then
AR\ =g —¢; — 0,7 + O (Q_Q) :
The next results give the behavior of b and E}Lq’e) as |¢q| tends to co.
Corollary 2.12. If 0<e< 1, then
b = eq — ecy + (1 — €)02g ' + O (q_Q) as |q| — oo.
Let n > 1. Then

b =0,007" + 0 (¢7%),
as |q| = oo.
bff’e) = —Cpy1 — Ops1q 14+ O (q_2> , 0<e<],

Proof. By combining the initial conditions in (2.14)) and Theorem one finds
60 89—, = g 30(g) e
=q— ¢ — (1 — E)ﬁ()/%(q)

(2.33)

Hence, the result concerning Eéq’e) follows from ([2.33]). Taking into account (2.26]) together

with Theorem [2.11] gives the remaining results.
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Corollary 2.13. If 0<e<1 then

A = (1—e)|eq® — 2c16q + (1 = 2000 + ¢fe + O (¢ ') | as |g| = oo,

Let n > 1. Then

Floo) ﬁ;j Lo ().

flao _ U —ﬁs)ﬁn

as |q| — oo.

Proof. From (2.13)) we can write

@) — (1 - )k, K289, n>0.

{q2 — (Cl + cn+1)q + C1Cpq1 — 02 — Oppy1 + O(q_l)], 0<e<,

Thus the results follow from Corollary and ([2.33)). ]

2.3.3 Nevai Class: Asymptotics

Following [30], a positive measure v is said to belong to the Nevai class M[c, 2v/0] if
its corresponding sequence of MOP is such that ¢, — ¢ and 9,, — 0. Then, in this case,

from (2:2)

lim o(? =@ = 2 .
o 1 (q— )

We recall from Theorem that {a(@},>; is a multiple parameter positive chain
sequence with our assumption %@ # 0. Thus, from Theorems and [1.8| we obtain that
al? < 1/4 and

lim ¢ (0) = ;[1 +y/1—4a9)],

n—oo
1
: @D(e) = 1 (@9 — Z|1 — _
lim g (6)—7}1_{1010771“ —2[1 V1 404(‘1)}, 0<e<l.

On the other hand, from (2.26)) we see that |6()| are bounded for any fixed ¢ € R\ (a, b).
Thus, (2.26) combined with the convergence of both g9 (¢) and ¢, guarantees the existence
of the limit

54 — Jim )
n—oo

Hence, from (2.14]) we can conclude that ¢(%9 — ¢ and 9{%9 — 9. Then we can use these
to confirm the well known fact that the measure 7(%9 also belongs to the Nevai class

Me, 2v/3] (see [8], [301).
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2.4 An Example

In this section we consider an application of Theorem to obtain an example of a
positive chain sequence whose all the parameter sequences can be explicitly given. Here,
we assume that the positive measure v is the Jacobi measure

dv(z) = (1-2)*(1+a)’dr, a,f>-1,

where [a,b] = [—1,1]. Hence, the monic orthogonal polynomials Q,, are the monic Jacobi
polynomials P(*#) defined in Section

Our aim here is to analyze the associated positive chain sequence {a(?},,>; in the case
q = 1, which we denote by {a{*®}, ;. In other words,

(109) Ay
CLn [ = o w o 9 n 2 17
(1 — )1 — e

(2.34)

where {c(®A}, 5, and {d;a_f)}nzl are the coefficients appearing in ((1.7)).
Now, from (|1.8]) we write

2"(a+ 1) (a+ 84 2)n-1

Qp(l)=1 and Q,(1) = T

n>1

Y )

and hence the minimal parameter sequence {mg’“ﬂ)}nzo of the positive chain sequence
{al®}, <, is such that m{"? = 0 and

) 9,1 (1) 1 2n(B + n)

mgzl’a’ﬁ) = = 9 n > )
1—c%MQ,1) 11— (a+pg+2n)(a+p+2n+1) -
where
2a—1 4(n+1
1o e 2oz Dt A rdnthatftn o5 (2.35)

(a+p+2n)(a+B+2n+2)

In order to make use of Theorem [2.2] to find all the remaining parameter sequences of
{all*Y <1 it is necessary that &) = (18 given by

1—111“1 Bd
S GO (RO

exists. Thus, we must assume a > 0 and we can state the following.

Theorem 2.14. Let a > 0 and > —1. For any € € [0, 1], let

(L,a,8) 1 20
€) =
90 (€) 1_Cga,ﬁ)a+ﬁ+1

(1—¢) and

(1,a,,8)(€) _ 1 2n(a+n)(B+n)(a+ B +n)
" 1_07(3;?)(a+5+2n)(a+5+2n+1)
XRl—dm—1ﬂw+1h4+da+nmﬂa+6+an

(L= enl (B+ 1)+ e(a+ Dala + 5+ 1),

, n>1.

Then {g{P (€)} >0 is a parameter sequence of the positive chain sequence {a(**®}, 51

given by (2.34).

Moreover, the following can be stated
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(a) {gt*D(0)}ns0 is the mazimal parameter sequence of {alb®®}, 51
(b) {g(1)},50 coincides with the minimal parameter sequence {mH*%}, 5q.

Proof. By Theorem [2.2) . for any e € [0,1), the sequence {g{"*?(€)},>0 is a parameter
sequence of {a(l®?}, o if

é(l,G)(l)
(L) nid
e (1= cni) Q1)

where {Q(19}, 54 is the sequence of MOP with respect to the probability measure

n >0,

7(LaB)

di19)(z) = (1 —¢) dv(z) + €d;

11—z
= (1— a1 —2) Y1+ 2)Pde + €.

Observe that

L o g, 2PT(a)T(B +1)
W_/_l(l_x) (Lt a)de = Lla+p+1)

Also, Q{19 (z) are the monic Jacobi polynomials P{~1%)(z). Thus, from (T.8)
2"(a)p(a+ B+ 1)p

OM”(1) =1 and QIO(1) = , n=>1
o () D= =t 5+ Do
Therefore, the maximal parameter sequence of {a{’®#}, <, is
(1 o ﬁ) 0 _ 1 20é d
90 (0) = 1_C§a,ﬁ)a+ﬁ+1 an
(LesB)(0) = ! A0t n)latptn n>1

1-deD(@+B8+2n)(a+B+2n+1)" — —

Now, to find all the other parameter sequences of {all MY -, we identify the poly-
nomials Q,(Il’e) (x) with the so-called Koornwinder polynomials. We remind that the study
of the orthogonal polynomials with respect to the measure

Ia+p+2)
200K (a + 1)T(B 4 1)

(1—2)*(1+2)’de + Md_, + Néy, (2.36)

is attributed to Koornwinder [I7]. If we denote by Q@AM (z) the corresponding monic
n-th degree orthogonal polynomial, then with the value of #(b®#) given above we can see
that

Q@) = Q100D @), > 1.

Hence, using some results found in [I5] and [I7], we obtain

(1 - 6)2n(n - 1>!(O‘)n<5 + 1)n71(0‘ + B8+ 1)n71
(a+ B+ D)o [(1—€)(n — DB+ V)us +e(a+ Doos(a+ B+ 1)

for n > 1. Then the results of the theorem follow from ({2.35)). ]

QL1 =
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Now we consider the special case in which a = 8 = A +1/2 > 0. Here ¢®# = 0 for
n > 1 and we can state the following corollary.

Corollary 2.15. For A > —1/2, let {a{M},>1 be the positive chain sequence given by

o = n(2A+n+1) s
AN +n)(A+n+1)

For any € € [0, 1], let

) _2)\—1‘1 B
9 (6)72)\4—2(1 €) and
l—e)n—1)4+e(2A+2),_
49 () n(2)\+n+1)[( ) ) ( ) 1} 0> 1.

S 200n+1) [ - onl+ (20 +2),]

Then {g™ (€)}n>0 is a parameter sequence of the positive chain sequence {a{M},>1.

We remark that the minimal parameter sequence {g{V(1)},>0 and the maximal para-
meter sequence {gV(0)},50 of {aM},>; are well known and have appeared, for example,
in [7].



3 Sobolev Orthogonal Polynomials
from CPPM2Ks on the Real Line

The aim of this chapter is to consider the orthogonal polynomials S, (v, 11, s; x) with
respect to the positive definite Sobolev-type inner product

/f x)dvg(x +s/f x)dvy(z), s>0,

where the pair of positive measures {1y, 1} is a coherent pair of positive measures of
the second kind (CPPM2K) on the real line. We study some properties of S,, (v, v1, $; )
and establish the connection formulas they satisfy with the MOP corresponding to the
measure vy. It is also shown that the zeros of S, (1,11, s;x) are the eigenvalues of a
matrix which is a single line modification of the well known n X n monic Jacobi matrix
associated with the measure 1. The main results in this chapter were published in [18].

3.1 Introduction

Let {vg, 1} be a pair of positive measures supported on the real line. Following [11],
we say that {1,141} is a coherent pair of positive measures of the second kind on the
real line (CPPM2K on the real line, for short) if the corresponding sequences of MOP
{Pn(vo; ) }nso and {Py,(v1; ) }r>o satisty

1
PI

] (Vo) = Po(viyx) — TpProa(vix), 7, #0, n>1 (3.1)

It was shown in [I1] that a pair of positive measures {1y, 1} supported on the real line
is a CPPM2K on the real line if and only if there exists an admissible pair of polynomials
(A3, Ay), with deg(As) < 3 and deg(Ay) = 2, such that

—/p )dvi(z /p )As(z)dvy(x) and
(3.2)

[ p@)dni(@) = [ o) As(w)dvo(x),

for every real polynomial p. Recall that the admissibility condition of (Ajs, A2) holds if
no + nty3 # 0 for n > 1, where 1, is the leading coefficient of As and t3 is coefficient of
degree 3 in Az. The characterization formula shows that 1y and v, are semiclassical
positive measures of class at most one.

51
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Moreover, the constants 7,, in the coherence formula (3.1)) satisfy

Vo

n+1
n=Tn(Vo, 1) = ———~— 92+ (n — 1)t3], > 1,
Tn = Ta(10, 1) (n+1) 7,;1_1[02 (n—1Dt], n
where
fro — / P (v )P (v; ) v (),
n > 0.
= /Pn(yl;x)Pn(ul;J:)dyl(x),
We define the Sobolev-type inner product (-, )g as
(.90 = [ F@)g@u(a) + s [ f(@)g @), s>0, (33)

where {vg, 11} is a CPPM2K on the real line. Let us denote by {S, (v, 11, $; ) }n>o the
sequence of monic Sobolev orthogonal polynomials (MSOP for short) with respect to the
inner product (-, -)g. Clearly, the positive definiteness of the inner product (-, -)g assures
the existence of the sequence {S, (v, v1, $; ) }n>o-

Finally, we remark that the inner product (-,-)es can be rewritten as

<f7 g>6 = <f7 g>l/o + S<f/>g/>l/17 s >0,

where (f, g)v, = [ f(x)g(x)dvo(z) and (f, g}, = [ f(x)g(z)dv:(z).

The outline of the chapter is as follows. In Section we deduce a preliminary result
concerning S, (v, v1, 8;2) as a linear combination of {P;(vy;7)}7_. In Section we
prove that two consecutive Sobolev polynomials can be written in terms of a orthogonal
polynomial corresponding to the measure v using a simple connection formula. Further
results about the connection coefficients are also explored. In Section we deal with
the connection coefficients in the special case they are assumed to be rational functions.

Finally, in Section we show that the zeros of S, (v, 1, s;x) are the eigenvalues of
a matrix which is a simple modification of the well known n x n Jacobi matrix associated
with the measure 4. Taking into account that the zeros of S, (v, v1, s; ) can be complex,
we provide strips within which these zeros lie.

3.2 A Preliminary Result

We start this section by defining the sequences of elements {p,, },,>1 and {q,, }»>1, which
will play an important role in the sequel. Let

Qi1 = sn(n+ DA 7,

n>1, (3.4)
Pny1 = ﬁrl:?H +s(n+1)2[A0 + A 72,

with q; = 0 and p; = A° + s}

Now we consider the expression for S, (v, 11, s; x) as a linear combination of the poly-
nomials {P;(0; ) }j—o. The next result follows analogously from a result shown on the
unit circle (see [2I]). For the sake of completeness, we also provide its proof.
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Theorem 3.1. Let {vy, 11} be a CPPM2K on the real line. Then the sequence of MSOP
{Sn(vo, 11, 8; @) bn>o with respect to the inner product (-, -)e is such that

So(vo, 11, 8;2) =1,  Si(vo, 11, 8;2) = Pi(vo;z)  and
Sny1(vo,v1,8;0) = Py (vo; ) + Zan-H] (vo;z), n>1

Here, a, = [ay411, 0nt12,- - Guy1n] | s the solution of the system of linear equations

Tn Ap = (n+1€n,

where e, is the n-th column of the n xn identity matriz and T, is the nxn real symmetric
tridiagonal matriz

[P 92 |
—fq2 P2 —Oq3
T, =
_qnfl pnfl _qn
i —An Pn |
Proof. 1f we write
n+1

Sn+1 (Vo, V1, S; Z' Z an+1,j Vo, ) with Antintl = 1,

then by considering the orthogonality of S,+1(v0, V1, s; ) we can deduce

0= <77k(V0; ')7Sn+1(V07V178; )>6

n+1 n+1

Pk Vo, Z App1,; P Vo,')>u0 +s Pk VOv' Z any1,;P V()a )>u (3_5)

n+1
—ﬁ Qpi1k + S Pk Voy' ZanJrlj Vo; ))

forn > 0and £k =0,1,...,n. From this, with the observation P}(vo; z) = 0, P;(vp; ) = 1
and P4 (vo; x) = 2[P1(v1;x) — 1] we find
ap+10=0 and [ﬁ{’o + 5 ﬁo"l]anﬂ,l — 23ﬁ0”1¢1an+1,2 =0 for n>0.
Substituting into gives
0= —s(k—1)km 1A 9ani1p1
—l—[ﬁkyo + sk? ( AR )}anﬂ w— sk(k+ DA a1,
for k = 2,3,...,n. Hence, since a,41,+1 = 1, we obtain the required system of linear

equations. This completes the proof of the theorem. n

Later in this chapter we show that the matrices T, are positive definite. This fact gua-
rantees the existence of a unique solution for the systems T, a,, = 4,11 €,. Consequently,
one can use this to verify the existence of the sequence of MSOP {S,, (v, v1, 5; ) } >0 With
respect to the inner product (-, -)s.
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3.3 The Simple Connection Formula

As we have mentioned in the introduction, one of the most important characteristics
of the polynomials S, (v, v, s;x) is the simple connection formulas they satisfy. The
following result states that two consecutive Sobolev polynomials are connected to an
orthogonal polynomial corresponding to the measure vj.

Theorem 3.2. Let {vy,11} be a CPPM2K on the real line. Then the sequence of MSOP
{Sn(vo, 11, 8;x) bn>o with respect to the inner product (-, -)e satisfies

Sn(vo, 11, 8:2) — Y1 Spea(Vo, 11, 83 2) = Pr(vpi ), n>1, (3.6)

where So(vo, 11, $;2) = 1 and v, = v, (v, 11, 8) are such that

qn+1
Y =0 and Tn = B — G s’ n > 1. (3.7)
Here, the elements p,, and q,, are as in .
Proof. Let us consider the expansion
n—1
Prn(vo; ) = Snlvo, 11, 852) + Z AniSi(vo, v, 851),
j=0

where Sy(vo, 11, s;2) = 1, S1(vo, 11, 5;2) = Pr(vp; ) and

(Pr(vo;-), Sj(VOa V1,85 0))e o (P (vo; ), S],'(I/(—)’ V1, 857))n

Ani = =
7 <Sj(V07V173§')783'(”07”1;3;')>6 <Sj(VO>V175§')78j(V07V175§‘)>6

for n > 2 and j = 0,1,...,n — 1. Hence, substituting for P/ (vp; x) using (3.1) we get
Anj=0forn>2and j=0,1,...,n — 2. Moreover,

8<P1,1(V0; ')7 87/1—1(”0’ V1, 85 ')>V1
<Sn—1(VO; vy, S8, ')7 Sn—1(7/o, V1, S5 ))6

—Tn-1 = /\n,n—l - , N 2 2.

Thus,

qn+1
=0 d n = , > 1. 3.8
o o i <Sn(V07V175; ')7Sn<V07V175; )>6 " ( )

With the observation S, (v, v1, $; ) is monic, we have
(S, (vo, 1, 854), Su(vo, 11, 85 ))s = (Su(vo, 1, 8;+), Pu(vo;))e
= k0 + 5 (S (v, v1, 8;+), Pl (103 ) -
Thus, from S}, (vo, v1, s;2) = P (1o; ) + V-1 S,_1 (Vo, V1, 53 ) and (3.1)),
(Sn(vo, 11, 8;+), Sn(vo, 11, 85 ))e
=h"o +s [nQﬁ,’f_l +n?72 ,l{l_g] —s5(n—D)nTp 1 A 9yns (3.9)
=Pn — n V-1,

which gives the statement of the theorem. [
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Comparing the results in Theorems [3.1 and [3.2] we can write
Sn(vo, 11, 8;32) = Pu(vo; ) + Zanﬂ (vo;), n>2, (3.10)

where the elements a,, ; appearing in Theorem satisfy
Appn-1 = Yn—1 and
Unj =Y Onjt1 =V Vi+l - Vn—1, J=1,2,...,m—2.
The next theorem gives an upper bound for the ratio v, /7.
Theorem 3.3. The connection coefficients ~, = vn(vo, V1, ) that appear in satisfy

n b b 1
0 < Worns) ntlo Sy (3.11)
To(vo, 1) n

Proof. Observe that gives (n117v, > 0 for n > 1. Hence, from
TnYn >0, n>1.
Now by combining with the minimal norm properties of MOP, one finds
(Sn(vo, 11, 8;4), Sn(vo, 11,8 ) >
(Puv0; ), Pr(V0;))uy + 0% (Prc1 (13 ), Pt (Va5 )iy, 1> 1

Then
(Sn(vo, 11, 8;7), Sulvo, v1, 8:)) e > AP + 50?7, n> 1.
Thus, the desired inequality follows from (3.9)). [

Now, let us consider the sequences {m,},>¢ and {0, },>1 which we define by

q2
and o0,=—"1 n>1 (3.12)

Here, p,, and q,, are as in (3.4)). It is easily verified from ({3.7]) that
op=01-m,_y)m,, n>1 (3.13)

Thus, from the knowledge that my = 0, m,, > 0 and o, > 0 for n > 1, there also holds
0 <m, <1forn > 1. Hence, the sequence {0,},>1 is a positive chain sequence and
{m,, } >0 is its minimal parameter sequence.

By considering the tridiagonal matrices T,, in Theorem [3.1I] we easily find that the
respective monic characteristic polynomials C),(z) are such that

Cu(2) = (2 = P)Ca(2) = 4,Cn2(2), n =2,
with C}(z) = z — py and Cy(z) = 1. Moreover, from C,,(0) = (—1)"det(T,),

det(T,,) = pydet(T,—1) — qodet(T,—s), n>2,
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with det(Ty) = 1 and det(T;) = p;. From this,

det(T) l det(Thi1) ] Tt >1
— |1 - = , n>1.
pndet(Tnfl) anrldet(Tn) PrPni1
Thus, comparing this with (3.13)) there follows
det(T
0 W) <1 n>2 (3.14)

pndet(Tn_l)

From the principal minors det(Ty), k = 1,2,...,n of the matrix T,, are all
positive. Hence, by the Sylvester’s criterion the matrix T, is positive definite. We can
therefore consider the Cholesky decomposition G G, = T,, where G,, is an upper
triangular 2-bandwidth matrix with positive diagonal entries.

Theorem 3.4. Forn > 2, let G G, be the Cholesky decomposition of T,,. If

911 g2 0 ... 0 0
0 g22 @23 ... 0 0
0 0 933 ... 0 0

Gn = )

0 0 0 <. gnfl,nfl gnfl,n

00 0 ... 0 g |

then gi1 = /P11 —my=/p1 and
Jk+1

Okk+1 = — — ,
A S A
Okt 1kl = VP V1 —my,

Moreover,
Yo = o+t > 1
= . n :
" (1 - mn—1>pn o
Proof. By equating the corresponding nonzero entries in successive columns of T, and
G, Gy, one finds g7 | = p1,

Ok.k Bk k+1 = —Yk+1,
gz,kﬂ + 92+1,k+1 =Pry1, k=1,2,...,n—2, (3.15)
Ok k+1 Bkk = —Qk+1,

with In—1n—18Bn—1n = —(n and gi_lm + gim = Pn.
Clearly, the formula in the theorem holds for g; ;. To obtain the remaining elements
we assume gir = /Pry/1 — my_; and get the required expressions for gy r4+1 and gr41 k41

From (3.15]) we have

2
2 - 2 o Ok+1
Oit1h+1 = Pht1 — B y1 = Pot1 — —5 -
Ok.k Ok k

r+1
ngH_l = — and
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Thus, the expression for gy ;41 immediately follows. To obtain the latter part we observe
that

9i+1,k+1 = Pk+1 — Pk+1 1 ) = Pr4+1 — Prt1 My,

where o, are given by (3.12). Hence, this confirms the expression for ggi1 g1
Now to obtain the expression for 7,, we consider the two n x n systems of linear
equations GTTL u, = (1€, and G,a, = u, that follow from T, a, = q,1€,. Here, we

set u, = [uy, U, ..., u,]". From the system G'u, = q,1e,, we first obtain
On+1
U1:O,U2:0,...,Un_1:0 and un:gn .
n,n

Now computing the value of a,41, from the system G,a, = u,, we find

Unp, o Jn+1

5 -
gn,n gn,n

Tn = Qntin =

This completes the proof of the theorem. n

3.4 The Coefficients v, as Rational Functions

The connection coefficients =, = v,(vo, 1, ) can be given as rational functions which
are related to a sequence of MOP satisfying a simple TTRR. Firstly, let us assume the
connection coefficients =, = v, (v, V1, s) that appear in , which depend on s, to be
such that

Tnfl(t)

ra(t)
where r(t) = 1 and t = \/s. Here, we also assume A # 0 to be an arbitrary real number.
Then from (3.7)) one can write

Y = n>1, (3.16)

qn+1rn(t) = pnrn71<t> - ann72(t)7 n = 27 (317)
with qor1(t) = p17o(t). Thus, with the use of (3.4)) we can state the following theorem.

Theorem 3.5. Let Ry(t) = 1o(t) and R, (t) = \"Apry(t), n > 1, where

vy
Ag=1 and A,=n(n+ 1)7’nﬁ”—_1An_1, n > 1.
vo

n

Then {R,}n>0 s a sequence of monic polynomials satisfying the TTRR
Rn—l-l(t) = [t + (en+1 + fn+1))‘]Rn(t> - enfn+1)‘2Rn—1(t)> n=>1,
with Ro(t) =1 and R1(t) =t + (e1 + fi)A, where f; =0,

2 L1 2_2 L1
i,y (n+ 1) by
TEELand = L sl
no n+1

Cn =
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Proof. Substitution of the formulas from (3.4)) into (3.17)) gives

%= [os )Z':]To(t)7
tqﬁtﬂlf (t) {t+27:(ﬁ”11+ R 2)}”‘1“) -

Since tq,4+1 for n > 1 are independent of ¢ and

t
AA,, H Zj:gl, n>1,

we obtain the required recurrence relation for {R,, },>o. m

With the observation e, f,.1 > 0 for n > 1, by using Favard’s Theorem we can
conclude that {R,},>o constitutes a sequence of MOP with respect to some positive
measure v supported on the real line.

The next result gives information on the location of the zeros of R,,.

Theorem 3.6. If A <0 (resp. A > 0) then {R,}n>0 is a sequence of MOP with respect
to a positive measure v supported on the positive half (resp. negative half) of the real line.

Proof. From the recurrence relation in Theorem [3.5 we have

enfn-i—l)‘2
[t + (en + f)A[t + (€ns1 + frr) A

[1 - En—l(t)]gn(t) = Qn(t) = n>1,

where (y(t) = 0 and

Rui1(t) n>1. (3.18)

=60 = e s e "2

It is easy to show that {0, (0)},>1 is a positive chain sequence where its minimal parameter
sequence {£,(0)},>¢ is such that

Rn+l(0)
(en-i-l + fn-i—l))‘ Rn(o)

Thus, if ¢ is such that A/t = s > 0, then p,(t) < 0,(0), n > 1. In this case, by using
Theorems and we obtain that the sequence {o,(t)},>1 is also a positive chain
sequence and its minimal parameter sequence {¢,(t)},>o is such that ¢,(¢t) < ¢,(0) for
n > 1. Therefore,

Rn-i-l (t)
[t + (ent1 + frur1) A RA(2)

From this, for ¢ such that A/t = s > 0, we find sgn(A)R,(t)R,+1(t) > 0 for n > 1. Thus,
it is easily seen that if A < 0 (A > 0), then R,, has only positive (resp. negative) zeros. m

En+1
=1—-/4,0)= ————, > 0.
(©) ent+1 + fri1 "=

:1—@@)>1—aﬂn:€¥ﬁ?+f n>1. (3.19)

The following theorem gives a monotonicity property associated with ~, (v, v1, $).



The Coeflicients v, as Rational Functions 59

Theorem 3.7. Let v, = v,(vo, 1, 8) be the connection coefficients that appear in (3.6).
Then |V, (v, v1, )| is a strictly increasing function of s for each n > 1.

Proof. From ({3.16)) and Theorem 3.5, we have for A/t = s > 0,

ALl AR,_1(t)
n| = , n>1.
el = AT R

Thus,

i| ’ _ |An|)‘ R;’L(t)RTL—].(t) _ Rn(t)R;z—l(t)

ar' " T A Ra(0) |
Observe that, from Theorem R, () Rn-1(t) — Ro(t)R,,_1(t) > 0 for t € R. Hence,
we conclude the result of the theorem. ™

The next result, when compared to (3.11]), gives an improved upper bound for the
ratio v, /Tp.

Theorem 3.8. Let 7, (v, v1, s) be the connection coefficients in (3.6) and let 7, (vo, v1) be
the coefficients in the coherence formula (3.1)). Then, forn > 1,

Y (0, V1, 8) L nt 1 s(e,+ fn) and  lim To(to v1,8) _ nt 1.
Tn(Vo, 1) n 14 s(e,+ fn) s=o0 1, (v, 1) n

Proof. Firstly, observe that

A, 1
An—l - e Tn€n, n > 1
Hence,
= A, AR,_1(t) _ (n+ 1)t Ae, Rn_l(t), N1
A1 Ra(t) n R.(t)
Now using (3.18)) to express R,—1(t)/R,(t), we get
Yo N1 AEp,
T _ . n>1
T on [+ (ent NI -l 7
Therefore, from (3.19)),
Yo n+1 e,
— < ) > 17
N Ay P FEy AT R
for s = A/t > 0. Moreover,
1
lim 2% = Jig 22 = 2 e n> 1.

s=00 T, =0 T, n (en+ fu)[l = £,_1(0)] -
These, together with (3.19)), give the required results of the Theorem. [
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3.5 The Zeros of S, (vy, 1, s; 1)

We now show that the zeros of S, (v, 1, s; ) can be obtained as the eigenvalues of
a matrix which is a single line modification of the n x n monic Jacobi matrix associated
with {P,(vo; z) }n>o-

Let

s, () = [So(vo, v1, 8;2), S1(vo, V1, 832), . .., Sn1 (v, V1, 8;0)] T and
P () = [Po(Vo; z), Pi(vo; ), ..., Proi(vo; m)]T

for n > 2. Then, in a matrix form the connection formula (3.6|) reads

Lpsu(z) =py(z), n=>2 (3.20)
where _ -
1 0 0 0
r.—| 0 —m 0 0
L 0 0 —Vn—2 1 ]
On the other hand, from (|1.2)) we can write
rpl(x) =J0p(z)+ Pu(vo;x) e, n>2, (3.21)

where J is the n x n monic Jacobi matrix associated with {P,,(vy; ) },>0 and e, is the
n-th column of the n x n identity matrix.

Now let z;) < 2,05 < --- < 7%, denote the zeros of P,(vo; ), which are also known
to be the eigenvalues of J?°. Thus, for n > 2, one has

Tog P () = TP (), G =1,2,...,m.

Theorem 3.9. Forn > 2, let A,, be the n X n matrix

0 0 0 0
0 0 0 0
A, = : : : :
0 0 0 0
i 0 an1 © Opn—2 Cln’n_l_

where the elements a,; are as in Theorem [3.1] and satisfy

nj =YY+l -+ Vo1, J=12,...,n—1

Then the zeros of S, (v, 11, s;x) are the eigenvalues of the matriz J¥° — A,,.

Proof. Let

n—1
18,-1(v, V1, 8,1) = Z 0n.;S;j(v0, 1, 8;1) + Sp(vo, v1, 8510),
=0

n > 1.
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Hence, for any n > 2 we can write

s, (x) = Uy, s,(z) + Sn(vo, v, s5) €y, (3.22)
where ) )
0o 1 - 0 0
9270 6‘271 cee 0 0
enfl,[) enfl,l e enfl,an 1
L en,O Hn,l T 9n,n—2 en,n—l_

Observe that the zeros of S, (v, 11, s;x) are the eigenvalues of U,,.

From (3.20)) one can write s, (z) = T',,! p»(z) for n > 2. Thus, from (3.22)) with the

observation I',e,, = e,,, there holds
rp(x) =T, U, ' p2(z) + Su(vo, v1, 5 7) €. (3.23)
Hence, combining with one finds
J0 p2(x) + P, (vo; z) €, = T, U, L p(z) + S, (v, v1, 5;7) €.
By evaluating these at the zeros of P, (vp; x) we get

Jrepy(r;) =T,U,T', Lpro(z °) + Snlvo, v, s 2y) en,  J=1,2,...,n.

On the other hand, since S, (vo, 11, 5;2) = Y721 6 ;Pj(10; ) + Pn(v0; ), there follows
Sn(V07V175 T, ) n:AanO(‘xZ?j)? j:1727"'7n7

) <¥n,j

and hence,
3o po (o) = LU, + Ay plo(ay), j=1.2.....n.

Thus, from the linear independence of the eigenvectors p;°(z,), Py (752), - - -, Py (212,)
one finds

Jo =T,U0,T,'+A,.

Therefore, the matrices J/* — A,, and U,, are similar and have the same eigenvalues.
This completes the proof of the theorem. n

Taking into account that the zeros of S, (1,1, s;x) can be complex numbers, the
following results provide strips within which these zeros lie.
Theorem 3.10. If ,; is a zero of S,(v, 1, s;x) then the following can be stated

(@) [Tm(Gus)| < 14 ax Jansl

1 /"= 1 ﬁuo 1/2
0) 1)l < 5 (X atig-)
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Proof. The assertion [(a)|follows from Theorem applied to (3.10). To obtain the latter
we make use of Theorem on (3.10) to find

1

n n—1
3 m(6,)| < WT( > e )

Since complex zeros appear in conjugate pairs we have the latter result of the theorem. m

1/2

Finally, by using the bound (3.11]) together with Theorem we have the following.

Corollary 3.11. If (,; is a zero of S,(v, 11, s;x) then the following can be stated

n n—1
@ [mGo)l < 1+, max 45 T oo )] s

1 n 2ﬁ]/0 n—1 1/2
0) (Gl < 5 (X Sz [T F00m)

i=1 U1 k=



4 The CPPM2K-J and Associated
Sobolev Orthogonal Polynomials

This chapter is devoted to the study of the Sobolev orthogonal polynomials that follow
from a special example of a CPPM2K on the real line in which one of the measures is the
Jacobi measure. In fact, this example provides a much more detailed study of the aspects
of the polynomials and the connection coefficients that follow. The main results in this
chapter were published in [18§].

4.1 Introduction

In this chapter we study an example of a CPPM2K in which v, is the Jacobi measure
and vq is a Geronimus perturbation of v;. Precisely, the example that we consider is such
that

CPPM2K-J: {wy, 1} = {p@Pe9 ylothitly

where the measures p(®? and ji(*#%9 which we consider to be probability measures, are
defined as follows:

(i) (@ is the Jacobi probability measure on [—1,1] given in (L.5). We write
dp @ (z) = @A (1 - 2)*(1 + 2)dz, «a,8 > —1, (4.1)
with

() a4+ 5+2)
C 20t (a+ DT(B+ 1)

Hence, its corresponding sequence of MOP are the monic Jacobi classical orthogonal
polynomials {P*#}, -, (see Section [1.4)).

Ui

(ii) @(®#29 is the probability measure such that

ﬁ(a,ﬁ,q)

41 (@) = (1= )Ll w) + €8, (1.2

r—q

with |¢g| > 1 and 0 < e < 1. Its support is given by

T(q) = {[—1,1] if e=0,

~1,1U{q} if O<e<l.

63
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We set the constant 7(®%%) as

1 L1
— (a,5)
ﬁ(aﬂ#}) - /_1 T — qd:u (QZ),

so that fi(*#%9) becomes a probability measure for every ¢ € [0,1). Here, the values of
«, f must be such that 1/7(*%% exists. Thus, in general we assume «a, 3 > —1, with the
exceptions: 8 > 0 when ¢ = —1 and o > 0 when ¢ = 1.

In what follows, we denote by {P(*#4)}, -, the sequence of MOP with respect to the
measure ji(*%®9)

Remark 4.1. Clearly the measure fi(®%9¢) constitutes the particular case of in
which v = p®# and @ = —7@B9  Therefore, we shall use the results contained
in Chapter |2 to study the connection between the sequences of companion orthogonal
polynomials {PA}, o and {PFe)Y .

The aim of this chapter is to consider the Sobolev orthogonal polynomials that follow
from the pair CPPM2K-J. Precisely, we will look at the orthogonal polynomials with
respect to the Sobolev-type inner product

1
(F Oswnen = [ @R w) 15 [ @) @ap D), 5> 0

In what follows, we will denote by {S{®#@¢3)} - the sequence of MSOP with respect to

the inner product (-, )3 saq.s- Lhey satisfy the connection formula

S{Pa) () = A SIOP1) () = PP (2), n > 1,

In the next section we provide some preliminary results to be used in the sequel that
follow as direct applications of the results contained in Chapters[2]and[3] Some results re-
garding the connection coefficients 7(®%%%) are stated. In particular, we consider the mo-
nic polynomials R(®#%9 obtained in the special case F(@8aeMt) = p(@509 ) 18 (g,
In Section we will see that when ¢ = 0 and |q| = 1, the polynomials R(*#4) are
related to a subfamily of the so-called Wilson polynomials. Section is devoted to the
asymptotic properties of S(®#¢¢9) and 4% with respect to the parameters s, ¢ and
n. Finally, in Section we show that when |¢| =1 and s is sufﬁciently small, the zeros

of §l@A955) are real, simple and interlace with the zeros of P(a"g 29)

4.2 Preliminary Results
Consider the sequence of positive constants {ii,gaﬁvm}nzo such that

77 B¢ ( )77,(10"5"”6) (x) dﬁ(o"ﬁ’q’e) () = kéa’ﬂ’q’ewm,n, m,n=20,1,2,....

Z(q)

Let {&@A99}, o1 and {d7%},51 be the coefficients in the TTRR
Pir (@) = (x = ") P ) — P (@), > L,

with P{*70) () = & — &) and P (2) = 1.
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From (2.12) there holds the relation

PL(w) = P (@) — BP0 PO (@), 20, (13)
where = (B.0,6)
«,,q,€
6 a,B,q,€) _ ﬁn—l—l

(1 — e)ijleta i)
Differentiating both sides in (4.3)) and then using ((1.9), there follows

]- ~(a c ~ «
P (@) = PRI (@) — AP P @), n> 1, (44)
n—+1
where
o) - s,
n+1

Thus, confirms that the pair of measures
{vg,1n} = {ﬂ(a,ﬁ,q76)7ﬂ(a+1ﬂ+l)}
is a CPPM2K on the real line. As shown in [11], the CPPM2K-J verifies with
As(x) = sgn(q)(z — g)[(a+ S+ 2)z — (6 —a)] and
As(z) = sgn(q)(z — q)(2* — 1).
Observing the sign of 7(*#% we see that
sgn(q)b( @79 >0 n >0,

Moreover, from ([2.14]) one can write

cz(‘iqu,e) (€Biac) (0 B.ac) d(C::ﬁl? 5) 3
E?a,ﬁ,q,e) + 5n+71’q’ tpleted — o = [;("75 D + o+ [,7(1 .8, q,)
~n n—1 o Z 17 (45)
I8 D e et _ e
B(aﬁqf):[;(agqe) and B,4:€) —|—b B:4:€) = _|_[,£L,Bq,)7
n n—1
with the initial conditions
~(a € o ~( 6 M d’(a,ﬁ,q,e) a )
gebae) — pleob) y plabae) oy () _ gypefa) and E?M’q’e) + B — o
0

Note that P(#19) and P81 are special Koornwinder polynomials (see (2.36)).
In particular, for a > 0, # > —1 and n > 0,

D@BL0) _ pla=18) 14 pe8:1.0) 2(n+1)(B+n+1)

" " (a+ﬁ+2n+1)(a+6+2n+2)' (4.6)

Likewise, for « > —1, 8 > 0 and n > 0,

o) _ 2(n+ 1)(a+n+1)

PpleB=10) — plaf=1)  4pq b (a,8,— )
" " (a+p+2n+1)(a+5+2n+2)

From Theorem we obtain the following simple connection formula.
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Theorem 4.2.

= SEP (@) = PP (@), n> 1, (4.7)

n

{2490

where 8P (2) = 1 and

,’5/((]04757%578) —0 FlaBaes) — Cln+? e n>1 (4.8)
’ n ﬁglaﬁ,qveys) _ q( a,B,q,€,5) %(Tciﬁ $0,6,5)
Here, the elements p{®595%) and §(@P%%) are such that
qifq@@__sngﬁy I&H)waﬁqq
n>1, (4.9)

Pt = BTN 4 s[(n o+ D)2REELEED 4 2 T (B 02

n

U)Zth q(OZ’ﬂ,q’E S) 0 and ﬁgavﬁquevs) — ﬁl(ava(LE) + s ﬁo(a+176+1)~
From Theorem [3.3 we get

f?éaNB?q?e’s)

0 < <1, n>1

Egla,ﬂ,q,e)
This also gives
sgn(q)7@Pees) >0, n>1.

By using Theorems and we can write the connection coefficients 7%/

rational functions which are related to a sequence of MOP satisfying a simple TTRR.

as

Theorem 4.3. Let A # 0 be an arbitrary real number and write

A'E‘La’ﬁ’q’E) ARS&??‘LE) (t)

5 (aB,q.e0/t) _
Tn o a,3,q,€ a,f3,q,€ , n=>
NSRRI
where
) (a+1,8+1)
Aé@éﬁﬂﬁ) -1 and A o,B,q.€) —n2b$la’5’q’€) n-l Agﬁf’q’e), n > 1.

JACREES)
Then {R\@#29Y, ~q is a sequence of MOP satisfying the TTRR
R () = [t + (enrt + fur) NREPEI(E) = e fut PRI (®), > 1,

with R4 (t) =1 and R (t) =t+ (e1 + f1)A, where f =0,
ﬁ(a—l-l ,8+1)

ﬁ’rLa7ﬁ7q7

[6 (o, B,q,€) ]Qﬁ(aJrl ,B+1)

_ (06757(175) —
fn+1_fn+1 - ﬁ(aﬁqve) 9
n+1

en e e’,(’l/a7/87q7€) s

n > 1.
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4.3 Asymptotic Results

In this section we study the asymptotic behavior of :yff’ﬁ’q’e’s) and S,S""B’q’f’s) with
respect to the parameters s, ¢ and n.

4.3.1 Asymptotics for 7*%%*) and S(*#4%%) with respect to s

We now state the following results on the bounds and asymptotics of 7(*#4%) and
S(@Ba¢5) with respect to s.

Theorem 4.4. Let n > 1. Then the following statements hold:
(i) |FleBaes)| s q strictly increasing function of s;

50869 s(Eleae) 1 flapa)

(11) B%a,ﬂvqye) < 1+8( ~(a,8,q,€) ﬁga,ﬂ,q,e));

T
(i) Jim Semes = b

(iv) lim S'@Aaes) (z) = H 6 (chiae),

§—00

Proof. The assertions concerning the coefficients 7(®#%¢%) follow from Theorems and
combined with the coherence formula (4.4). Now, to obtain the asymptotic behavior
of §{@Aa<3) by continuity we have from ([4.7)

lim S(5a9) (1) — pl*e) lim S () = PLBad () p > 1,

§—00

On the other hand, observe that [P (z)+a,) = nP*T# (1), n > 1, for any constant
an. Hence, by considering the inner product s™'(-,-)gs.q.cs and the corresponding
orthogonal polynomials S{®%%) as s — oo, there follows

lim S(@2049) () = P () +a,, n>1,

S§—00

where the constants a,, still need to be determined. By combining the two above formulas
one deduces P\ (z) 4 a; = P{*"*(z) and

Pl (@) = o0 P () = P09 (a),

_ b 76‘]7

n > 2.
ap—1 = 07

Thus, with the use of (4.3) we obtain the remaining assertion of the theorem. ]

4.3.2 Asymptotics for 7% and S\*%%) with respect to g
From Corollary 2.12] if 0 < e < 1 then

b7 = eq— e + (1 - 0dS Vgt +0(q7?), as g = 0.
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For n > 1, we get
Ega,ﬁ,q,(]) — d( 75) -1 —|—O( )
~ as |q| — oc. (4.10)
bﬁlaﬁ’q’ﬁ):q Eﬂ) d;H _1—|—O< ), D<e<l,
Now from Corollary 2.13] if 0 < e < 1 then
R = (1= o) [e = 2eef™q 7 +[(1 - 2957 + e(e™7))g* + O(a7°)]
as |q| — oo. For n > 1, we have
RS — D +0(s™).
RGO = (1= RO [1— () + g (1)
(A = d? = a1 0(qF)], 0<e<t,

as |q| — oo.

Theorem 4.5. Letn>1 and 0 <e < 1. Then

lim 7(0"6"1’6’8) = 0.

lg|—o0
Precisely,
g R
~(a 0,s n— n -1 —2
T Y = o iame tOld7), n=1,
AP + 3”2'%: A1)
as |q] — oo. If 0 < e < 1, then
~(Oé,ﬁ7q7€75) — 8
2 (a-l—l B+1)
S(abacs) — sn’h;

—1 -2
¢ +0(q¢"), n=>2,
(1 — A + s(n — 1)2R5HHY ( )

as |q| — oc.

Proof. We give the proof for 0 < ¢ < 1. Combining (4.9)) with (4.10) and (4.11)) one finds
that for large |q| there holds

S\ €,S8 (e — e « S —
2RI = (1 — ) |e— 2ec™Vg 7 4 ((1—26)615 D (™) 4 1_€)q *+0(q )]

and
B = u—o@wuw#%ﬁwm+0@*%
a,p, (a+1,6+1) (a,8) n=l
) 7675 a+ ) —_ o, — —
g2, = sn? A ¢ [1—aVe +0(q7?)],
From %a’ﬁ’q’e’s = q (o8, q’E’S)/p *5069) the asymptotic for %O"’B’q’g’s) follows.

To prove the asymptotic for 'yno‘ B:069) for n > 2 we use the argument of induction.
Suppose that ’Nyéoff’q’e’s) = const ¢! + O(q*2). Then

n

q_2 ﬁ’f’bavﬁv%evs) — EISLO‘767Q7€,S) ,'-‘)’/(Oivaqvers)} — (1 _ 6) ﬁéﬁ&ﬁ) + 8(n _ 1)2 T(La_“2’176+1) + O(q—l)
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and
%cvﬁ,q,e,s) _ _ q an;B JB,E,5)
g2 {p%a’ﬁ’q’ﬁ’s) _ q% a,B,q,6,5) 5/( aBae s)}
snzﬁncf{mﬂ) y |
= (1-— E)ﬁy(if) + s(n — 1)2@&?451,54_1)(1 + O(q )
This completes the proof for 0 < € < 1. The proof for € = 0 is analogous. ]

Now we look at the asymptotic behavior of S,(La’ﬂ’q’e’s) with respect to q.
Theorem 4.6. Let n > 1. Then

lim S ’5q’08)( ) = 737(1(1,/3)(33)’

lg|l—o00

n

S(a,ﬁ,q,e,s) (.CC)

lim —plp) (x), 0<e<l.

jal=oo e

Proof. From and ({ -

lim 73 (2,,:0.0) () = P@B) (),

lg|l—o00

Ploba) (1) n>1. (4.12)

lim %W = —Pflojf)(l‘), 0<e<l,
lgl—oo b

We now give the proof for the case 0 < e < 1. From (4.7)) and (4.12)),

81(04757%675)(1,) B 1 ,P(a,B,q, ( )

1‘ — — (‘Lﬂ) .
|q\1i>noo Eéa,ﬁ,q,e) \q\—>oo b(() ,,qu) 7DO (I)
Assuming
S(avﬁQ7E78)($> ( B)
fm St (@) pes,
e 2 (7)

holds for k > 2, the result follows by induction from

a,f3,q,€,s . (a,B,q,€ a,B,q,€,s S(a,B,q,€
S5 )<a:> _ stesacs B30 S @) P ><x>
k-1 ~(a € “(a € -
bk :B ‘L b;_’f,q’ ) b;ﬁ_vguqv ) bk 7B q7
The proof for € = 0 is analogous. This concludes the required proof. [

4.3.3 Asymptotics for '77(10"5"1’6’5) and 87(10‘757(1’6’3) with respect to n

Now we look at the asymptotic behavior of 5% and S§l@5445) with respect to
n. It is well known that the Jacobi measure 1(*#) belongs to the Nevai class M0, 1] (see
[30], [31]) which means

lim c( of) — (0 and lim d(a”@

n—oo n—00
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Thus, as we have seen in Subsection , one can prove that the measure i(*#% belongs
to the same Nevai class M[0, 1] (see [§]). Let us remind that the support of a measure of
the Nevai class M0, 1] consists of the interval [—1, 1] and at most a countable set of real
mass points located outside [—1, 1] which, when infinitely many, may accumulate only at
the end points of the interval [—1,1].

Let the complex function

p(z)=z+vz2—1, for zeC\[-1,1],

be such that /22 — 1 is the branch of (22 —1)'/2 for which |p(2)| > 1 when z € C\[~1,1].
Clearly p(+00) = +00 and p(—00) = —0o0.

In order to study the asymptotics for 7(®#¢¢s) and S(*#44%) with respect to n, let us
first provide some properties of the coefficients b(‘" 549 From (2.26)) we see that |[~1£f“’5 ) |
are bounded for any fixed |q| > 1 Since the measures p(®? and @84 belong to
the Nevai class M [0 1], from (@&.5) together with the boundedness of [b(*#%)| one has
lim,, o0 b a8.0:¢) = plebae) ex1sts and satisfies

+ sgn(q)[;(a’ﬂ’q’ﬁ) = |q|. (4.13)

4 [sgn(g) bl )]

Thus, sgn(q)b(®#49 is either 1[|q|+/ ]q|2~— 1] or 1[|g|+1/|g[> — 1]7*. On the other hand,
from (4.10)) by analyzing the behavior of b{®%%) for large |q|, we find

plopa0) _ 580(0) 1 1

2l +ylaP -1 2000 (414)
plosae) Sgn( Se0(9) 1y g — 1) = “”(2‘-’), 0<e<l

The following lemma will be useful to study the asymptotic behavior of the ratio
SlBaes)(2) /Plefad) (2) with respect to n.

Lemma 4.7. Let 0 <e< 1. Then

PET(2)  e(z)
lim — = ,
n—oo (a767Q76) (Z) 2

n

uniformly in every compact subset of C\ Z(q). Moreover, if 0 < e < 1, then

o PG 1
n—)oor]) aﬁqﬁ)(q) 2(}0(@[)

Proof. The first part follows from the fact ji(®%%) belongs to the Nevai class M][0, 1].
Observe that from (2.15) we can write

P ) _ iy
Pr(Laﬁqf)@) b(aﬁqe) -

n—1

and by letting n — oo, the latter part of the theorem follows. [
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With these results we can establish the limit of 7(*#4<%) as n — oo.

Theorem 4.8.

1 95<Q)
li (a,B,qOoo)_ li (a,8,q,€6,00) __ 1.
dim 5, 59(0) and  lim 7,* =5 for 0<e<

Moreover, in the case of s < 0o, there holds

1
lim fy,(L abaes) — —— _ for 0<e<l.
Proof. By Theorem one gets §(®a0:600) — 6%“757‘176) for n > 1 and hence the two initial

limits follow from (4.14]). To find the latter limit for 7(®%%%) let us consider the positive
chain sequence {7, (s)},>1 and its minimal parameter sequence {m,(s)},>o given by

B [qg ,,31155)]2 ~ (a,ﬁ q,€, s),y(_vﬁ 145€,8)
50(5) = —ageo@aney M Wao(s) = TG, n2>1
p" pn+1 pn

These results can be obtained from (4.8)) and (4.9) similarly as in ((3.12]).
Clearly, 6,,(s) > 0 for any s > 0. By using (4.9) one can write 6,(s) = D,(s) X Ey,(s)
and m,(s) = D,(s) x 7599 where

~(a,B,q,€,8 a+1, 1) r(a €

by A oA a0
pnﬂﬁ 1056,8) ﬁT(LOJ:Iﬁ,q,e) + S[(n + 1)257(1“+1’6+1) 4+ n2 ﬁécf{l’ﬁH) (B%a,ﬁ,qyé))z]
~(O£,B, 7578) (Oé-f—l,ﬂ-‘rl) A o] €

En(S) _ qn+1 ! SnQﬁnfl b?(’L Bra.e)

P 009 2T (= 1A (6]
From these, one can deduce

1 (n + 1)2ﬁ a+1,8+1)

—_— " a7ﬁ7q7€)
Duls) — K, (s) + T e + b :
I a € a+1,8+1) /¢ (a,B8,q,€
P S et B (e
E’]’L(S) Y(Li’lﬁ’lLG) " ~,£la7ﬁ’q7€) nQ ﬁ,r(l(i—]"tl’ﬁ_'_l) E,gl()[?Bvq?E) ’
where R
ﬁ(a7/87q76)
K,(s) = sgn(q) ntl . (4.15)

Using (4.3), K, (s) can be rewritten as

(1= Q2| )
Kn(s) - Sgn(q) Sn2 (a+1,ﬁ+1) )

n—1

and hence we have lim,,_,,, K,(s) = 0 if s < co. Thus, from (4.13))

1 1 ~
, _ floBae) _
w2 Dy(s)  Ap@sae &
1 1 (e.B.q,€)

lim = + 4pl@

— = 4q.
n—00 En(s) b(e.B,q:€) 1
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Then 1
lim G,(s) = lim [D,(s) x E,(s)]

n—oo n—0oo B 4q2

In order to make use of Theorem [1.8|to find the limit for the sequence {m,,(s)},>0, we
now show that the positive chain sequence {7,(s)},>1 has multiple parameter sequences.
From (4.15)) we can easily observe that if 0 < s; < s3 < 0o then

0 = sgn(q) K, (00) < sgn(q)K,(s2) < sgn(q)K,(s1) < oo.
Hence, from 6,(s) = sgn(q)Dy(s) x sgn(q)Ey,(s) one finds
0 < Gnu(s1) < Gn(82) < p(o0) for 0< 81 <89 < o00.

With the observation (®%®¢%) exists, one can conclude that the sequence {5, (00)},>1 is
also a positive chain sequence. Thus, from Theorem we find that for any 0 < s < oo,
the sequence {7,(s)},>0 is a multiple parameter positive chain sequence. Therefore, from

Theorem [L.§ we find

1
lim m,(s) = .
e 2alllal + /lgl* = 1]

On the other hand, by writing @, (s) = D, (s) x 7®#2%5) we get

n

lim F(paes) = 4 1 |
o 2lal [lq| + \/lg12 - 1]
This completes the proof of the theorem. ]

Now, we are ready to prove the following asymptotic relation involving the polynomials
Slebacs) and Pledie)

Theorem 4.9. Let 0 <e <1 and 0 < s < oo. Then

I Slas(z)  plg) ¢(2)
W Sehad, . -
oo Pl oy o) p(z) — 1

Y

uniformly in every compact subset of C\ Z(q).

Proof. Let us denote by Z(g) the smallest closed interval containing Z(q). Note from (@.7)
that we can write
Fo(2) —Gu(2)Fo(z) =1, n>0, (4.16)

where (0,8,q,€,5) p(c.8,q.€)

S «,0,q9,€,S ’P «,0,q9,€

—:}(a B.0,6) (Z) and Gn(z) = ~'rLOI”B’q’E,S) 'J(loz B.,q e)(Z) )

P (2) i1 (2)

are analytic functions in C \ Z(g). Hence, with the use of Lemma 4.7 and Theorem ,

for s < oo we find

Fu(2) =

1
lim G,(2) = G(2) = —F———,
M) =60 = 0o
in every compact subset of C \Af(q) Note also that |G(z)| < 1 for z € C\ Z(g). Thus,
in every compact subset of C\ Z(q), there exist B € (0, 1) and a positive integer N, such
that
|Gn(2)| < B forall n> N.
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Consequently, from (4.16))
|Fo(2)] < B|F,-1(2)| + 1 for all n > Nj.

Now, let us consider the sequence {V,,(2)},>0 given by

V() | Fa(2)], 0<n<Ny—1,
n\%) =
BVn_l(Z) + 17 n Z N().

For alln > Ny — 1 and m > 1, we have

1—B™
Viam(z) = B™V, .
+m(2) (2) + 1_B
Thus, by taking the limit as m — oo, we obtain
lim Vi (z) = -
im V,(z2) = ——.

This means that V,(z) is uniformly bounded for all n large enough. Furthermore, 0 <
|F.(z)| < V,(2) for every positive integer n, and hence F,,(z) is also uniformly bounded
for all n large enough in every compact subset of C \f (q¢). In other words, the sequence
{F.(2) }n>0 is a normal family of analytic functions and, thus, there exists a function F'(z)
analytic in C\ Z(q) such that

lim F,(z) = F(2).

Taking the limit in (4.16)) we have

from which
NERCOECN
p(a) p(z) — 1
To extend the results for C \ Z(q) we observe that F'(z) is analytic in C\ Z(gq) and
that, if 2(®#99 is the zero of P59 (%) which lies outside [—1, 1], then it is known that
it converges to ¢q. This completes the proof of the theorem. [

4.4 The Coefficients 7/*%!9%) and the Wilson Polyno-
mials

Wilson polynomials were first introduced in [39] by J.A. Wilson (see also [I, p.157]
and [16]). They are usually denoted by W, (z;a,b,c,d) and are given by

Wo(2% a,b,c,d) o —-n,n+a+b+c+d—1,a+ix, a—ix
(a+bn(a+c)pla+d), *° a+b at+c, a+d

1), n > 0.

We denote by ﬁ/n(x7 a, b, c,d) the monic Wilson polynomials. They satisfy the TTRR

Wn+1(x; a,b,c,d) = (x — A, — Cp, + az)Wn(x; a,b,c,d) — An_lCan_l(a:; a,b,c,d),
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for n > 1, with Wl(x; a,b,c,d) =z — Ay + a* and Wo(x;a, b,c,d) =1, where

m+a+b+c+d—1)(n+a+b)(n+a+c)(n+a+d)

An: )
Cn+a+b+c+d—1)2n+a+b+c+d)

nn+b+c—1)(n+b+d—1)(n+c+d—-1)
Cn+a+b+c+d—2)2n+a+b+c+d—1)

n:

We now see how the coefficients 7(*#10) are related to a subclass of the Wilson
polynomials. Here, we must assume o > 0 and g > —1.
From Theorem [4.3} for the sequence of monic polynomials {R(®#10}, -y given by

« a767170
N(a75’170’)\/t) _ An 7/87170) AR'EL—l )(t)
(

o , n>1,
Anoi/?l’o) Rg{x’ﬁ’l’o)(t)
where
(a+1,64+1)
AL 1 g AESL0 _ 2pes10 i jeso s
n n ﬁ'r(ba7/3?170) n

there holds the TTRR

REPI(E) = [t + (en + F)ARTH(E) = et LXRIZT (D), 0> 2,

with REPM (1) = 1 and RV (4) =t + (er + f1)A. Here,

(a+1,8+1) = (,8,1,0)12 £ (a+1,8+1)
_ s _ MG _ plasno _ (n= 120,20 TP A
en, =¢€ < and f, = f = ;
n ﬁéaﬁ,l,O) n ﬁ’ga,ﬁ,l,O)

for n > 2, with f; = 0 and ¢; = e{®?"? = 1A/ f{eB10)
Hence, from (1.6 and (4.6)),

4(@)206+1) @pro _ (n+tDlat+n+l)latf+n+l)latf+n+2)
(a+B8+1); " (a+B+2n+2)(a+ B +2n+3) ’

A()2 (8 + 1)f(a,ﬂ,1,0) _nn+)B+n+1)(a++n+1)
(a+B+1)""" 7 (a+p+2n+1)(a+B+2n+2)

Y

To obtain the connection between the Wilson polynomials {T/T/n(x; a,b,c,d)}n>0 and
the polynomials {R@ALO(#)}, 54, we take

c+d=2; b+c=0p+2; b+d=a+p+2;, a+b+c+d=a+[+3.

From which we can state the following.

Theorem 4.10. Let a > 0 and > —1. If

« 1o o
= — =14 — =1-— =14+ —
a X b +2+6, c 5 d —|—2
and
A3+ )
(a+B+1)3’
then

Wo(t —a?;a,b,c,d) = ROHLO4)  n > 0.
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4.5 The Real Zeros of S a@.,B,q:¢.5)

The zeros of S(*#%<%) in general can be complex numbers and determined from results
given in Section [3.5] However, when |g| = 1 and s is sufficiently small, we obtain that the

zeros of S\®%24%) are real, simple and, even more, interlace with the zeros of 73 ° B ©9 I
order to study the zeros of S*#%<%) for |q| = 1, we consider an approach used in [29]

Let
ur(La,,B,q,e)(f) — /( )(l’ _ q)nf(x) dﬂ(aﬁu%ﬁ) (ZL’),
Z(q

1

Viesa(f) = [ (o =) f/ (@) dp 0 a),

-1

n >0,

which are, for our purposes, defined for f € C'[—1,1] such that us? ’q’e)( f) exists. Then
the following can be stated.

Lemma 4.11. Letn > 0. Then

(1-— e)ﬁ(a,ﬂ,q)n(a,ﬂ) . »
77(04+1,,3+1) Vﬁb 7B7q)<f) = (OZ + ﬁ +n+ 2) ur(LJrQﬁ q )(f)

+l(@+1)(g+ 1)+ (B+1)(g — 1) + 2ng US4 (f)
+n(g? — DULPI(f),

where we assume n(q? — DUXP4)(f) =0 when n = 0. Here, n'®® is as in (&.1).

Proof. We start with the following result from [29, Lemma 3.1], which is valid for any f
for which the respective integrals hold:

1
n(a+1,ﬁ+1)

= (a4 B+n+2) [ (=g @)1 - 2)(0 + ) dr
o+ D+ D+ B+ D=1+ 20 [ (@07 f@)1 - 2)(1+ ) ds

(= 1) [ (=@ @ - 200

Vit ()

for n > 0. Here, the last term on the right hand side does not exist if n = 0 and hence,
we assume it to be zero for n = 0. From (4.1)) and (4.2)), observe that

1
ULHf) = (1= 0o [ (@ =P f @)1 - 2)* (1 + e, 0L

Thus, the statement of the lemma follows. [

Notice that

= ((z - Q)ja Sﬁa’ﬂ’q’e’s)>§<a,5,q,e,s)

) 1 )
= [ @ =P S0 @) s [ — PSR (@)l ),
Z(q -1
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form>1and j=0,1,...,n—1. Thus, for n > 1,
uéa,ﬁvq,e) (Sr(la,ﬁ,q,e,s)) — 0’

U9 (Slosaen) = g PPN (SesaeD) =19, n— 1.
Thus, from Lemma [4.11

(ot B+ 5 + 20Uy I (S0

(1 _ 6)77(“5 ‘1)77(& B)
(j + 1)n(a+1 ,B+1)
(2 (a,B,q.€) o,B,q,€,8

— j(¢ - )Y, (S{moaes)),

for j=0,1,...,n— 2.
For example, if ¢ = 1, then

F{a+1)(g+ 1)+ (B+1)(g— 1)+ 2jg} {2 (Slopaes)

0Bl 1 — e)pl@Bl) p(a.B) ' (@,B,1.€) SfeBiLes)
s o(sgeoren) =[S+ (o4 1)+ ] oo )
s(j + 1)nletLA+1) (a+B+j+2)
_9 {(1 — 6)404(04 + 1)(5 + 1) _ (a +]_ n 1)] [/{](_‘7_157176) (Séa,ﬁ,l,e,S))
s(+D(a+B8+1)s (a+B+7+2)

for j=0,1,...,n— 2. Thus,

a8 Lc 2(a + ) 41— e)a(a+1)(B+1) (o8 1,0)
USTHYS,) = [ —}u.’” S,), (417
1 (Sn) sla+pB+7+1)L jla+i)(a+8+1)3 *| (Sa), (417)
for j =1,2,...,n — 1, where S,, = S{®f1.es),
Likewise, if ¢ = —1, then
—2(8 +J) [4(1 —e)(a+1)B(B+1)
sla+B+j+1)L jB+J)(a+B+1)s
for j =1,2,...,n — 1, where S,, = Sl®#~1es),

U (S,

J

| s,

Clearly,
41— e)a(a+1)(B+ 1) 41— e)a(a+1)(B+ 1)
Jjla+j)a+ 5+ 1); ~ (n—1)(a+n—1(a+B+1)3 (4.18)
forj=1,2,...,n—1, and
A —ae+DAB+1)  Al-egla+1)E(BE+1) L9 1

JB+Na+p+1)s — (=D +n—1)(a++1)s
Lemma 4.12. Let n > 2 and S, = S\**19) . Ifa >0, > —1 and

41— )afa+1)(B+1)
“(n—D(a+n—1(a+B+1)3

then
sgn[Z/{;a’ﬁ’l’e) (Sn)] = sgn[ul(a’ﬁ’l’e) (Sn)] for j=2,3,....n
Moreover, if m is a polynomial of exact degree n such that 7'(1) > 0 with all its zeros
inside (—1,1), then
sgn[U™) (7 8,)] = sgntd P8,
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Proof. The first part of the lemma follows from (4.17) and (4.18)). To obtain the latter
part, let 1 —y;, 7 =1,2,...,n, denote the zeros of 7, where y; are positive real numbers.

Then
m(x) = const[(z — 1) + y]{(z — 1) + 3o - - [(z — 1) + ]

=ct+e(r—1)+c(r -1+ +cp(z— 1),
where const > 0 and ¢; > 0 for 7 =0,1,...,n. Hence,

<7r78n>[;,(0¢7/3717€) = uéoc,ﬁ,l,e)(ﬂ Sn) _ Z Cjuooc,ﬁ,l,s)((x _ l)j Sn)

=0

< a,B,1,¢
=Y U,
=0

=3 U PI(S,).

j=1

Thus, we can conclude the latter statement of the lemma. [

Likewise, we have the following.

Lemma 4.13. Letn > 2 and S, = %149, Ifa > —1, 3> 0 and

41— )(a+DBEB+1)
SN +n-1(atd+1)s

then
Senltd IS, = (~1P sl TS, for j=2.3,..,m,

Moreover, if m is a polynomial of exact degree n such that ©'(1) > 0 with all its zeros
inside (—1,1), then
senlUy™” ™ (r8,)] = senlthi TS,

The main results in this section are the next two theorems which state that when
lg| = 1 and s is sufficiently small, the zeros of Sff“g’q’e’s) are real, simple and interlace with

the zeros of P24,

Theorem 4.14. Let «, 5 and s be as in Lemma . Then the zeros of S,(z) =
S(BLes) (1) and the zeros of PTSOJ:IB’LG) (x) interlace.

Proof. Let xp41; = xifﬁjle) be a zero of PP (). Then from Lemma [4.12]

SN (7, ) st sr0] = sgnUs™H) (7 8,)] = sgntffH9(S,)],

where w(z) = ﬁfﬁrf 1e) ()/(x —2p41,5). On the other hand, using the Gaussian quadrature

rule based on the zeros of 75,(&’?’1’6) (x),

(7, S ptesi = a1 Pait ™ (@) Sul@nsry),

where A, ;1 ; is the j-th associated quadrature weight. Thus,

PP (@115) Sa(@niny) = senlhi PSS, G=1,2,...,n+1.
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(a7ﬁ7176)
1

Let xy,41,; and 2,41,j4+1 be consecutive zeros of P, . This means

P @1 ) Pat Y (@ng141) < 0.

Hence S, (y41,)Sn(@nt1,+1) < 0. Thus, we conclude that there exists exactly one zero
of S,,(x) between x,,11,; and ;41 j11. ]
Finally, in the same way we can prove the following result.

Theorem 4.15. Let o, 3 and s be as in Lemma [{.15 Then the zeros of S,(x) =
87(1(1,5,—1,6,5) (x) and the zeros of Pfﬁr"f’fl’e) (x) interlace.



5 Conclusions

The results presented in this work contribute to the study of the monic orthogonal
polynomials S,(x) = S, (v, 11, ;) with respect to the positive definite Sobolev-type
inner product

(f:9)e = ([, 9w + s(J", 9 )n,
= [ f@g@)dn(@) +s [ (@)g @) ().

with s > 0, where the pair of positive measures {1, v} is a CPPM2K on the real line.

We have provided an extensive study of the connection formulas between the Sobolev
orthogonal polynomials and the orthogonal polynomial with respect to the measure v.
We have also shown that the zeros of S,(x) are the eigenvalues of a matrix which is a
single line modification of the n X n monic Jacobi matrix associated with the measure 1.
Some results emerged in the special case the connection coefficients are assumed to be
rational functions.

Finally, we have worked with the Sobolev orthogonal polynomials that follow from
the pair CPPM2K-J. We have studied the asymptotic properties of the Jacobi-Sobolev
orthogonal polynomials and the associated connection coefficients with respect to their
parameters. Some of these asymptotic results were achieved with the help of a novel
representation to the parameter sequences of a traditional positive chain sequence in the
theory of orthogonal polynomials. We have also proved that under certain conditions the
connection coefficients are related to a subfamily of the Wilson polynomials.

5.1 Future Work

In this section we discuss some future directions of research that we plan to undertake.

5.1.1 Associated Fourier Approximation

Orthogonal polynomials with respect to Sobolev-type inner products have been vastly
studied over the past decades. In addition to its interesting theoretical aspect, this topic
provides important tools in the framework of approximation theory. In fact, this was
the main motivation in [I3] for introducing the concept of coherence between pairs of
positive measures on the real line. To be more precise, the authors of [13] considered
Fourier expansions of functions with respect to the Sobolev-type inner product (-,-)g
when {1y, 1} is a coherent pair of positive measures on the real line.

Some interesting numerical tests comparing the Legendre-Sobolev Fourier series ex-
pansions and the ordinary Legendre-Fourier series expansions had already been considered
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n [I2]. Moreover, in the context of coherent pairs of measures it is possible to obtain the
associated Sobolev-Fourier coefficients with low computational cost (see [9]).

One of our object of studies for the near future is to carry out an analysis of the
Fourier expansions of functions in terms of the sequences of polynomials orthogonal with
respect to the Sobolev inner product (-, -)g when {1y, 1} is a CPPM2K on the real line.

To be more precise, assume f to be a function such that (f, 27)g exist for 0 < j < N.
Let Q% denote the best approximation of f by a polynomial of degree N with respect to
the norm || f||e = ((f, f)s)"/2. In other words,

If = Q¥lle = min [|f — e,
TEPN

where Py denotes the set of all polynomials of degree N with real coefficients.
Let {AS}, >0 be the positive constants such that

(S, Sn)e = A0, m,n=0,1,2,....

By least squares method one finds

N
QN(z) = D b5S;(x),
§=0
where (.S
yO5/6 .
by = ﬁej ., j=0,1,2,...,N.
g

We observe that A7 and (f,S;)e can be recursively obtained using (see [11]):

ﬁj@ — ﬁi/o + Sﬁ6’17
A = =7 B + B+ s IR+ R > 2,

and

<f7 80>G - <f7 1>V07 <f7 81>G - <f7 Pl(VO; ')>V0 + s<fla 1>V17
(f;Si)e = vi-1{f, Si—1)e + (f, Pi (03 ) wo

+ 85 Pjo1(v1; )y — 83T (S, Pj2(15 )y J 2 2.

Thus, the easy determination of the Fourier coefficients bS makes this a convenient
technique of approximation. This constitutes a nice future problem that should be further
explored.

5.1.2 The CPPM2K-L and Associated Laguerre-Sobolev Ortho-
gonal Polynomials

In [II] has been stated the special example of a CPPM2K on the real line {vg, 4}
in which v; is given by the generalized Laguerre measure (see Table . Precisely, this
example is such that

CPPM2K-L: {1y, 11},
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where the measures vy and v, are defined as follows:

wlr) == di +c8(g)

vi(z) = 2°e " du,
with & > —1 and ¢ € (—00,0]. As shown in [II], the pair CPPM2K-L verifies (3.2]) with
As(z) = (x —q)(—z+a+1) and
As(z) = z(x — q).

It would be interesting to use the results contained in Chapters [2| and |3| of this thesis
to study the Sobolev orthogonal polynomials and the associated connection coefficients
that follow from the pair CPPM2K-L.
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