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Abstract

In this paper, we present a new construction and decoding of BCH codes over certain rings. Thus, for a nonnegative
integert,let Ag C Ay C -+ C Ai—1 C A be achain of unitary commutative rings, where each \A; is constructed
by the direct product of appropriate Galois rings, and its projection to the fields is ICo C IC; C -+ C Ki—1 C K¢
(another chain of unitary commutative rings), where each IC; is made by the direct product of corresponding residue
fields of given Galois rings. Also, A and IC* are the groups of units of \A; and IC;, respectively. This correspondence
presents a construction technique of generator polynomials of the sequence of Bose, Chaudhuri, and Hocquenghem
(BCH) codes possessing entries from \AF and IC for each j, where 0 < i < t. By the construction of BCH codes, we are
confined to get the best code rate and error correction capability; however, the proposed contribution offers a choice
to opt a worthy BCH code concerning code rate and error correction capability. In the second phase, we extend the
modified Berlekamp-Massey algorithm for the above chains of unitary commutative local rings in such a way that the
error will be corrected of the sequences of codewords from the sequences of BCH codes at once. This process is not

chain of Galois rings.
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much different than the original one, but it deals a sequence of codewords from the sequence of codes over the
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Introduction

Linear codes over finite rings have been hashed out in a
series of papers introduced by Blake [1,2], Spiegel [3,4],
and Forney [5]. Recently, a keen interest about the struc-
ture of the multiplicative group of units of certain finite
local commutative rings has been developed in coding
theory owing to its wondrous application, especially in
the construction of Bose, Chaudhuri, and Hocquenghem
(BCH) codes. Using the multiplicative group of unit ele-
ments of a Galois ring extension of Z,n, Shankar [6] has
constructed BCH codes over Z,n. However, Andrade and
Palazzo [7] have further extended this construction of
BCH codes over finite commutative rings with identity.
Both construction techniques of [6] and [7] have been
addressed from the approach of specifying a cyclic sub-
group of the group of units of an extension ring of finite
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commutative rings. The complexity of this study is to get
the factorization of " — 1 over the group of units of the
appropriate extension ring of the given local ring and then
construct the generator polynomial for BCH codes.

Let A be a finite commutative ring with identity. The
ring A", with n € Z7, being a free A-module that
preserves the concept of linear independence among its
elements, is similar to a vector space over a field. Though
it has the constraint that an r x r submatrix of r x n gen-
erator matrix M over A is non-singular or, equivalently,
has a determinant unit in A, the existence of non-singular
matrices having no obligatory unit elements is, in fact,
the primary obstacle in working over a local ring instead
of a field. The notion of elementary row operations in a
matrix, and its consequences, also carries over A with the
understanding that only multiplication of a row by a unit
element in A is allowed, which is in contrast to the mul-
tiplication by any nonzero element in the case of a field.
The structure of the multiplicative group of units of A is
the main motivation to calculate the McCoy rank [8] of a
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matrix M, that is, the largest integer r such that the r x r
submatrix of M has a determinant unit in A.

Andrade and Palazzo [9] describe a construction tech-
nique of a matrix

al a2 DY an
2 2 2
al az PR an
M=
k .k k
al a2 PR an
based on the vector n = (ay,a9, - ,a,), where «;, for

1 < i < m, are distinct units in the unitary local ring
A such that 1 — aj, for 1 < j < [, are units. By this,
one can obtain the McCoy rank of the matrix M, whereas
the findings of these types of units are linked with the
multiplicative group A* of units of the ring A.

For i = b', where b is a prime and ¢ is a positive
integer, there exist corresponding Galois ring extensions
Ri; = GR(P™, h;), where 0 < i < tand h; = b (respec-
tively, their residue fields K;, where 0 < i < tand i; = b
of unitary local ring (R, M) with p™ elements (respec-
tively, p elements of residue field R /M). For each i, where
0 < i <t it follows that R} has one and only one
cyclic subgroup G, of order n; (divides phi—1) relatively
prime to p (it extends Theorem 2 of [6]). Furthermore, if
B generates a cyclic subgroup of order #; in K, then B’
generates a cyclic subgroup of order #;d; in R}, where d;
is an integer greater than or equal to 1, and (8%)% gener-
ates the cyclic subgroup G, in R} for each i (an extension
of Lemma 1 of [6]). Consequently, by extending the given
algorithm of [6] for constructing a BCH type of codes with
symbols from the local ring A for each member in chains
of Galois rings and residue fields, respectively, there are
two situations: #; = b fori = 2 or h; = bl fori > 2.
By these motivations, in this paper, for any ¢ € Z1, let
Ao c Ay € --- C Ai—1 C A; be a chain of unitary com-
mutative rings, whereas for each i such that 0 < i < ¢, it
follows that A4; is a direct product of Galois rings, i.e.,

Ao = Ry X Rog x -+ x Ro
N N
A1:R1XR1X~--XR1
N N
N N
At=RtXRtX"'XRt,

whereas Rgp € R; C --- C Rs—1 C Ry is the chain
of Galois rings. Corresponding to the chain Ay C A; C
-+» C Ay—1 C Ay, there is the chain of rings Ko C K1 C
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-+ C K1 C Ky constituted through the direct product
of their residue fields, i.e.,

Ko =Ko x Ko x -+ x Ky
N N
IC1=K1XK1X~--X]K1
N N
N N
ICtZKtXKtX'“XKt,

whereas Ky € K; C --- C K1 C K; is the chain of
corresponding residue fields. Also, A} and K} for each i,
where 0 < i < ¢, are multiplicative groups of units of A;
and /C;, respectively.

In this work, we present a construction technique of
generator polynomials of BCH codes having entries from
Af and ICF for each i, where 0 < i < t. Thus, this
paper is organized as follows: the ‘Preliminaries’ section 2
contains a brief introduction of the basics of polynomial
rings and some results from [7]. In the ‘Sequences of BCH
codes’ section, we describe the construction technique of
the sequence of BCH codes over the chain of commuta-
tive rings constructed by the direct product of appropriate
chains of Galois rings. In the ‘Decoding procedure of
BCH codes’ section, we present the decoding procedure
for the constructed BCH codes. The ‘Conclusions’ section
concludes the whole discussion.

Methods

Preliminaries

Assume that (4, M) is a finite unitary local commutative
ring with residue field K = % = GF(P™), where p is a
prime integer and m is a positive integer. The natural pro-
jection w : A[x] - Kl[«] is defined by 7 (3"}, aixt) =
¥ oaixi, where @; = a; + M for i = 0,--- ,n. Thus, the
natural ring morphism A — K is simply the restriction of
7 to the constant polynomials. In the following, we recall
some definitions and results from [8] for the sake of quick
reference.

Definition 1. Let a(x) be a polynomial in Al x]. We say
that

1. a(x) is a unit if there exists a polynomial b(x) € A[ x]
such that a(x)b(x) = 1.

2. a(x) # 0 is a zero divisor if there exists a polynomial

b(x) € A[x] \{0} such that a(x)b(x) = 0.

a(x) is regular if a(x) is not a zero divisor.

4. a(x) is irreducible if a(x) is not a unit, and if
a(x) = a1 (x)ay(x), then either ay(x) is a unit or as(x)
is a unit.

w
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Theorem 2. (Theorem XIIL.2 of [8]) Let (A, M) be a
local ring and a(x) = Y [, aix' € Alx). The following
assertions are equivalent:

1. a(x) is regular.

2. {ay,ag,--- ,a,) = A.

3. a; is a unit for some i, for0 < i < n.
4. mw(a(x)) #0.

Theorem 3. (Theorem XV.1 of [8]) Let (A, M) be a local
ring and a(x) be a regular polynomial in Al x] such that
7 (a(x)) has a simple (i.e., non-multiple) zero & in K. Then,
a(x) has one and only one zero a with 7 (a) = a.

Theorem 4. (Theorem XIIL.7 of [8]) Let (A, M) be a
local ring and a(x) be a regular polynomial in Al x] such
that w(a(x)) is irreducible in K[x]. Then, a(x) is irre-
ducible in Al x].

Let A;j be a finite local ring with characteristic p;, for
each j such that 1 < j < s. Let K; be the residue fields of
local rings R; = Aj[x] /{f;(x)), where f;(x) is a basic irre-
ducible polynomial over A; of degree , for each j such that
1<j<s

Theorem 5. (Theorem 3.3 of [7]) Let R = Ry x Ry X
R3 x -+ X Ry, where each R; is a local finite commutative
(Galois) ring. Then, R* = R} X Ry X Ry x -+ X R},

The following theorem indicates the condition under
which x* — 1 can be factored over R*:

Theorem 6. (Theorem 3.4 of [7]) The polynomials x°—1
can be factored over the multiplicative group R* as x* —
l=@—a)(x—a?) - (x—a) ifand only le has order
s in K;‘, where gcd(s,pj)) = 1 and a corresponds to f =
(B, B2s -+ Bs) forj=1,2,3,--- ;s

Theorem 7. (Theorem 3.5 of [7]) For any positive inte-
ger I, let My(x) be the minimal polynomial of o' over R,
where o generates Gy. Then, My(x) = [|¢cp, (x — &), where
B are all distinct elements of the sequence { (ahym .

Sj mj
H;:lqjl’ qj:pj/, OES;‘ <h-1}

m =

Theorem 8. (Theorem 2.5 of [7]) Let g(x) be the genera-
tor polynomial of BCH code over A with length n = s such
that a®,a®, - - - ,a®~* are the roots of g(x) in Hy, ,, where
a has order n, then the minimum Hamming distance of
the code is greater than the largest number of consecutive
integers modulon in E = {e1, ez, €3, -+ ,€y—k}.

Sequences of BCH codes
Let (A, M) be a unitary finite local commutative ring with
residue field K = 1‘(‘7 having p” elements. The natural
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projection 7 : A[x] — K[«] is defined by 7 (31 aix’) =
Y% oaxx', where @; = a; + M for i = 0,1,---,n. Thus,
the natural ring morphism A — K is simply the restric-
tion of 7 to the constant polynomials. Now, if f(x) € A[ ]
is a basic irreducible polynomial with degree & = b,
where b is a prime and ¢ is a positive integer, then R =

% = GR(p", h) is the Galois ring extension of A and
K= R _ Alx]/(f )  _  Alx]  _ (A/M)[x] — GF(pmh)

M Mf@))/(f) — Mfx) — (m(f(x)
is the residue field of R, where M = (M, f(x))/{f(x)) is

the maximal ideal of R.
For the construction of a chain of Galois rings, the
following lemma is of central importance:

Lemma 9. (Lemma VII of [8]) Every subring of GR(pX, h)
is a Galois ring of the form GR(p*,l'), where W' divides
h. Conversely, if W divides h, then GR(p*,h) contains a
unique copy of GR(p*, ).

Since 1,b,b%, - -+, bt~L, bt are divisors of k, so take o =
1,hy = bhy = b%---,hy = b* = h, and by Lemma
9, it follows that there exist basic irreducible polynomials
@), fox), -, fi(x) € A[x] with degrees hy,ha, -, by,
respectively, such that we can constitute the Galois sub-
rings R; = (2([3) = GR(p™", h;), for each i, where 1 < i <
t, of R with the maximal ideals M; = (M, f;(x))/{f;(x)),
for 1 < i < t. Thus, the residue fields of each R; becomes

g Ri _ Al/iw) _ All_ A/M)4]
M MA@ () T M) T (m(fi(x)))
]K[x] hi
= — :GF L.
Gy e

As h; divides 441 for all 0 < i < ¢, so by Lemma 9, it
follows that there is a chain

A=RoCR1ICRyC---CRe-1 CR =R
of Galois rings with corresponding chain of residue fields
Zy=KoCcKiCcKycC---CcK,o1 CK

If A, = Rf/ for 0 < i < t, then we obtain a chain of
another unitary commutative rings, i.e.,

AdcAcAhc-CA1CA=A
with a corresponding chain of rings
KoCKiChoC---CK1 CSK =K,

where IC; = Kf/ forO0<i<t.

Let A} and K} be the multiplicative group of units of
A; and K;, respectively, for 0 < i < t. The next corollary
of Theorem XVIII.1 of [8] plays a fundamental role in the
decomposition of the polynomial " — 1 into linear fac-
tors over the rings A}. This theorem asserts that for each
element o; € A}, there exist unique elements 8; € R},



Shah et al. Mathematical Sciences 2012, 6:51
http://www.iaumath.com/content/6/1/51

for 0 < i < ¢, such that o; = (B;, Bi, - - -
r’-tuples.

, Bi) are ordered

Corollary 10. Let A; = er/,forO <i<ty where each
R is a local finite commutative ring. Then, A (’R*)’

The following theorem indicates the condition under
which & — 1 can be factored over A}, for 0 < i < ¢:

Theorem 11. For 0 < i < t, the polynomials x"" — 1 can
be factored over the multiplicative groups A} as x™ — 1 =
x—a)(x—a?) - (x—al") ifand only if B; has order n; =
phi—l in K7, where gcd(n;, p) = 1and a; = (B;, Bir -+ 5 Bi)-

Proof. Suppose that the polynomials x — 1 can be fac-
tored over Af asx™ — 1 = (¥ — o) (% — Oll-z) e (x— ot;'i).
Then, ™ — 1 can be factored over R} as ¥ — 1 =
(x—B)(x—B2) - (x— B"), for 0 < i < t. Now, it follows
from the extension of Theorem 3 of [6] that ; has order #;
in K;“, for 0 < i < t. Conversely, suppose that B; has order
n; in K¥, for 0 < i < £. Again, it follows from the extension

of Theorem 3 of [6] that the polynomials % — 1 can be
factored over R} asx™ —1 = (x— ;) (x — ﬂiz) co (=B,
for0 <i <t Sincewa; = (B;,Bi,---,Pi), for0 < i < t,it
follows that & — 1 = (v — o) (x — &?) - - (¥ — )" over
A for0<i<t. O

Corollary 12. (Theorem 3.4 of [7]) The polynomials
x" — 1 can be factored over the multiplicative group R* as
M —1=@x—a)(x—a?) - (x— o) ifand only if & has
order n in K*, where gcd(n, p) = 1.

Let G,; denote the cyclic subgroup of A} generated by
a;, for each i, where 0 < i < ¢,i.e., G,, contains all the roots
of ¥ — 1 provided that the conditions of Theorem 11 are
met. The BCH codes C; over Af can be obtained as the
direct product of BCH codes C; over R}. To construct the
cyclic BCH codes C; over A}, we need to choose certain
elements of G, as the roots of generator polynomials g;(x)
e3 €n;—k

€ e
of the codes, so o', %, 0, - - -,

gi(x) in G,,. We construct g;(x) as

i are all the roots of

gi(%) = lem{M{! (), M (%), -+, M;" " (%)),

where Mfli (x) are the minimal polynomials of afli, forl; =
1,2,---,n;—k;, where each a?i = (ﬂl.eli, ﬂl.eli, cen, ﬂl.el‘). The
following theorem extended Lemma 3 of [6] and provides
a method for the construction of Mfli (x), the minimal
polynomials of (xfli over the ring A;.

Theorem 13. For each i, where 0 < i < t, let M?i (%)
over A;, where ozl-eli gen-
— ki Then, M,"(x) =

be the minimal polynomials of ozl-eli
erates Gy, for [; = 1,2,---,m;
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HS EB; x—&), whereB = {(e; ’)Pq’ 1<l<n—k,0<
qi < h -1}

Proof. Let Mel' (x) be the projection of Mel' (x) over the

fields K; and M ij ‘(x) be the minimal polynomial of @ a
over K¥, for each i such thatO <i<tandl <[ < nl ki.

We can verify that each M ; ‘(%) (the projection of Mi (%))
is divisible by MZ’ (x) (minimal polynomials of Efli), for
each isuchthat 0 < i < tand1 < [; < n; — k;. So,
among its roots, it has distinct elements of the sequence
E?i , (&fli )2, (&?i w,..., (&;li "' for each i such that 0 <
i < tand 1 < [; < n — k. Consequently, M?i (%)
has, among its roots, distinct elements of the sequence

« ,(a iy, (o iye? L ,(afli)p(h'_l>, for0<i<tandl <
I < m (oziel" W of the above
sequence is a root ofoli w),for0<i<t,0<gq <h—1
and 1 < [; < n; — k;. Hence, Mfli (%) = Hsl-eBl." x—§&). O

— k. Thus, any element & =

Remark 14. Since, for each i such that 0 < i < t,
M?i () is the projection ofM?i (x) (minimal polynomial of
aiez,. ) over the fields K, it follows that [T/I?i (x) generates the
sequence of codes over the special chain of rings K; = ]K?/.

The lower bound on the minimum distances derived
in the following theorem applies to any cyclic code. The
BCH codes are a class of cyclic codes whose generator
polynomials are chosen so that the minimum distances
are guaranteed by this bound. In this sense, the following
theorem generalizes Theorem 2.5 of [7]:

Theorem 15. Let A9 C A C Ay C --- C A1 C A
be the chain. For each i such that 0 < i < t, if gi(x) is the
generator polynomial of BCH code C; over A; with length
nj such that o', a?, - - -, af"i_ki are the roots of g;(x) in G,
where o; has order n;, then the minimum Hamming dis-
tance of C; is greater than the largest number of consecutive

integers modulo n; in E; = {e1, ez, €3, -+ , €y, }-

Proof. For each i, where 0 < i < ¢, let {k;,k; + 1, k; +
2,---,k;i + d; — 2} be the largest set of consecutive inte-
gers modulo #; in the set E;. A sequence of cyclic code

. enj—k; .
with roots o}, &%, &>, - -+ ,o; """ is the null space of the
matrix
1 aiel (ael)Z (ael)n,
1 o (a)? (af?yri—1
M; =
1 al”’z_kt ( e”z_ 1)2 . ( e"t z)n,
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Now, if no linear combination of d; — 1 columns of the
matrix

ki kin2 kizni—1
1 o (a;") R (A
1 Olf»(H_l (affi“‘l)Z ((Jlf»(i+1)ni_l
*
kitdi—2  kitdi—2\2 Kitdi—21 ;-1
10{[’ i (a[l i ) (ait i ) i
is zero, then clearly no linear combination of d; — 1

columns of each M; is zero, and by the extended form of
Corollary 3.1 of [10], it follows that each code has a mini-
mum distance d; or greater. This can be seen by examining
the determinants of any d; —1 columns of the matrices M.
Let M;* be the matrix where the entries is a collection of
any set of d; — 1 columns of matrix M}. Thus,

kivj kivj Kivja -1
(ail)ll (ajl)lz (ail)/ i
(al{qul),‘l (all»(i+1)j2 (afﬂrl)jdi—l
L
kitdi=2\jy  ki+di=2\; Kitdi—2+jy.
(0‘," i )]1 (a[l i )/2 . (ail i )}dl 1

Now, we want to show that the determinants of matrices
M are non-singular, i.e., it is a unit in each A4;. Note that
the determinant of each matrix M}* is given by

ki(1+ja++ja;-1)
i

det(M;™) =« det(M;™),

where the matrix M;** is given by

1 1 e 1
a/! o a1
M= | @) (@) G

L (@)% @)% - (@i

The determinant of each M}** is Vandermonde and each
having a unit determinant in each ring .A;. Hence, no com-
bination of d; — 1 or fewer columns of each M; is linearly
dependent. So, by Corollary 3.1 of [10], it follows that each
code has a minimum distance d; or greater. O

Corollary 16. (Theorem 2.5 of [7]) Let g(x) be the gen-
erator polynomial of BCH code over A with length n such
that a®,a®, - ,a—k are the roots of g(x) in G,, where
a has order n. Then, the minimum Hamming distance of
the code is greater than the largest number of consecutive
integers modulon in E = {e1, ez, €3, -+ ,ey—k}.

We can also use the extension of Theorem 4 of [6] for
the BCH bound of these codes.
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Algorithm

The algorithm for constructing a BCH type of cyclic codes
over the chain of rings A9 € A; € Ay € --- C A1 C
A; = Ais then as follows:

1. Choose irreducible polynomials f;(x) over Z,m of
degree h; = b, for 1 < i < ¢, which are also
irreducible over GF (p) and form the chain of Galois
rings

Zpn = GR(p™, ho) CGR(p"™, 1) C---C GR(PY", hs—1)
C GR(Y", hy) or
A=RoCR1ICSR2C - SCRe1 CSRe=R
and its corresponding chain of residue fields is
Z, = GF(p) C GF(p") C --- c GF(p')
C GF(p") or
=Ko CKiCKy--- CKeg CK

where each GF (p/) ~ <nﬂé[(aﬂ))>’

2. Now, put A; = Rf/, for 0 < i < t, and get a chain of
rings

AocAcAcCc---cA1CA=A

forl<i<t

with another chain of rings
KocKicKycCc---CcKimy K=K,

where each IC; = K{/, forO0<i<t

3. Let j; be the primitive element in K;‘, for0<i<t
Then, n; has order d;n; in R} for some integers d;
and PUt ﬂi - (ni)di~ Thus: o = (ﬂi’ ﬂi’ lgi: R /31) has
order #; in R} and generates G,,. Assume that for
each i, where 0 < i < ¢, «; be any element of G,;,.

4. Letof', %o, ,af"iik" be the roots of g;(x). Find

the minimal polynomials M?i (x) of a?i, for

li=1,2,---,n; — k;, where each

ey, e, e el ey, .
o =B, LB B; 5 B ). Thus, gi(x) are given
by

(%) = lom{M? (x), M?(x), - -, M;" ™" (x)}.

The length of each code in the chain is the least
common multiple of the orders of

ot ot a, al-e"i_ki , and the minimum distance
of the code is greater than the largest number of
consecutive integers modulo #; in the set

E; = {ei,ez,e3, - , ey} for each i, where
0<i<t

Now, we give the following definition of the sequence of
the BCH codes over the chain of Galois rings as in [11].



Shah et al. Mathematical Sciences 2012, 6:51
http://www.iaumath.com/content/6/1/51

Definition 17. Let «; be a primitive element of G,,. A
sequence of BCH-type codes over the chain of Galois rings
A; is a sequence of cyclic codes of length n; generated by
the polynomials g;(x) with minimum degree whose distinct
roots are af"H, af’iJrz,af’iJrg, e ,af’i+2ti, for some b; > 0,
and t; > 1, ie, gi(x) = lem(M!(x), M>(x), - -- , M (%)},
where Mfi (x), for 1 < I; < 2t, are minimal polynomials of
afi-ﬁ-li‘

From Definition 17, it turns out that v;(x) = v;o+v;1x+
Viox? 4+ V,»,y,i,lx”"’1 € Zpk[x] is a collection of code-

words if and only if Vi(oef’iJrli) =0,forl < [; < 2¢t; and
0 < i < t. Therefore, a collection of parity-check matrices
Hi; for the sequence of BCH-type codes having g;(x) as the
generator polynomial is given by

aiZ(bi+1) algm—l)(bﬁl)

(ni—=1)(bi+2)
i C;

1 Olin_l

1 aibi-O-Z aZ(bi+2)

bi+2t;  2(bi+2t;) (nj—1)(bi+2t;)
lait i o\ i) i i

L 4

Thus, vi(x) is a collection of codewords if and only if
viH! = 0. From the previous discussion, we have the fol-
lowing theorem which is an extension of Theorem 5 of
[11]:

Theorem 18. The minimum Hamming distance of
the sequence of BCH codes defined by the matrices in
Equation 1 is greater than or equal to min{2t; + 1, for
0<ic<t}

Now, we end this section by the following example:

Example 19. We initiate by constructing a chain of codes
of lengths 1, 3, and 15 over the ring A = Zg4. Since M =
{0,2}, it follows that K = % >~ Zy. The regular polyno-
mial f(x) = x* + x + 1 € Z4[x] is such that 7(f(x)) =
x* + x4 1 is an irreducible polynomial with degree h = 22
over Zy. By Theorem 4, it follows that f(x) = x* +x + 1

is irreducible over A. Let R = (%a[jﬂ = GR(2%,4) be the
Galois ring and K = (nz(;%» = GF(2%) be the corre-

sponding Galois field. The numbers 1, 2, and 2* are the
only divisors of 4, and therefore, say, h1 = 1, hy = 2,
and hy = 2%. Then, there exist irreducible polynomials
A®) = x> —x + 1 and fr(x) = f(x) in Zg[ x] with degrees
hy = 2 and h3 = 4 such that we can constitute the Galois
rings R = {5 = GR(2%hy), where 1 < i < 2. So,
A =TRo C R1 C Ry =R. Again, by the same argument,

it follows that K; = <:rZ(f2,~E§]))> = GF(2"), where1 < i < 2,

that is, Ko = Zy, K1 = GF(2%), and Ky = K = GF(2%),
with Ko € Ky ¢ K Ifr = 2, then A; = R; X R;
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such that Ag C A1 C Ay Let u = {X} in R; such that
u = {x} € K;. Then, u has order 15 in Ky, and therefore,

B, = u. However, u has order 30 in Ry, so put By = u? and
B2 p

get oy = (B2, B2) which generates Gis. The elements of G15
are given by

oy = (xz,xz)

o) = (3x+3,3x + 3)

Olg = (3963 + 3x%,3x% + 3x2)

ay = (P + 2+ 1,25 + 20+ 1)

ozg = (2x3 +x% + 3x + 3,2x° +x2+3x+3)
ag = (3963 +a% +x+3,3x% + a2 +x4+3)
ay = (x> +3,2° +3)

of = (26 4 3%, 24% + 3x)

ay = (33 4+ 2x 4+ 2,3%° + 2x + 2)

a3? = (26 + 3x% + x, 223 + 3%% + x)

oe%l =@ +22 +3x+ 1,3 + 22 +3x+ 1)
a%z = (3x3 +x+2,3x° +x+2)

ay® = (% 4+ 3%* + x,4° + 3x% 4+ x)

05%4 =@ +32+1,25 432+ 1)

a3’ = (L, 1).

Also, % has order 3 in K}, so B = u. However, u has order
6 inRi, so B = u> and get o1 = (B1, B1) which generates
Gs. The elements of G3 are given by

o= x+3,x+3)

Put By = 1 and get a9 = (Bo, Bo) which generates G;.
Choose as, ag’, a1, and og to be the roots of the genera-
tor polynomials g;(x) of the BCH codes C; over the chain
Ao € A1 € Ay Thus, M(l)(x), M%(x), and M%(x) have,
as roots, all distinct elements in the sets Bé = {agp} C Gy,
B% = {al,a%} C Gs, and Bé = {062,05%,()(3,0[3} C Gis
respectively. So,

M(l)(x) =ai1x + as, M%(x) = a1x2 + a1x + a1, and
1oy 4 2
M, (x) = arx™ 4+ ar1x” + azx + ay,
and, similarly,

M;(x) = a1x4 + a1x3 + t/l1x2 + a1x + a;.
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Thus, the generator polynomials are given by

2@ = aix +az, g1(x) = a1x* + arx + a1, and

SDx) = alxs —|—az1x7 —|—a2x6 +a1x5 +agx4 +a1x3 +a1x2 +aj,

which generate the cyclic BCH codes Cy, C1, and Cy of
lengths 1, 3, and 15 over the direct product of A(r)’ times
with minimum hamming distances at least 2, 4, and 5,
respectively. Also,

gox) =aix+ a1, g1(x) = a1x2 + ai1x + a1, and

2@) = a1x® + a1’ + arx® + e + arx’ +a,

generate the cyclic BCH codes C, Cy, and C}, of lengths 1, 3,
and 15 over K; with minimum hamming distances at least
2, 4, and 5, respectively, for each i such that 0 < i < 2.
Note that here a; = (1,1), ax = (2,2), and a3 = (3,3). If
we take 1, 2, and 3 instead of a1, aa, and a3 in the above
polynomial, then we get the generator polynomials of the
codes C; and C; over R; and K,, respectively.

Results and discussion

Decoding procedure of BCH codes

In this section, we turn to the problem of decoding BCH
codes of length #;, contrived to correct up to r'¢; errors. In
[11], a decoding procedure is proposed based on the mod-
ified Berlekamp-Massey algorithm for BCH codes defined
over the integer residue ring Z . We have observed that
even with almost evident analogous proofs, this decoding
procedure is applied to the BCH codes over the chains of
arbitrary finite local commutative rings with identity and
also to the BCH codes over the direct product of the chain
of local commutative rings with identity.

Lethk =RoCR;CRyC---CRs; CRbeachain
of rings GR(p*, ho) C GR(P*,hy) C GR(p , hy) C --- C
GR(p*, i) and B; be a collection of primitive elements of
Gy, for 1 < i < t. Similarly, let Ko C K; C Ky C --- C
K;—1 C K be the chain of corresponding Galois fields.
Since A; = Rg/, for 0 < i < ¢, it follows that the new chain
of rings is given by

AcAcAhc--CA1CA=A
with its projection over the chain of fields given by
KocKickKyc---cK1cKe =K,

ie., each K; = Kf/, for1 < i < t. Let¢; = (ci1,¢io
i3, ,Cin;) be the sequence of transmitted code-
words from the sequence of codes C;. So, each c;x, =
(Cijks» Cify» Cikir =~ »Cik;)s for 1 < k; < m;, is again a
sequence of transmitted codewords from the sequence of
codes C; over the chain of Galois rings Rgy € R; C
Ro C - C Rey C R.Letr; = (ri1,ri,1i3, -+ ,rl-,nl.)
be the sequence of received vectors, where each r;;, =
(ri,ki,lr Vikior Vikizo® " " s ri,klv’,/)r for 1 < k < mn and
1 < i < t. Thus, the error vector is given by e, =
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ri—c; = (ej1,€2,€i3, - ,ein), where ejr, = rij, — cig, =
(ei,ki,l: €ikinr Cikizr " ¢ei,ki‘r/)y for1 = ki =n; and 1 <i<t
The proposed decoding procedure consists of four major
steps like in [11], for 1 <i <t

1. Calculation of sequences of the syndrome
S; = (Siyl,siyz,Si_g, cee ,Sl',zti) such that
s; = riHiT = (8i1,8i2,8i3, " * - »Si21;), where each

Sigw; = (Sijwyr Sigwior Siwizr "+ » Sigw, ), for 1 < wy < 24
andl <i<¢

2. Calculation of sequences of ‘elementary symmetric
functions’ 0y1,0i2,0i3, - - - ,0iy, from s;, where each
Oigu; = (Oiuy1s Oiuyor Oiuzzr* ** » Oy, ), for 1 < ui < v
andl <i<t

3. Calculation of the sequences of the error location
numbers X;1,X;2,X;3, -+ , Xy, from

,0iy;, where each

) Xi,ui'r/ )r for

0i,1,042,0(3," "
Xi,u,' = (Xi,u,;l:Xi,ui,g»Xi,u,'_g; t
1<y, <viandl <i<t.

4. Calculation of the sequences of the error magnitudes
Yi1,Yi2,Yi3,- -+, Yiy, froms; j, where each
Yi,u,' = (}/L',u,‘,lr Yi,ui,z: Yi,ui,g: Tt Yi,uf,r/): for
1<y, <viandl <i<t.

5. Without loss of generality, we can assume that the
set of consecutive roots of the generator polynomials
of the sequence of BCH codes is given by
o, a?,af’, e, a?ti, for1 < i < t. We can also define
the sets of error location numbers, i.e,, it consists of
the elements (ﬁf“, ,Bfi‘z, cee ,,Bfi"/), where ¢;; are any
positive integers, for 1 <i <tand1 <j <. Lety;
be the number of errors introduced by the channel in
each code C;. Thus, the elementary symmetric
functions 0y1,0;2,0i3, - - , iy, of the error location
numbers X;1,X;2,X;3, -+ , Xy, are defined as the
coeflicients of the polynomials

X —-XiD)X —Xip) - X —Xiy,)

= X"+ 0 X"+ 4 01y 1X + O,

and also, the relation of syndromes to the error
location numbers and to the magnitudes of the errors
are given by the equation

vi
Siwg = Y YiuXp, forl <w; <2t )

ui=1

In the following, each step of the decoding process is
analyzed. Since the syndrome calculation is so simple,
there is no need to annotate on step 1.

In step 2, we want to calculate the elementary symmet-
ric functions. It is equivalent to finding the sequences of
solution sets 0;1,0;2,0i3," - , 0}y, with minimum possi-
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ble v;, to the following sets of linear recurrent equations
over each R;

Sigi+v; T Sigxi+vi—104,1 + - -+ Sixi+10iv;—1 + Six;Oiy;

®3)

=0, forx;=1,2,---,2t; —v;

where the coefficients of 0;,,, for 1 < u; < v, are the
components of the syndrome vectors. A quick solution to
Equation 3 is made available by the following extension of
the modified Berlekamp-Massey algorithm that holds for
the chain of commutative rings with identity. We concen-
trate on the fact that in rings, we want to take care about
zero divisors, multiple solutions of the systems of linear
equations, and also with an inversionless implementation
of the extension of the original Berlekamp-Massey algo-
rithm. In [11], it is shown that the solution of each system
to Equation 3 is unique if and only if all the error magni-
tudes are units in R;. Let the #; jth power sums be defined
as

1) . (©0) (. : =D (1) (nl by mp)
s (0 )ir) +s;; (o )(n")+ +s; (o )i =0
L (nji=lp; ;=1
S;;;,J 1)( (O))(n,/)+ (n,/ 2( (1))(n,1)+ + n,; njj= ) (n” )(n 1) -0
(n; ;4+1) L
s oy g o)) ) (o =,
(4)
n @ © 1))
where 5,785,850 ’sij” are the sequences of
the components of the syndrome vectors and

n @ 6 i) th £ el t
0;j 05,055, - ,0;; are the sequences of elementary

symmetric functions. The proposed algorithm is also
an iterative method. In this method, at the #;;th step,
the decoder seeks to determine the collection of sets of
L;; values (ai;l" )i such that the systems of n;; — L
equations, given in Equation 4, are satisfied with [,
as small as possible, for 1 < i < tand1 < j < 7,
where (Gi(;))(o) =1,forl <i<tandl <j < 7r.The
polynomials

)(n11)+( )(nz/)X+ +( )(HU)X";/

represent the solutlons at the n;jth stage. The n;ijth dis-
crepancy will be denoted by d,;; and defined by

(0:1) " (X) = (o;

(nij+1) ()

( nij) (1)
i) (0, )(nzz) (ai,j

5ij )(Vli,j) +

;=

s;;LJ . (a;j.nl") NE2
Next, we give two lemmas as extensions of Lem-
mas 1 and 2 of [11], concerning the determination
of (ai,j)(”i'i‘*‘l)(X) from (a,',j)(”i'f)(X), that is, we update
the solution polynomial (Gi,j)(”"'i) (X) at each n;;th step,
although it is not necessary to have the lowest values
of ln,-,,-~
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The following lemma extended Lemma 1 of [11]:

Lemma 20. Suppose that (0i;)" (X), for each i with
1 <i<tandeachjwithl <j <, are solutions to the
first n;j power sums and has next discrepancy dy;; # 0. Let

(03) ") (X) = 14(o; ) ") X+ +(a "o by

be a polynomial solution to the first m;; power sums, for
each i and j, where 1 < m;; < n;j, such that the linear
equations in 'R;; given by

d”li,j — ydm,.,i =0
have solutions in y. Then, the polynomials

(03) "V X) = (03" (X) = yX"I7 (037) " (X)
are solutions to the first n;j + 1 power sums. Moreover,

lni‘,qu = max{lniJ, lmi,/ + nij — mi,j}.

Proof. Since (ai,j)("iJ)(X), for each i with 1 < i < ¢
and each j with 1 < j < r/, are solutions to the first #;;
power sums, it follows that each system of equations in
Equation 4 holds, i.e.,

(Vlt
: :Sl’]t —u;0 iu;

:{dnp lf]z:}’ll‘l‘lo i lnz+1 S]lfnl

(5)
Similarly, ai(m‘) (X) is a solution to the first m; power sums

[

> Si’ji—uigiflrzi) ={dm, if ji=m; +10 if Ly +1<ji<m;.

(6)
If
O_i(”i""l) (X) —

Ui(ni> (X) _ ani—m,'Oi(mi) (X)

is a solution to the first n; + 1 power sums, then we must
have

ln i+1

Z Siji—

This sum has the form

("t+1)
u;0, i,u;

=0, for [j-1+1<ji<m+1 (7)

n +1
(ni) (m;)
Z Siji—ui (Ulu Luﬁ(nrm;))' 8)
u;i=0
Since o(”’ =0, for u; < 0and u; > I, and a(m’ =0,

for u; < 0 and u; > I, it follows that Equatlon 8 can be
written as

In; by +ni—m;

. (n;) . (m;)
D Stjui =Y D S ey O)
u;=0 Uij=n;i—m;
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Ly

» (n;)
Z Siji—u; Ui,ui
u;i=0

Si,jruﬁ(nﬁm,')di%i))' Note that for j; = n; + 1, the first
sum in Equation 9 has the value d,; and the second has
the value d,,,,. Thus, Equation 9 reduces to d,,;, — yd,,;, = 0
and is true. By Equation 5, it follows that the first sum in
Equation 9 is zero, provided that /,, + 1 < j; < n;. By
Equation 6, it follows that the second sum in Equation 9
is zero, provided that ,,, + 1 < ji — (n; — m;)) < m;
or, equivalently, provided that n; — m; + [,,; + 1 <
ji < mn;. Therefore, Equation 9 is satisfied, provided
that

Iy
-y

u;=0

(or in another way, as

max{ly,, Ly, +n; +mi}+1<j; <n+1

Since (n;+1)—max{ly,, {,,+n;+m;} equations in Equation
4 are satisfied by ai("i+1) (X), it follows that their degree is
formally given by

ln,-—O—l = max{lnplm,- + n; + m}
Finally, note that the coefficients of the higher powers of
the indeterminate X in ai("i+1) (X) may be zero, and there-

fore, the additional equations in Equation 4 may be further
satisfied. O

The following lemma extended Lemma 2 of [11]:

Lemma 21. For each i, where 1 < i < t, let 5" (X),
Iy, and dy,;, # 0 be defined as in Lemma 20. Suppose that
(”’Jr )(X) is any polynomial solution satisfying n; + 1 —
lnl+1 power sums. Then,
an,'—mio.i(Wli) (X),

Ui(ni"!‘l)(X) — Gi(ni)(X) —a

where each a; is a unit in R; and ol-fg' ) (X) = 1. Therefore,

each polynomial ai(mi) (X) is a polynomial solution to the
first m; — 1, equations of Equation 4 and has next discrep-
ancy satisfying d,, + ady,, = 0 and by, = 1,11 — (n; —
mi).

Proof. By hypothesis,

lnl+1
Zsm —u;0, L(ZLH) =0, for ly41+1 <j; <nm+1 (10)
u;i=0

and

Ly,

i

(”L)
Zslr]t u; 0, iu;

u,'_O

{dn,?éO if jj=m;4+10 if [, +1<j;<m;.

(11)
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Since ai("i) (X) is a minimal solution, for /,;11 > [, it fol-
lows that subtracting Equation 11 from Equation 10 for
Injv1+1=<ji <nj+1, weget

nl+1

(mi+1)
D s O

u;=0

ifZi)) = {~du, if ji=n;

+10 if [y41+1<j; <m.
(12)

Now, suppose that the first n;—m; coefficients of s; ;;,; are

zero (note that since o, 01+1) (") = 1, it follows that
n; —m; > 0, ie., n; > ml) Thus, Equatlon 12 reduces to

ln,'+1
i+1 ; o

Z Sl’/l_ul (O—I(Zl+ ) - O'ifZ,‘)) = {_d”i if Ji = Hi

Ui=n;—m;
+10 if Ly 4+ 1 <ji
< n;.
(13)

Letting l,,, = ly+1 — (i — m;), Equation 13 can be

rewritten as

i+1 i o e
Z Siji—u; (Gz(ZlJrnf m; z(Zilrnifm,') = {_d”i if Ji = mi
u;=0
+10 if [, +1
<ji < mj.
(14)

Finally, define the polynomial ol.(mi) (X) by

o.i(mi) — (O_(VIH‘D __(m)

b uitni—m; i,ui+m—mi)a » for 0 < u; < Ly,

Thus,

Zs,,,l oo = —dya =dy, if ji = mi+10 if by,
u;=0
+1<ji<m.
(15)

By Equation 15, it follows that each ai(mi)(X) is a solu-
tion to the first m; — /,,;, equations in Equation 4 and each
has next discrepancy d,,, such that d,, + ad,,, = 0. The
degree of oi(mi)(X) is given formally by ,,,, = l,;, 11 — (n; —
m;). Note that the coefficients of the higher powers of
the indeterminate X in oi(mi)(X) may be zero; thus, some
additional equations in Equation 4 may be satisfied, i.e.,
ai(mi) (X) may not be minimal. O

Now, based on these two lemmas, we show that the
following theorem is an extension of Theorem 6 of [11]:
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Theorem 22. For each i with 1 < i < t, let ai("i)(X) be
a solution polynomial at the n;th stage and let oi(mi) (X) be
one of the prior minimal solutions, for 1 < m; < n;, such
that d,,; — yd,,, = 0 has solutions in y and m; — l,,,, has the
largest value. Further, suppose each ai(”i)(X) is updated in
the following way:

1. Ifd,, =0, then

oV X) = 0" (X) and b1 = by, (16)

2. Ifdy,, # 0, then
O’i(ni+1) (X) :Gi(ni) (X) _ani—WliO.i(mi) (X) (ll’ld lm+1 — l}’li
and

b1 = max{ly,;, Ly, + n; — m;}. (17)

If there is no solution D"+V(X) with degree less than
max{ly,, by, + n; — m;} and such that the coefficient of
the lowest power of the indeterminate X in D"tV (X) —
Ui("’)(X) is a zero divisor in R, then each oi("iﬂ)(X) isa
minimal polynomial solution at the (n; + 1)th stage.

Proof. 1f d,,, = 0, then cri("i+l) X) = cri("i) (X) are min-

imal solutions since Ul.("i

)(X) are also minimal solutions.
Now, consider the case where d,,, # 0. Since each ai(mi) X)
and cri("i)(X) are known, it follows that ai("i+1) (X) also
are known by Equation 17. By Lemma 20, it follows that

ol.("i+1) (X) are polynomial solutions with degree given by
lni+1 = max{ln,"lmi +n; — l’l’l[}.
We will now show that these are minimal solutions.

o Ifm; —ly, > n;

and ai("i

e On the other hand, if m; — Iy, < n;

— Iy, then [, 41 = I,;; by Lemma 20
H)(X) are minimal solutions at stages n; + 1.
— Iy;, then

b1 = max{ly,, L, +ni—m;} = Ly, Ani—m; > 1y,

Let us analyze when ai("iH)(X) are still minimal solu-
tions. Assume that there exist polynomials D"*D(X)
with degree d; such that [, < d; < l,,,, + n; — m; and the
coefficients of the lowest power of the indeterminate X in
DD (xy — ai("") (X) are units in R;. There are two cases
to consider:

1. Ifd; = l,,, then by Lemma 21, it follows that there
are solutions ai(mi)(X) with [, = d; — (n; — m)), i.e,
1

with m} — 1, = n;
that m; — [, < n;
m; — lmg > m; — l,,. However, m; — l,,,, was chosen
to be the largest of the values k; — I, for the previous
solutions, which is a contradiction.

— I,;. By hypotbhesis, it follows
— I;, and thus,
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2. Ifd; > I,,, then by Lemma 21, it follows that
d;, = lm; + n; — m;. However, since m; — lm; >
m; — Iy, it follows that

d; = ni_(m;_lm;) > ni—(mi—ly,) = ly11 > di,
i.e., d; > d;, which is a contradiction.

Thus, if the coefficients of the lower power of X in
DD (X)) — Ul.("i)(X) are units in R;, then oi(”‘H)(X) are
minimal solutions. O]

Note that the solution ai("i+1) (X) provided by
Theorem 22 need not be answered because the theorem
does not guarantee minimality when in case (2), the
coefficients of the lowest power of the indeterminate X
in DA (X) — crl.("i) (X) are not units in R;. However,
in many cases, it indicates the minimal solutions at the
(n; + 1)th stages.

By extension of the lemma [12], we can verify that if
ai("i)(X) satisfies n; —
n; + 1 — I, equations, then the solutions cri("iH) (X) will
satisfy n; + 1 — 1,11 equations in Equation 4, where

Iy, equations in Equation 4, but not

b1 = max{ly, n; +1—1,}.

Now, by using the arguments of ‘section III" of [12], it is
straightforward to show that if the linear equation over
the chain of the Galois ring R;, d,; — yd,,, = 0, always
have solutions in y for 1 < m} < n, < n;, then the above
inequalities become equalities, i.e.,

b1 = max{l,;, n; +1—1,,} = max{l,, n; —m; + [, }.

In contrast, if there are #; such that d,, —yd,,; = 0 does not
have solutions in y for any 1, with 1 l§ m <l n; < n;, then
the solutions oi(”i)(X), for n; > n, given by Theorem 22,
i.e., by Equations 16 and 17, are not necessarily minimal
solutions. In this case, let us suppose that Ui("i) (X) are
minimal solutions at #; stages and Gi("iH) (X) are any solu-
tion at (n; + 1) stages (obtained from Equations 16 and 17
of Theorem 22). We analyze it in the following:

1. Ifly41 = max{ly,, n; + 1 — I}, then ai(niJrl)(X) are
already the minimal solutions (at stages (n; + 1))
over the chain of rings R;, for 1 <i <t.

2. Ifly41 > max{l,;, n; + 1 — [,,}, then it is possible
that there are minimal solutions D"*D (X) with
degree [;, where max{l,,, m; + 1 — l,;} < l; < [y;41.
Any collection of polynomials D"+1 (X) with
minimum degree /; (in the range
max{l,,n;i +1—1,} <l <ly+1) will be minimal
solutions (at stages (#; + 1)) if and only if the
polynomials ai(mi) (X) defined by

i—m; . (1) — i+1 (1)
XM M) (x) = Uit (X) — ¢ (X)
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are solutions for the first m; power sums, where
dy, = —d,; and aif(r)”i) (X) are zero divisors in R,;.
Evidence of this emerged in Lemmas 20 and 21 and
from Theorem 22.

We can now collect these results and extend the modified
Berlekamp-Massey algorithm.

Extension of the modified Berlekamp-Massey algorithm for
commutative rings with identity

The collection of syndromes s;1,5;2,5i3, - ,Si2; is used
as the input for the algorithm. The output of the algorithm
will be sets of values 0;1,0i2,0i3, - ,0i, such that the
equations in Equation 3 hold with minimum v;. We want
to have some initial conditions for starting the algorithm
as in [10], given by

I—1,=0

i

l,=0

i

o VX =1
o0 =1

d =1
dO,' = Si,l;

for each i such that 1 < i < ¢, where 1 is the unity of R;
and each s;; is the first nonzero component of the corre-
sponding syndrome vectors s;, for each i, for 1 < i < ¢.
Now, we want to do the following steps:

1. Eachn; < 0.

2. Now, each d,; = s;1; if any d,,/. = 0, for some j,
1 <j <, then for that j,

(nj+1)
%j

and go to (5).

3. Ifanyd,, # 0, then find an my < ny — 1 such that
dyp, — ydm, = 0has a solution in y and mg — [, has
the largest value. Then,

X) < 0" () and a1 < by,

"0 <« o™ (X) — yx" e ™ (X)
and
lnk+1 <~ max{lnk»lmk + np — myl,

where the solution of the equation d,,, — yd,,, =0,
can be obtained by any of the algorithms presented in
[13].

4. If I, 1 = max{ly, nx + 1 — [, }, then go to (5); else,
search for solution D"*1 (X) with minimum degree
I in the range max{l,,, mi + 1 — b, } < Ix < Ly 41
such that olfmk )(X) defined by

Xnk—mko,]imk) (X) — D(Vlk+l) (X) _ o.]g”k) (X)

is a solution for the first m; power sums,
Ay, = —dy,, with a,irgk) (X) as a zero divisor in
corresponding Ry. If such a solution is found, then

oD (X) « DD (Xandly 11 < k.
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5. Ifall n; < 2t; — 1, then

(ni+1) (ni+1),
dni+1 < Sim+2Sim+10;7 - ’+Si,ni+2—lni+10i,lni+] 5

else, there is no need to find the values of d;;, 1.
6. n; < n; + 1;if n; < 2t;, then go to (2); else, stop.
7. In this way, we compute ai(zti) (X) in the nth iteration

procedure, where n = max{n; : 1 <i < t}.

The coefficients aif%ti), L.fgti), Uif?z’tt), - ,aiffiti) of oi(zti)
(X) satisfy Equation 3, for each i, where 1 < i < t. This
concludes step 2. This process contains # iterations, where
n = max{n; : 1 < i < t}, and in each iteration, it
deals ¢ codewords of codes C; at once, for each i, where
1 < i < t. By this procedure, we compute ¢ elemen-
tary symmetric functions in the chain of rings with less
computation. This process is not much different than the
original one, but it deals a sequence of ¢ codewords from
the sequence of codes C; over the chain of Galois rings R;,
for each i, where 1 < i < ¢, at a time. Also, this process
does not necessarily lead to a minimal solution ai("iJrl) X)
(at the (n; 4+ 1)th stages). As in [11], step 4 had to be intro-
duced in the original algorithm so that the new solutions
ol.("’drl) (X), calculated at step 3, are checked to be minimal
solutions. If these are not so, then a search is necessary to
be carried out to find minimal solutions, which consists of
finding the polynomials crl.(mi) (X), which are solutions for
the first m; power sums, and satisfying certain conditions.
Step 4 does not essentially increase the complexity due to
less number of polynomials.

In step 3, the calculation of error location numbers
over the chain of rings requires one more step than that
over the chain of fields because in R;, the solutions to
Equation 3 are generally not unique and the reciprocals
of polynomials ol.(Zti)(X), namely p;(X), may not be the
correct error locator polynomial

X =X)D)X = Xi2) - (X = Xip,)s (18)

where X;,, = «" (c¢;,, are integers in the range 0 <
Ciw; < m;i— 1that indicate the position of the u;th errors in
the sequence of codewords) are the correct error location
numbers and v; are the numbers of errors in the sequence
of codewords and are defined earlier.

Now, we describe how to convert the roots of p;(X)
into the correct error location numbers. The following
proposition extends Proposition 3 of [11]:

Proposition 23. Suppose that p;(X) has at least v; dis-
tinct roots over R; namely Z;1,2;2,2;3, - ,Ziy;, that
is,
piX) = X"+ 031 - X"+ o1 X 4oy, (19)

=X-ZiD)X~Zp) - X—2Zy,) (20)
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(note that at least one sequence of p;(X) produced by
the extension of the modified Berlekamp-Massey algorithm
will have this property), where o;,, are the elementary
symmetric functions found in step 2). Further, suppose
that the error magnitudes are Y;1,Yi2, Y3, - , Yiy,. Then,
YiuPiyw; = 0, where Py, = pi(X;y,), for 1 < u; < v; and
1<i<t

Proof. From Equation 19, it follows that

Yiu Xy X7+ 03 X" o 01 X + 07y (21)

=Yiu X, X = Zi)(X = Zip) - (X = Zi),  (22)
forl <u; <v;,1<j; <2t;—v;and 1 <i < t. Substitut-
ing X for X; ,, in Equation 21 and summing the right-hand
side for 1 <j; < 2¢t; — v;, we get

Sjitv; F Sjvi—10i1 + -+ 8;1100,-1 + 8,000, (23)

Note that Equation 23 vanishes for very j; such that 1 <
ji < 2t; — v; (since the o;,,’s form solutions to the linear
system in Equation 3). Consequently,

Vi )
D Y Xl K= Zi) Ko —Zi2) -+ K= Zi) = 0,

ui=1

(24)

for 1 < j; < 2t;—v; (the left-hand side of Equation 24 is the
collection of sums of the right-hand side of Equation 21
for 1 < u; < v;). In a matrix form, the sets of equations in
Equation 24 can be written as

Xia Xio Xiyi Yi1Pi1 0
2 2 2
X Xia Xiv, YioPip 0
= 7
2ti—v; 2t —v; 2t —v;
Xy "Xy e Xy Yiv,Piy, 0
(25)

where

Vi
Piyy = | [ Ko — Zig), forl < u; < vando < i <t.
1=1

Equation 25 can be viewed as homogeneous linear sys-
tems over the chain of rings R; in the unknowns
Yi1Pi1, YioPip, - -+ 5 Yy, Py, The values 2t; — v; are always
greater than or equal to v; (since v; < ¢;), and the McCoy
rank of the matrices that appears in Equation 25 is v;,
which is exactly the number of unknowns. By Theorem 5.3
of [14], this implies that the only solutions to Equation 25
are the trivial one, i.e., Yj,,P;,, = 0for 1 < u; <v;. O

Thus, from Proposition 23, we concluded that each
product P;,, is necessarily a zero divisor in R;. Thus, P; .,
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where 1 < u; < v;, has at least l;th factors (X, — Zi,l;)
which are zero divisors in R;. Moreover, if some (/;1)th
factors of P;,, are zero divisors, say b;,, and some other
(li2)th factors of Py, are also zero divisors, say b;,, then
li1 # lio for u; # ki and 1 < i < ¢. It can be solved in the
following way: Suppose that [;; = [;5 for u; # k;. Thus,
Xiw; — Zig;,) = biy and (Xix;, — Ziy;,) = biy. Therefore,
Xiw; — Xik, are zero divisors in R;, which is a contradic-
tion for u; # k;. Hence, there are unique error location
numbers X;,;, in R; corresponding to each Z;,,, where
1<y <v,for0O<i<t.

Based on these given facts, we can obtain the following
procedure for the calculation of the correct error location
numbers:

1. Compute the roots of each p;(X), say,

Zi1:Zi2: 21357+ 5 Zigy;-
2. Among X;o = ogO,X,"l =al,. .. y Xip—1 = Qi1
select those X; such that (X;, —Z;,,) are

2C(iu;) Ciu;)
zero divisors in R;. The selected elements give the
correct error location numbers.

This concludes step 3.
In step 4, the calculation of error magnitudes is based
on Forney’s method [5], where the error magnitudes

Yi,l, Yi,2r Yi,3; ) Yi,w are giVen bY
Vil il
Ul' Svi—ll/,
=1
Yi = ——F—— (26)
(uull‘) vi—l
Yoo, XV

and the coefficients 0; are defined by

(upl}) (uili—
o _

1 /
; = Oju; + Xiw;0; forO0 </, <v;—1

Starting with Ji(”i’o) = 0;0 = 1, here, from [11, p. 1018],
the denominator of Equation 26 is always a unit in R;.

Next, we give an example on this four-step decoding
procedure.

Example 24. Let Cy and Cy be a collection of (3,1) and
(15,7) BCH codes, respectively, over the chain of Galois
rings A1 C Ay, referring to Example 19, with generator
polynomials

akx) = x> +x+1 and o) = S’ +aP bl 1.

We know that o) = (x + 3,x + 3) and ay = (%, x%) be the
primitive elements of G3 and G5, respectively. Both codes
C1 and Cy have an error-correcting capability equal to t; =
1 and ty = 2 errors. So, C1 and Cy have an error-correcting
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capability equal to t1 = 1 and ty = 2 errors. Parity-check
matrices of C1 and Cy, are given by

1
1 « 012 0{3 064 0{5 Ol6 0{7 Ol8 o 0{10 all 0(12 0113 Ol14
Hy — 1 al 014 (16 C(S al() (112 0[14 o o aS Cl7 0(9 Olll 0[13
1ada® o a2 1 o® a® «® a2 1 o af o ol?|
1ot a8 a2 o o8 o a3 a2 af ol !4 o3 o7 gl!

Assume that the all zero codewords
c1 = ((0,0)(0,0)(0,0)) and
c2 = ((0,0)(0,0)(0,0)(0,0)(0,0)(0,0)(0,0)(0,0)(0, 0)(0, 0)
% (0,0)(0,0)(0,0)(0,0)(0,0)
are transmitted through the channel and the error pattern
is
e1 = ((0,0)(0,2)(1,0)) and
e2 = ((2,0)(0,1)(0,0)(0,0)(0,0)(0,0)(0,0)(0,0)(0, 0)(0, 0)
x (0,0)(0,0)(0,0)(3,0)(0,2).
The received vectors are then given by
rp =c1 + e = ((0,0)(0,2)(1,0)) and
ry = ¢ + ez = ((2,0)(0,1)(0,0)(0,0)(0,0)(0,0)(0,0)(0,0)
x (0,0)(0,0)(0,0)(0,0)(0,0)(3,0)(0, 2).
Applying the decoding procedure, first, we get syndromes
51 =71H1T=(51,1,S1,2) and Sz=f2H2T=(Sz,1 52,2 52,3 $2,4);
where
81,1 = (81,11,81,1,) = (3%, 20 + 2), 81,2 = (51,2;,51,2,)
= (x4 3,2%)
521 = (s2,1,,82,1,) = (3x® +a% + 3x +2,2¢° + 32 + 2),
S22 = (52,2,,52,2,) = (3x3+2x2+x+ 1,2x% +24% +x+ 3),
823 = (52,3,,52,3,) = (%3 + 2x, 4% + 3x% + 2x) and
$2.4 = (2,1,524,) = (3% + 3,20% + &% 4 3).

The extension of the modified Berlekamp-Massey algo-
rithm is applied to s, and sy, obtaining Table 1, where
$13 = (%,2x 4+ 2), s14 = (x + 1,2x), and s15 = (x,x + 1),
and Table 2, where

P00 =1+ 515X
and
02(4)()() =1+ s310X + 52,11 X>

based on a four- and six-iteration process.

The roots of p1(X) = X + s15 and pa(X) = X% 4+
SZJ()X + $2,11 are Zl,l = —S81,5 and Zz,l = (296 + l,xz),
Zoo = @3+ 3x2 + x,4% + 322 + 1). Among the elements
of G and G, it follows that X1,1 = (0, B1), X12 = (B,0),
Xo1 = (1,0), X2 = (0,B), Xo3 = (B'3,0), and X4 =
(0, B) are such that X11—21,1, X12—2Z1,2 are zero divisors
inR1 C Roand X1 — Za 1, Xo2 — Zo,2 are zero divisors in
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Table 1 Calculation of the polynomial 0'1(2) X)

m o™ (X) dn, Ing i = In,
—1 1 1 0 —1

0 1 ST 0 0

1 T4+ 513X S14 1 0

2 T4 515X — 1 1

Ri1 C Ry. Therefore, X1,1, X1,2, X2,1, X229, X2,3, and Xy 5 are
the correct error location numbers and indicate that two
errors have occurred in cy, one at position 2 and the other
at position 3, while four errors have occurred in cy, respec-
tively, at positions 1, 2, 14, and 15. The correct elementary
symmetric functions 01,1, 09,1, and oo, are obtained from

X -X11)=X+o01,1 and
(X = X21)(X — X22) = X 4+ 021X + 022

Finally, Forney's procedure is applied to s;, and we get the
error magnitudes Y11 = 3, Y12 =6, Yo1 = 6, and Y5 =
3. Therefore, the error pattern is given by

e1 = ((0,0)(0,2)(1,0)) and
% (0,0)(0,0)(0,0)(3,0)(0,2).

Conclusions

For a nonnegative integer ¢, let Ao C A; C --- C A1 C
A; be a chain of unitary commutative rings, where each
A, is constructed by the direct product of suitable Galois
rings with multiplicative group A} of units, and let Xy C
K1 € -+ C Ki—1 C K¢ be the corresponding chain of
unitary commutative rings, where each K; is constructed
by the direct product of corresponding residue fields of
given Galois rings, with multiplicative groups KC¥' of units.
Despite [7], the construction of BCH codes with symbols
from the commutative ring A;, the direct product of local
commutative rings R;;, where 0 < i < tand1 < < r,
has residue fields K;j, where 0 < i < tand1 < < r.
For each member in the chain of the direct product of
Galois rings and residue fields, respectively, we obtain the
sequence of BCH codes Cy,Cy, - - - ,C¢—1,C over the direct

Table 2 Calculation of the polynomial 02(4) 0.9)

n 3" (X) dn, I, Ny = In,
-1 1 1 0 -1

0 1 21 0 0

1 1T+523X $24 1 0

2 14 525X 526 1 1

3 T4 527X + 528%° 529 2 1

4 T4 5210X 4+ 5211 X2 - 2 2
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product of local commutative rings R;; with different

lengths and sequences of BCH codes Cy,C;,- -+ ,C,_;,C’

over the direct product of residue fields K;; with proper
lengths, i.e.,

Co C Coy() x Cp1 X -+ X CO,r/
C1 C C x Cip X -+- x Cpp

C C Cro x Cy1 X X Ct,r/

and
CCcC, xCx-xC
0 0,0 0,1 0,
! ! ] 4
€1 CCloxCy x - xCy
/ ! % %
C c Ciop x Cp X X Ct,r/.

In fact, this technique provides a choice to select the most
suitable BCH code C; (respectively, BCH code C}), where
0 < i < t, with required error-correcting capabilities
and code rate but with compromising length. We extend
the modified Berlekamp-Massey algorithm for the chain
of unitary commutative local rings in such a way that the
error will be corrected by a sequence of codewords from
the sequence of BCH codes Cy, Cy,- -+, Ci—1, C. In this
process, step 2 contains # iterations, where n = max{#; :
0 < i < t}, and in each iteration, it deals ¢ codewords
of codes C; for each i, where 0 < i < t at once. By the
algorithm of step 2, we compute ¢ elementary symmet-
ric functions in the chain of rings with less computation.
This process is not much different than the original one,
but it deals a sequence of ¢ codewords from the sequence
of codes C; over the chain of Galois rings R;, for each i,
where 0 < i < ¢, at once.
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