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RESUMO

O Teorema de Borsuk-Ulam clássico afirma que: “Se f : Sn → IRn é uma aplicação

contínua, então existe um ponto x em Sn tal que f(x) = f(−x), ou equivalentemente

f(x) = f(A(x)), onde Sn indica a esfera unitária n-dimensional e A : Sn → Sn

é a aplicação antipodal”. Se pensamos na superfície terrestre como uma esfera,

o caso n = 2 pode ser ilustrado dizendo-se que em cada instante, existe sem-

pre um par de pontos antipodais na superfície da Terra com mesma temperatura

e pressão barométrica (supondo que a temperatura e a pressão variam continua-

mente na superfície). Este trabalho é baseado no artigo “Some generalizations of

the Borsuk-Ulam Theorem” de Vendrúsculo, Desideri e Pergher (2011), [8], e tem

como principal objetivo apresentar um estudo de uma versão fraca do Teorema de

Borsuk-Ulam associada a grupos topológicos. Diz-se que {(X, T );G}, onde X é um

espaço topológico equipado por uma involução livre T e G é um grupo topológico,

“satisfaz uma versão fraca do Teorema de Borsuk-Ulam”, abreviadamente, “satis-

faz WBUT”, se, para cada aplicação contínua f : X → G, temos que o conjunto

{x ∈ X; f(x) · f(T (x))−1 ∈ 2G} é diferente do vazio, onde f(T (x))−1 é o simétrico

de f(T (x)) em G e 2G = {g ∈ G; g = g−1}. Neste trabalho, relacionamos essa

condição fraca com a condição geral de “satisfazer o Teorema de Borsuk-Ulam”

(ou “satisfazer BUT”) dada também pelos autores; apresentamos alguns exemplos;

considerando G = T2 (toro), detalhamos a demonstração de um resultado que es-

tabelece um critério algébrico para que {(X, T );T2} satisfaça a condição WBUT e

de um resultado que dá uma equivalência entre a versão fraca WBUT para triplas

{(S, T );T2} e a condição BUT para {(S, T ); IR2}, sendo S uma superfície fechada.

Por fim, apresentamos um invariante topológico obtido da versão WBUT. Tal inva-

riante, por nós definido, é similar ao obtido da condição BUT e apresentado pelos

autores citados.

Palavras-chave: Teorema de Borsuk-Ulam, Versão Fraca do Teorema de Borsuk

Ulam, Involução Livre, Grupos Topológicos , Superfície.





ABSTRACT

The classical Borsuk-Ulam Theorem states that: “If f : Sn → IRn is any continu-

ous map, then there exists a point x in Sn such that f(x) = f(−x), or equivalently

f(x) = f(A(x)), where Sn denotes the n-dimensional unit sphere and A : Sn → Sn is

the antipodal map”. If we think of the Earth’s surface as a sphere, the case n = 2 can

be illustrated by saying that at every instant there is always a pair of antipodal points

on the Earth’s surface with the same temperature and barometric pressure (assum-

ing that the temperature and pressure vary continuously in the surface). This work

is based on the article “Some generalizations of Borsuk-Ulam Theorem” by Ven-

drúsculo, Desideri and Pergher (2011), [8], and has the main purpose of presenting

a study of a weak version of the Borsuk-Ulam Theorem associated with topolog-

ical groups. It is said that {(X, T );G}, where X is a topological space equipped

with a free involution T and G is a topological group “satisfies a Weak version of

the Borsuk-Ulam Theorem”, abbreviatedly, “satisfies WBUT” if, given any continu-

ous map f : X → Y , the set {x ∈ X; f(x) · f(T (x))−1 ∈ 2G} is non empty, where

f(T (x))−1 is the symmetric of f(T (x)) in G and 2G = {g ∈ G; g = g−1}. In this

work, we relate this weak condition with the more general condition of “satisfying the

Borsuk-Ulam Theorem” (or “satisfying BUT” ) also given by the authors; we present

some examples; considering G = T2 (torus), we detail the proof of a result that

establishes an algebraic criterion for {(X, T );T2} satisfy the condition WBUT, and

of a result that gives an equivalence between the weak version WBUT for triples

{(S, T );T2} and the condition BUT for {(S, T ); IR2}, where S is a closed surface and

T is a free involution on S. Finally, we present a topological invariant obtained from

the WBUT version. Such invariant, defined by us, is similar to that obtained from the

BUT condition and presented by the cited authors.

Keywords: Borsuk-Ulam Theorem, Weak Version of Borsuk-Ulam Theorem, Free

Involution, Topological Groups, Surfaces.
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✶✳✶✾ ❋✐❣✉r❛ ✽ ❡♠ K2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✶✳✷✵ ❉❡t❡r♠✐♥❛çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ IRP2 ✭♦✉ K2✮

❝♦♠ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ m✲t♦r♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷
✶✳✷✶ ❯♠ ✷✲❝✉❜♦ s✐♥❣✉❧❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵
✶✳✷✷ ❯♠ ✷✲❝✉❜♦ s✐♥❣✉❧❛r ❝✉❥♦ ❜♦r❞♦ é f + g − h− l✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✶✳✷✸ {(0, 0)} é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ I2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✸✳✶ ❆ s✉♣❡r❢í❝✐❡ ✸T2 ✐♥s❡r✐❞❛ ❡♠ IR3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹
✸✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ T2 ❡ ❛❧❣✉♥s s✉❜❝♦♥❥✉♥t♦s ❡s♣❡❝✐❛✐s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✸✳✸ ❖ s✉❜❝♦♥❥✉♥t♦ K ♥♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾
✸✳✹ ❆♥❛❧✐s❛♥❞♦ q♯(e)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
✸✳✺ ❆♥❛❧✐s❛♥❞♦ q♯(a)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
✸✳✻ ❆♥❛❧✐s❛♥❞♦ q♯(b)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
✸✳✼ Pr♦❥❡çõ❡s pi✬s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸
✸✳✽ ❈❛♠✐♥❤♦ ❡♠ K ❧✐❣❛♥❞♦ (w1, w2) ❛ i

(
(w1, w2)

)
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻





❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✶✼

✶ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛ ✶✾
✶✳✶ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞❛ ❚❡♦r✐❛ ❞❡ ●r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✷ ❖ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✶✳✸ ❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✶✳✹ ❖ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✶✳✺ ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✶✳✻ ■♥tr♦❞✉çã♦ à ❍♦♠♦❧♦❣✐❛ ❙✐♥❣✉❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
✶✳✼ ❍♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✷ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s ✾✼
✷✳✶ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
✷✳✷ ●❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
✷✳✸ ❯♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✈✐♥❞♦ ❞❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲

❯❧❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✸ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✶✶✶
✸✳✶ ❉❡✜♥✐çõ❡s ❡ ❊①❡♠♣❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶
✸✳✷ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ❛ss♦❝✐❛❞❛ ❛♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✶✶✼
✸✳✸ ❈♦♥❞✐çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ✶✷✼
✸✳✹ ❯♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✈✐♥❞♦ ❞❛ ✈❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲

❯❧❛♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

❘❡❢❡rê♥❝✐❛s ✶✹✸

❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦ ✶✹✺





■♥tr♦❞✉çã♦

❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♥❛ s✉❛ ✈❡rsã♦ ❝❧áss✐❝❛ ❢♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ♣♦r ❙t❛♥✐s❧❛✇
❯❧❛♠ ❡ ♣r♦✈❛❞♦ ♣♦r ❑❛r♦❧ ❇♦rs✉❦✳ ❚r❛t❛✲s❡ ❞❡ ✉♠ t❡♦r❡♠❛ ❜❛st❛♥t❡ ✐♠♣♦rt❛♥t❡ ❞❛
❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛ q✉❡ t❡♠ s✐❞♦ ♦❜❥❡t♦ ❞❡ ✈ár✐❛s ♣❡sq✉✐s❛s ❡ ♣♦ss✉✐ ♠✉✐t❛s ✈❛r✐❛çõ❡s
❡ ❣❡♥❡r❛❧✐③❛çõ❡s✳

❙❡❥❛ Sn ❛ ❡s❢❡r❛ ✉♥✐tár✐❛ n✲❞✐♠❡♥s✐♦♥❛❧✳ ❖ ❢❛♠♦s♦ ❡ ❝❧áss✐❝♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲
❯❧❛♠✱ ❛✜r♠❛ q✉❡✱ ✏s❡ f : Sn → IRn é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣♦♥t♦
x ❡♠ Sn t❛❧ q✉❡ f(x) = f(−x)✑✳ ◆♦t❡ q✉❡ ❛ ❝♦♥❞✐çã♦ f(x) = f(−x) é ❡q✉✐✈❛❧❡♥t❡
❛ f(x) = f(A(x)) s❡ ❝♦♥s✐❞❡r❛♠♦s ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ A : Sn → Sn ❞❡✜♥✐❞❛ ♣♦r
A(x) = −x✱ ♣❛r❛ t♦❞♦ x ∈ Sn✳ ❙❡ ♣❡♥s❛♠♦s ♥❛ s✉♣❡r❢í❝✐❡ t❡rr❡str❡ ❝♦♠♦ ✉♠❛ ❡s❢❡r❛✱
♦ ❝❛s♦ n = 2 ❞♦ t❡♦r❡♠❛ ♣♦❞❡ s❡r ✐❧✉str❛❞♦ ❞✐③❡♥❞♦✲s❡ q✉❡ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡✱ ❡①✐st❡
s❡♠♣r❡ ✉♠ ♣❛r ❞❡ ♣♦♥t♦s ❛♥tí♣♦❞❛s ♥❛ s✉♣❡r❢í❝✐❡ ❞❛ ❚❡rr❛ ❝♦♠ ♠❡s♠❛ t❡♠♣❡r❛t✉r❛
❡ ♣r❡ssã♦ ❜❛r♦♠étr✐❝❛✱ ❝♦♥s✐❞❡r❛♥❞♦ f : S2 → IR2 ❞❛❞❛ ♣♦r f(x) = (tx, px)✱ ♦♥❞❡ tx
✐♥❞✐❝❛ ❛ t❡♠♣❡r❛t✉r❛ ❡ px ❛ ♣r❡ssã♦ ♥♦ ♣♦♥t♦ x ✭♣r❡ss✉♣♦♥❞♦ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❡ ❛
♣r❡ssã♦ ❜❛r♦♠étr✐❝❛ ✈❛r✐❛♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ♥❛ s✉♣❡r❢í❝✐❡ t❡rr❡str❡✮✳ ❙❡ ❝♦♥s✐❞❡r❛♠♦s
❛ ❧✐♥❤❛ ❞♦ ❡q✉❛❞♦r ❝♦♠♦ ✉♠ ❝ír❝✉❧♦✱ ♦ ❝❛s♦ n = 1✱ ♣♦❞❡ s❡r ✐❧✉str❛❞♦ ♥❛ ❛✜r♠❛çã♦
q✉❡ s❡♠♣r❡ ❡①✐st❡ ✉♠ ♣❛r ❞❡ ♣♦♥t♦s ❛♥tí♣♦❞❛s ♥♦ ❡q✉❛❞♦r ❞❛ ❚❡rr❛ ❝♦♠ ❛ ♠❡s♠❛
t❡♠♣❡r❛t✉r❛✳ ◆♦t❡ q✉❡ ♥♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ t❡♠♦s ❡♥✈♦❧✈✐❞❛ ✉♠❛ tr✐♣❧❛ {(Sn, A); IRn}✳

❊st❛ ❞✐ss❡rt❛çã♦ é ❜❛s❡❛❞❛ ♥♦ ❛rt✐❣♦ ✏❙♦♠❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❇♦rs✉❦✲❯❧❛♠
❚❤❡♦r❡♠✑ ❞❡ ❱❡♥❞rús❝✉❧♦✱ ❉❡s✐❞❡r✐ ❡ P❡r❣❤❡r ✭✷✵✶✶✮✱ ❬✽❪✱ ❡ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r
✉♠ ❡st✉❞♦ ❞♦ ♠❡s♠♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛❜♦r❞❛r ✉♠❛ ✈❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲
❯❧❛♠✱ ❛ss♦❝✐❛❞❛ ❛ ❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s✱ ❞❛❞❛ ♣❡❧♦s ❛✉t♦r❡s✳

❆ ❞✐ss❡rt❛çã♦ ❡stá ❞✐✈✐❞✐❞❛ ❡♠ três ❝❛♣ít✉❧♦s✳ ❖ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❝♦♥t❡♠♣❧❛ ❛❧❣✉♥s
♣ré✲r❡q✉✐s✐t♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❞❡♠❛✐s✱ ❞❡♥tr❡ ❡❧❡s ❞❡st❛❝❛♠♦s✿
❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦✱ ❆♣r❡s❡♥t❛çõ❡s ✭♣♦r ❣❡r❛❞♦r❡s ❡ r❡❧❛çõ❡s✮ ❞♦s ●r✉♣♦s ❋✉♥✲
❞❛♠❡♥t❛✐s ❞❛s ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s✱ ❡♠ q✉❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡t✲❱❛♥ ❑❛♠♣❡♥ ❞❡s❡♠✲
♣❡♥❤❛ ♣❛♣❡❧ ✐♠♣r❡s❝✐♥❞í✈❡❧✱ ❡ ♦ ❍♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③ ✭❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡ ♦
●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X ❡ ♦ ♣r✐♠❡✐r♦ ●r✉♣♦ ❞❡ ❍♦♠♦❧♦❣✐❛
❙✐♥❣✉❧❛r ❞❡ X✮✳ ➱ út✐❧ t❛♠❜é♠ ♣❛r❛ ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ♥♦t❛çõ❡s ✉t✐❧✐③❛❞❛s ❛q✉✐✳ ❆s
r❡❢❡rê♥❝✐❛s ♣r✐♥❝✐♣❛✐s ♣❛r❛ ❡ss❡ ❝❛♣ít✉❧♦ ❢♦r❛♠ ▲✐♠❛ ✭✷✵✵✻✮✱ ❬✹❪✱ ▼❛ss❡② ✭✶✾✾✶✮✱ ❬✺❪✱ ❡
❑♦s♥✐♦✇s❦✐ ✭✶✾✽✵✮✱ ❬✸❪✳ ❖ ❧❡✐t♦r ❢❛♠✐❧✐❛r✐③❛❞♦ ❝♦♠ ❡ss❡s ❛ss✉♥t♦s ♥ã♦ ♣r❡❝✐s❛ s❡ ❞❡t❡r
❛ ❡ss❡ ❝❛♣ít✉❧♦✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♥✉♥❝✐❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠✱ ❛♣r❡✲
s❡♥t❛♠♦s ❛ ♣r♦✈❛ ♣❛r❛ n = 1 ❡ n = 2 ❡ ❞❛♠♦s ✉♠❛ ✐❞❡✐❛ ❞❛ ♣r♦✈❛ ♣❛r❛ n > 2✳ ❊♠
s❡❣✉✐❞❛✱ ❡①✐❜✐♠♦s ✉♠❛ ✏❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠✑ ❝♦♠♦ ❛♣r❡s❡♥t❛❞❛
❡♠ ❱❡♥❞rús❝✉❧♦✱ ❉❡s✐❞❡r✐ ❡ P❡r❣❤❡r ✭✷✵✶✶✮ q✉❡ ❝♦♥s✐st❡ ❡♠ ❝♦♥s✐❞❡r❛r✱ ♥♦ ❧✉❣❛r ❞❡
(Sn, A)✱ ✉♠ ♣❛r (X, T )✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡
s♦❜r❡ X ✭♦✉ s❡❥❛✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ T : X → X t❛❧ q✉❡ q✉❡ T ◦ T = IdX ❡

✶✼



✶✽

T (x) 6= x✱ ♣❛r❛ t♦❞♦ x ∈ X✮✱ ❡ s✉❜st✐t✉✐r ♦ ❡s♣❛ç♦ IRn ♣♦r ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ Y
q✉❛❧q✉❡r✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ ❞✐③✲s❡ q✉❡ ✉♠❛ tr✐♣❧❛ {(X, T );Y } s❛t✐s❢❛③ ♦ ❚❡♦r❡♠❛ ❞❡
❇♦rs✉❦✲❯❧❛♠✱ ♦✉ ❛❜r❡✈✐❛❞❛♠❡♥t❡✱ s❛t✐s❢❛③ ✏❇❯❚✑ s❡✱ ❞❛❞❛ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : X → Y ✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ x ❞❡ X ❞❡ ♠♦❞♦ q✉❡ f(x) = f(T (x))✳ ◆❛
s❡q✉ê♥❝✐❛ é ❢❡✐t❛ ✉♠❛ ❛♥á❧✐s❡ ❞❛ ❝♦♥❞✐çã♦ ❇❯❚ ♥♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦
t♦♣♦❧ó❣✐❝♦ Y = IR2✳ ❋✐♥❛❧✐③❛♥❞♦ ❡ss❡ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛❞♦✱ ♣❛r❛ ❝❛❞❛ ❡s♣❛ç♦ Y ✱ ✉♠
✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ❞❡♥♦t❛❞♦ ♣♦r ❇❯❚(Y )✱ ✈✐♥❞♦ ❞❛ ❝♦♥❞✐çã♦ ❇❯❚ ♣♦r ❛♥❛❧✐s❛r ❛s
tr✐♣❧❛s {(Sn, A);Y }✱ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ n✳

❖ ú❧t✐♠♦ ❝❛♣ít✉❧♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r ✉♠❛ ✏✈❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡
❇♦rs✉❦✲❯❧❛♠✑ ❛ss♦❝✐❛❞❛ ❛ ❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s✱ ❞❛❞❛ ♥♦ ❛rt✐❣♦ r❡❢❡r✐❞♦✳ ◆❡st❡ ❝❛s♦✱
❝♦♥s✐❞❡r❛✲s❡ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s Y q✉❡ s❡❥❛♠ ✏❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s✑✱ q✉❡ ✈❛♠♦s ✐♥❞✐❝❛r
♣♦r G✳ ◆♦t❡♠♦s q✉❡ s❡ Y = G é ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✱ ✉♠❛ tr✐♣❧❛ {(X, T );G} s❛t✐s❢❛③
❇❯❚ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : X → G✱ ❡①✐st❡ x ∈ X t❛❧
q✉❡ f(x) = f(T (x))✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ q✉❡ f(x) · f(T (x))−1 = e✱ ♦♥❞❡ e ✐♥❞✐❝❛ ♦
❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡G ❡ f(T (x))−1 é ♦ s✐♠étr✐❝♦ ❞❡ f(T (x)) ❡♠G✳ ❆ ✈❡rsã♦ ❢r❛❝❛ é ♠♦t✐✲
✈❛❞❛ ♥❡ss❛ ♥♦✈❛ ❢♦r♠❛ ❞❡ ✈❡r ❛ ❝♦♥❞✐çã♦ ❇❯❚✳ ❉✐③✲s❡ q✉❡ ✉♠❛ tr✐♣❧❛ {(X, T );G} s❛t✐s✲
❢❛③ ✉♠❛ ✈❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠✱ ❛❜r❡✈✐❛❞❛♠❡♥t❡✱ s❛t✐s❢❛③ ✏❲❇❯❚✑✱
s❡✱ ♣❛r❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : X → G✱ t❡♠♦s q✉❡ F−1(2G) 6= ∅✱ ❝♦♠ F s❡♥❞♦
❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❡ (X, T ) ❡♠ (G, i) ❞❡✜♥✐❞❛ ♣♦r F (x) = f(x) · (f(T (x)))−1✱
i : G → G ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsã♦ i(g) = g−1 ❡ 2G = {g ∈ G; g2 = e}✳ ❈♦♥s✐❞❡r❛♥❞♦
G = T2✱ ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❛♣r❡s❡♥t❛♠♦s ❛ ♣r♦✈❛ ❞❡t❛❧❤❛❞❛ ❞❡ ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❞á
✉♠ ❝r✐tér✐♦ ❛❧❣é❜r✐❝♦ ♣❛r❛ q✉❡ tr✐♣❧❛s ❞♦ t✐♣♦ {(X, T );T2} s❛t✐s❢❛ç❛♠ ❛ ✈❡rsã♦ ❢r❛❝❛✳
◆❡st❛ ♣r♦✈❛✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❍✉r❡✇✐❝③ é ❜❛st❛♥t❡ út✐❧✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ♥❛ ❞✐r❡çã♦
❞❡ ✉♠ r❡s✉❧t❛❞♦ s✐♠✐❧❛r ♣❛r❛ ❇❯❚ ✭❛♣r❡s❡♥t❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✮✱ ♣♦ré♠ ❡①✐❣❡
té❝♥✐❝❛s ♠❛✐s s♦✜st✐❝❛❞❛s✳ ❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ❛ ♣r♦✈❛ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ✭❞❛❞♦ ♣❡❧♦s
❛✉t♦r❡s✮✱ q✉❡ ❞á ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛ ✈❡rsã♦ ❢r❛❝❛ ❲❇❯❚ ♣❛r❛ tr✐♣❧❛s {(S, T );T2}
❡ ❛ ❝♦♥❞✐çã♦ ❇❯❚ ♣❛r❛ ❛s tr✐♣❧❛s {(S, T ); IR2}✱ ♦♥❞❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ T
é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ S✳ ❱❛❧❡ ♦❜s❡r✈❛r q✉❡ ❛ ❞❡♠♦♥str❛çã♦ ✉s❛ ✉♠ t❡♦r❡♠❛ ❞❡
●♦♥ç❛❧✈❡s ✭✷✵✵✻✮✱ ❬✷❪✱ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛s tr✐♣❧❛s {(S, T ); IR2} q✉❡ s❛t✐s❢❛③❡♠ ❇❯❚✳ ❊ss❛
❝❛r❛❝t❡r✐③❛çã♦ ❡♥✈♦❧✈❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✱ ❛♣r❡s❡♥t❛çã♦ ❞♦s ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s
❞❛s s✉♣❡r❢í❝✐❡s ❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞❡ s✉❜❣r✉♣♦s ❞❡ í♥❞✐❝❡ ❞♦✐s ✭❞♦ ❣r✉♣♦ ❢✉♥❞❛✲
♠❡♥t❛❧✮ ❝♦♠ ❞❡t❡r♠✐♥❛❞❛s s❡q✉ê♥❝✐❛s ❡♠ Z2✳ P♦r ✜♠✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ✐♥✈❛r✐❛♥t❡
t♦♣♦❧ó❣✐❝♦ ✭♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s✮ ♦❜t✐❞♦ ❞❛ ✈❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡
❇♦rs✉❦✲❯❧❛♠ ❡ ❡①✐❜✐♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❡ r❡s✉❧t❛❞♦s✳ ❚❛❧ ✐♥✈❛r✐❛♥t❡✱ ♣♦r ♥ós ❞❡✜♥✐❞♦✱
é s✐♠✐❧❛r ❛♦ q✉❡ ❢♦✐ ♦❜t✐❞♦ ❞❛ ❝♦♥❞✐çã♦ ❇❯❚ ❡ ❛♣r❡s❡♥t❛❞♦ ♣❡❧♦s ❛✉t♦r❡s ❝✐t❛❞♦s ❛❝✐♠❛✳



✶ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ♣ré✲r❡q✉✐s✐t♦s q✉❡ sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♠❡❧❤♦r ❡♥✲
t❡♥❞✐♠❡♥t♦ ❞♦s ❝❛♣ít✉❧♦s ✷ ❡ ✸✱ q✉❡ sã♦ ♦s ♣r✐♥❝✐♣❛✐s ❞❡ss❛ ❞✐ss❡rt❛çã♦✳ ❙❡r✈❡ t❛♠❜é♠
♣❛r❛ s❡ ❢❛♠✐❧✐❛r✐③❛r ❝♦♠ ❝❡rt❛s ♥♦t❛çõ❡s ✉t✐❧✐③❛❞❛s✳ ❉❡♥tr❡ ♦s ❛ss✉♥t♦s ❛❜♦r❞❛❞♦s ❛q✉✐
❞❡st❛❝❛♠♦s✿ ❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦✱ ❆♣r❡s❡♥t❛çõ❡s ❞♦s ●r✉♣♦s ❋✉♥❞❛♠❡♥t❛✐s ❞❛s
❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ✭♦❜t✐❞❛s ✈✐❛ ♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡t✲❱❛♥ ❑❛♠♣❡♥✮ ❡ ♦ ❍♦♠♦♠♦r✜s♠♦
❞❡ ❍✉r❡✇✐❝③✳ ❖ ❧❡✐t♦r ❝♦♥❤❡❝❡❞♦r ❞❡ss❡s ❛ss✉♥t♦s ♣♦❞❡ ♦♠✐t✐r ❡ss❛ ♣❛rt❡✳ ❆s ♣r✐♥❝✐✲
♣❛✐s r❡❢❡rê♥❝✐❛s ✉t✐❧✐③❛❞❛s ❢♦r❛♠ ▲✐♠❛ ✭✷✵✵✻✮✱ ❬✹❪✱ ▼❛ss❡② ✭✶✾✾✶✮✱ ❬✺❪✱ ❡ ❑♦s♥✐♦✇s❦✐
✭✶✾✽✵✮✱ ❬✸❪✳

✶✳✶ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞❛ ❚❡♦r✐❛ ❞❡ ●r✉✲

♣♦s

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❉❛❞♦s ✉♠ ❣r✉♣♦ G ❡ ✉♠ ❝♦♥❥✉♥t♦ X 6= ∅✱ ✉♠❛ ❛çã♦ à ❡sq✉❡r❞❛

❞❡ G s♦❜r❡ X ♦✉ ✉♠❛ G✲❛çã♦ à ❡sq✉❡r❞❛ s♦❜r❡ X é ✉♠❛ ❛♣❧✐❝❛çã♦

φ : G×X → X
(g, x) 7→ g · x

t❛❧ q✉❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

(i) ♣❛r❛ t♦❞♦ x ∈ X✱ e · x = x✱ ♦♥❞❡ e ✐♥❞✐❝❛ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G❀

(ii) ♣❛r❛ q✉❛✐sq✉❡r x ∈ X ❡ g1, g2 ∈ G✱ (g1g2) · x = g1(g2 · x)✳

◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s ❛✐♥❞❛ q✉❡ G ❛t✉❛ ♦✉ ♦♣❡r❛ à ❡sq✉❡r❞❛ s♦❜r❡ X ❡ q✉❡ X
é ✉♠ G✲❝♦♥❥✉♥t♦ à ❡sq✉❡r❞❛✳ ◗✉❛♥❞♦ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ♠✉♥✐❞♦ ❞❡ ✉♠❛
❛çã♦ à ❡sq✉❡r❞❛✱ ❞✐③❡♠♦s q✉❡ X é ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✳

❙✐♠✐❧❛r♠❡♥t❡ ❞❡✜♥❡✲s❡ G✲❝♦♥❥✉♥t♦ ❡ G✲❡s♣❛ç♦ à ❞✐r❡✐t❛✳
❙❡ X é ✉♠ G✲❡s♣❛ç♦ à ❞✐r❡✐t❛ ❡ ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✱ ❞✐③❡♠♦s s✐♠♣❧❡s♠❡♥t❡

q✉❡ X é ✉♠ G✲❡s♣❛ç♦ ❡ q✉❡ G ❛t✉❛ ♦✉ ♦♣❡r❛ s♦❜r❡ X✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❙❡❥❛ X ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✳ ❉✐③❡♠♦s q✉❡ G ♦♣❡r❛ tr❛♥s✐t✐✲

✈❛♠❡♥t❡ à ❡sq✉❡r❞❛ s♦❜r❡ X ♦✉ q✉❡ X é ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛ ❤♦♠♦❣ê♥❡♦

s❡✱ ♣❛r❛ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s x, y ∈ X✱ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ g ∈ G t❛❧ q✉❡

g · x = y.

✶✾



✷✵ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❈♦♥s✐❞❡r❡ X ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✳ ❉✐③❡♠♦s q✉❡ ❛ ❛çã♦ ❞❡ G é
♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛ s♦❜r❡ X s❡ ❝❛❞❛ ♣♦♥t♦ x ∈ X ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U
t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ g ∈ G✱ ❝♦♠ g 6= e✱ t❡♠✲s❡

g · U ∩ U = ∅,

♦♥❞❡ g · U = {g · x; x ∈ U}✳
❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❝♦♥s✐❞❡r❛♠♦s ❛ ❛çã♦ ❞❡ G = {f : X → X; f é ❤♦♠❡♦♠♦r✜s♠♦}

❡♠ X✱ ❞❛❞❛ ♣♦r f · x = f(x)✱ ❡ ❡ss❛ ❛çã♦ é ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✱ ❞✐③❡♠♦s q✉❡
G é ✉♠ ❣r✉♣♦ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉♦ (❞❡ ❤♦♠❡♦♠♦r✜s♠♦s)✳ ◆♦t❡♠♦s q✉❡✱
♥❡st❡ ❝❛s♦✱ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ X✳

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❙❡❥❛ X ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✳ P❛r❛ ❝❛❞❛ x ∈ X✱ ♦ ❝♦♥❥✉♥t♦
G(x) = {g · x; g ∈ G} é ❝❤❛♠❛❞♦ ór❜✐t❛ ❞❡ x ❡ ♦ s✉❜❣r✉♣♦ Gx = {g ∈ G; g · x = x}
é ❞❡♥♦♠✐♥❛❞♦ s✉❜❣r✉♣♦ ❞❡ ✐s♦tr♦♣✐❛ ♦✉ s✉❜❣r✉♣♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ x✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✳ ❙❡❥❛ X ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✳

(i) ❙❡ G ♦♣❡r❛ tr❛♥s✐t✐✈❛♠❡♥t❡ s♦❜r❡ X✱ ❡♥tã♦ G(x) = X✱ ♣❛r❛ t♦❞♦ x ∈ X✳

(ii) P❛r❛ ❝❛❞❛ x ∈ X✱ ❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦

ϕ :
G

Gx

→ G(x)

g ·Gx 7→ ϕ(g ·Gx) = g · x

(♦✉ ϕ(Gx · g) = x · g✱ s❡ ❛ ❛çã♦ é ❛ ❞✐r❡✐t❛)✳ ❆ss✐♠✱
G

Gx

❡ G(x) tê♠ ❛ ♠❡s♠❛

❝❛r❞✐♥❛❧✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✿

(i) ❆ ♣r♦✈❛ é ✐♠❡❞✐❛t❛✳

(ii) ❆ ❛♣❧✐❝❛çã♦ ϕ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s✱ ♣❛r❛ q✉❛✐sq✉❡r g1, g2 ∈ G t❛✐s q✉❡
g1 ·Gx = g2 ·Gx✱ t❡♠♦s q✉❡ g−1

2 g1 ∈ Gx✱ ♦✉ s❡❥❛✱

(g−1
2 g1) · x = x

❡✱ ♣♦rt❛♥t♦✱ g1 · x = g2 · x✳

❚❡♠♦s q✉❡ ϕ é ✐♥❥❡t♦r❛✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❛r❛ q✉❛✐sq✉❡r g1, g2 ∈ G t❛✐s q✉❡ g1 · x =
g2 · x✱ s❡❣✉❡ q✉❡

(g−1
1 g2) · x = x,

♦✉ s❡❥❛✱ g−1
1 g2 ∈ Gx ❡✱ ❡♥tã♦✱ g1 ·Gx = g2 ·Gx✳

❈❧❛r❛♠❡♥t❡✱ ϕ é s♦❜r❡❥❡t♦r❛✳

▲♦❣♦✱ ϕ é ❜✐❥❡t♦r❛✳ �

❉❡✜♥✐çã♦ ✶✳✶✳✺✳ ❈♦♥s✐❞❡r❡ X ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✳ ❖ ❝♦♥❥✉♥t♦
X

G
❝♦♥st✐t✉í❞♦

♣♦r t♦❞❛s ❛s ór❜✐t❛s G(x) é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ór❜✐t❛s✳
X

G
s❡rá ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦

❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ♠✉♥✐❞♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✱ ♦✉ s❡❥❛✱ ♠✉♥✐❞♦ ❞❛ t♦♣♦❧♦❣✐❛ ♠❛✐s

✜♥❛ t❛❧ q✉❡ ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ p : X →
X

G
s❡❥❛ ❝♦♥tí♥✉❛✳ ❚❛❧ t♦♣♦❧♦❣✐❛ é ❞❛❞❛ ♣♦r

T =

{
W ⊂

X

G
; p−1(W ) é ❛❜❡rt♦ ❞❡ X

}
✳



❆❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞❛ ❚❡♦r✐❛ ❞❡ ●r✉♣♦s ✷✶

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✳ ❙❡❥❛ X ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✳ ❙❡✱ ♣❛r❛ t♦❞♦ g ∈ G✱ ❛ ❛♣❧✐❝❛çã♦

fg : X → X t❛❧ q✉❡ fg(x) = g · x é ❝♦♥tí♥✉❛✱ ❡♥tã♦ ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ p : X →
X

G
é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✳ ❊♠ ♣❛rt✐❝✉❧❛r ✐ss♦ ✈❛❧❡ s❡ G é ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ ❞♦s
❤♦♠❡♦♠♦r✜s♠♦s ❞❡ X ❡♠ X✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ U ✉♠ ❛❜❡rt♦ ❞❡ X✱

p−1(p(U)) = {x ∈ X; p(x) ∈ p(U)}
= {x ∈ X; G(x) = G(y), ♣❛r❛ ❛❧❣✉♠ y ∈ U}
= {x ∈ X; x = g · y, ♣❛r❛ ❛❧❣✉♠ y ∈ U ❡ g ∈ G}
= {x ∈ X; x ∈ g · U, g ∈ G}

=
⋃

g∈G

g · U.

❈♦♠♦ U é ✉♠ ❛❜❡rt♦ ❞❡ X✱ ❡♥tã♦ g · U = fg(U) é ✉♠ ❛❜❡rt♦ ❞❡ X✱ ♣❛r❛ t♦❞♦
g ∈ G ✭❥á q✉❡ fg é ❞❡ ❢❛t♦ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝♦♠ ✐♥✈❡rs❛ f−1

g ✮✳ ▲♦❣♦✱ p−1(p(U)) é ✉♠
❛❜❡rt♦ ❞❡ X✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✱ ♦❜t❡♠♦s q✉❡ p(U) é ✉♠ ❛❜❡rt♦ ❞❡
X

G
✳ P♦rt❛♥t♦✱ p é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✳ �

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✳ ❚♦❞❛s ❛s ❞❡✜♥✐çõ❡s ❛♥t❡r✐♦r❡s✱ ❜❡♠ ❝♦♠♦ ❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱
♣♦ss✉❡♠ ✈❡rsõ❡s ❛♥á❧♦❣❛s ♣❛r❛ G✲❡s♣❛ç♦ à ❞✐r❡✐t❛✳

❆ s❡❣✉✐r✱ r❡❝♦r❞❛♠♦s ❜r❡✈❡♠❡♥t❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ❞❛ ❚❡♦r✐❛
❞♦s ●r✉♣♦s✳

❉❡✜♥✐çã♦ ✶✳✶✳✻✳ ❋✐①❛❞♦ ✉♠ ❡❧❡♠❡♥t♦ g ♥✉♠ ❣r✉♣♦ G✱ ❛ ❛♣❧✐❝❛çã♦

x 7→ g · x · g−1

é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ G✱ ❝❤❛♠❛❞♦ ❛ ❝♦♥❥✉❣❛çã♦ ♣♦r g✳ ❙❡ H é ✉♠ s✉❜❣r✉♣♦ ❞❡ G✱
s✉❛ ✐♠❛❣❡♠ ♣♦r ❡ss❡ ❛✉t♦♠♦r✜s♠♦ é ♦ s✉❜❣r✉♣♦

g ·H · g−1 = {g · x · g−1; x ∈ H}

q✉❡ é ✐s♦♠♦r❢♦ ❛ H✱ ❝❤❛♠❛❞♦ s✉❜❣r✉♣♦ ❝♦♥❥✉❣❛❞♦ ❞❡ H✳
❆ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ H ❡♠ G é ♦ ❝♦♥❥✉♥t♦ {g ·H · g−1; g ∈ G}✳
❯♠ s✉❜❣r✉♣♦ H ❞❡ G ❞✐③✲s❡ ♥♦r♠❛❧ q✉❛♥❞♦ g ·H · g−1 = H✱ ♣❛r❛ t♦❞♦ g ∈ G✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✷✳ ❆ ❞❡✜♥✐çã♦ ❞❡ s✉❜❣r✉♣♦ ♥♦r♠❛❧ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡
g ·H · g−1 ⊆ H✱ ♣❛r❛ t♦❞♦ g ∈ G✳

❉❡✜♥✐çã♦ ✶✳✶✳✼✳ ❙❡ H é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ ✉♠ ❣r✉♣♦ G✱ ❡♥tã♦

G

H
:= {g ·H; g ∈ G},

♦♥❞❡ g · H = {g · h; h ∈ H}✱ ❝♦♠ ❛ ♦♣❡r❛çã♦ (g1 · H)(g2 · H) = g1g2 · H é ✉♠ ❣r✉♣♦
❝❤❛♠❛❞♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✶✳✽✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❖ ❝♦♠✉t❛❞♦r ❞❡ ❞♦✐s ❡❧❡♠❡♥t♦s g, h ∈ G✱
✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛❞♦ ♣♦r [g, h]✱ é ❞❛❞♦ ♣♦r [g, h] = g · h · g−1 · h−1✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s
❝♦♠✉t❛❞♦r❡s G′ = {g ·h·g−1 ·h−1; g, h ∈ G} é ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❞❡♥♦♠✐♥❛❞♦ s✉❜❣r✉♣♦
❝♦♠✉t❛❞♦r✳ ❚❛❧ s✉❜❣r✉♣♦ é t❛♠❜é♠ ❞❡♥♦t❛❞♦ ♣♦r [G : G]✳
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❖❜s❡r✈❛çã♦ ✶✳✶✳✸✳ (i) P♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ G′ é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G✳

(ii) ❙❡ G é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❡♥tã♦ ♦ s❡✉ s✉❜❣r✉♣♦ ❝♦♠✉t❛❞♦r é ♦ s✉❜❣r✉♣♦ tr✐✈✐❛❧

❡ ♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡
G

G′
é ✐s♦♠♦r❢♦ ❛ G✳ ❉❡ ❢❛t♦✱ t♦♠❡ g, h ∈ G q✉❛✐sq✉❡r✱ ❝♦♠♦

G é ❛❜❡❧✐❛♥♦✱ ♦ ❝♦♠✉t❛❞♦r

[g, h] = g · h · g−1 · h−1 = g · g−1 · h · h−1 = e,

♣♦rt❛♥t♦✱ G′ = {e}✳ ❆ss✐♠✱ ❞❛❞♦ g ∈ G✱ ♦ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡
g ·G′ = g · {e} ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ g ∈ G✳

❚❡♦r❡♠❛ ✶✳✶✳✶✳ (❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦) ❙❡❥❛♠ G ❡ L ❞♦✐s ❣r✉♣♦s ❡ ϕ : G→ L

✉♠ ❤♦♠♦♠♦r✜s♠♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ϕ̃ :
G

Ker(ϕ)
→ ϕ(G)✱ ❞❡✜♥✐❞♦ ♣♦r

ϕ̃(g · Ker(ϕ)) = ϕ(g)✱ ♦♥❞❡ Ker(ϕ) = {g ∈ G;ϕ(g) = eG}✱ ❝♦♠ eG ❞❡♥♦t❛♥❞♦ ♦
❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✱ ❡ ϕ(G) = {ϕ(g); g ∈ G}✳

❊①❡♠♣❧♦ ✶✳✶✳✶✳ ❈♦♥s✐❞❡r❡ ♦s ❣r✉♣♦s Z ❡ Zn = {0, 1, ..., n− 1} ❞❛s ❝❧❛ss❡s ❞❡ r❡st♦s
♠ó❞✉❧♦ n✱ ♣❛r❛ n ≥ 1✳ ❆ ❛♣❧✐❝❛çã♦ ϕ : Z → Zn (n ∈ Z)✱ ❞❛❞❛ ♣♦r ϕ(x) = x✱ é ✉♠
❤♦♠♦♠♦r✜s♠♦✱ ♣♦✐s

ϕ(x+ y) = x+ y = x+ y = ϕ(x) + ϕ(y).

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✱ t❡♠♦s q✉❡
Z

nZ
∼= Zn✱ ✉♠❛ ✈❡③ q✉❡

Ker(ϕ) = {x ∈ Z; ϕ(x) = 0} = nZ ❡ ϕ(Z) = Zn✳

▲❡♠❛ ✶✳✶✳✶✳ ❈♦♥s✐❞❡r❡ A ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❞❡♥♦t❛❞♦ ❛❞✐t✐✈❛♠❡♥t❡ ❡ G ✉♠ ❣r✉♣♦
♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❙❡ φ : G → A é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✲

✜s♠♦ φ :
G

G′
→ A t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

G

q
��

φ // A

G

G′

φ
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♦♥❞❡ q : G→
G

G′
é ♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦✱ ❞❛❞♦ ♣♦r q(g) = g ·G′✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ G′ ⊆ Ker(φ)✱ ♣♦✐s φ(ghg−1h−1) = φ(g)+φ(h)−φ(g)−
φ(h) = 0✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ Ker(φ) é ♥♦r♠❛❧✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡

G

Ker(φ)
❡ t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ q :

G

G′
→

G

Ker(φ)
✱ ❞❛❞❛ ♣♦r q(g · G′) = g · Ker(φ)✱

❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ◆♦t❡ ❛✐♥❞❛ q✉❡ q é✱ t❛♠❜é♠✱ ✉♠ ❤♦♠♦♠♦r✜s♠♦✳

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ φ̃ :
G

Ker(φ)
→ φ(G)✱ t❛❧ q✉❡

φ̃ (g ·Ker(φ)) = φ(g)✳

❉❡✜♥❛ φ = j ◦ φ̃ ◦ q :
G

G′
→ A✱ ♦♥❞❡ j : φ(G) → A é ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✳ ❊♥tã♦

φ (g ·G′) = (j ◦ φ̃ ◦ q) (g ·G′) = φ(g)



❖ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✷✸

❡ ♦ ❞✐❛❣r❛♠❛ s❡❣✉✐♥t❡ ❝♦♠✉t❛

G

q
��

φ // A

G

G′

φ
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q
// G

Ker(φ)
.

j◦φ̃

OO

❖❜s❡r✈❡ q✉❡ φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ♣♦✐s é ❝♦♠♣♦st❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦s✳
❆ ✉♥✐❝✐❞❛❞❡ ❞❡ φ é ❣❛r❛♥t✐❞❛ ♣❡❧❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ❞✐❛❣r❛♠❛ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ q

s❡r s♦❜r❡❥❡t♦r❛✱ ♣♦✐s s❡ φ1 :
G

G′
→ A ❢♦ss❡ ✉♠ ♦✉tr♦ ❤♦♠♦♠♦r✜s♠♦ ♥❛s ❝♦♥❞✐çõ❡s ❞❛

❤✐♣ót❡s❡✱ t❡rí❛♠♦s φ1(g ·G
′) = φ1(q(g)) = φ(g) = φ(g ·G′)✳ �

❯s❛♥❞♦ ❛s ♠❡s♠❛s ✐❞❡✐❛s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ♣♦❞❡✲s❡ ♠♦str❛r ❛
s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✶✳✶✳✸✳ ❈♦♥s✐❞❡r❡ A ❡ G ❞♦✐s ❣r✉♣♦s✳ ❙❡ A é ❛❜❡❧✐❛♥♦✱ φ : G → A é ✉♠
❤♦♠♦♠♦r✜s♠♦ ❡ H é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G t❛❧ q✉❡ H ⊆ Ker(φ)✱ ❡♥tã♦ ❡①✐st❡ ✉♠

ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ φ :
G

H
→ A t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

G

q
��

φ // A

G

H

φ
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♦♥❞❡ q : G→
G

H
é ♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦✱ ❞❛❞♦ ♣♦r q(g) = g ·H✳

❉❡✜♥✐çã♦ ✶✳✶✳✾✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❖ ♥♦r♠❛❧✐③❛❞♦r ❞❡ H
❡♠ G é ♦ ❝♦♥❥✉♥t♦

N(H) = {g ∈ G; g ·H · g−1 = H}.

❖❜s❡r✈❛çã♦ ✶✳✶✳✹✳ N(H) é ♦ ♠❛✐♦r s✉❜❣r✉♣♦ ❞❡ G q✉❡ ❝♦♥té♠ H ❝♦♠♦ s✉❜❣r✉♣♦
♥♦r♠❛❧✳ ❆❧é♠ ❞✐ss♦✱ H é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞♦ ❣r✉♣♦ G s❡✱ ❡ s♦♠❡♥t❡ s❡✱ N(H) = G✳

✶✳✷ ❖ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧

❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ x0, x1 ∈ X✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❯♠ ❝❛♠✐♥❤♦ ❡♠ X ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 ❡ ♣♦♥t♦ ✜♥❛❧ x1 é ✉♠❛
❢✉♥çã♦ ❝♦♥tí♥✉❛ α : I = [0, 1] → X t❛❧ q✉❡ α(0) = x0 ❡ α(1) = x1✳ ❙❡ x0 = x1✱ ❞✐③❡♠♦s
q✉❡ α é ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ x0 ♦✉ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✳ ❙❡❥❛ α : I → X ✉♠ ❝❛♠✐♥❤♦ ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 ❡ ♣♦♥t♦ ✜♥❛❧ x1✳ ❖
❝❛♠✐♥❤♦ ✐♥✈❡rs♦ ❞❡ α✱ ❞❡♥♦t❛❞♦ ♣♦r α−1✱ é ♦ ❝❛♠✐♥❤♦ ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x1 ❡ ♣♦♥t♦
✜♥❛❧ x0✱ ❞❡✜♥✐❞♦ ♣♦r α−1 : I → X t❛❧ q✉❡ α−1(t) = α(1− t)✱ ♣❛r❛ t♦❞♦ t ∈ I✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✳ ❈♦♥s✐❞❡r❡ α, β : I → X ❞♦✐s ❝❛♠✐♥❤♦s ❡♠ X t❛✐s q✉❡
α(0) = x0, α(1) = β(0) = x1 ❡ β(1) = x2✳ ❉❡✜♥✐♠♦s ♦ ❝❛♠✐♥❤♦ ♣r♦❞✉t♦

α ∗ β : I → X ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

(α ∗ β)(t) =





α(2t), s❡ 0 ≤ t ≤
1

2
;

β(2t− 1), s❡
1

2
≤ t ≤ 1.
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❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❉✐③❡♠♦s q✉❡ ♦s ❝❛♠✐♥❤♦s α ❡ β✱ ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 ❡ ♣♦♥t♦ ✜♥❛❧
x1✱ sã♦ ❤♦♠♦tó♣✐❝♦s ❡ ❞❡♥♦t❛♠♦s ♣♦r α ∼ β✱ s❡ ❡①✐st✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
H : I × I → X t❛❧ q✉❡

{
H(t, 0) = α(t); H(t, 1) = β(t), ∀t ∈ I;
H(0, s) = x0; H(1, s) = x1, ∀s ∈ I.

◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ H é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ α ❡ β (r❡❧❛t✐✈❛♠❡♥t❡ ❛
{x0, x1})✳

P♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ ❛ ✏r❡❧❛çã♦ ❞❡ ❤♦♠♦t♦♣✐❛✑ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❧❛ç♦s ❡♠ X ❜❛s❡❛❞♦s
❡♠ x0 é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❉❡✜♥✐çã♦ ✶✳✷✳✺✳ ❉❡♥♦t❛♠♦s ♣♦r [α] ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ✉♠ ❧❛ç♦ α : I → X✱
❛ss✐♠

[α] = {β : I → X ; β é ✉♠ ❧❛ç♦ ❡ β ∼ α} .

❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❧❛ç♦s ❡♠ X ❜❛s❡❛❞♦s ❡♠ x0 ❡
❞❡♥♦t❡♠♦s ♣♦r

Π1(X, x0) = {[α] ; α é ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ x0} .

❙❡❥❛♠ [α] ❡ [β] ❡❧❡♠❡♥t♦s ❞❡ Π1(X, x0)✱ ❞❡✜♥✐♠♦s ❡♠ Π1(X, x0) ❛ ♦♣❡r❛çã♦

[α] · [β] := [α ∗ β].

P♦❞❡✲s❡ ♠♦str❛r (✈✐❞❡ ▼❛ss❡② (❈❛♣✳II✱ 1991)✱ [✺]) q✉❡ ❡st❛ ♦♣❡r❛çã♦ ❢♦r♥❡❝❡ ✉♠❛ ❡s✲
tr✉t✉r❛ ❞❡ ❣r✉♣♦ ❡♠ Π1(X, x0)✱ ♦♥❞❡ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ é [cx0 ]✱ ❝♦♠ cx0 : I → X s❡♥❞♦
♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ❡♠ x0✳ ❊st❡ ❣r✉♣♦ é ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ X

❝♦♠ ♣♦♥t♦ ❜❛s❡ x0 ♦✉ ❣r✉♣♦ ❞❡ P♦✐♥❝❛ré ❞❡ X ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✳

❊①❡♠♣❧♦ ✶✳✷✳✶✳ ❙❡ X = {x0} (❡s♣❛ç♦ ✉♥✐tár✐♦)✱ ❡♥tã♦ Π1(X, x0) = {[cx0 ]} (❣r✉♣♦
tr✐✈✐❛❧)✳

❉❡✜♥✐çã♦ ✶✳✷✳✻✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é ❝❤❛♠❛❞♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s s❡✱ ♣❛r❛
q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s x0, x1 ∈ X✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ α : I → X ❧✐❣❛♥❞♦ x0 ❛ x1 ✱ ✐st♦
é✱ α(0) = x0 ❡ α(1) = x1✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ♥♦s ♠♦str❛ q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s ✐♥❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ ❜❛s❡✳ ❆ss✐♠✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦ X é ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s é ✉s✉❛❧ ❞❡♥♦t❛r ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ X s✐♠♣❧❡s♠❡♥t❡ ♣♦r Π1(X)✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳ ❙❡ X é ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ❡♥tã♦ Π1(X, x0) é ✐s♦✲
♠♦r❢♦ ❛ Π1(X, x1)✱ ♣❛r❛ q✉❛✐sq✉❡r x0, x1 ∈ X✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ X é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ γ : I → X
❧✐❣❛♥❞♦ x0 ❛ x1✳ ❙❡❥❛ α ✉♠ ❧❛ç♦ ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0✳ ❯s❛♥❞♦ ♦ ❝❛♠✐♥❤♦ γ ❡ ♦ ❧❛ç♦ α
❞❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦✿

ϕ : Π1(X, x0) → Π1(X, x1)
[α] 7→ [γ−1 ∗ α ∗ γ].
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◆♦t❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ϕ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s✱ ♣❛r❛ [α], [β] ∈ Π1(X, x0)✱ t❡♠♦s
q✉❡

[α] = [β] ⇒ α ∼ β ⇒ γ−1 ∗ α ∗ γ ∼ γ−1 ∗ β ∗ γ ⇒ [γ−1 ∗ α ∗ γ] = [γ−1 ∗ β ∗ γ].

❆ ❛♣❧✐❝❛çã♦ ϕ é ❜✐❥❡t♦r❛✱ ♣♦✐s ❛ ❛♣❧✐❝❛çã♦ ψ✱

ψ : Π1(X, x1) → Π1(X, x0)
[β] 7→ [γ ∗ β ∗ γ−1]

é ❛ ✐♥✈❡rs❛ ❞❡ ϕ✱ ❥á q✉❡

(ϕ ◦ ψ)([ρ]) = ϕ(ψ([ρ])) = ϕ([γ ∗ ρ ∗ γ−1]) = [γ−1 ∗ γ ∗ ρ ∗ γ−1 ∗ γ] = [ρ],

♣❛r❛ t♦❞♦ [ρ] ∈ Π1(X, x1)✱ ❡✱ s✐♠✐❧❛r♠❡♥t❡✱

(ψ ◦ ϕ)([α]) = ψ(ϕ([α])) = [α],

♣❛r❛ t♦❞♦ [α] ∈ Π1(X, x0)✳
❆❧é♠ ❞✐ss♦✱ ❛ ❛♣❧✐❝❛çã♦ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❉❡ ❢❛t♦✱ s❡

[α], [β] ∈ Π1(X, x0)✱ s❡❣✉❡ q✉❡

ϕ([α] · [β]) = ϕ([α ∗ β]) = [γ−1 ∗ α ∗ β ∗ γ]
= [γ−1 ∗ α ∗ cx0 ∗ β ∗ γ] = [γ−1 ∗ α ∗ γ ∗ γ−1 ∗ β ∗ γ]
= [γ−1 ∗ α ∗ γ] · [γ−1 ∗ β ∗ γ] = ϕ([α]) · ϕ([β]).

P♦rt❛♥t♦✱ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦✳ �

◗✉❡r❡♠♦s ❞❡t❡r♠✐♥❛r ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ S1✱ ♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✳ P♦❞❡♠♦s ✈❡r
S1 ❝♦♠♦ S1 = {(x, y) ∈ IR2; x2 + y2 = 1} ⊂ IR2 ♦✉ ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✭s✉❜❣r✉♣♦✮
❞❡ C∗✱ S1 = {cos(2πt) + i sen(2πt), t ∈ IR}✳

❉❡✜♥✐çã♦ ✶✳✷✳✼✳ ❙❡❥❛ σ : I → S1 ✉♠ ❝❛♠✐♥❤♦✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦
p = exp : IR → S1✱ ❞❛❞❛ ♣♦r p(t) = e2πit = cos(2πt) + i sen(2πt)✳ ❯♠ ❝❛♠✐♥❤♦
σ̃ : I → IR✱ t❛❧ q✉❡ p ◦ σ̃ = σ✱ é ❝❤❛♠❛❞♦ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ σ à r❡t❛
r❡❛❧✳ ❙✐♠✐❧❛r♠❡♥t❡✱ s❡ F : I×I → S1 é ✉♠❛ ❤♦♠♦t♦♣✐❛✱ ✉♠❛ ❛♣❧✐❝❛çã♦ F̃ : I×I → IR✱
t❛❧ q✉❡ p ◦ F̃ = F ✱ é ❝❤❛♠❛❞❛ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❛ ❤♦♠♦t♦♣✐❛ F ✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✳ ❆ ❛♣❧✐❝❛çã♦ p : IR → S1 ❞❛❞❛ ♣♦r p(t) = e2πit s❛t✐s❢❛③

p(t) = 1 ⇔ t ∈ Z,

✉♠❛ ✈❡③ q✉❡ e2πit = 1 = e0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t + k = 0✱ ❝♦♠ k ∈ Z✱ ♦ q✉❡ ❡q✉✐✈❛❧❡ ❛
t = −k ∈ Z✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳ (i) ❙❡ σ : I → S1 é ✉♠ ❝❛♠✐♥❤♦ ❡♠ S1 ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ✶✱
❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❧❡✈❛♥t❛♠❡♥t♦ σ̃ : I → IR ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ✵✳

(ii) ❙❡ F : I × I → S1 é ✉♠❛ ❤♦♠♦t♦♣✐❛ t❛❧ q✉❡ F (0, 0) = 1✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦
❧❡✈❛♥t❛♠❡♥t♦ F̃ : I × I → IR t❛❧ q✉❡ F̃ (0, 0) = 0✳



✷✻ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❉❡♠♦♥str❛çã♦ ✭■❞❡✐❛✮✿ ◆ã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛q✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧✲
t❛❞♦✳ ❆ ✐❞❡✐❛ ❞❛ ♣r♦✈❛ ❡♠ (i) ❝♦♥s✐st❡ ❡♠ ❞✐✈✐❞✐r I ❡♠ s✉❜✐♥t❡r✈❛❧♦s ❛❞❡q✉❛❞♦s✱ ❝♦♠
0 = t0 < t1 < ... < tn = 1✱ ❡ ❞❡✜♥✐r ❝♦♥t✐♥✉❛♠❡♥t❡ σ̃ ♥♦s s✉❜✐♥t❡r✈❛❧♦s [ti, ti+1] ✉s❛♥❞♦
σ ❡ ✐♥✈❡rs❛s ❧♦❝❛✐s ❞❡ p✳ P❛r❛ (ii) ❞✐✈✐❞❡✲s❡ I × I ❡♠ s✉❜✲r❡tâ♥❣✉❧♦s [ti, ti+1]× [sj, sj+1]
❡ ❛♣❧✐❝❛✲s❡ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❡♠ (i)✳ ✭❉❡ ❢❛t♦✱ ❡ss❡ r❡s✉❧t❛❞♦ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r
❞❛ s✐t✉❛çã♦ ♠❛✐s ❣❡r❛❧ ♣❛r❛ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❛❞❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶ ❡ ❝✉❥❛
♣r♦✈❛ ❧á ❡stá ♠❛✐s ❞❡t❛❧❤❛❞❛✮✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✽✳ ❙❡❥❛ α ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ S1 ❝♦♠ ♣♦♥t♦ ❜❛s❡ ✶✳ P❡❧❛ ♣r♦♣♦s✐çã♦
❛♥t❡r✐♦r ❡①✐st❡ ❡①❛t❛♠❡♥t❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ α̃ ❞❡ α ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ✵✳ ❚❡♠♦s q✉❡
α̃(1) ∈ Z✱ ♣♦✐s p(α̃(1)) = (p ◦ α̃)(1) = α(1) = 1✳ ❖ ♥ú♠❡r♦ ✐♥t❡✐r♦ α̃(1) é ❝❤❛♠❛❞♦
❣r❛✉ ❞❡ α✳ ◆❡ss❡ ❝❛s♦✱ ✉s❛♠♦s ❛ ♥♦t❛çã♦ grau(α)✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸✳ ❙❡❥❛♠ α ❡ β ❞♦✐s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❡♠ S1 ❝♦♠ ♣♦♥t♦ ❜❛s❡ 1✳
❊♥tã♦✱ α ∼ β s❡✱ ❡ s♦♠❡♥t❡ s❡✱ grau(α) = grau(β)✳

❉❡♠♦♥str❛çã♦✿ (⇒) ❙❡❥❛♠ α̃ ❡ β̃ ♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ α ❡ β ❡♠ ■❘✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
t❡♥❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ✵✳ ❈♦♠♦ α ∼ β✱ ❡①✐st❡ K : I × I → S1 ✉♠❛ ❤♦♠♦t♦♣✐❛ t❛❧ q✉❡

{
K(t, 0) = α(t); K(t, 1) = β(t), ∀t ∈ I;

K(0, s) = 1 = K(1, s), ∀s ∈ I.

P❡❧♦ ✐t❡♠ (ii) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❧❡✈❛♥t❛♠❡♥t♦ K̃ : I × I → IR

t❛❧ q✉❡ K̃(0, 0) = 0 ❡ p ◦ K̃ = K✳ ❊♥tã♦✱

p(K̃(1, s)) = K(1, s) = 1, ∀s ∈ I,

❡✱ ♣♦rt❛♥t♦✱ K̃(1, s) ∈ Z✱ ♣❛r❛ t♦❞♦ s ∈ I✱ ♣♦✐s p(t) = e2πit = 1 ✐♠♣❧✐❝❛ q✉❡ t ∈ Z✳
❈♦♠♦ K̃(1,−) é ❝♦♥t✐♥✉❛ ❡ I é ❝♦♥❡①♦✱ ❡♥tã♦ K̃(1,−) ❞❡✈❡ s❡r ✉♠❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡✱
✐st♦ é✱ ❡①✐st❡ k0 ∈ Z ✭✜①♦✮ t❛❧ q✉❡ K̃(1, s) = k0✱ ♣❛r❛ t♦❞♦ s ∈ I✳ ◆♦t❡♠♦s q✉❡ K̃(t, 0)

❡ K̃(t, 1) sã♦ ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ α ❡ β✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❣❛r❛♥t✐❞❛ ♥❛
Pr♦♣♦s✐çã♦ ✶✳✷✳✷✱

α̃(t) = K̃(t, 0) ❡ β̃(t) = K̃(t, 1).

❆ss✐♠✱

grau(α) = α̃(1) = K̃(1, 0) = k0 = K̃(1, 1) = β̃(1) = grau(β).

(⇐) ❙✉♣♦♥❤❛♠♦s q✉❡ grau(α) = grau(β)✱ ♦✉ s❡❥❛✱ α̃(1) = β̃(1) = x1 ∈ Z ⊂ IR✱
♦♥❞❡ α̃ ❡ β̃ sã♦ ♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ α ❡ β✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧♦ ✐t❡♠ (i) ❞❛ Pr♦♣♦s✐çã♦
✶✳✷✳✷✱ α̃(0) = 0 = β̃(0)✱ ✉♠❛ ✈❡③ q✉❡ α(0) = 1 = β(0)✳

❉❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦ H : I × I → IR t❛❧ q✉❡

H(t, s) = (1− s) α̃(t) + s β̃(t).

❚❡♠♦s q✉❡ H é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ♦s ❝❛♠✐♥❤♦s α̃ ❡ β̃ ✭❡♠ IR✮ ♣♦✐s✱

{
H(t, 0) = α̃(t); H(t, 1) = β̃(t), ∀t ∈ I;
H(0, s) = 0; H(1, s) = x1, ∀s ∈ I.
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❉❛í✱ p ◦ H : I × I → S1 é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ♦s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s α ❡ β ❡♠ S1✱
♣♦✐s p ◦H é ❝♦♥tí♥✉❛✱ ❥á q✉❡ é ❝♦♠♣♦st❛ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✱ ❡





(p ◦H)(t, 0) = p(H(t, 0)) = p(α̃(t)) = α(t), ∀t ∈ I;

(p ◦H)(t, 1) = p(H(t, 1)) = p(β̃(t)) = β(t), ∀t ∈ I;
(p ◦H)(0, s) = p(H(0, s)) = p(0) = p(α̃(0)) = α(0) = 1, ∀s ∈ I;
(p ◦H)(1, s) = p(H(1, s)) = p(α̃(1)) = α(1) = 1, ∀s ∈ I.

▲♦❣♦ α ∼ β✳ �

❚❡♦r❡♠❛ ✶✳✷✳✶✳ ❖ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ é ❝í❝❧✐❝♦ ✐♥✜♥✐t♦✱ ✐st♦ é✱
Π1(S

1) ∼= Z✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛

∂ : Π1(S
1, 1) → Z
[α] 7→ ∂([α]) = grau(α).

P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ∂ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✐♥❥❡t♦r❛✱ ♣♦✐s

α ∼ β ⇔ grau(α) = grau(β).

◆♦t❡ q✉❡ ∂ é s♦❜r❡❥❡t♦r❛✱ ♣♦✐s ♣❛r❛ t♦❞♦ n ∈ Z✱ ♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ γ : I → S1

❞❛❞♦ ♣♦r γ(t) = e2πnit✱ ♣❛r❛ t♦❞♦ t ∈ I✱ t❡♠ ❝♦♠♦ ❧❡✈❛♥t❛♠❡♥t♦ ♦ ❝❛♠✐♥❤♦ γ̃ : I → IR
t❛❧ q✉❡ γ̃(t) = nt✱ ♣❛r❛ t♦❞♦ t ∈ I ❡ (p ◦ γ̃)(t) = p(nt) = e2πint = γ(t)✳ ❆ss✐♠✱

∂([γ]) = γ̃(1) = n.

Pr♦✈❡♠♦s q✉❡ ∂ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❈♦♥s✐❞❡r❡ [α], [β] ∈ Π1(S
1, 1)✳

❙❡ α̃ ❡ β̃ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ α ❡ β ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ✵✱ ❡♥tã♦
♣♦❞❡♠♦s ✈❡r q✉❡ ♦ ❝❛♠✐♥❤♦ ❞❡✜♥✐❞♦ ♣♦r

g(t) =





α̃(2t), s❡ 0 ≤ t ≤
1

2
;

α̃(1) + β̃(2t− 1), s❡
1

2
≤ t ≤ 1,

é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α ∗ β ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ✵✱ ♣♦✐s p ◦ g = α ∗ β✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r
❛❜❛✐①♦✿

(p ◦ g)(t) =





p(α̃(2t)) = α(2t), 0 ≤ t ≤
1

2
;

p(α̃(1) + β̃(2t− 1)) = α(1) · β(2t− 1) = β(2t− 1),
1

2
≤ t ≤ 1

✭✉s❛♠♦s ❛q✉✐ q✉❡ p : IR → S1 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ q✉❡ α(1) = 1✮✳ ❆❧é♠ ❞✐ss♦✱
g(0) = α̃(0) = 0✳ ❆ss✐♠✱

∂([α] · [β]) = ∂([α ∗ β]) = g(1) = α̃(1) + β̃(1) = ∂([α]) + ∂([β]).

P♦rt❛♥t♦✱ ∂ é ✉♠ ✐s♦♠♦r✜s♠♦✳ �

❚❡♦r❡♠❛ ✶✳✷✳✷✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♠ ♣♦♥t♦s x0 ∈ X ❡ y0 ∈ Y ✳
❊♥tã♦✱ Π1(X × Y, (x0, y0)) ∼= Π1(X, x0)× Π1(Y, y0)✳
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❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛s ♣r♦❥❡çõ❡s

p1 : X × Y → X ❡ p2 : X × Y → Y
(x, y) 7→ p1(x, y) = x (x, y) 7→ p2(x, y) = y.

❙❡ α = (α1, α2) é ✉♠ ❧❛ç♦ ❡♠ X × Y ❜❛s❡❛❞♦ ❡♠ (x0, y0)✱ ❡♥tã♦ p1 ◦ α = α1 é ✉♠
❧❛ç♦ ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0 ❡ p2 ◦ α = α2 é ✉♠ ❧❛ç♦ ❡♠ Y ❜❛s❡❛❞♦ ❡♠ y0✳ ❉❡✜♥✐♠♦s

h : Π1(X × Y, (x0, y0)) −→ Π1(X, x0)× Π1(Y, y0)
[α] 7−→ ([p1 ◦ α], [p2 ◦ α]) = ([α1], [α2]).

❚❡♠♦s q✉❡ h é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❉❡ ❢❛t♦✱

h([α] · [β]) = h([α ∗ β]) = ([p1 ◦ (α ∗ β)], [p2 ◦ (α ∗ β)]) .

❈♦♠♦ α ∗ β = (α1 ∗ β1, α2 ∗ β2)✱ ❡♥tã♦ p1 ◦ (α ∗ β) = α1 ∗ β1 = (p1 ◦ α) ∗ (p1 ◦ β) ❡✱
❛♥❛❧♦❣❛♠❡♥t❡✱ p2 ◦ (α ∗ β) = (p2 ◦ α) ∗ (p2 ◦ β)✳ ❆ss✐♠✱

h([α] · [β]) = ([(p1 ◦ α) ∗ (p1 ◦ β)], [(p2 ◦ α) ∗ (p2 ◦ β)]) .

P♦r ♦✉t♦ ❧❛❞♦✱

h([α]) · h([β]) = ([p1 ◦ α], [p2 ◦ α]) · ([p1 ◦ β], [p2 ◦ β])
= ([p1 ◦ α] · [p1 ◦ β], [p2 ◦ α] · [p2 ◦ β])
= ([(p1 ◦ α) ∗ (p1 ◦ β)], [(p2 ◦ α) ∗ (p2 ◦ β)]) .

▲♦❣♦✱
h([α] · [β]) = h([α]) · h([β]).

❱❛♠♦s ✈❡r✐✜❝❛r q✉❡ h é ✉♠ ✐s♦♠♦r✜s♠♦ ❡①✐❜✐♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rs❛ ❞❡ h✳
❙❡❥❛♠ α1 ❡ α2 ❧❛ç♦s ❡♠ X ❡ Y ❜❛s❡❛❞♦s ❡♠ x0 ❡ y0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❡♠♦s

α : I → X × Y
t 7→ α(t) = (α1(t), α2(t))

❛ss✐♠✱ α é ✉♠ ❧❛ç♦ ❡♠ X × Y ❜❛s❡❛❞♦ ❡♠ (x0, y0)✳
❉❡✜♥❛

g : Π1 (X, x0)× Π1 (Y, y0) → Π1 (X × Y, (x0, y0))
([α1], [α2]) 7→ [α]

❡♥tã♦✱ g é ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rs❛ ❞❡ h✱ ✉♠❛ ✈❡③ q✉❡

(g ◦ h)([α]) = g(h([α])) = g([p1 ◦ α], [p2 ◦ α]) = g([α1], [α2]) = [α]

❡

(h ◦ g)([α1], [α2]) = h(g([α1], [α2])) = h([α]) = ([p1 ◦ α], [p2 ◦ α]) = ([α1], [α2]).

▲♦❣♦✱ h é ✉♠ ✐s♦♠♦r✜s♠♦ ❝♦♠ h−1 = g✳ �

❊①❡♠♣❧♦ ✶✳✷✳✷✳ ❈♦♥s✐❞❡r❡ T2 ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳ ❖ t♦r♦ T2 ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦
♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠❛❞♦ ♣❡❧❛ r♦t❛çã♦ ❞❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦
r✱ ❡♠ t♦r♥♦ ❞❡ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R ❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r T2 = S1×S1✳ ▲♦❣♦✱
♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❡ ♦ ❚❡♦r❡♠❛ 1.2.1✱

Π1(T
2) = Π1(S

1 × S1) ∼= Π1(S
1)× Π1(S

1) ∼= Z× Z.
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❆ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : X → Y ✱ ♣♦❞❡✲s❡ ❞❡✜♥✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✏✐♥❞✉③✐❞♦✑
♥♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❝♦♠♦ ♠♦str❛❞♦ ❛❜❛✐①♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✾✳ ❙❡❥❛♠ f : X → Y ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡♥tr❡ ❞♦✐s ❡s♣❛ç♦s
t♦♣♦❧ó❣✐❝♦s X ❡ Y ❡ α : I → X ✉♠ ❧❛ç♦ ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0✳ ❉❡ss❡ ♠♦❞♦✱ ❛ ❛♣❧✐❝❛çã♦
f ◦ α : I → Y é ✉♠ ❧❛ç♦ ❡♠ Y ❜❛s❡❛❞♦ ❡♠ f(x0)✳ ❆ss✐♠✱ tê♠✲s❡ ❜❡♠ ❞❡✜♥✐❞❛ ❛
❛♣❧✐❝❛çã♦

f♯ : Π1(X, x0) → Π1(Y, f(x0))
[α] 7→ [f ◦ α].

❊st❛ ❛♣❧✐❝❛çã♦ é ❝❤❛♠❛❞❛ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣♦r f ❡♠ Π1✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✷✳ ❱❡❥❛♠♦s q✉❡ r❡❛❧♠❡♥t❡ f♯ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳
❉❡ ❢❛t♦✱ ❞❛❞♦s [α], [β] ∈ Π1(X, x0)✱ t❡♠♦s q✉❡

f♯ ([α] · [β]) = f♯ ([α ∗ β]) = [f ◦ (α ∗ β)] = [(f ◦ α) ∗ (f ◦ β)]
= [f ◦ α] · [f ◦ β] = f♯([α]) · f♯([β]).

Pr♦♣♦s✐çã♦ ✶✳✷✳✹✳ (i) ❙❡ f : X → Y ❡ g : Y → Z sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❡♥tr❡
❞♦✐s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✱ ❡♥tã♦ (g ◦ f)♯ = g♯ ◦ f♯✳

(ii) ❙❡ Id : X → X é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱ ❡♥tã♦ Id♯ : Π1(X, x0) → Π1(X, x0) é ♦
❤♦♠♦♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✿

(i) ❈♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ❞❛ ❛♣❧✐❝❛çã♦ g ◦ f : X → Z✳ P❛r❛ t♦❞♦
[α] ∈ Π1(X, x0)✱ s❡❣✉❡ q✉❡

(g ◦ f)♯([α]) = [g ◦ f ◦ α]. ✭■✮

❈♦♠♦ f♯([α]) ∈ Π1(Y, f(x0))✱ ❡♥tã♦ g♯(f♯([α])) ∈ Π1(Z, g(f(x0)))✳ ❉❛í✱

g♯(f♯([α])) = g♯([f ◦ α]) = [g ◦ f ◦ α]. ✭■■✮

❉❡ ✭■✮ ❡ ✭■■✮✱ s❡❣✉❡ q✉❡ (g ◦ f)♯ = g♯ ◦ f♯✳

(ii) ❉❛❞♦ [α] ∈ Π1(X, x0)✱ Id♯([α]) = [Id ◦ α] = [α]✳ �

❚❡♦r❡♠❛ ✶✳✷✳✸✳ (■♥✈❛r✐â♥❝✐❛ t♦♣♦❧ó❣✐❝❛) ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♥❡①♦s
♣♦r ❝❛♠✐♥❤♦s✳ ❙❡ X é ❤♦♠❡♦♠♦r❢♦ ❛ Y ✱ ❡♥tã♦ Π1(X) é ✐s♦♠♦r❢♦ ❛ Π1(Y )✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ X é ❤♦♠❡♦♠♦r❢♦ ❛ Y ✱ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦
f : X → Y ✳ ❆ss✐♠✱ ✉s❛♥❞♦ ❛ ✐♥✈❡rs❛ ❞❡ f ✱ s❡❣✉❡ q✉❡ f−1 ◦ f = IdX ❡ f ◦ f−1 = IdY ✳
P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡

(IdX)♯ = (f−1 ◦ f)♯ = f−1
♯ ◦ f♯ ❡ (IdY )♯ = (f ◦ f−1)♯ = f♯ ◦ f

−1
♯ ,

❛ss✐♠✱ f♯ : Π1(X) → Π1(Y ) ✭♦✉✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ f♯ : Π1(X, x0) → Π1(Y, f(x0))✮ é
✉♠ ✐s♦♠♦r✜s♠♦✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✶✵✳ ❙❡❥❛ Sn =
{
(x1, ..., xn+1) ∈ IRn+1; x21 + ...+ x2n+1 = 1

}
❛ ❡s❢❡r❛

✉♥✐tár✐❛ n✲❞✐♠❡♥s✐♦♥❛❧✳ ❆ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ A : Sn → Sn✱ ❞❡✜♥✐❞❛ ♣♦r A(x) = −x✱
é ❝❤❛♠❛❞❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ ♦✉ ❛♣❧✐❝❛çã♦ ❛♥tí♣♦❞❛✳
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❊①❡♠♣❧♦ ✶✳✷✳✸✳ Π1(IRP
1) ∼= Z✱ ♦♥❞❡ IRP1 =

S1

A
é ♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦✱ q✉❡ é ♦ ❡s♣❛ç♦

q✉♦❝✐❡♥t❡ ❞❡ S1 ♦❜t✐❞♦ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ♣♦♥t♦s ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s✳
❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ IRP1 é ❤♦♠❡♦♠♦r❢♦ ❛ S1✱ ❥á q✉❡ ❛ ❛♣❧✐❝❛çã♦

h : IRP1 → S1

x 7→ x2

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳
▲♦❣♦✱ ♣❡❧♦s ❚❡♦r❡♠❛s 1.2.3 ❡ 1.2.1✱ s❡❣✉❡ q✉❡

Π1(IRP
1) = Π1

(
S1

A

)
∼= Π1(S

1) ∼= Z.

❉❡✜♥✐çã♦ ✶✳✷✳✶✶✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❡ f ❡ g ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❞❡
X ❡♠ Y ✱ ❞✐③❡♠♦s q✉❡ f é ❤♦♠♦tó♣✐❝❛ ❛ g r❡❧❛t✐✈❛♠❡♥t❡ ❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ A

❞❡ X ❡ ❞❡♥♦t❛♠♦s ♣♦r f ∼ g✱ s❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ H : X × I → Y ✱ t❛❧ q✉❡✱
♣❛r❛ t♦❞♦ x ∈ X✱ t❡♠♦s

{
H(x, 0) = f(x); H(x, 1) = g(x), ∀x ∈ X; (■)
H(a, t) = f(a) = g(a), ∀a ∈ A, ∀t ∈ I.

❙❡ ❛♣❡♥❛s (I) é s❛t✐s❢❡✐t❛✱ ❞✐③❡♠♦s s✐♠♣❧❡s♠❡♥t❡ q✉❡ f é ❤♦♠♦tó♣✐❝❛ ❛ g✳ ❆
❢✉♥çã♦ H é ❝❤❛♠❛❞❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✷✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❡ f : X → Y ✉♠❛ ❛♣❧✐❝❛çã♦
❝♦♥tí♥✉❛✳ ❉✐③❡♠♦s q✉❡ f é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❤♦♠♦tó♣✐❝❛ ♦✉ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛

❞❡ ❤♦♠♦t♦♣✐❛ s❡ ❡①✐st✐r g : Y → X ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ f ◦ g : Y → Y
é ❤♦♠♦tó♣✐❝❛ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ IdY ❡ g ◦ f : X → X é ❤♦♠♦tó♣✐❝❛ ❛ ❛♣❧✐❝❛çã♦
✐❞❡♥t✐❞❛❞❡ IdX ✳ ❆ ❛♣❧✐❝❛çã♦ g é ❝❤❛♠❛❞❛ ✐♥✈❡rs❛ ❤♦♠♦tó♣✐❝❛ ❞❡ f ✳

❙❡ ❡①✐st❡ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❤♦♠♦tó♣✐❝❛ ❡♥tr❡ ❞♦✐s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s X ❡ Y ✱ ❞✐③❡✲
♠♦s q✉❡ X é ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ Y ♦✉ q✉❡ X t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡

❤♦♠♦t♦♣✐❛ ❞❡ Y ❡ ❞❡♥♦t❛♠♦s ♣♦r X ∼ Y ✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✸✳ ❙❡ X ❡ Y sã♦ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❤♦♠❡♦♠♦r❢♦s✱ ❡♥tã♦ X ∼ Y ✳

❊①❡♠♣❧♦ ✶✳✷✳✹✳ IR ❡ {x0}✱ ❝♦♠ x0 ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❡♠ IR✱ tê♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡
❤♦♠♦t♦♣✐❛✱ ✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ f : IR → {x0}✱ ❡①✐st❡ g : {x0} → IR✱
❞❛❞❛ ♣♦r g(x0) = x0 (✐♥❝❧✉sã♦)✱ t❛❧ q✉❡ f ◦ g ∼ Id{x0} ❡ g ◦ f ∼ IdIR✱ ♣♦✐s ❡①✐st❡♠ ❛s
❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s H1 : IR× I → IR✱ ❞❛❞❛ ♣♦r

H1(x, t) =





x, s❡ 0 ≤ t ≤
1

2
;

x0, s❡
1

2
≤ t ≤ 1,

❡ H2 : {x0} × I → {x0}✱ ❞❛❞❛ ♣♦r H2(x0, t) = x0✱ q✉❡ s❛t✐s❢❛③❡♠
{
H1(x, 0) = x = IdIR(x);
H1(x, 1) = x0 = g(x0) = g(f(x))

❡

{
H2(x0, 0) = x0 = Id{x0}(x0);
H2(x0, 1) = x0 = f(g(x0)).



❖ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✸✶

▲❡♠❛ ✶✳✷✳✶✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s ❡ f, g : X → Y
❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s t❛✐s q✉❡ f é ❤♦♠♦tó♣✐❝❛ ❛ g✳ ❈♦♥s✐❞❡r❡ H : X × I → Y ✉♠❛
❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g✳ ❙❡❥❛ γ : I → Y ❞❡✜♥✐❞♦ ♣♦r γ(t) = H(x0, t)✳ ❊♥tã♦✱ γ é ✉♠
❝❛♠✐♥❤♦ ❡♠ Y ❧✐❣❛♥❞♦ f(x0) ❛ g(x0) ❡ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦

γ♯ : Π1(Y, f(x0)) → Π1(Y, g(x0))
[β] 7→ [γ−1 ∗ β ∗ γ]

t❛❧ q✉❡ g♯ = γ♯ ◦ f♯✱ ✐st♦ é✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

Π1(Y, f(x0))

γ♯

��
Π1(X, x0)

f♯
55

g♯ // Π1(Y, g(x0))

♦♥❞❡ f♯ ❡ g♯ sã♦ ♦s ❤♦♠♦♠♦r✜s♠♦s ✐♥❞✉③✐❞♦s ❞❡ f ❡ g✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ ❤♦♠♦t♦♣✐❛ H ❡ ♦ ❝❛♠✐♥❤♦ γ(t) = H(x0, t)✳ ❈♦♠♦ H
é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g✱ ❡♥tã♦ H é ❝♦♥tí♥✉❛ ❡

{
H(x, 0) = f(x), ∀x ∈ X;
H(x, 1) = g(x), ∀x ∈ X,

⇒

{
γ(0) = H(x0, 0) = f(x0);
γ(1) = H(x0, 1) = g(x0),

❛ss✐♠✱ γ é ✉♠ ❝❛♠✐♥❤♦ ❡♠ Y ❧✐❣❛♥❞♦ f(x0) ❛ g(x0)✳ ❖ ❢❛t♦ q✉❡ γ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦
s❡❣✉❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳

❙❡❥❛ [α] ∈ Π1(X, x0)✳ Pr❡❝✐s❛♠♦s ✈❡r✐✜❝❛r q✉❡ g♯ = γ♯ ◦ f♯✱ ♦✉ s❡❥❛✱
g♯([α]) = (γ♯ ◦ f♯)([α])✳ P❛r❛ ✐ss♦✱ ❜❛st❛ ✈❡r q✉❡

[g ◦ α] = [γ−1 ∗ (f ◦ α) ∗ γ].

◗✉❡r❡♠♦s ♦❜t❡r ✉♠❛ ❤♦♠♦t♦♣✐❛ L ❡♥tr❡ g ◦ α ❡ γ−1 ∗ (f ◦ α) ∗ γ✳ ❈♦♥s✐❞❡r❡
K : I × I → Y ❞❡✜♥✐❞❛ ♣♦r K(t, s) = H(α(t), s)✳ ❚❡♠♦s q✉❡ K é ❝♦♥tí♥✉❛ ❡





K(t, 0) = H(α(t), 0) = (f ◦ α)(t), ∀t ∈ I;
K(t, 1) = H(α(t), 1) = (g ◦ α)(t), ∀t ∈ I;
K(0, s) = K(1, s) = H(x0, s) = γ(s), ∀s ∈ I,

❧♦❣♦✱ K é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ◦ α ❡ g ◦ α r❡❧❛t✐✈❛♠❡♥t❡ ❛ γ(s)✳ ❉❡❢♦r♠❛♥❞♦ K✱

♦♥❞❡ ♣❛r❛ t ∈
[
0,

(1− s)

2

]
❛ ❤♦♠♦t♦♣✐❛ L ♣❛rt❡ ❞❡ γ−1(0) = γ(1) = g(x0) ❡ ✈❛✐ ❛té

γ−1(1− s) = γ(s)✳ ❆❣♦r❛✱ ♣❛r❛ t ∈
[
(1− s)

2
,
(s+ 3)

4

]
t❡♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♠♣♦s✐çã♦

[
(1− s)

2
,
(s+ 3)

4

]
→ [0, 1] → Y

t 7→
(4t+ 2s− 2)

(3s+ 1)
7→ K

(
(4t+ 2s− 2)

(3s+ 1)
, s

)
.

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ t ∈
[
(s+ 3)

4
, 1

]
❛ ❤♦♠♦t♦♣✐❛ L ♣❛rt❡ ❞❡ γ(s) ❡ ✈❛✐ ❛té g(x0) t❛❧ q✉❡

(γ−1 ∗ (f ◦ α) ∗ γ)(t) =





γ−1(2t), s❡ 0 ≤ t ≤
1

2
;

(f ◦ α)(4t− 2), s❡
1

2
≤ t ≤

3

4
;

γ(4t− 3), s❡
3

4
≤ t ≤ 1.



✸✷ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❖❜t❡♠♦s q✉❡ ❛ ❤♦♠♦t♦♣✐❛ L é ❞❛❞❛ ♣♦r

L(t, s) =





γ−1(2t), s❡ 0 ≤ t ≤
(1− s)

2
;

K

(
(4t+ 2s− 2)

(3s+ 1)
, s

)
, s❡

(1− s)

2
≤ t ≤

(s+ 3)

4
;

γ(4t− 3), s❡
(s+ 3)

4
≤ t ≤ 1,

❡ ❝♦♠♦ 



L(t, 0) =





γ−1(2t), s❡ 0 ≤ t ≤
1

2
;

K(4t− 2, 0) = (f ◦ α)(4t− 2), s❡
1

2
≤ t ≤

3

4
;

γ(4t− 3), s❡
3

4
≤ t ≤ 1;

= (γ−1 ∗ (f ◦ α) ∗ γ)(t), ∀t ∈ I;

L(t, 1) = K(t, 1) = (g ◦ α)(t), ∀t ∈ I;
L(0, s) = γ−1(0) = g(x0) = γ(1) = L(1, s), ∀s ∈ I,

s❡❣✉❡ q✉❡ L é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ g ◦α ❡ γ−1 ∗ (f ◦α)∗γ r❡❧❛t✐✈❛♠❡♥t❡ ❛ g(x0)✱ ❛ss✐♠
[g ◦ α] = [γ−1 ∗ (f ◦ α) ∗ γ]✱ ❝♦♠♦ ❞❡s❡❥❛❞♦✳ �

❚❡♦r❡♠❛ ✶✳✷✳✹✳ (■♥✈❛r✐â♥❝✐❛ ❤♦♠♦tó♣✐❝❛) ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♥❡①♦s
♣♦r ❝❛♠✐♥❤♦s✳ ❙❡ X t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ Y ✱ ❡♥tã♦ Π1(X) é ✐s♦♠♦r❢♦ ❛
Π1(Y )✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ X ∼ Y ✱ ❡♥tã♦ ❡①✐st❡♠ f : X → Y ❡ g : Y → X ❛♣❧✐✲
❝❛çõ❡s ❝♦♥tí♥✉❛s t❛✐s q✉❡ f ◦ g ∼ IdY ❡ g ◦ f ∼ IdX ✳ ❙❡❥❛♠ y0 ∈ Y ✱ x0 = g(y0) ❡
f♯ : Π1(X, x0) → Π1(Y, f(x0)) ❡ g♯ : Π1(Y, f(x0)) → Π1(X, g(f(x0))) ♦s ❤♦♠♦♠♦r✜s♠♦s
✐♥❞✉③✐❞♦s ❞❡ f ❡ g✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥s✐❞❡r❡ γ ✉♠ ❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ y0 ❛ f(x0) ❡ σ ✉♠ ❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ x0 ❛ g(f(x0))✳
P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱

(f ◦ g)♯ = γ♯ ◦ (IdY )♯ ❡ (g ◦ f)♯ = σ♯ ◦ (IdX)♯.

❆ss✐♠✱ ♦s ❞✐❛❣r❛♠❛s ❛❜❛✐①♦ sã♦ ❝♦♠✉t❛t✐✈♦s

Π1(Y, y0)

g♯

��

(IdY )♯ // Π1(Y, y0)

γ♯

��

Π1(X, x0)

f♯
��

(IdX)♯ // Π1(X, x0)

σ♯

��
Π1(X, x0)

f♯ // Π1(Y, f(x0)) Π1(Y, f(x0))
g♯ // Π1(X, g(f(x0))).

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✹✱ t❡♠♦s (f ◦ g)♯ = f♯ ◦ g♯, (g ◦ f)♯ = g♯ ◦ f♯, (IdY )♯ = IdΠ1(Y,y0)

❡ (IdX)♯ = IdΠ1(X,x0)✱ ❡♥tã♦

f♯ ◦ g♯ = γ♯ ◦ IdΠ1(Y,y0) ✭■✮

❡
g♯ ◦ f♯ = σ♯ ◦ IdΠ1(X,x0). ✭■■✮

❉❡ ✭■✮✱ ♦❜t❡♠♦s q✉❡ f♯ é s♦❜r❡❥❡t♦r❛✱ ♣♦✐s✱ ♣❛r❛ t♦❞♦ [β] ∈ Π1(Y, f(x0))✱ ❡①✐st❡
[α] ∈ Π1(Y, y0) t❛❧ q✉❡ γ♯([α]) = [β]✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ γ♯ é ✉♠ ✐s♦♠♦r✲
✜s♠♦ ✳ ❆ss✐♠✱

[β] = (γ♯ ◦ IdΠ1(Y,y0))([α])
✭■✮
= (f♯ ◦ g♯)([α]),



❖ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✸✸

♣♦rt❛♥t♦✱ ❡①✐st❡ g♯([α]) ∈ Π1(X, x0) t❛❧ q✉❡ f♯(g♯([α])) = [β]✳
❉❡ ✭■■✮✱ s❡❣✉❡ q✉❡ f♯ é ✐♥❥❡t♦r❛✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❛r❛ q✉❛✐sq✉❡r [α], [β] ∈ Π1(X, x0)

❝♦♠ f♯([α]) = f♯([β])✱ s❡❣✉❡ q✉❡ g♯(f♯([α])) = g♯(f♯([β]))✱ ❛ss✐♠ σ♯([α]) = σ♯([β])✱ ❡♥tã♦
[α] = [β]✱ ♣♦✐s✱ t❛♠❜é♠ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ σ♯ é ✉♠ ✐s♦♠♦r✜s♠♦✳

▲♦❣♦✱ f♯ é ✉♠ ✐s♦♠♦r✜s♠♦✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✶✸✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ A ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é ✉♠ r❡tr❛t♦ ♣♦r

❞❡❢♦r♠❛çã♦ ❞❡ X s❡ ❡①✐st❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ r : X → A ❡ ✉♠❛ ❤♦♠♦t♦♣✐❛
F : X × I → X t❛✐s q✉❡ r(a) = a✱ ♣❛r❛ t♦❞♦ a ∈ A✱ F (x, 0) = x✱ F (x, 1) = r(x)✱
♣❛r❛ t♦❞♦ x ∈ X✱ ❡ F (a, t) = a✱ ♣❛r❛ t♦❞♦ a ∈ A ❡ t ∈ I✳

❚❡♦r❡♠❛ ✶✳✷✳✺✳ ❙❡ A é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✱ ❡♥tã♦
❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦ i : A→ X ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦ i♯ : Π1(A, a) → Π1(X, a)✳

❉❡♠♦♥str❛çã♦✿ ▼♦str❡♠♦s q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ i♯ é ❜✐❥❡t♦r✳
❈♦♠♦ A é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡X✱ ❡♥tã♦ ❡①✐st❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ r : X → A

❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ F : X × I → X t❛✐s q✉❡ r(a) = a✱ ♣❛r❛ t♦❞♦ a ∈ A✱ F (x, 0) = x✱
F (x, 1) = r(x)✱ ♣❛r❛ t♦❞♦ x ∈ X✱ ❡ F (a, t) = a✱ ♣❛r❛ t♦❞♦ a ∈ A ❡ t ∈ I✳ ❆ss✐♠✱
i ◦ r ∼ IdX ✱ ✉♠❛ ✈❡③ q✉❡ F (x, 0) = IdX(x) ❡ F (x, 1) = r(x) = i(r(x))✱ ♣❛r❛ q✉❛❧q✉❡r
x ∈ X✳ ◆♦t❡✱ ❛✐♥❞❛✱ q✉❡ F é ✉♠❛ ❤♦♠♦t♦♣✐❛ r❡❧❛t✐✈❛ ❛ A✳ ❋✐①❛♥❞♦ a ∈ A✱ t❡♠♦s q✉❡
i ◦ r ∼ IdX ✭r❡❧❛t✐✈❛♠❡♥t❡ ❛ {a}✮✳ ❆ss✐♠✱ ❞❛❞♦ [β] ∈ Π1(X, a)✱ t❡♠♦s q✉❡ (i ◦ r) ◦ β ∼
IdX ◦ β = β✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

(i♯ ◦ r♯)([β]) = [i ◦ r ◦ β]
i◦r◦β∼β
= [β],

♦✉ s❡❥❛✱
i♯ ◦ r♯ = IdΠ1(X,a).

P❛r❛ q✉❛❧q✉❡r [α] ∈ Π1(A, a)✱ t❡♠♦s q✉❡ (r ◦ i ◦ α)(t) = α(t)✱ ♣❛r❛ t♦❞♦ t ∈ I✳
❆ss✐♠✱

(r♯ ◦ i♯)([α]) = [r ◦ i ◦ α] = [α],

♦✉ s❡❥❛✱
r♯ ◦ i♯ = IdΠ1(A,a).

▲♦❣♦ r♯ é ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rs❛ ❞❡ i♯✳ ❆ss✐♠✱ i♯ é ❜✐❥❡t♦r❛ ❡✱ ♣♦rt❛♥t♦✱ i♯ é ✉♠
✐s♦♠♦r✜s♠♦✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✶✹✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é ❞✐t♦ s❡r ❝♦♥trát✐❧ s❡ ❡①✐st❡ ✉♠ ♣♦♥t♦
x0 ∈ X t❛❧ q✉❡ {x0} é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ X✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✺✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ s❡
❡❧❡ é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ Π1(X) = {1}✱ ♦♥❞❡ 1 ✐♥❞✐❝❛ ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞♦
❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡✳

❊①❡♠♣❧♦ ✶✳✷✳✺✳ ❆ ❡s❢❡r❛ ✉♥✐tár✐❛ n✲❞✐♠❡♥s✐♦♥❛❧ Sn✱ ♣❛r❛ n ≥ 2✱ ❡ IR2 sã♦ s✐♠♣❧❡s✲
♠❡♥t❡ ❝♦♥❡①♦s✱ ♣♦✐s✱ q✉❛✐sq✉❡r ❞♦✐s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❞❛ ❡s❢❡r❛ ❝♦♠ ♦ ♣♦♥t♦ ❜❛s❡ ❡♠
❝♦♠✉♠ sã♦ ❤♦♠♦tó♣✐❝♦s✳ ❖ ♠❡s♠♦ ✈❡r✐✜❝❛✲s❡ ♣❛r❛ ♦ IR2✳ ❆ss✐♠✱ t♦❞♦s ♦s ❝❛♠✐♥❤♦s
❢❡❝❤❛❞♦s t❛♥t♦ ♥❛ ❡s❢❡r❛✱ q✉❛♥t♦ ❡♠ IR2✱ sã♦ ❤♦♠♦tó♣✐❝♦s ❛♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ (q✉❡
t❡♠ ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ r❡♣r❡s❡♥t❛❞❛ ♣♦r ✶)✳ P♦rt❛♥t♦✱ Π1(S

n) = {1}✱ ♣❛r❛ n ≥ 2✱
❡ Π1(IR

2) = {1}✳

❈♦r♦❧ár✐♦ ✶✳✷✳✶✳ ❙❡ X é ✉♠ ❡s♣❛ç♦ ❝♦♥trát✐❧✱ ❡♥tã♦ X é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳



✸✹ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ X é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ✉♠❛ ✈❡③ q✉❡ ♣♦r X s❡r
❝♦♥trát✐❧✱ ❡①✐st❡ x0 ∈ X t❛❧ q✉❡ {x0} é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ X✳ ❆ss✐♠
❡①✐st❡♠ ❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s r : X → {x0} ❡ F : X × I → X✱ t❛✐s q✉❡ r(x) = x0✱
♣❛r❛ t♦❞♦ x ∈ X✱ F (x, 0) = x ❡ F (x, 1) = r(x)✱ ♣❛r❛ t♦❞♦ x ∈ X✱ ❡ F (x0, t) = x0✱ ♣❛r❛
t♦❞♦ t ∈ I✳ ❉❡✜♥❛ γx : I → X ♣♦r γx(t) = F (x, t)✱ ♣❛r❛ t♦❞♦ x ∈ X✳ ❊♥tã♦✱ γx(0) = x
❡ γx(1) = x0✱ ♣❛r❛ t♦❞♦ x ∈ X✱ ❛ss✐♠✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ x0 ❛ q✉❛❧q✉❡r ♣♦♥t♦
❞❡ X ❡✱ ♣♦rt❛♥t♦✱ X é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳

❈♦♠♦ {x0} é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ X✱ t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✺✱ q✉❡
i♯ : Π1({x0}) → Π1(X) é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♦♥❞❡ i : {x0} → X é ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✳
▲♦❣♦✱ Π1(X) ∼= Π1({x0}) = {1}✳

P♦rt❛♥t♦✱ X é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ �

✶✳✸ ❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦

◆❡st❛ s❡çã♦ ❝♦♥s✐❞❡r❛♠♦s t♦❞♦s ♦s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ♠❡♥❝✐♦♥❛❞♦s ❝♦♠♦ s❡♥❞♦
❝♦♥❡①♦s ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✳

❘❡❝♦❜r✐♠❡♥t♦ ❡ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❝❛♠✐♥❤♦ ❡ ❞❡ ❤♦♠♦t♦♣✐❛

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❯♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ (♦✉
s✐♠♣❧❡s♠❡♥t❡✱ r❡❝♦❜r✐♠❡♥t♦) ❞❡ X é ✉♠ ♣❛r (X̃, p)✱ ♦♥❞❡ X̃ é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦
❡ p : X̃ → X é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛✱ t❛❧ q✉❡✱ t♦❞♦ x ∈ X ♣♦ss✉✐ ✉♠❛
✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ❞❡ X (❝♦♥❡①❛ ♣♦r ❝❛♠✐♥❤♦s)✱ ❝♦♠

p−1(U) =
⋃

l∈Γ

Vl,

♦♥❞❡ Vl sã♦ ❛❜❡rt♦s (❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s) ❞❡ X̃✱ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s (❝♦♠♣♦♥❡♥t❡s)✱
❡ p|Vl : Vl → U é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ♣❛r❛ ❝❛❞❛ l ∈ Γ✳

❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ (X̃, p,X) ♣❛r❛ ✐♥❞✐❝❛r q✉❡ (X̃, p) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ X✳
❖ ❝♦♥❥✉♥t♦ U é ❞✐t♦ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ♦✉ ✈✐③✐♥❤❛♥ç❛ ❡❧❡♠❡♥t❛r ♦✉✱

❛✐♥❞❛✱ ❛❞♠✐ssí✈❡❧ ❞❡ x ❡ p é ❝❤❛♠❛❞❛ ❞❡ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❊①❡♠♣❧♦ ✶✳✸✳✶✳ ❈♦♥s✐❞❡r❡ ♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ S1✱ ❡♥tã♦ (IR, p, S1) é ✉♠ ❡s♣❛ç♦ ❞❡
r❡❝♦❜r✐♠❡♥t♦✱ ♦♥❞❡

p = exp : IR → S1

t 7→ exp(t) = e2πit.

❉❡ ❢❛t♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ♦s ❛❜❡rt♦s ❞❡ S1 sã♦ ❞❛
❢♦r♠❛ U =

{
e2πit; t ∈ (a, b) ⊂ I = [0, 1]

}
✳ ❚❡♠♦s V := I ∩ exp−1(U) = (a, b) ❡

exp−1(U) é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞♦s ❛❜❡rt♦s V + n✱ ♦♥❞❡ V + n = (a + n, b + n)✱ ♣❛r❛
t♦❞♦ n ∈ Z✳ ▲♦❣♦✱ ❝❛❞❛ x ∈ X ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛✳ ❖❜s❡r✈❡ q✉❡ ❛
❛♣❧✐❝❛çã♦ exp é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡♥tr❡ (IR,+) ❡ (S1, ·)✱ ♣♦✐s

exp(t+ s) = e2πi(t+s) = e2πit · e2πis = exp(t) · exp(s).

❆✐♥❞❛✱ ❝♦♠♦ ❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ❝♦♥tí♥✉❛✱ s♦❜r❡❥❡t♦r❛ ❡
exp |V+n : V + n → U é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ s❡❣✉❡ q✉❡ (IR, p, S1) é ✉♠ ❡s♣❛ç♦ ❞❡
r❡❝♦❜r✐♠❡♥t♦✳



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✸✺

❊①❡♠♣❧♦ ✶✳✸✳✷✳ ❈♦♥s✐❞❡r❡ ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ T2 = S1×S1✱ ❝♦♠♦ ✈✐st♦ ♥♦ ❊①❡♠♣❧♦
1.2.2✳ ❊♥tã♦✱ (IR2, h,T2) é ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❝♦♠

h : IR2 → T2

(s, t) 7→ h(s, t) = (exp(s), exp(t)).

P♦❞❡♠♦s s✉♣♦r q✉❡ ♦s ❛❜❡rt♦s ❞❡ T2 sã♦ ❞❛ ❢♦r♠❛

U = {(exp(s), exp(t)); (s, t) ∈ (a; b)× (c; d) ⊂ I × I}

❡ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ (IR2, h,T2) é ✉♠ ❡s♣❛ç♦ ❞❡
r❡❝♦❜r✐♠❡♥t♦ ❞♦ t♦r♦✳

❚❡♦r❡♠❛ ✶✳✸✳✶✳ ❙❡❥❛ X ✉♠ G✲❡s♣❛ç♦ à ❡sq✉❡r❞❛✳ ❙❡ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ G é ♣r♦✲

♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ❝❛♥ô♥✐❝❛ p : X →
X

G
é

✉♠❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✷ ❡ s✉❛ ❞❡♠♦♥str❛çã♦✱ p é

✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ ❛❜❡rt♦ U ❞❡ X✱ p(U) é ✉♠ ❛❜❡rt♦ ❞❡
X

G
✱

❡ p−1(p(U)) =
⋃

g∈G

g · U ✱ ♦♥❞❡ g · U = g(U) = {g · u = g(u); u ∈ U}✳

❙❡❥❛♠ z ∈
X

G
❡ x ∈ X t❛❧ q✉❡ p(x) = z✳

❚♦♠❡ ✭♣♦r ❤✐♣ót❡s❡✮ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ♣r♦♣r✐❛ U ❞❡ x ✭♦✉ s❡❥❛✱ t❛❧ q✉❡
g · U ∩ U = ∅✱ ♣❛r❛ t♦❞♦ g ∈ G − {e}✮✳ ▼♦str❡♠♦s q✉❡ p|g·U : g · U → p(U) é
✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ♣❛r❛ ❝❛❞❛ g ∈ G✳

◆♦t❡♠♦s q✉❡ s❡ g ❡ h sã♦ ❡❧❡♠❡♥t♦s ❞❡ G ❞✐st✐♥t♦s✱ ❡♥tã♦ g ·U ∩h ·U = ∅✱ ✉♠❛ ✈❡③
q✉❡ g−1h · U ∩ U = ∅✳

❉❛❞♦ u ∈ U ✱ t❡♠♦s q✉❡ u ❡ g · u ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ór❜✐t❛✱ ♣❛r❛ t♦❞♦ g ∈ G✱ ❡
❛ss✐♠ p(g · U) = p(u)✱ ❞❡ ♠♦❞♦ q✉❡ p|g·U é s♦❜r❡❥❡t♦r❛✳

❆ ❛♣❧✐❝❛çã♦ p|g·U t❛♠❜é♠ é ✐♥❥❡t♦r❛✱ ♣♦✐s s❡ p(g · u) = p(g · v)✱ ❝♦♠ u, v ∈ U ❡
g · u 6= g · v ✭♦✉ s❡❥❛✱ s❡ g · u ❡ g · v sã♦ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ ór❜✐t❛✮✱
❡♥tã♦ ❡①✐st❡ h ∈ G ❝♦♠ g · u = h(g · v)✱ ❞❛í g ·U ∩hg ·U 6= ∅✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❈♦♠♦ p|g·U é ❛❜❡rt❛ ❡ ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡ p|g·U é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ♣❛r❛ ❝❛❞❛
g ∈ G✳ ❊♥tã♦✱ p é ✉♠❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ �

❚❡♦r❡♠❛ ✶✳✸✳✷✳ ❙❡❥❛ (X̃, p,X) ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❡♥tã♦ p é ✉♠❛ ❛♣❧✐❝❛çã♦
❛❜❡rt❛✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ Ũ ✉♠ ❛❜❡rt♦ q✉❛❧q✉❡r ❞❡ X̃ ❡ x ∈ p(Ũ)✳
❈♦♠♦ p é ✉♠❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U

❞❡ x✱ t❛❧ q✉❡ p−1(U) =
⋃

j∈J

Vj✱ ♦♥❞❡ ♦s Vj sã♦ ❛❜❡rt♦s ❞❡ X̃✱ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ ❡

p|Vj : Vj → U é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ♣❛r❛ t♦❞♦ j ∈ J ✳
❚♦♠❡ x̃ ∈ p−1(x) ∩ Ũ ✱ ❛ss✐♠ x̃ ∈ p−1(U)✱ ♣♦✐s p(x̃) = x ∈ U ✳ ▲♦❣♦✱ x̃ ∈ Vk✱ ♣❛r❛

❛❧❣✉♠ k ∈ J ✳
❆ss✐♠✱ Vk ∩ Ũ é ✉♠ ❛❜❡rt♦ ❞❡ Vk q✉❡ ❝♦♥té♠ x̃✳ ❈♦♠♦ p|Vk é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦

s♦❜r❡ U ✱ s❡❣✉❡ q✉❡ p(Vk ∩ Ũ) = p|Vk(Vk ∩ Ũ) é ✉♠ ❛❜❡rt♦ ❞❡ U ✳ P♦r U s❡r ✉♠ ❛❜❡rt♦
❞❡ X✱ ♦❜t❡♠♦s q✉❡ p(Vk ∩ Ũ) é ✉♠ ❛❜❡rt♦ ❞❡ X✳ ▼❛s✱ x = p(x̃)✱ ❡♥tã♦

x ∈ p(Vk ∩ Ũ) ⊂ p(Ũ),

❛ss✐♠✱ p(Ũ) é ✉♠ ❛❜❡rt♦ ❞❡ X✳ ▲♦❣♦✱ p é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✳ �



✸✻ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❉❡✜♥✐çã♦ ✶✳✸✳✷✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡ α : I → X ✉♠ ❝❛♠✐♥❤♦ ❡♠ X✳
❯♠ ❝❛♠✐♥❤♦ α̃ : I → X̃ é ❝❤❛♠❛❞♦ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α s❡ p ◦ α̃ = α✱ ✐st♦ é✱ s❡
♦ ❞✐❛❣r❛♠❛ s❡❣✉✐♥t❡ ❝♦♠✉t❛

X̃

p

��
I

α̃

88

α // X.

❙❡❥❛ F : I × I → X ✉♠❛ ❤♦♠♦t♦♣✐❛✱ ✉♠❛ ❛♣❧✐❝❛çã♦ F̃ : I × I → X̃ é ✉♠ ❧❡✈❛♥t❛✲

♠❡♥t♦ ❞❛ ❤♦♠♦t♦♣✐❛ F s❡ p ◦ F̃ = F ✱ ✐st♦ é✱ s❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

X̃

p

��
I × I

F̃

77

F // X.

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✳ ◆♦t❡ q✉❡ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ❢♦✐ ❞❛❞❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦
❞❡ ❝❛♠✐♥❤♦ ❡ ❤♦♠♦t♦♣✐❛ ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ X = S1✱ X̃ = IR ❡ p = exp
(❉❡✜♥✐çã♦ 1.2.7)✳

❖s ❞♦✐s r❡s✉❧t❛❞♦s ❛❜❛✐①♦ ✭♥❛ s❡q✉ê♥❝✐❛✮ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦
❞❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ s♦❜r❡ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❝❛♠✐♥❤♦s✳

❚❡♦r❡♠❛ ✶✳✸✳✸✳ ❙❡❥❛ M ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ❝♦♠ ♠étr✐❝❛ d✳ ❉❛❞❛ ✉♠❛
❝♦❜❡rt✉r❛ ❛❜❡rt❛ {Aj; j ∈ J} ❞❡ M ✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ δ > 0 (❝❤❛♠❛❞♦ ❞❡ ♥ú♠❡r♦
❞❡ ▲❡❜❡s❣✉❡ ❞❡ {Aj; j ∈ J}) t❛❧ q✉❡ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❞❡ M ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r
q✉❡ δ ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ Aj✱ ♣❛r❛ ❛❧❣✉♠ j ∈ J ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦M é ❝♦♠♣❛❝t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ J é ✜♥✐t♦✳ P❛r❛ t♦❞♦
x ∈M ❡ j ∈ J ✱ s❡❥❛

fj(x) = d(x,M − Aj) = inf
y∈M−Aj

d(x, y),

♦♥❞❡ d é ❛ ♠étr✐❝❛ ❞❡ M ✳ ❚❡♠♦s q✉❡ fj é ❝♦♥tí♥✉❛✱ ✉♠❛ ✈❡③ q✉❡ d é ❝♦♥tí♥✉❛✳
❉❡✜♥❛

f(x) = max
j∈J

fj(x),

❛ss✐♠ f é ❝♦♥tí♥✉❛✳
P♦rM−Aj s❡r ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✱ ❡♥tã♦ fj(x) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x ∈M−Aj✳

❉❛í✱ f(x) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x ∈ M − Aj✱ ♣❛r❛ t♦❞♦ j ∈ J ✳ P♦rt❛♥t♦✱ ❝♦♠♦
{Aj; j ∈ J} é ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ M ✱ ♦❜t❡♠♦s q✉❡ f(x) 6= 0✱ ♣❛r❛ t♦❞♦ x ∈ M ✱ ❛ss✐♠✱
f(x) > 0✱ ♣❛r❛ t♦❞♦ x ∈M ✳

❈♦♠♦ M é ❝♦♠♣❛❝t♦ ❡ f é ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡ f(M) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦
❞❡ IR ✭♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❞❡ (0,+∞) ⊂ IR✮✳

▲♦❣♦✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ δ > 0 t❛❧ q✉❡ f(x) > δ✱ ♣❛r❛ t♦❞♦ x ∈M ✳
❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ q✉❛❧q✉❡r ❞❡ M ❝♦♠ ❞✐â♠❡tr♦ ♠❡♥♦r ❞♦ q✉❡ δ✳ ❚♦♠❡

x ∈ S✱ ❛ss✐♠ f(x) > δ✱ ♦✉ s❡❥❛✱ fk(x) > δ✱ ♣❛r❛ ❛❧❣✉♠ k ∈ J ✱ ❡✱ ❡♥tã♦✱ x ∈ Ak✳
❈♦♠♦ ♦ ❞✐â♠❡tr♦ ❞❡ S é ♠❡♥♦r ❞♦ q✉❡ δ ❡ fk(x) = d(x,M − Ak) > δ✱ ❝♦♠ x ∈ Ak✱
❝♦♥❝❧✉í♠♦s q✉❡ S ❡stá ❝♦♥t✐❞♦ ❡♠ Ak✱ ♣♦✐s s❡ ❡①✐st✐r x0 ∈ S t❛❧ q✉❡ x0 /∈ Ak✱ t❡♠♦s
d(x, x0) ≥ d(x,M − Ak) > δ✱ ❝♦♠ x, x0 ∈ S✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞♦ ❞✐â♠❡tr♦ ❞❡ S
s❡r ♠❡♥♦r q✉❡ δ✳ �



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✸✼

▲❡♠❛ ✶✳✸✳✶✳ ❙❡❥❛ (X̃, p,X) ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❉❛❞♦s q✉❛✐sq✉❡r ❝❛♠✐♥❤♦s
α̃1, α̃2 : I → X̃ t❛✐s q✉❡ p◦α̃1 = p◦α̃2✱ t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦W = {t ∈ I; α̃1(t) = α̃2(t)}
é ✈❛③✐♦ ♦✉ é t♦❞♦ ♦ I✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ W = {t ∈ I; α̃1(t) = α̃2(t)}✳ Pr♦✈❡♠♦s q✉❡ W é ✉♠
❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦✳

❚♦♠❡ t ∈ I q✉❛❧q✉❡r✳ ❙❡ t ∈ W ✭❡✱ ♣♦rt❛♥t♦✱ W 6= ∅✮✱ t❡♠♦s α̃1(t) = α̃2(t) ❡✱ ♣♦r
❤✐♣ót❡s❡✱ (p ◦ α̃1)(t) = (p ◦ α̃2)(t) = x✳ ❈♦♠♦ p é ✉♠❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❡♥tã♦
❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ x ❡

p−1(U) =
⋃

j∈J

Vj,

♦♥❞❡ Vj sã♦ ❛❜❡rt♦s ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s ❡ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✳ ❆❧é♠ ❞✐ss♦✱
p|Vj : Vj → U é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ♣❛r❛ ❝❛❞❛ j ∈ J ✳

❆ss✐♠✱ α̃1(t) = α̃2(t) ∈ Vk✱ ♣❛r❛ ❛❧❣✉♠ k ∈ J ❡✱ ❡♥tã♦✱

t ∈ α̃−1
1 (Vk) ∩ α̃

−1
2 (Vk) ⊂ W,

✉♠❛ ✈❡③ q✉❡✱ ♣❛r❛ t♦❞♦ s ∈ α̃−1
1 (Vk) ∩ α̃

−1
2 (Vk)✱ t❡♠♦s α̃1(s), α̃2(s) ∈ Vk✳ ❈♦♠♦ p|Vk é

✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡✱ ♣❡❧❛ ❤✐♣ót❡s❡✱ (p ◦ α̃1)(s) = (p ◦ α̃2)(s)✱ s❡❣✉❡ q✉❡ α̃1(s) = α̃2(s)✱
♦✉ s❡❥❛✱ s ∈ W ✳ ❖❜s❡r✈❡ q✉❡ α̃−1

1 (Vk) ∩ α̃
−1
2 (Vk) é ✉♠ ❛❜❡rt♦✱ ♣♦✐s✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡

❞❡ α̃1 ❡ α̃2✱ t❡♠♦s ❛ ✐♥t❡rs❡çã♦ ❞❡ ❞♦✐s ❛❜❡rt♦s✳
▲♦❣♦✱ W é ❛❜❡rt♦✳
❆❣♦r❛✱ s❡ t ♥ã♦ ❡stá ❡♠ W ✱ ❡♥tã♦ α̃1(t) 6= α̃2(t)✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

♣♦❞❡♠♦s s✉♣♦r q✉❡ α̃1(t) ∈ V1 ❡ α̃2(t) ∈ V2✱ ✉♠❛ ✈❡③ q✉❡✱ s❡ α̃1(t), α̃2(t) ∈ Vk ✭♦
♠❡s♠♦ k✮✱ ❝♦♥❝❧✉✐r❡♠♦s q✉❡ α̃1(t) = α̃2(t) ❡ t ∈ W ✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱

t ∈ α̃−1
1 (V1) ∩ α̃

−1
2 (V2) ⊂ W c = X −W,

♣♦✐s✱ ♣❛r❛ t♦❞♦ s ∈ α̃−1
1 (V1) ∩ α̃−1

2 (V2)✱ t❡♠♦s q✉❡ α̃1(s) ∈ V1 ❡ α̃2(s) ∈ V2✱ ❛ss✐♠
α̃1(s) 6= α̃2(s)✱ ✉♠❛ ✈❡③ q✉❡✱ V1 ❡ V2 sã♦ ❞✐s❥✉♥t♦s ❡✱ ♣♦rt❛♥t♦✱ s ∈ W c✳ ❖❜s❡r✈❡ q✉❡
α̃−1
1 (V1) ∩ α̃

−1
2 (V2) é ✉♠ ❛❜❡rt♦ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ α̃1 ❡ α̃2✳

P♦rt❛♥t♦✱ W c é ❛❜❡rt♦✱ ❛ss✐♠ W é ❢❡❝❤❛❞♦✳
❈♦♠♦ I é ❝♦♥❡①♦ ❡ W é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦ ❞❡ I✱ s❡❣✉❡ q✉❡ W = I ♦✉

W = ∅✳ �

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳ ❙❡❥❛ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦✳ ❊♥tã♦✿

(i) ❙❡ x̃0 ∈ X̃ ❡ x0 = p(x̃0)✱ t❡♠♦s q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ α : I → X ❝♦♠
♣♦♥t♦ ✐♥✐❝✐❛❧ x0✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❛♠✐♥❤♦ α̃ : I → X̃ ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 t❛❧ q✉❡
p ◦ α̃ = α✳

(ii) ❙❡ F : I × I → X ❝♦♠ F (0, 0) = x0 ❡ x̃0 ∈ X̃ ❝♦♠ x0 = p(x̃0)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛
❤♦♠♦t♦♣✐❛ F̃ : I × I → X̃ t❛❧ q✉❡ p ◦ F̃ = F ❡ F̃ (0, 0) = x̃0✳

❉❡♠♦♥str❛çã♦✿

(i) ❙❡ ♦ ❝❛♠✐♥❤♦ α ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ U ✱ ❡♥tã♦✱ ❝♦♥✲

s✐❞❡r❛♥❞♦ ❛ ✈✐③✐♥❤❛♥ç❛ Vk
(
❡♠ p−1(U) =

⋃

j∈Γ

Vj

)
q✉❡ ❝♦♥té♠ x̃0✱ α̃ := (p|Vk)

−1◦α

é ♦ ú♥✐❝♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α✱ ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳



✸✽ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❆❣♦r❛✱ s❡ α ♥ã♦ ❡stá ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ U ✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡①♣r❡ss❛r
α ❝♦♠♦ ♦ ♣r♦❞✉t♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝❛♠✐♥❤♦s✱ ♦♥❞❡ ❝❛❞❛ ✉♠ ❞♦s q✉❛✐s
❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❡✱ ❡♥tã♦✱ ❜❛st❛ ❛♣❧✐❝❛r ♦ ❛r❣✉♠❡♥t♦
❛♥t❡r✐♦r ❛ ❝❛❞❛ ✉♠ ❞❡st❡s ❝❛♠✐♥❤♦s✳ ❙❡❥❛ {Ui; i ∈ I} ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡
X ♣♦r ✈✐③✐♥❤❛♥ç❛s ❞✐st✐♥❣✉✐❞❛s✱ ❡♥tã♦✱ ♣♦r α s❡r ❝♦♥tí♥✉❛✱ {α−1(Ui); i ∈ I} é
✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ I✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✸✱ ❡①✐st❡
δ > 0 t❛❧ q✉❡ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ δ ❡stá ❝♦♥t✐❞♦ ❡♠

✉♠ ❝♦♥❥✉♥t♦ α−1(Ui)✱ i ∈ I✳ ❊s❝♦❧❤❛ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ n ❞❡ ♠♦❞♦ q✉❡
1

n
< δ✳

❉✐✈✐❞❛ ♦ ✐♥t❡r✈❛❧♦ I ❡♠ s✉❜✐♥t❡r✈❛❧♦s J =

[
0,

1

n

]
,

[
1

n
,
2

n

]
, ...,

[
(n− 1)

n
, 1

]
✳ ◆♦t❡

q✉❡ ❝❛❞❛ s✉❜✐♥t❡r✈❛❧♦ J t❡♠ ❞✐â♠❡tr♦ ♠❡♥♦r ❞♦ q✉❡ δ✱ ❧♦❣♦ J ⊂ α−1(Ui)✱ ♣❛r❛
❝❛❞❛ i✱ ❡✱ ♣♦rt❛♥t♦✱ α(J) ⊂ Ui✳ ❆ss✐♠✱ ❝♦♠♦ ❛♥t❡s ♠❡♥❝✐♦♥❛❞♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

α̃✱ s✉❝❡ss✐✈❛♠❡♥t❡✱ s♦❜r❡ ❡st❡s s✉❜✐♥t❡r✈❛❧♦s✱ ❝♦♠❡ç❛♥❞♦ ❡♠
[
0,

1

n

]
✳

❆ ✉♥✐❝✐❞❛❞❡ ❞❡ α̃ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ▲❡♠❛ ✶✳✸✳✶✱ ✉♠❛ ✈❡③ q✉❡✱ s❡ ❡①✐st❡ α̃′ t❛❧
q✉❡ p ◦ α̃′ = α = p ◦ α̃✱ ❝♦♠ α̃′(0) = x̃0 = α̃(0)✱ s❡❣✉❡ q✉❡ W = {t ∈ I;
α̃(t) = α̃′(t)} = I ❡✱ ❡♥tã♦✱ α̃′ = α̃✳

(ii) ❙❡❣✉❡ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦s ❛r❣✉♠❡♥t♦s ❢❡✐t♦s ❡♠ (i)✱ ❞✐✈✐❞✐♥❞♦ I × I ❡♠ s✉❜✲
r❡tâ♥❣✉❧♦s [si−1, si]× [tj−1, tj]✳ �

❚❡♦r❡♠❛ ✶✳✸✳✹✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡ α̃, β̃ : I → X̃ ❞♦✐s ❝❛♠✐♥❤♦s ❡♠
X̃ q✉❡ tê♠ ♦ ♠❡s♠♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡ t❛✐s q✉❡ (p ◦ α̃)(1) = (p ◦ β̃)(1)✳ ❙❡ p ◦ α̃ ∼ p ◦ β̃✱
❡♥tã♦ α̃ ∼ β̃ ❡ α̃ ❡ β̃ tê♠ ♦ ♠❡s♠♦ ♣♦♥t♦ ✜♥❛❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ x̃0 = α̃(0) = β̃(0)✳
❈♦♠♦ p ◦ α̃ ∼ p ◦ β̃✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ H : I × I → X ❡♥tr❡ p ◦ α̃ ❡ p ◦ β̃✱

❛ss✐♠ 



H(t, 0) = (p ◦ α̃)(t); H(t, 1) = (p ◦ β̃)(t), ∀t ∈ I;
H(0, s) = (p ◦ α̃)(0) = p(α̃(0)) = p(x̃0), ∀s ∈ I;

H(1, s) = (p ◦ β̃)(1) = p(β̃(1)), ∀s ∈ I.

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✐t❡♠ (i) ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❧❡✈❛♥t❛♠❡♥t♦
H̃ : I × I → X̃ t❛❧ q✉❡ H̃(0, 0) = x̃0✳ ▲♦❣♦✱

p(H̃(t, 0)) = H(t, 0) = (p ◦ α̃)(t) = p(α̃(t))

❡
p(H̃(0, s)) = H(0, s) = p(x̃0) = p(cx̃0(s)).

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ♥♦ ✐t❡♠ (i) ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ q✉❡ H̃(t, 0) = α̃(t) ❡
H̃(0, s) = cx̃0(s) = x̃0✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s q✉❡ H̃(t, 1) = β̃(t) ❡ H̃(1, s) = β̃(1)✳
P♦rt❛♥t♦✱ H̃ é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ α̃ ❡ β̃✱ ❛ss✐♠ α̃ ∼ β̃✳

❆❧é♠ ❞✐ss♦✱ α̃(1) = H̃(1, 0) = β̃(1)✳ �

▲❡♠❛ ✶✳✸✳✷✳ ❙❡ (X̃, p,X) é ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❡♥tã♦ ♦s ❝♦♥❥✉♥t♦s p−1(x)✱
♣❛r❛ t♦❞♦ x ∈ X✱ tê♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❝❛r❞✐♥❛❧✳



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✸✾

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ x0, x1 ∈ X✳ ❊s❝♦❧❤❛ ✉♠ ❝❛♠✐♥❤♦ α : I → X t❛❧ q✉❡
α(0) = x0 ❡ α(1) = x1✳

❉❡✜♥❛
ϕ : p−1(x0) → p−1(x1)

x̃0 7→ α̃(1),

♦♥❞❡ α̃ : I → X̃ é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ α t❛❧ q✉❡ p◦ α̃ = α ❡ α̃(0) = x̃0✱ ❡①✐st❡♥t❡
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳

❆ ❛♣❧✐❝❛çã♦ ϕ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s α̃(1) ∈ p−1(x1)✱ ✉♠❛ ✈❡③ q✉❡
(p ◦ α̃)(1) = p(α̃(1)) = α(1) = x1✳

❉❡✜♥❛✱ ❛♥❛❧♦❣❛♠❡♥t❡✱

φ : p−1(x1) → p−1(x0)

x̃1 7→ α̃−1(1),

♦♥❞❡ α̃−1 : I → X̃ é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ α−1 ✭♦ ❝❛♠✐♥❤♦ ✐♥✈❡rs♦ ❞❡ α✮
t❛❧ q✉❡ p ◦ α̃−1 = α−1 ❡ α̃−1(0) = x̃1✳ ❙✐♠✐❧❛r♠❡♥t❡✱ φ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ❥á q✉❡
α̃−1(1) ∈ p−1(x0)✳

❆❧é♠ ❞✐ss♦✱ ❛ ❛♣❧✐❝❛çã♦ φ é ❛ ✐♥✈❡rs❛ ❞❡ ϕ ❡✱ ♣♦rt❛♥t♦✱ ϕ é ❜✐❥❡t♦r❛✳ �

❉❡✜♥✐çã♦ ✶✳✸✳✸✳ ❙❡❥❛ (X̃, p,X) ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ♦ ♥ú♠❡r♦ ❝❛r❞✐♥❛❧ ❝♦♠✉♠
❞♦s ❝♦♥❥✉♥t♦s p−1(x)✱ ❝♦♠ x ∈ X✱ ❞❡♥♦t❛❞♦ ♣♦r |p−1(x)|✱ é ❝❤❛♠❛❞♦ ❞❡ ♥ú♠❡r♦ ❞❡

❢♦❧❤❛s ❞♦ r❡❝♦❜r✐♠❡♥t♦✳ ❖ ❝♦♥❥✉♥t♦ p−1(x) é ❝❤❛♠❛❞♦ ✜❜r❛ ❞❡ (X̃, p,X) ♥♦ ♣♦♥t♦
x ∈ X✳ ❉✐③❡♠♦s q✉❡ ♦ r❡❝♦❜r✐♠❡♥t♦ é ❞❡ n ❢♦❧❤❛s s❡ |p−1(x)| = n ❡ ❞❡ ✐♥✜♥✐t❛s ❢♦❧❤❛s
s❡ |p−1(x)| = ∞✳

❆ ❈❧❛ss❡ ❞❡ ❈♦♥❥✉❣❛çã♦ ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❘❡❝♦❜r✐♠❡♥t♦

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✳ ❙❡❥❛ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦✳ P❛r❛ q✉❛✐sq✉❡r x0 ∈ X ❡
x̃0 ∈ p−1(x0)✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ p♯ : Π1(X̃, x̃0) → Π1(X, x0) é ✐♥❥❡t♦r✳ ❙❡
X̃ é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ❡♥tã♦ p♯(Π1(X̃, x̃))✱ ♣❛r❛ x̃ ∈ p−1(x0)✱ ❞❡s❝r❡✈❡ t♦❞❛ ❛ ❝❧❛ss❡
❞❡ ❝♦♥❥✉❣❛çã♦ ❞♦ s✉❜❣r✉♣♦ p♯(Π1(X̃, x̃0))✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ [α̃], [β̃] ∈ Π1(X̃, x̃0) t❛❧ q✉❡ p♯([α̃]) = p♯([β̃])✱ ❡♥tã♦✱ ♣❡❧❛
❞❡✜♥✐çã♦ ❞❡ p♯✱ t❡♠♦s [p ◦ α̃] = [p ◦ β̃]✳ ❆ss✐♠✱ p ◦ α̃ ∼ p ◦ β̃✱ ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛
✶✳✸✳✹✱ α̃ ∼ β̃✱ ✉♠❛ ✈❡③ q✉❡ α̃(0) = x̃0 = β̃(0) ❡ (p ◦ α̃)(1) = x0 = (p ◦ β̃)(1)✳ ▲♦❣♦
[α̃] = [β̃] ❡✱ ❡♥tã♦✱ p♯ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r✳

❈♦♥s✐❞❡r❡ x̃, x̃0 ∈ p−1(x0)✱ ❡①✐st❡ ❡♠ X̃ ✉♠ ❝❛♠✐♥❤♦ γ̃✱ ❝♦♠ ♦r✐❣❡♠ x̃ ❡ ✜♠ ❡♠ x̃0✱
♣♦✐s X̃ é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❊♥tã♦✱ γ = p ◦ γ̃ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ X✱ ❝♦♠
♣♦♥t♦ ❜❛s❡ x0✱ ♣♦✐s γ(0) = (p◦γ̃)(0) = p(x̃) = x0 ❡ γ(1) = (p◦γ̃)(1) = p(x̃0) = x0✳ ❉❛❞♦
[β̃] ∈ Π1(X̃, x̃)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✱ [β̃] = [γ̃ ∗ α̃ ∗ γ̃−1]✱ ♣❛r❛ ❛❧❣✉♠ [α̃] ∈ Π1(X̃, x̃0)✳
▲♦❣♦✱ ❝♦♠♦ p♯ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ p ◦ γ̃ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦✱

p♯

(
[β̃]
)

= p♯
([
γ̃ ∗ α̃ ∗ γ̃−1

])
=

[
p ◦ (γ̃ ∗ α̃ ∗ γ̃−1)

]

=
[
(p ◦ γ̃) ∗ (p ◦ α̃) ∗ (p ◦ γ̃−1)

]
= [p ◦ γ̃] · [p ◦ α̃] · [p ◦ γ̃−1]

= [γ] · p♯([α̃]) · [γ
−1] = δ · p♯([α̃]) · δ

−1,

♦♥❞❡ δ = [γ] = [p ◦ γ̃] ∈ Π1(X, x0) ❡ δ−1 = [γ−1] ∈ Π1(X, x0)✳ ❆ss✐♠✱

p♯(Π1(X̃, x̃)) = δ · p♯(Π1(X̃, x̃0)) · δ
−1.



✹✵ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ H = δ · p♯(Π1(X̃, x̃0)) · δ−1 ✉♠ s✉❜❣r✉♣♦ ❝♦♥❥✉❣❛❞♦
❞❡ p♯(Π1(X̃, x̃0)) ❡♠ Π1(X, x0)✱ ❝♦♠ δ ∈ Π1(X, x0)✳ ❙✉♣♦♥❤❛♠♦s δ = [γ] ❡ s❡❥❛
δ−1 = [γ−1]✳ ▲❡✈❛♥t❛♥❞♦ ♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ γ−1 ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ x̃0✱ ♦❜t❡♠♦s ✉♠
❝❛♠✐♥❤♦ γ̃−1 ❡♠ X̃✱ ❝✉❥♦ ♣♦♥t♦ ✜♥❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ x̃1✳ ❊♥tã♦✱ x̃1 ∈ p−1(x0) ❡ ♦ ❝❛♠✐✲

♥❤♦ γ̃ :=
(
γ̃−1
)−1

✱ ❡♠ X̃✱ ❝♦♠❡ç❛ ♥♦ ♣♦♥t♦ x̃1 ❡ t❡r♠✐♥❛ ❡♠ x̃0✱ ❝♦♠ p ◦ γ̃ = γ✳ P❡❧♦

q✉❡ ✈❡r✐✜❝❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ✐st♦ ♥♦s ❞á q✉❡ p♯(Π1(X̃, x̃1)) = δ · p♯(Π1(X̃, x̃0)) · δ
−1

❡✱ ♣♦rt❛♥t♦✱ H = p♯(Π1(X̃, x̃1))✱ ❝♦♠ x̃1 ∈ p−1(x0)✳ �

Pr♦♣♦s✐çã♦ ✶✳✸✳✸✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦✱ α, β : I → X ❞♦✐s ❝❛♠✐♥❤♦s
q✉❡ ❝♦♠❡ç❛♠ ❡♠ x ❡ t❡r♠✐♥❛♠ ❡♠ y ❡ α̃, β̃ : I → X̃ s❡✉s r❡s♣❡❝t✐✈♦s ❧❡✈❛♥t❛♠❡♥t♦s✱
❛ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ x̃ ∈ X̃✳ ❆ ✜♠ ❞❡ q✉❡ α̃(1) = β̃(1)✱ é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡ q✉❡
[α ∗ β−1] ∈ p♯(Π1(X̃, x̃))✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡ α̃ ❡ β̃ sã♦ ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ α ❡ β✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
q✉❡ ❝♦♠❡ç❛♠ ❡♠ x̃✱ ✐st♦ é✱ α̃(0) = x̃ = β̃(0)✳

(⇒) ❙✉♣♦♥❤❛♠♦s α̃(1) = β̃(1) = ỹ✳ ❊♥tã♦✱ α̃ ∗ β̃−1 é ✉♠ ❧❛ç♦ ❡♠ x̃ ❡ é ✉♠
❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α ∗ β−1✱ ♣♦✐s p ◦ (α̃ ∗ β̃−1) = α ∗ β−1✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ [α ∗ β−1] ∈

p♯(Π1(X̃, x̃))✱ ♣♦✐s ❡①✐st❡ [α̃ ∗ β−1] = [α̃ ∗ β̃−1] ∈ Π1(X̃, x̃) t❛❧ q✉❡

[α ∗ β−1] = [p ◦ ˜(α ∗ β−1)] = p♯([α̃ ∗ β−1]) ∈ p♯(Π1(X̃, x̃)).

(⇐) ❱❛♠♦s ❛❞♠✐t✐r q✉❡ [α ∗ β−1] ∈ p♯(Π1(X̃, x̃)) ⊂ Π1(X, x)✳ ❆ss✐♠✱ ❡①✐st❡
[γ̃] ∈ Π1(X̃, x̃) t❛❧ q✉❡ [α ∗ β−1] = p♯([γ̃]) = [p ◦ γ̃]✱ ♣♦rt❛♥t♦✱ ♦ ❧❡✈❛♥t❛♠❡♥t♦ γ̃ ❞♦
❝❛♠✐♥❤♦ α ∗ β−1✱ ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ x̃✱ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦✳

❈♦♥s✐❞❡r❡ ♦s ❝❛♠✐♥❤♦s α̃, β̃ : I → X̃✱ ❞❡✜♥✐❞♦s ♣♦r α̃(s) = γ̃
(s
2

)
❡

β̃(s) = γ̃
(
1−

s

2

)
✳ ❊st❡s ❝❛♠✐♥❤♦s ❝♦♠❡ç❛♠ ❡♠ x̃ ❡ t❡r♠✐♥❛♠ ♥♦ ♠❡s♠♦ ♣♦♥t♦ γ̃

(
1

2

)

❡ sã♦ ♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ α ❡ β✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ ❢❛t♦✿

(p ◦ α̃)(t) = (p ◦ γ̃)

(
t

2

)
= (α ∗ β−1)

(
t

2

)
=





α

(
2
t

2

)
, s❡ 0 ≤

t

2
≤

1

2
,

β−1

(
2
t

2
− 1

)
, s❡

1

2
≤
t

2
≤ 1,

=

{
α(t), s❡ 0 ≤ t ≤ 1,

β−1(t− 1), s❡ 1 ≤ t ≤ 2,

= α(t)

❡

(p ◦ β̃)(t) = (p ◦ γ̃)

(
1−

t

2

)
= (α ∗ β−1)

(
1−

t

2

)

=





α

(
2

(
1−

t

2

))
, s❡ 0 ≤ 1−

t

2
≤

1

2
,

β−1

(
2

(
1−

t

2

)
− 1

)
, s❡

1

2
≤ 1−

t

2
≤ 1,

=

{
α (2− t) , s❡ 1 ≤ t ≤ 2,

β−1 (1− t) = β(t), s❡ 0 ≤ t ≤ 1,

= β(t).



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✹✶

❖❜s❡r✈❡ q✉❡ α̃(1) = γ̃

(
1

2

)
= β̃(1)✱ ❝♦♠♦ ❞❡s❡❥❛❞♦✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✶✳ ❈♦♥s✐❞❡r❡ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡ α : I → X ✉♠ ❝❛♠✐♥❤♦
❢❡❝❤❛❞♦ ❝♦♠ ♣♦♥t♦ ❜❛s❡ x✳ ❙❡✉ ❧❡✈❛♥t❛♠❡♥t♦ α̃ : I → X̃✱ ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ x̃ ∈ p−1(x)✱
é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ [α] ∈ p♯(Π1(X̃, x̃))✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ✐♠❡❞✐❛t❛✱ ❜❛st❛ ✉s❛r ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱
t♦♠❛♥❞♦ β = cx✱ ♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ❡♠ x✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✷✳ ❙❡❥❛ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦✱ ❝♦♠ X̃ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❋✐①❛✲
❞♦ ✉♠ ♣♦♥t♦ x0 ∈ X✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

(i) P❛r❛ ❛❧❣✉♠ x̃0 ∈ p−1(x0)✱ ♦ s✉❜❣r✉♣♦ p♯(Π1(X̃, x̃0)) ⊂ Π1(X, x0) é ♥♦r♠❛❧❀

(ii) ❖s s✉❜❣r✉♣♦s p♯(Π1(X̃, x̃)) ⊂ Π1(X, x0)✱ q✉❛♥❞♦ x̃ ♣❡r❝♦rr❡ p−1(x0)✱ sã♦ ♥♦r♠❛✐s
❡ ✐❣✉❛✐s ❡♥tr❡ s✐❀

(iii) ❉❛❞♦ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ α : I → X✱ ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ ♦✉ t♦❞♦s ♦s ❧❡✈❛♥t❛✲
♠❡♥t♦s ❞❡ α ❛ ♣❛rt✐r ❞♦s ♣♦♥t♦s x̃ ∈ p−1(x0) sã♦ ❢❡❝❤❛❞♦s ♦✉ ♥❡♥❤✉♠ é✳

❉❡♠♦♥str❛çã♦✿ ❚❡♥❞♦ ❡♠ ✈✐st❛ ♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✶✱ ❛ ❝♦♥❞✐çã♦ (iii) ❛❝✐♠❛ ❡q✉✐✈❛❧❡
❛ ❞✐③❡r q✉❡

[α] ∈ p♯(Π1(X̃, x̃0)) ⇔ [α] ∈ p♯(Π1(X̃, x̃)), ∀ x̃ ∈ p−1(x̃0).

▼❛s ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ♦s s✉❜❣r✉♣♦s p♯(Π1(X̃, x̃)) sã♦ t♦❞♦s ✐❣✉❛✐s✱ q✉❛♥❞♦ x̃ ✈❛r✐❛ ♥❛
✜❜r❛ p−1(x0)✳ ❉❛í✱ ❝♦♠♦ ❡ss❡s s✉❜❣r✉♣♦s ❝♦♥st✐t✉❡♠ ✉♠❛ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦✱ ❡❧❡s
sã♦ ✐❣✉❛✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✉♠ ❞❡❧❡s é ♥♦r♠❛❧✱ ❡✱ ♣♦rt❛♥t♦✱ t♦❞♦s sã♦✳ �

❉❡✜♥✐çã♦ ✶✳✸✳✹✳ ❈♦♥s✐❞❡r❡ (X̃, p,X) ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❝♦♠ X̃ ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s✳ ◗✉❛♥❞♦ p♯(Π1(X̃, x̃0)) é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ Π1(X, x0)✱ ♣❛r❛ ❛❧❣✉♠
x̃0 ∈ p−1(x0)✱ ❞✐③❡♠♦s q✉❡ (X̃, p,X) é ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r (♦✉
s✐♠♣❧❡s♠❡♥t❡✱ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r)✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✷✳ ◆♦t❡ q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❡ ♦ ❈♦r♦❧ár✐♦ 1.3.2✱
q✉❛♥❞♦ X̃ é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ ✉♠❛ q✉❛❧q✉❡r ❞❛s ❝♦♥❞✐çõ❡s r❡❢❡r✐❞❛s ♥♦ ❈♦r♦❧ár✐♦
1.3.2 é s❛t✐s❢❡✐t❛✱ ❡♥tã♦ (X̃, p,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✹✳ ❖ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ❞❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ (X̃, p,X)✱ ❝♦♠ X̃ ❝♦♥❡①♦
♣♦r ❝❛♠✐♥❤♦s✱ é ✐❣✉❛❧ ❛♦ í♥❞✐❝❡ ❞❡ p♯(Π1(X̃, x̃0))✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ ✉♠ ❧❛ç♦ γ ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0✱ ❝♦♥s✐❞❡r❡ γ̃ ♦ ❧❡✈❛♥t❛✲
♠❡♥t♦ ❞♦ ❧❛ç♦ γ ❡♠ X̃✱ ❝♦♠❡ç❛♥❞♦ ❡♠ x̃0✳ ❚♦♠❡ [β] ∈ p♯(Π1(X̃, x̃0))✱ ❛ss✐♠ ❡①✐st❡ ♦
❧❡✈❛♥t❛♠❡♥t♦ β̃ ❞❡ β t❛❧ q✉❡ [β̃] ∈ Π1(X̃, x̃0) ❡ [p ◦ β̃] = [β]✳ ❖ ❝❛♠✐♥❤♦ ♣r♦❞✉t♦ β̃ ∗ γ̃

é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ ♣r♦❞✉t♦ β ∗ γ✱ ♦♥❞❡ (β̃ ∗ γ̃)(1) = γ̃(1)✳ ▲♦❣♦✱ ♣♦❞❡♠♦s
❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦

φ :
Π1(X, x0)

p♯(Π1(X̃, x̃0))
→ p−1(x0)

p♯(Π1(X̃, x̃0)) · [γ] 7→ γ̃(1)

q✉❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❥❡t♦r❛ ✭♣❛r❛ ❢❛❝✐❧✐t❛r ♥♦ ✉s♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✸✱ ❝♦♥s✐❞❡r❡♠♦s
❛q✉✐ ❛s ❝❧❛ss❡s ❧❛t❡r❛✐s à ❡sq✉❡r❞❛ p♯(Π1(X̃, x̃0)) · [γ]✮✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡



✹✷ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

H = p♯(Π1(X̃, x̃0))✳ ❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ t♦❞♦ x̃ ∈ p−1(x0)✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ α̃ ♥❛ ✜❜r❛
p−1(x0) t❛❧ q✉❡ α̃(0) = x̃0 ❡ α̃(1) = x̃✱ ✉♠❛ ✈❡③ q✉❡ X̃ é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ♦♥❞❡ α̃
é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ✉♠ ❧❛ç♦ α ❞❡ X ❜❛s❡❛❞♦ ❡♠ x0✳ ❆ss✐♠✱ φ(H · [α]) = α̃(1) = x̃ ❡✱

❡♥tã♦✱ φ é s♦❜r❡❥❡t♦r❛✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ q✉❛✐sq✉❡r H · [γ1], H · [γ2] ∈
Π1(X, x0)

H
✱ ❝♦♠

φ(H · [γ1]) = φ(H · [γ2])✱ s❡❣✉❡ q✉❡ γ̃1(1) = γ̃2(1)✱ ♦♥❞❡ γ̃2 ❡ γ̃2 sã♦ ♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡
γ1 ❡ γ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✸✱ ♦❜t❡♠♦s q✉❡ [γ1 ∗ γ

−1
2 ] ∈ H✱ ♦✉ s❡❥❛✱

[γ1] · [γ2]
−1 ∈ H✱ ♦✉ ❛✐♥❞❛✱ H · [γ1] = H · [γ2] ❡✱ ♣♦rt❛♥t♦✱ φ é ✐♥❥❡t♦r❛✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✸✳ ❙❡ X̃ é ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ❡♥tã♦ t♦❞♦ r❡❝♦❜r✐♠❡♥t♦
(X̃, p,X) ❞❡ ❞✉❛s ❢♦❧❤❛s é r❡❣✉❧❛r✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ✉s❛r ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❡ ♦ ❢❛t♦ q✉❡ t♦❞♦ s✉❜❣r✉♣♦ ❞❡
í♥❞✐❝❡ ❞♦✐s é ♥♦r♠❛❧✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✹✳ ❙❡❥❛ X̃ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❆ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ p : X̃ → X
é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ p♯ é ✉♠ ✐s♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✿ (⇒) ❙❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ é ✉♠ ✐♥✈❛r✐❛♥t❡
t♦♣♦❧ó❣✐❝♦ ✭❚❡♦r❡♠❛ ✶✳✷✳✸✮✳

(⇐) ❉❛ ❤✐♣ót❡s❡ ❣❡r❛❧✱ (X̃, p,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦✳ ❆ss✐♠✱ p : X̃ → X é ❝♦♥tí♥✉❛
❡ s♦❜r❡❥❡t♦r❛✳

❆❣♦r❛✱ s❡ p♯ : Π1(X̃, x̃0) → Π1(X, x0) é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ (X̃, p,X)

é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ✉♠❛ ❢♦❧❤❛✱ ✉♠❛ ✈❡③ q✉❡ p♯(Π1(X̃, x̃0)) = Π1(X, x0)✳
▼♦str❡♠♦s q✉❡ p é ✐♥❥❡t♦r❛✳ ❙❡❥❛♠ x̃1, x̃2 ∈ X̃ t❛✐s q✉❡ p(x̃1) = p(x̃2) = x ∈ X✳

❈♦♠♦ (X̃, p,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ✉♠❛ ❢♦❧❤❛✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛
Ux ❞❡ x t❛❧ q✉❡

p−1(Ux) = Vx,

♦♥❞❡ Vx é ✉♠ ❛❜❡rt♦ ✭❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✮ ❞❡ X̃✱ ❝♦♥t❡♥❞♦ x̃0✱ ❡ p|Vx : Vx → Ux é ✉♠
❤♦♠❡♦♠♦r✜s♠♦✳ ▼❛s x̃1, x̃2 ∈ Vx ❡ ❞❛í✱ ❞❡ p|Vx(x̃1) = p|Vx(x̃2)✱ s❡❣✉❡ q✉❡ x̃1 = x̃2✳

❆ss✐♠✱ p é ❜✐❥❡t♦r❛ ✭❡ ❝♦♥tí♥✉❛✮✳ ❆✐♥❞❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✷✱ p é ❛❜❡rt❛✱ ❞❡ ♦♥❞❡
s❡❣✉❡ q✉❡ p é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ �

❖ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ▲❡✈❛♥t❛♠❡♥t♦

❙❡❥❛♠X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♠ x ∈ X ❡ y ∈ Y ✳ ❆ ♥♦t❛çã♦ f : (X, x) → (Y, y)
✐♥❞✐❝❛ ✉♠❛ ❛♣❧✐❝❛çã♦ f : X → Y ❝♦♠ f(x) = y✳

❉❡✜♥✐çã♦ ✶✳✸✳✺✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦✱ x0 = p(x̃0)✱ Y ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦
(❝♦♥❡①♦ ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s) ❡ f : (Y, y0) → (X, x0) ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥✲
tí♥✉❛✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f̃ : (Y, y0) → (X̃, x̃0) é ❞✐t❛ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f

s❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

(X̃, x̃0)

p

��
(Y, y0)

f̃
66

f // (X, x0).

❖✉ s❡❥❛✱ p ◦ f̃ = f ✳



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✹✸

▲❡♠❛ ✶✳✸✳✸✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦✱ Y ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ (❝♦♥❡①♦ ❡ ❧♦✲
❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s) ❡ fi : (Y, y0) → (X̃, x̃0)✱ ♣❛r❛ i ∈ {1, 2}✱ ❧❡✈❛♥t❛♠❡♥t♦s
❞❡ f : (Y, y0) → (X, x0)

(X̃, x̃0)

p

��
(Y, y0)

f1,f2
66

f // (X, x0).

❙❡ f1(y0) = f2(y0)✱ ❡♥tã♦ f1 = f2✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ❝♦♥s✐❞❡r❛r W = {y ∈ Y ; f1(y) = f2(y)}✳ ❆♥á❧♦❣♦ ❛♦
q✉❡ ✜③❡♠♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✶✳✸✳✶✱ ♣r♦✈❛✲s❡ q✉❡ W é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡
❢❡❝❤❛❞♦ ❞❡ Y ✱ ✉♠❛ ✈❡③ q✉❡ p ◦ f1 = f = p ◦ f2✳

❈♦♠♦ Y é ❝♦♥❡①♦ ❡ W é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦ ❞❡ Y ✱ t❡♠♦s q✉❡ W = Y
♦✉ W = ∅✳ ▼❛s W 6= ∅✱ ♣♦✐s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❤✐♣ót❡s❡✱ y0 ∈ W ✳ ❆ss✐♠✱ W = Y ❡✱
♣♦rt❛♥t♦✱ f1 = f2✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✺✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡ h : (X̃, x̃0) → (X̃, x̃0) ✉♠❛
❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ p ◦ h = p✳ ❙❡ h(x1) = x1✱ ♣❛r❛ ❛❧❣✉♠ x1 ∈ X̃✱ ❡♥tã♦ h é ❛
❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❡♠ X̃✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ p ◦ h = p = p ◦ IdX̃ ✱ ♦♥❞❡ IdX̃ é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡
X̃✱ ❡ h(x1) = x1 = IdX̃(x1) s❡❣✉❡✱ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ q✉❡ h = IdX̃ ✳ �

❖❜s❡r✈❛çã♦ ✶✳✸✳✸✳ ❙❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

(X̃, x̃0)

p

��
(Y, y0)

f̃
66

f // (X, x0)

✐st♦ é✱ p ◦ f̃ = f ✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ [α] ∈ Π1(Y, y0)✱ s❡❣✉❡ q✉❡

p♯(f̃♯([α])) = p♯([f̃ ◦ α]) = [p ◦ f̃ ◦ α]
p◦f̃=f
= [f ◦ α] = f♯([α]),

♦✉ s❡❥❛✱ p♯ ◦ f̃♯ = f♯✳ ❆ss✐♠✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

Π1(X̃, x̃0)

p♯

��
Π1(Y, y0)

f̃♯
55

f♯ // Π1(X, x0).

❚❡♦r❡♠❛ ✶✳✸✳✺✳ (❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ▲❡✈❛♥t❛♠❡♥t♦) ❙❡❥❛♠ (X̃, p,X) ✉♠
r❡❝♦❜r✐♠❡♥t♦✱ Y ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ (❝♦♥❡①♦ ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s) ❡
f : (Y, z0) → (X, x0) ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳ ❉❛❞♦ x̃0 ∈ p−1(x0)✱ ❛ ✜♠ ❞❡ q✉❡ f ♣♦ss✉❛
✉♠ ❧❡✈❛♥t❛♠❡♥t♦ f̃ : (Y, y0) → (X̃, x̃0)✱ é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡ q✉❡ f♯(Π1(Y, y0)) ⊂

p♯(Π1(X̃, x̃0))✳

❉❡♠♦♥str❛çã♦✿ (⇒) ❙❡ ❡①✐st❡ f̃ : (Y, y0) → (X̃, x̃0) ❝♦♥tí♥✉❛✱ t❛❧ q✉❡ p ◦ f̃ = f ✱
❡♥tã♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

Π1(X̃, x̃0)

p♯

��
Π1(Y, y0)

f̃♯
55

f♯ // Π1(X, x0).



✹✹ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❆ss✐♠✱ ♣❛r❛ t♦❞♦ [α] ∈ Π1(Y, y0)✱ t❡♠♦s q✉❡ f♯([α]) = p♯(f̃♯([α])) ∈ p♯(Π1(X̃, x̃0))✳
(⇐) ❙✉♣♦♥❤❛ q✉❡ f♯(Π1(Y, y0)) ⊂ p♯(Π1(X̃, x̃0))✳ ❉❡✜♥✐♠♦s f̃ : (Y, y0) → (X̃, x̃0)✱

♣♦r f̃(y0) = x̃0 ❡✱ ♣❛r❛ y ∈ Y ❛r❜✐trár✐♦✱ t♦♠❛♠♦s ✉♠ ❝❛♠✐♥❤♦ α : I → Y ✱ ❧✐❣❛♥❞♦ y0
❛ y✳ ❈♦♥s✐❞❡r❛♠♦s α̃ : I → X̃ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ◦ α : I → X ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ x̃0 ❡
❞❡✜♥✐♠♦s f̃(y) = α̃(1) = f̃ ◦ α(1)✳

▼♦str❡♠♦s q✉❡ f̃ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❙❡ β : I → Y é ♦✉tr♦ ❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ y0 ❛
y✱ ❡♥tã♦ α ∗ β−1 é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❝♦♠ ♣♦♥t♦ ❜❛s❡ y0✳ ◆♦t❡ q✉❡ (f ◦ α)(0) =
f(α(0)) = f(y0) = x0✱ ❡♥tã♦ t♦♠❛♥❞♦ ♦ ❝❛♠✐♥❤♦ ♣r♦❞✉t♦ ❞♦s ❝❛♠✐♥❤♦s (f ◦ α) ❡
(f ◦ β)−1✱ t❡♠♦s q✉❡

(f ◦ α) ∗ (f ◦ β)−1 = f ◦ (α ∗ β−1)

é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0 = f(y0)✱ ❝✉❥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ♣❡rt❡♥❝❡
❛ ✐♠❛❣❡♠ ❞❡ f♯ ❡✱ ♣♦rt❛♥t♦✱ ♣♦r ❤✐♣ót❡s❡✱ ❡stá ❡♠ p♯(Π1(X̃, x̃0))✱ ♦✉ s❡❥❛✱

[
(f ◦ α) ∗ (f ◦ β)−1

]
= [f ◦ (α ∗ β−1)] ∈ f♯(Π1(Y, y0)) ⊂ p♯(Π1(X̃, x̃0)).

❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✸✱ t❡♠♦s q✉❡ ♦s ❞♦✐s ❝❛♠✐♥❤♦s α̃ ❡ β̃✱ q✉❡ sã♦ ♦s ❧❡✈❛♥t❛✲
♠❡♥t♦s ❞❡ f ◦ α ❡ f ◦ β✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ♣❛rt✐r ❞❡ x̃0✱ sã♦ t❛✐s q✉❡ α̃(1) = β̃(1)✳

❚❡♠♦s q✉❡ p ◦ f̃ = f ✱ ♣♦✐s

(p ◦ f̃)(y) = p(f̃(y)) = p(α̃(1)) = (p ◦ α̃)(1) = (f ◦ α)(1) = f(α(1)) = f(y) ❡

(p ◦ f̃)(y0) = p(f̃(y0)) = p(α̃(0)) = (p ◦ α̃)(0) = (f ◦ α)(0) = f(α(0)) = f(y0).

❘❡st❛ ❛♣❡♥❛s ♠♦str❛r q✉❡ f̃ é ❝♦♥tí♥✉❛ ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ❛r❜✐trár✐♦ y ∈ Y ✳ ❆q✉✐
✉s❛r❡♠♦s q✉❡ Y é ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❙❡❥❛ V ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ f̃(y)
❡♠ X̃✳ P♦❞❡♠♦s s✉♣♦r q✉❡ p|V é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ f(y)
❡♠ X✱ ♣♦✐s p é ✉♠❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❙❡❥❛ W ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ y ∈ Y ✱
❝♦♥❡①❛ ♣♦r ❝❛♠✐♥❤♦s✱ t❛❧ q✉❡ f(W ) ⊂ U ✭✐st♦ é ✈á❧✐❞♦ ♣♦✐s Y é ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s✮✳

❆✜r♠❛♠♦s q✉❡ f̃(W ) ⊂ V ✱ ♦ q✉❡ ❞❛rá ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f̃ ♥♦ ♣♦♥t♦ y✳ ❙❛❜❡♠♦s
q✉❡ f̃(y) é ♣♦♥t♦ ✜♥❛❧ ❞♦ ❝❛♠✐♥❤♦ α̃ ❡♠ X̃ q✉❡ ❝♦♠❡ç❛ ❡♠ x̃0✱ ❝♦♠ p ◦ α̃ = f ◦ α✱
♦♥❞❡ α é ✉♠ ❝❛♠✐♥❤♦ ❡♠ Y ✱ ❝♦♠❡ç❛♥❞♦ ❡♠ y0 ❡ t❡r♠✐♥❛♥❞♦ ❡♠ y✳ ❉❛❞♦ w ∈ W ✱
t♦♠❛♠♦s ✉♠ ❝❛♠✐♥❤♦ β ❡♠ W ✱ ❝♦♠❡ç❛♥❞♦ ❡♠ y ❡ ❛❝❛❜❛♥❞♦ ❡♠ w✳ ❈♦♠♦ p|V é ✉♠
❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ U ✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ β̃ ❡♠ V ✱ ❝♦♠❡ç❛♥❞♦ ❡♠ f̃(y) ❡ ❛❝❛❜❛♥❞♦
❡♠ ✉♠ ❝❡rt♦ ♣♦♥t♦ v ∈ V ✱ ✐st♦ é✱ β̃(1) = v✱ ❝♦♠ p ◦ β̃ = f ◦ β✳

❊♥tã♦ α̃ ∗ β̃ é ✉♠ ❝❛♠✐♥❤♦ ❡♠ X̃✱ q✉❡ ❝♦♠❡ç❛ ❡♠ x̃0 t❛❧ q✉❡

p ◦ (α̃ ∗ β̃) = (p ◦ α̃) ∗ (p ◦ β̃) = (f ◦ α) ∗ (f ◦ β) = f ◦ (α ∗ β),

♦✉ s❡❥❛✱ α̃ ∗ β̃ é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ◦ (α ∗ β) ❛ ♣❛rt✐r ❞❡ x̃0✳
❈♦♠♦ ♦ ❝❛♠✐♥❤♦ α ∗ β ❧✐❣❛ y0 ❛ w ❡♠ Y ✱ s❡❣✉❡✲s❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ f̃ q✉❡

f̃(w) = (α̃ ∗ β̃)(1) = β̃(1) = v ❡✱ ♣♦rt❛♥t♦✱ f̃(w) = v ∈ V ✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✻✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡ Y s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❚♦❞❛
❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : (Y, y0) → (X, x0) ❛❞♠✐t❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ f̃ : (Y, y0) → (X̃, x̃0)✱
♣❛r❛ q✉❛❧q✉❡r x̃0 ∈ p−1(x0)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ Y é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❡♥tã♦ Y é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s
❡ Π1(Y, y0) = {1}✳ ❉❛í✱ ♦❜✈✐❛♠❡♥t❡✱ f♯(Π1(Y, y0)) ⊂ p♯(Π1(X̃, x̃0))✳ P♦rt❛♥t♦✱ ♣❡❧♦
❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ▲❡✈❛♥t❛♠❡♥t♦✱ ❡①✐st❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ f̃ : (Y, y0) → (X̃, x̃0)✱
♣❛r❛ q✉❛❧q✉❡r x̃0 ∈ p−1(x0)✳ �



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✹✺

■♥✈♦❧✉çã♦ ▲✐✈r❡ ❡ ❘❡❝♦❜r✐♠❡♥t♦

❉❡✜♥✐çã♦ ✶✳✸✳✻✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ T : X → X é ✉♠❛ ✐♥✈♦❧✉çã♦

s❡ ♣❛r❛ t♦❞♦ x ∈ X✱ t❡♠♦s q✉❡ T (T (x)) = x (♦✉ T ◦ T = IdX)✳ ❯♠❛ ✐♥✈♦❧✉çã♦ T é
❞✐t❛ ❧✐✈r❡ ♦✉ s❡♠ ♣♦♥t♦ ✜①♦ s❡ T (x) 6= x✱ ♣❛r❛ t♦❞♦ x ∈ X✳ ❉❡♥♦t❛♠♦s ♣♦r (X, T )
✉♠ ♣❛r✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ T : X → X✳

❊①❡♠♣❧♦ ✶✳✸✳✸✳ ❆ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ A : Sn → Sn ❞❛❞❛ ♣♦r A(x) = −x (❉❡✜♥✐çã♦
1.2.10) é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✱ ✉♠❛ ✈❡③ q✉❡ (A ◦A)(x) = A(−x) = x ❡ A(x) = −x 6= x✱
♣❛r❛ t♦❞♦ x ∈ Sn✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✹✳ ◆♦t❡ q✉❡ ✉♠❛ ✐♥✈♦❧✉çã♦ T : X → X é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✳
❉❡ ❢❛t♦✱ T ◦ T = IdX ✱ ❛ss✐♠ T = T−1✳ P❛r❛ t♦❞♦ ❛❜❡rt♦ U ❞❡ X✱ ♦❜t❡♠♦s q✉❡
T (U) = T−1(U) é ✉♠ ❛❜❡rt♦ ❞❡ X✱ ♣♦✐s T é ❝♦♥tí♥✉❛✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✺✳ ❙❡❥❛ (X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♥❡①♦
❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ T : X → X✳ ❈♦♥s✐❞❡r❡♠♦s ❡♠ X ❛ r❡❧❛çã♦ ❞❡t❡r♠✐✲

♥❛❞❛ ♣❡❧❛ ♣❛rt✐çã♦ {{x, T (x)}; x ∈ X} ❡ ❞❡♥♦t❡♠♦s ♣♦r
X

T
♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ X ♣♦r

❡ss❛ r❡❧❛çã♦✳ ❙❡❥❛ p : X →
X

T
❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ ❞❡✜♥✐t❛ ♣♦r p(x) = x = {x, T (x)}✳

❙❡ X ❢♦r ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛✱ ❡♥tã♦

(
X, p,

X

T

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ x = {x, T (x)} ∈
X

T
✳ ❈♦♠♦ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s✲

❞♦r✛✱ ❡♥tã♦ ❡①✐st❡♠ U ❡ V ✈✐③✐♥❤❛♥ç❛s ❞✐s❥✉♥t❛s ❞❡ x ❡ T (x)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
P♦r T s❡r ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛W ❞❡ x t❛❧ q✉❡ T (W ) ⊂ V ✳
❉❡✜♥❛

U = U ∩W ❡ V = T (U)

♦s q✉❛✐s sã♦ ❞✐s❥✉♥t♦s ❡ ❛❜❡rt♦s ❡♠ X✱ ✉♠❛ ✈❡③ q✉❡ U é ✉♠❛ ✐♥t❡rs❡❝çã♦ ❞❡ ❞♦✐s
❛❜❡rt♦s ❡✱ ❛ss✐♠✱ T (U) é ✉♠ ❛❜❡rt♦✱ ♣♦✐s T é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✳ ❆❧é♠ ❞✐ss♦✱
T (U) = T (U ∩W ) ⊂ V ❡ U ⊂ U ✱ ❛ss✐♠✱ ❝♦♠♦ U ❡ V sã♦ ❞✐s❥✉♥t♦s✱ ♦❜t❡♠♦s q✉❡ U ❡
V sã♦ ❞✐s❥✉♥t♦s✳

P♦rt❛♥t♦✱ p(U) =
{
{y, T (y)}; y ∈ U

}
é ✉♠ ❛❜❡rt♦ ❞❡

X

T
q✉❡ ❝♦♥té♠ x ❡

p(U) = p(V )✱ ✉♠❛ ✈❡③ q✉❡✱ p(y) = y = {y, T (y)} = {T (T (y)), T (y)} = T (y) = p(T (y))✱
♣❛r❛ t♦❞♦ y ∈ X✳ ❆✐♥❞❛✱ p−1(p(U)) = {y; p(y) ∈ p(U)} = U ∪ V ✱ ❞❡ ♦♥❞❡

s❡❣✉❡ q✉❡ p(U) é ✉♠ ❛❜❡rt♦ ❞❡
X

T
✱ ♣♦✐s ❛ t♦♣♦❧♦❣✐❛ ❡♠

X

T
é ❛ q✉♦❝✐❡♥t❡ ❞❛❞❛ ♣♦r

{
A ⊂

X

T
; p−1(A) é ❛❜❡rt♦ ❡♠ X

}
❡ p−1(p(U)) = U ∪ V é ✉♠ ❛❜❡rt♦ ❞❡ X✳

❆❧é♠ ❞✐ss♦✱ ❛s r❡str✐çõ❡s

p|U : U → p(U) ❡ p|V : V → p(V ) = p(U)

sã♦ ❤♦♠❡♦♠♦r✜s♠♦✱ ♣♦✐s p é ❝♦♥tí♥✉❛✱ s♦❜r❡❥❡t♦r❛ ❡ ❛❜❡rt❛ ❡ ❛s r❡str✐çõ❡s ❞❡ p sã♦
✐♥❥❡t♦r❛s✳ ❱❡❥❛♠♦s q✉❡ p|U é ✐♥❥❡t♦r❛✿ ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ U ❝♦♠ p|U(x) = p|U(y)✱
s❡❣✉❡ q✉❡

{x, T (x)} = p(x) = p(y) = {y, T (y)},

♦✉ s❡❥❛✱ x = y ♦✉ x = T (y)✳ ▼❛s s❡ x = T (y)✱ ❡♥tã♦ x ∈ V ✱ ❛ss✐♠ x ∈ U ∩ V ✱ ♦ q✉❡ é
✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s U ∩ V = ∅✳ ❊♥tã♦✱ x = y✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ p|V é ✐♥❥❡t♦r❛✳



✹✻ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

▲♦❣♦✱
(
X, p,

X

T

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦✳ ❈♦♠♦✱ ❞❛❞♦ x ∈

X

T
✱ ❡①✐st❡ p(U) ❛❜❡rt♦ ❞❡

X

T
❝♦♥t❡♥❞♦ x✱ ❝♦♠ p−1(x) ∈ U ∪V = p−1(p(U))✱ ♦♥❞❡ U ❡ V sã♦ ❛❜❡rt♦s ❞✐s❥✉♥t♦s✱ ♦❜t❡✲

♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❝❛r❞✐♥❛❧ ❝♦♠✉♠ ❞♦s ❝♦♥❥✉♥t♦s p−1(x) é ❞♦✐s✱ ♣♦rt❛♥t♦✱
(
X, p,

X

T

)

é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✳ �

❍♦♠♦♠♦r✜s♠♦s ❡ ■s♦♠♦r✜s♠♦ ❞❡ ❘❡❝♦❜r✐♠❡♥t♦s

❉❡✜♥✐çã♦ ✶✳✸✳✼✳ ❙❡❥❛♠ (X̃1, p1, X) ❡ (X̃2, p2, X) ❞♦✐s r❡❝♦❜r✐♠❡♥t♦s ❞❡ X✳ ❯♠
❤♦♠♦♠♦r✜s♠♦ ❞❡ (X̃1, p1, X) ❡♠ (X̃2, p2, X) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : (X̃1, x̃1) → (X̃2, x̃2) t❛❧ q✉❡ p2 ◦ f = p1✳ ❉✐③❡♠♦s q✉❡ f : (X̃1, x̃1) → (X̃2, x̃2)
é ✉♠ ✐s♦♠♦r✜s♠♦ q✉❛♥❞♦ f ❢♦r ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ t❛❧ q✉❡ p2 ◦ f = p1✱ ✐st♦ ❡q✉✐✈❛❧❡
❛ ❞✐③❡r q✉❡ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ ❞❡ (X̃2, x̃2) ❡♠ (X̃1, x̃1)

t❛❧ q✉❡ ϕ ◦ f ❡ f ◦ ϕ sã♦ ❛♣❧✐❝❛çõ❡s ✐❞❡♥t✐❞❛❞❡s✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ (X̃1, p1, X) ❡
(X̃2, p2, X) sã♦ ✐s♦♠♦r❢♦s✳

❉❡✜♥✐çã♦ ✶✳✸✳✽✳ ❯♠ ❛✉t♦♠♦r✜s♠♦ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ s♦❜r❡
s✐ ♠❡s♠♦✳ ❖s ❛✉t♦♠♦r✜s♠♦s ❞❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ sã♦ ❝❤❛♠❛❞♦s ❞❡ tr❛♥s❢♦r✲

♠❛çõ❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❉❡♥♦t❛♠♦s ♣♦r G(X̃ | X) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❛✉t♦♠♦r✜s♠♦s
❞♦ r❡❝♦❜r✐♠❡♥t♦ (X̃, p,X)✱ q✉❡ é ✉♠ ❣r✉♣♦ ❝♦♠ r❡❧❛çã♦ ❛ ♦♣❡r❛çã♦ ❝♦♠♣♦s✐çã♦ ❞❡
❛♣❧✐❝❛çõ❡s✱ ❞❡♥♦♠✐♥❛❞♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞♦ r❡❝♦❜r✐♠❡♥t♦✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✺✳ ❉❛❞♦ ✉♠ r❡❝♦❜r✐♠❡♥t♦ (X̃, p,X)✱ s❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ 1.3.5✱ q✉❡
t♦❞♦ ❛✉t♦♠♦r✜s♠♦ h ∈ G(X̃ | X) ❞✐❢❡r❡♥t❡ ❞❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦
✜①♦✳ ❆ss✐♠✱ s❡ h ∈ G(X̃ | X) é ✉♠❛ ✐♥✈♦❧✉çã♦ ❞✐❢❡r❡♥t❡ ❞❛ ✐❞❡♥t✐❞❛❞❡✱ ❡♥tã♦ h é

❧✐✈r❡✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s

(
X, p,

X

T

)
✱ ✈✐st♦ ♥❛ Pr♦♣♦s✐çã♦

1.3.5✱ t❡♠♦s G

(
X
∣∣∣ X
T

)
= {Id, T}✱ ❝♦♠ T ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✻✳ ❉❛❞♦ ✉♠ r❡❝♦❜r✐♠❡♥t♦ (X̃, p,X)✱ ♦ ❣r✉♣♦ G(X̃ | X) é ✉♠ ❣r✉♣♦
♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s✳ ❉❡ ❢❛t♦✱ t♦♠❡ p : X̃ → X ❛ ♣r♦❥❡çã♦
❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ s❡❥❛ x ∈ X̃ ❡ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❛❜❡rt❛ ❞❡ p(x)✳ ❆ss✐♠✱
p−1(U) =

⋃

j∈J

Vj✱ ♦♥❞❡ Vj sã♦ ❛❜❡rt♦s ❞❡ X̃✳ ▲♦❣♦✱ x ∈ Vk✱ ♣❛r❛ ❛❧❣✉♠ k ∈ J ✳

❈♦♥s✐❞❡r❡ h ∈ G(X̃ | X)✱ ❝♦♠ h 6= IdX̃ ✱ ❛ss✐♠ h(x) 6= x✱ ♣❛r❛ t♦❞♦ x ∈ X̃✱ ♣♦✐s s❡
h(x0) = x0✱ ♣❛r❛ ❛❧❣✉♠ x0 ∈ X̃✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ 1.3.5✱ t❡rí❛♠♦s h = IdX̃ ✳

❈♦♠♦ p(h(x)) = p(x)✱ ✉♠❛ ✈❡③ q✉❡ p ◦ h = p✱ s❡❣✉❡ q✉❡ h(x) ∈ Vl✱ ♣❛r❛ ❛❧❣✉♠
l ∈ J ✳ ❆❧é♠ ❞✐ss♦✱ Vk ∩ Vl = ∅✱ ♣♦✐s ❝♦♠♦ ♦s Vj✱ ♣❛r❛ t♦❞♦ j ∈ J ✱ sã♦ ❞✐s❥✉♥t♦s✱ ❡♥tã♦
♣♦❞❡♠♦s t❡r Vk = Vl ♦✉ Vk ∩ Vl = ∅✱ ♠❛s s❡ Vk = Vl✱ t❡♠♦s q✉❡ x, h(x) ∈ Vk✱ ❝♦♠
p(x) = p(h(x)) ❡✱ ❞❛í✱ h(x) = x✱ ❥á q✉❡ p ❛♣❧✐❝❛ Vk ❤♦♠❡♦♠♦r✜❝❛♠❡♥t❡ s♦❜r❡ U ✳

◆♦t❡ q✉❡ h(Vk) ⊂ Vl✱ ✉♠❛ ✈❡③ q✉❡ h(x) ∈ Vl✱ ♣❛r❛ t♦❞♦ x ∈ Vk✱ ❧♦❣♦✱ Vk ∩h(Vk) = ∅

❡✱ ♣♦rt❛♥t♦✱ ❛ ❛çã♦ ❞❡ G(X̃ | X) é ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✻✳ ❙❡❥❛♠ (X̃1, p1, X) ❡ (X̃2, p2, X) ❞♦✐s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❝♦♠
X̃2 ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❚♦❞♦ ❤♦♠♦♠♦r✜s♠♦ f : (X̃1, x̃1) → (X̃2, x̃2) é ✉♠❛ ♣r♦❥❡çã♦
❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❞❡ ♠♦❞♦ q✉❡ f é s♦❜r❡❥❡t♦r❛✳



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✹✼

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ x̃1 ∈ X̃1✱ x̃2 = f(x̃1) ❡ x0 = p1(x̃1) = p2(x̃2)✳ P❛r❛
t♦❞♦ ❝❛♠✐♥❤♦ α : I → X̃2 ❝♦♠❡ç❛♥❞♦ ❡♠ x̃2✱ ♣♦❞❡♠♦s t♦♠❛r α0 = p2 ◦ α✱ q✉❡ é ✉♠
❝❛♠✐♥❤♦ ❝♦♠❡ç❛♥❞♦ ❡♠ x0✳ ❈♦♥s✐❞❡r❛♥❞♦ α̃ : I → X̃1 ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α0 r❡❧❛t✐✈♦
❛♦ r❡❝♦❜r✐♠❡♥t♦ p1✱ ❛ ♣❛rt✐r ❞❡ x̃1✱ s❡❣✉❡ q✉❡ p1 ◦ α̃ = α0 ❝♦♠ α̃(0) = x̃1✳ ❊♥tã♦✱
f ◦ α̃ : I → X̃2 é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α0 r❡❧❛t✐✈♦ ❛ p2 ❜❛s❡❛❞♦ ❡♠ x̃2✱ ✉♠❛ ✈❡③ q✉❡

p2 ◦ (f ◦ α̃)
p2◦f=p1
= p1 ◦ α̃ = α0 ❡ (f ◦ α̃)(0) = f(α̃(0)) = f(x̃1) = x̃2.

▲♦❣♦✱
p2 ◦ (f ◦ α̃) = α0 = p2 ◦ α

❛ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✳✸✱ f ◦ α̃ = α✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ f(α̃(1)) = α(1)✳
❈♦♠♦ X̃2 é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ q✉❛❧q✉❡r ✉♠ ❞❡ s❡✉s ♣♦♥t♦s é ❞❛ ❢♦r♠❛ α(1)✱

♦♥❞❡ α é ✉♠ ❝❛♠✐♥❤♦ q✉❡ ❝♦♠❡ç❛ ❡♠ x̃2✳ ▲♦❣♦✱ f é s♦❜r❡❥❡t♦r❛✳
❚♦♠❡ ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ x̃2 ∈ X̃2✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♥❡①❛ U

❞♦ ♣♦♥t♦ x0 = p2(x̃2)✱ q✉❡ s❡❥❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❡♠ r❡❧❛çã♦ às ♣r♦❥❡çõ❡s p1 ❡ p2✳
❖❜s❡r✈❡ q✉❡ X̃1, X̃2 ❡ X sã♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✳ ❚♦♠❡ V ❛ ❝♦♠♣♦♥❡♥t❡
❝♦♥❡①❛ ❞❡ p−1

2 (U) q✉❡ ❝♦♥té♠ x̃2✳ ❱❛♠♦s ♠♦str❛r q✉❡ V é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛
❞❡ x̃2 ✭r❡❧❛t✐✈❛♠❡♥t❡ ❛ f : X̃1 → X̃2✮✳ ❚❡♠♦s

p−1
1 (U) =

⋃

λ∈Γ

Ũλ

✉♠❛ r❡✉♥✐ã♦ ❞❡ ❛❜❡rt♦s ❞✐s❥✉♥t♦s ♦♥❞❡✱ ♣❛r❛ ❝❛❞❛ λ✱ p1|Ũλ
é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡

U ✳ ❙❡✱ ♣❛r❛ ❛❧❣✉♠ λ✱ t❡♠♦s f(Ũλ)∩V 6= ∅✱ ❡♥tã♦✱ ❝♦♠♦ ♦ ❝♦♥❡①♦ f(Ũλ) ❡stá ❝♦♥t✐❞♦ ♥♦
s✉❜❝♦♥❥✉♥t♦ ❞❡ p−1

2 (U)✱ ❞♦ q✉❛❧ V é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛✱ s❡❣✉❡✲s❡ q✉❡ f(Ũλ) ⊂ V

❡ ❞❛í✱ f |Ũλ
= (p2|V )

−1 ◦ (p1|Ũλ
)✱ ❧♦❣♦ f é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ Ũλ s♦❜r❡ V ✳ P♦rt❛♥t♦✱

t♦♠❛♥❞♦
L0 = {λ; f(Ũλ) ∩ V 6= ∅}

✈❡♠♦s q✉❡ L0 6= ∅✱ ♣♦✐s f é s♦❜r❡❥❡t♦r❛ ❡ q✉❡

f−1(V ) =
⋃

Ũλ, λ ∈ L0.

❊ ❛✐♥❞❛✱ f |Ũλ
é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ V ✱ ♣❛r❛ ❝❛❞❛ λ ∈ L0✱ ❛ss✐♠ V é ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ x̃2 ∈ X̃2 r❡❧❛t✐✈❛♠❡♥t❡ ❛ f ❡✱ ♣♦rt❛♥t♦✱ (X̃1, f, X̃2) é ✉♠
r❡❝♦❜r✐♠❡♥t♦✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✼✳ ❙❡❥❛♠ (X̃1, p1, X) ❡ (X̃2, p2, X) ❞♦✐s r❡❝♦❜r✐♠❡♥t♦s✱ ❝♦♠ X̃1 ❝♦♥❡①♦
♣♦r ❝❛♠✐♥❤♦s✳ ❯♠ ❤♦♠♦♠♦r✜s♠♦ f : (X̃1, x̃1) → (X̃2, x̃2) é ✉♠ ✐s♦♠♦r✜s♠♦ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ f♯ : Π1(X̃1, x̃1) → Π1(X̃2, f(x̃1)) é s♦❜r❡❥❡t♦r✳

❉❡♠♦♥str❛çã♦✿ (⇒) ❙✉♣♦♥❤❛ q✉❡ f é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s✱ ❡♥tã♦
f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❡ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ❛ss✐♠✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ f
é ✉♠❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ▲♦❣♦✱ ❝♦♠♦ f é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦
✶✳✸✳✹✱ s❡❣✉❡ q✉❡ f♯ é ✉♠ ✐s♦♠♦r✜s♠♦ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ f♯ é s♦❜r❡❥❡t♦r✳

(⇐) ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ f é ✉♠❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ✉♠❛
✈❡③ q✉❡ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s✳ Pr♦✈❡♠♦s q✉❡ f é ✉♠ ✐s♦♠♦r✜s♠♦✳

❈♦♠♦ f♯ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✷✱ f♯ é ✐♥❥❡t♦r✱ s❡❣✉❡
q✉❡ f♯ é ✉♠ ✐s♦♠♦r✜s♠♦✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✹✱ ♦❜t❡♠♦s q✉❡ f é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

P♦rt❛♥t♦✱ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❡ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡✱ ❛ss✐♠✱ f é ✉♠ ✐s♦✲
♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s✳ �



✹✽ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

Pr♦♣♦s✐çã♦ ✶✳✸✳✼✳ ❈♦♥s✐❞❡r❡ ♦s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦s (X̃1, p1, X) ❡ (X̃2, p2, X)✳
❉❛❞♦s ♦s ♣♦♥t♦s x̃1 ∈ X̃1 ❡ x̃2 ∈ X̃2 ❝♦♠ p1(x̃1) = p2(x̃2) = x0✱ t❡♠♦s ♦s ❤♦♠♦♠♦r✜s✲
♠♦s ✐♥❞✉③✐❞♦s (p1)♯ : Π1(X̃1, x̃1) → Π1(X, x0) ❡ (p2)♯ : Π1(X̃2, x̃2) → Π1(X, x0)✳ ❆ ✜♠
❞❡ q✉❡ ❡①✐st❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ f : (X̃1, x̃1) → (X̃2, x̃2) é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡ q✉❡
(p1)♯(Π1(X̃1, x̃1)) ⊂ (p2)♯(Π1(X̃2, x̃2))✳

❉❡♠♦♥str❛çã♦✿ (⇒) ❙❡ ❡①✐st❡ ♦ ❤♦♠♦♠♦r✜s♠♦ f ✱ ❝♦♠♦ f é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡
p1 ❡♠ r❡❧❛çã♦ ❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ p2✱ ♣♦✐s p2 ◦ f = p1✱ s❡❣✉❡✱ ❞♦ ❚❡♦r❡♠❛ ❋✉♥✲
❞❛♠❡♥t❛❧ ❞♦ ▲❡✈❛♥t❛♠❡♥t♦ ✭❚❡♦r❡♠❛ ✶✳✸✳✺✮✱ q✉❡ (p1)♯(Π1(X̃1, x̃1)) ⊂ (p2)♯(Π1(X̃2, x̃2))✱
✉♠❛ ✈❡③ q✉❡ x̃2 ∈ p−1(x0)✳

(⇐) ❙❡ (p1)♯(Π1(X̃1, x̃1)) ⊂ (p2)♯(Π1(X̃2, x̃2))✱ ❡♥tã♦ ❞♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦
▲❡✈❛♥t❛♠❡♥t♦ ✭❚❡♦r❡♠❛ ✶✳✸✳✺✮✱ ❡①✐st❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ f : (X̃1, x̃1) → (X̃2, x̃2)✱ ♦♥❞❡
p2◦f = p1✳ ❈♦♠♦ f é ❝♦♥tí♥✉❛✱ s❡q✉❡ q✉❡ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡ ♦s r❡❝♦❜r✐♠❡♥t♦s
(X̃1, p1, X) ❡ (X̃2, p2, X)✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✽✳ ❈♦♥s✐❞❡r❡ ♦s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦s (X̃1, p1, X) ❡ (X̃2, p2, X)✳ ❉❛✲
❞♦s ♦s ♣♦♥t♦s x̃1 ∈ X̃1 ❡ x̃2 ∈ X̃2 ❝♦♠ p1(x̃1) = p2(x̃2) = x0✳ ❊①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦
f ❡♥tr❡ (X̃1, p1, X) ❡ (X̃2, p2, X)✱ ❝♦♠ f(x̃1) = x̃2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (p1)♯(Π1(X̃1, x̃1)) =

(p2)♯(Π1(X̃2, x̃2))✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ (X̃, p,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r ❡
x̃1, x̃2 ∈ p−1(x0)✱ ❡♥tã♦ ❡①✐st❡ f ∈ G(X̃ | X) t❛❧ q✉❡ f(x̃1) = x̃2✳

❉❡♠♦♥str❛çã♦✿ (⇒) ❯s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s q✉❡

(p1)♯(Π1(X̃1, x̃1)) ⊂ (p2)♯(Π1(X̃2, x̃2)).

❈♦♠♦ f é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ f−1 ♦❜t❡♠♦s ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛ ❡✱ ❛ss✐♠✱
❛ ✐❣✉❛❧❞❛❞❡✳

(⇐) P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ f : (X̃1, x̃1) → (X̃2, x̃2)✱
✉♠❛ ✈❡③ q✉❡ (p1)♯(Π1(X̃1, x̃1)) ⊂ (p2)♯(Π1(X̃2, x̃2))✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❡①✐st❡ ✉♠ ❤♦♠♦✲
♠♦r✜s♠♦ g : (X̃2, x̃2) → (X̃1, x̃1)✱ ♣♦✐s (p1)♯(Π1(X̃1, x̃1)) ⊃ (p2)♯(Π1(X̃2, x̃2))✳

❊♥tã♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✺✱ g ◦ f : (X̃1, x̃1) → (X̃1, x̃1) ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❛♣❧✐❝❛çã♦
✐❞❡♥t✐❞❛❞❡ ❞❡ X̃1✱ ♣♦✐s (g ◦ f)(x̃1) = g(x̃2) = x̃1 = IdX̃1

(x̃1) ❡

p1 ◦ (g ◦ f)
p1◦g=p2
= p2 ◦ f = p1.

❆♥❛❧♦❣❛♠❡♥t❡✱ f ◦ g : (X̃2, x̃2) → (X̃2, x̃2) ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ X̃2✱
♣♦✐s ✜①❛ x̃2✳ ▲♦❣♦✱ f é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❝♦♠ g = f−1✳

◆♦t❡♠♦s q✉❡ s❡ (X̃, p,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r✱ ❡♥tã♦ p♯(Π1(X̃, x̃1)) =

p♯(Π1(X̃, x̃2)) ✭✈✐❞❡ ❈♦r♦❧ár✐♦ ✶✳✸✳✷ ❡ ❖❜s❡r✈❛çã♦ ✶✳✸✳✷✮ ❡✱ ❛ss✐♠✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡
❞♦s ❛r❣✉♠❡♥t♦s ❛♥t❡r✐♦r❡s✳ �

❉❡✜♥✐çã♦ ✶✳✸✳✾✳ ❙❡ (X̃, p,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❝♦♠ X̃ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❞✐③❡✲
♠♦s q✉❡ (X̃, p,X) é ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ (♦✉ s✐♠♣❧❡s♠❡♥t❡✱ r❡✲
❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧)✳

❚❡♦r❡♠❛ ✶✳✸✳✻✳ (i) ❙❡ (X̃1, p1, X) ❡ (X̃2, p2, X) sã♦ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✲
✈❡rs❛❧ ❞❡ X✱ ❡♥tã♦ t❛✐s ❡s♣❛ç♦s sã♦ ✐s♦♠♦r❢♦s✳

(ii) ❙❡ (X̃1, q,X) é ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❡ (X̃2, p,X) ✉♠ r❡❝♦❜r✐✲
♠❡♥t♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s f : (X̃1, x̃1) → (X̃2, x̃2)

t❛❧ q✉❡ (X̃1, f, X̃2) é ✉♠ r❡❝♦❜r✐♠❡♥t♦✳



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✹✾

❉❡♠♦♥str❛çã♦✿

(i) ➱ ✐♠❡❞✐❛t♦✱ ✉♠❛ ✈❡③ q✉❡✱ ❝♦♠♦ Π1(X̃1) = {1} ❡ Π1(X̃2) = {1}✱ t❡♠♦s q✉❡
(p1)♯(Π1(X̃1, x̃1)) = (p2)♯(Π1(X̃2, x̃2))✱ ❛ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✽✱ (X̃1, p1, X) ❡
(X̃2, p2, X) sã♦ ✐s♦♠♦r❢♦s✳

(ii) ❙❡❥❛♠ x̃1, x̃2 ❡ x0 ❡♠ X̃1, X̃2 ❡ X✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡ q(x̃1) = p(x̃2) = x0✳
❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ Π1(X̃1) = {1}✱ ❡♥tã♦ q♯(Π1(X̃1, x̃1)) ⊂ p♯(Π1(X̃2, x̃2))✳

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ▲❡✈❛♥t❛♠❡♥t♦ ✭❚❡♦r❡♠❛ ✶✳✸✳✺✮✱ t❡♠♦s ❛ ❡①✐s✲
tê♥❝✐❛ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : (X̃1, x̃1) → (X̃2, x̃2) t❛❧ q✉❡ p◦f = q✱ ❛ss✐♠✱
f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✭❞❡ r❡❝♦❜r✐♠❡♥t♦s✮✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✻✱ s❡❣✉❡ q✉❡
(X̃1, f, X̃2) é ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ �

❉❡✜♥✐çã♦ ✶✳✸✳✶✵✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡ x ∈ X✳ ❉❛❞❛ q✉❛❧q✉❡r ❝❧❛ss❡
[α] ∈ Π1(X, x) ❡ x̃ ∈ p−1(x)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.3.1✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦
❝❛♠✐♥❤♦ α✱ α̃ : I → X̃✱ ❝♦♠❡ç❛♥❞♦ ❡♠ x̃✱ ❛ss✐♠ p ◦ α̃ = α✳ ❉❡✜♥✐♠♦s x̃ · [α] = α̃(1)✳
❚❡♠♦s✱ ❡♥tã♦✱ ❛ ❛♣❧✐❝❛çã♦

p−1(x)× Π1(X, x) → p−1(x)
(x̃, [α]) 7→ x̃ · [α] = α̃(1)

q✉❡ ❞❡✜♥✐ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ Π1(X,x) s♦❜r❡ ❛ ✜❜r❛ p−1(x)✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✽✳ ❈♦♥s✐❞❡r❡ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦✱ ❝♦♠ X̃ ❝♦♥❡①♦ ♣♦r ❝❛♠✐✲
♥❤♦s✳ ❖ ❣r✉♣♦ Π1(X, x) ♦♣❡r❛ tr❛♥s✐t✐✈❛♠❡♥t❡ à ❞✐r❡✐t❛ ♥❛ ✜❜r❛ p−1(x)✱ ♣❛r❛ ❝❛❞❛
x ∈ X✳ ❖ s✉❜❣r✉♣♦ ❞❡ ✐s♦tr♦♣✐❛ ❞❡ ❝❛❞❛ ♣♦♥t♦ x̃ ∈ p−1(x) é p♯(Π1(X̃, x̃))✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ [α] ∈ Π1(X, x) ❡ x̃ ∈ p−1(x)✳ ❯s❛♥❞♦ ❛ ❛çã♦ à ❞✐r❡✐t❛
❞❡ Π1(X, x) s♦❜r❡ ❛ ✜❜r❛ p−1(x) ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s q✉❡✱ x̃ · [α] = x̃ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ α ❛ ♣❛rt✐r ❞❡ x̃✱ é ❢❡❝❤❛❞♦✳

P♦rt❛♥t♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✶✱

x̃ · [α] = x̃⇔ [α] ∈ p♯(Π1(X̃, x̃)). ✭■✮

❆ss✐♠✱ ♦ s✉❜❣r✉♣♦ ❞❡ ✐s♦tr♦♣✐❛ ❞❡ ❝❛❞❛ ♣♦♥t♦ x̃ ∈ p−1(x) é

Π1(X, x)x̃ = {[α] ∈ Π1(X, x); x̃ · [α] = x̃}
✭■✮
= p♯(Π1(X̃, x̃)).

❱❡❥❛♠♦s q✉❡ ❛ ❛çã♦ é tr❛♥s✐t✐✈❛✳ ❈♦♠♦ X̃ é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ♣❛r❛ q✉❛✐sq✉❡r
x̃, ỹ ∈ p−1(x)✱ ✈❛✐ ❡①✐st✐r ✉♠ ❝❛♠✐♥❤♦ α̃✱ ❝♦♠❡ç❛♥❞♦ ❡♠ x̃ ❡ t❡r♠✐♥❛♥❞♦ ❡♠ ỹ✳ ❙❡❥❛
α = p ◦ α̃✱ ❡♥tã♦ α é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ X ❝♦♠ ♣♦♥t♦ ❜❛s❡ x ✭q✉❡ t❡♠ α̃ ❝♦♠♦
❧❡✈❛♥t❛♠❡♥t♦ ❡ α̃(0) = x̃✮✳ ❈❧❛r❛♠❡♥t❡✱ t❡♠♦s

x̃ · [α] = α̃(1) = ỹ,

♦✉ s❡❥❛✱ ỹ ♣❡rt❡♥❝❡ ❛ ór❜✐t❛ ❞❡ x̃ ❡✱ ❡♥tã♦✱ Π1(X, x) ♦♣❡r❛ tr❛♥s✐t✐✈❛♠❡♥t❡ à ❞✐r❡✐t❛ ♥❛
✜❜r❛ p−1(x)✳ �

Pr♦♣♦s✐çã♦ ✶✳✸✳✾✳ ❙❡❥❛♠ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡ f ∈ G(X̃ | X)✱ ❡♥tã♦✱ ♣❛r❛
q✉❛❧q✉❡r ♣♦♥t♦ x̃ ∈ p−1(x) ❡ q✉❛❧q✉❡r [α] ∈ Π1(X, x)✱ t❡♠♦s f(x̃ · [α]) = f(x̃) · [α]✱
♦♥❞❡ f(x̃) ∈ p−1(x)✱ ✐st♦ é✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ f ∈ G(X̃ | X) ✐♥❞✉③ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞♦
❝♦♥❥✉♥t♦ p−1(x)✱ ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ Π1(X, x)✲❡s♣❛ç♦ à ❞✐r❡✐t❛✳



✺✵ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ ❛çã♦ ❞❡ Π1(X, x) ❡♠ p−1(x)✱

p−1(x)× Π1(X, x) → p−1(x)
(x̃, [α]) 7→ x̃ · [α] = α̃(1)

✭❝♦♠ α̃ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α✱ ❝♦♠❡ç❛♥❞♦ ❡♠ x̃✮✳
❙❡❥❛ [α] ∈ Π1(X, x) ❡ x̃ ∈ p−1(x)✳ ❈♦♠♦ f ∈ G(X̃ | X)✱ ❡♥tã♦

f : (X̃, x̃) → (X̃, f(x̃)) é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ t❛❧ q✉❡ p ◦ f = p✳ ❚♦♠❡ α̃ ♦ ❧❡✈❛♥✲
t❛♠❡♥t♦ ❞❡ α✱ ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ x̃✳ ❚❡♠♦s q✉❡ x̃ · [α] = α̃(1) ❡✱ ❡♥tã♦✱

f(x̃ · [α]) = f(α̃(1)). ✭■✮

▼❛s✱ f ◦ α̃ é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α q✉❡ ❝♦♠❡ç❛ ♥♦ ♣♦♥t♦ f(x̃)✱ ✉♠❛ ✈❡③ q✉❡

p ◦ f ◦ α̃
p◦f=p
= p ◦ α̃ = α✳ ❆ss✐♠✱

f(x̃) · [α] = (f ◦ α̃)(1) = f(α̃(1)). ✭■■✮

P♦rt❛♥t♦✱ ❞❡ ✭■✮ ❡ ✭■■✮✱ s❡❣✉❡ q✉❡ f(x̃ · [α]) = f(x̃) · [α]✳ �

❖❜s❡r✈❛çã♦ ✶✳✸✳✼✳ (i) ❙❡ (X̃, p,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r✱ ❞❛❞♦s
x̃0, x̃1 ∈ p−1(x0)✱ ❡①✐st❡ s❡♠♣r❡ ✉♠ ❛✉t♦♠♦r✜s♠♦ f : (X̃, x̃0) → (X̃, x̃1)✱ t❛❧
q✉❡ f(x̃0) = x̃1 (✈✐❞❡ ❈♦r♦❧ár✐♦ 1.3.8)✳ ■st♦ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ G(X̃ | X) ❛t✉❛
tr❛♥s✐t✐✈❛♠❡♥t❡ à ❡sq✉❡r❞❛ ♥❛ ✜❜r❛ ❛♦ ❝♦♥s✐❞❡r❛r ❛ ❛çã♦ f · x̃0 = f(x̃0) = x̃1✳

❆ tr❛♥s✐t✐✈✐❞❛❞❡ ❛❝✐♠❛✱ ❛❧é♠ ❞❡ ♥❡❝❡ss❛r✐❛✱ é s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ (X̃, p,X) s❡❥❛
✉♠ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r✱ ♣♦✐s ❡❧❛ ✐♠♣❧✐❝❛ q✉❡ s❡ α̃ é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦
❢❡❝❤❛❞♦ α✱ ♦s ❞❡♠❛✐s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ α t❡♠ ❛ ❢♦r♠❛ f ◦ α̃✱ ❝♦♠
f ∈ G(X̃ | X)✱ ❧♦❣♦ t♦❞♦s sã♦ ❝❛♠✐♥❤♦s ❛❜❡rt♦s ♦✉ sã♦ t♦❞♦s ❢❡❝❤❛❞♦s ❝♦♥✲
❢♦r♠❡ α̃ ♦ s❡❥❛✳ ❆ss✐♠✱ s❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ 1.3.2✱ ✐t❡♠ (iii)✱ q✉❡ (X̃, p,X) é ✉♠
r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r✳

(ii) ❙❛❜❡♠♦s q✉❡ ❞❛❞♦ ✉♠ r❡❝♦❜r✐♠❡♥t♦ (X̃, p,X)✱ t❡♠♦s q✉❡ Π1(X, x0) ♦♣❡r❛
tr❛♥s✐t✐✈❛♠❡♥t❡ à ❞✐r❡✐t❛ ♥❛ ✜❜r❛ p−1(x0)✱ s❡♥❞♦ q✉❡ ♦ s✉❜❣r✉♣♦ ❞❡ ✐s♦tr♦♣✐❛
❞❡ x̃ ∈ p−1(x0) é ✐❣✉❛❧ ❛ p♯(Π1(X̃, x̃))✳ ❱✐♠♦s q✉❡ ❛ ❛çã♦ ❞❡ [α] ∈ Π1(X, x0)
s♦❜r❡ x̃ ∈ p−1(x0) é r❡♣r❡s❡♥t❛❞❛ ♣♦r x̃ · [α]✳ ❊ ❛✐♥❞❛✱ x̃ · [α] = α̃(1)✱ ♦♥❞❡
α̃ : I → X̃ é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ α✱ ❛ ♣❛rt✐r ❞❡ x̃✳ P♦r ♦✉tr♦ ❧❛❞♦✱
♣❡❧❛s Pr♦♣♦s✐çõ❡s 1.3.7 ❡ 1.3.2✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦
f : (X̃, x̃0) → (X̃, x̃1)✱ ❝♦♠ f(x̃0) = x̃1✱ ♦♥❞❡ x̃1 = x̃0 · [α]✱ ♥♦s ❞✐③ q✉❡
p♯(Π1(X̃, x̃0)) ⊂ p♯(Π1(X̃, x̃1)) = [α]−1 · p♯(Π1(X̃, x̃0)) · [α]✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡
f : (X̃, x̃0) → (X̃, x̃1) é ✉♠ ❛✉t♦♠♦r✜s♠♦✱ ✉s❛♥❞♦ f−1 ♦❜tê♠✲s❡ ❛ ✐♥❝❧✉sã♦ ❝♦♥✲
trár✐❛ ❡✱ ♣♦rt❛♥t♦✱ ❛ ✐❣✉❛❧❞❛❞❡✳ ❆ss✐♠✱

f é ✉♠ ❛✉t♦♠♦r✜s♠♦ ⇔ p♯(Π1(X̃, x̃0)) = [α]−1 · p♯(Π1(X̃, x̃0)) · [α]

⇔ [α] ∈ N(p♯(Π1(X̃, x̃0))) (♦ s✉❜❣r✉♣♦ ♥♦r♠❛❧✐③❛❞♦r).

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❝❛❞❛ [α] ∈ N(p♯(Π1(X̃, x̃0)))✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❛✉t♦♠♦r✜s♠♦
f : (X̃, x̃0) → (X̃, f(x̃0)) t❛❧ q✉❡ f(x̃0) = x̃0 · [α]✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✵✳ ❙❡❥❛ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦✳ ❊①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡

❣r✉♣♦s ❡♥tr❡ G(X̃ | X) ❡
N(p♯(Π1(X̃, x̃0)))

p♯(Π1(X̃, x̃0))
✱ ♣❛r❛ ❝❛❞❛ x̃0 ∈ X̃✳



❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦ ✺✶

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦

ϕ : N(p♯(Π1(X̃, x̃0))) → G(X̃ | X)
[α] 7→ ϕ([α]) = f,

♦♥❞❡ f : (X̃, x̃0) → (X̃, f(x̃0)) é ✉♠ ❛✉t♦♠♦r✜s♠♦ t❛❧ q✉❡ f(x̃0) = x̃0 · [α]✱ ♦ q✉❡ ❡①✐st❡
❝♦♥❢♦r♠❡ ♦ ✐t❡♠ (ii) ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✼✱ ♣♦✐s [α] ∈ N(p♯(Π1(X̃, x̃0)))✳

❙❡❥❛♠ ϕ([α]) = f ❡ ϕ([β]) = g✱ t❡♠♦s x̃0 · [α] = f(x̃0) ❡ x̃0 · [β] = g(x̃0)✳ ❯s❛♥❞♦ ❛
Pr♦♣♦s✐çã♦ ✶✳✸✳✾✱ t❡r❡♠♦s✱

(f ◦ g)(x̃0) = f(g(x̃0)) = f(x̃0 · [β]) = f(x̃0) · [β] = (x̃0 · [α]) · [β] = x̃0 · [α ∗ β].

❆ss✐♠✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ ϕ✱ (f ◦ g) = ϕ([α ∗ β]) ❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡
❣r✉♣♦s✱ ♣♦✐s ϕ([α] · [β]) = ϕ([α ∗ β]) = f ◦ g = ϕ([α]) ◦ ϕ([β])✳

◆♦t❡♠♦s q✉❡ s❡ ϕ([ρ]) = IdX̃ ✱ ❡♥tã♦

x̃0 · [ρ] = x̃0 ⇔ [ρ] ∈ p♯(Π1(X̃, x̃0)).

❆ss✐♠✱ p♯(Π1(X̃, x̃0)) é ♦ ♥ú❝❧❡♦ ❞❡ ϕ✳
❱❡❥❛♠♦s q✉❡ ϕ é s♦❜r❡❥❡t♦r❛✳ ❉❛❞♦ f ∈ G(X̃ | X)✱ ❝♦♠ f(x̃0) = x̃1✳ ❙❛❜❡♠♦s

q✉❡ Π1(X, x0) ♦♣❡r❛ tr❛♥s✐t✐✈❛♠❡♥t❡ ❡♠ p−1(x0)✱ ❡♥tã♦ ❡①✐st❡ [α] ∈ Π1(X, x0)✱ t❛❧ q✉❡
x̃1 = x̃0 · [α]✳ ❉❛í✱ ❝♦♠♦ f é ✉♠ ❛✉t♦♠♦r✜s♠♦✱ t❡♠♦s✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✼✱ q✉❡
[α] ∈ N(p♯(Π1(X̃, x̃0)))✳ ❈♦♠♦ f(x̃0) = x̃1 = x̃0 · [α]✱ s❡❣✉❡✱ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ❛♣❧✐❝❛çã♦
ϕ✱ q✉❡ f = ϕ([α]) ❡✱ ♣♦rt❛♥t♦✱ f é s♦❜r❡❥❡t♦r❛✳

▲♦❣♦✱ ♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦ ✭❚❡♦r❡♠❛ ✶✳✶✳✶✮ ❢♦r♥❡❝❡ ♦ ✐s♦♠♦r✜s♠♦ ♥♦

q✉♦❝✐❡♥t❡✱ ♦✉ s❡❥❛✱ ϕ̃ :
N(p♯(Π1(X̃, x̃0)))

p♯(Π1(X̃, x̃0))
→ G(X̃ | X) é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♦♥❞❡

ϕ̃
(
[α] · p♯(Π1(X̃, x̃0))

)
= ϕ([α])✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✾✳ ❈♦♥s✐❞❡r❡ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠

✐s♦♠♦r✜s♠♦ ❡♥tr❡ G(X̃ | X) ❡
Π1(X, x0)

p♯(Π1(X̃, x̃0))
✳

❉❡♠♦♥str❛çã♦✿ ❙❡ ♦ r❡❝♦❜r✐♠❡♥t♦ (X̃, p,X) é r❡❣✉❧❛r✱ ❡♥tã♦ p♯(Π1(X̃, x̃0)) é ✉♠
s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ Π1(X, x0)✳ ❉❛í✱

N(p♯(Π1(X̃, x̃0))) =
{
[α] ∈ Π1(X, x0); [α] · p♯(Π1(X̃, x̃0)) · [α]

−1 = p♯(Π1(X̃, x̃0))
}

= Π1(X, x0)

❡ ❛ss✐♠✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳ �

❈♦r♦❧ár✐♦ ✶✳✸✳✶✵✳ ❙❡❥❛ (X̃, p,X) ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ✐s♦✲
♠♦r✜s♠♦ ❡♥tr❡ G(X̃ | X) ❡ Π1(X, x0) ❡ ❛ ♦r❞❡♠ ❞❡ Π1(X, x0) é ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ❞♦
❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✳

❉❡♠♦♥str❛çã♦✿ ❖ ✐s♦♠♦r✜s♠♦ s❡❣✉❡ ❞♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r ❡ ❞♦ ❢❛t♦ q✉❡
Π1(X̃, x̃0) = {1}✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ G = Π1(X, x0)✳ ❚❡♠♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✽✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛
❛çã♦ ❞❡ G ❡♠ p−1(x0)✱ q✉❡ ♦ s✉❜❣r✉♣♦ ❞❡ ✐s♦tr♦♣✐❛ Gx̃0 = p♯(Π1(X̃, x̃0)) = {1}✱ ♣❛r❛
❝❛❞❛ x̃0 ∈ p−1(x0)✳



✺✷ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❈♦♠♦ ❛ ❛çã♦ ❞❡ G ♥❛ ✜❜r❛ p−1(x0) é tr❛♥s✐t✐✈❛✱ s❡❣✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✶✱ q✉❡

❛ ór❜✐t❛ G(x̃0) = p−1(x0)✳ ❆✐♥❞❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✶✱ |G(x̃0)| =

∣∣∣∣
G

Gx̃0

∣∣∣∣ ❡✱ ❛ss✐♠✱

|p−1(x0)| =

∣∣∣∣
Π1(X, x0)

{1}

∣∣∣∣ = |Π1(X, x0)|✳ �

❊①❡♠♣❧♦ ✶✳✸✳✹✳ Π1(IRP
2) ∼= Z2✱ ♦♥❞❡ IRP2 =

S2

A
✐♥❞✐❝❛ ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✱ q✉❡ é ♦

❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ S2 ♦❜t✐❞♦ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ♣♦♥t♦s ❞✐❛♠❡tr❛❧♠❡♥t❡

♦♣♦st♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ Pr♦♣♦s✐çã♦ 1.3.5✱ t❡♠♦s q✉❡

(
S2, p, IRP2 =

S2

A

)
✱

♦♥❞❡ p(x) = x = {x,−x}✱ é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✱ ✉♠❛ ✈❡③ q✉❡ S2 é ✉♠
❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛ ❡ ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ A : S2 → S2 é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✳

P❡❧♦ ❊①❡♠♣❧♦ 1.2.5✱ S2 é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❧♦❣♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r✱
❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ G(S2 | IRP2) = {Id, A} (♣❡❧❛ ❖❜s❡r✈❛çã♦ 1.3.5) ❡ Π1(IRP

2)
❡
∣∣Π1(IRP

2)
∣∣ =

∣∣p−1(x0)
∣∣ = 2✳ P♦rt❛♥t♦✱ Π1(IRP

2) ∼= Z2.

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✶✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ q✉❡ ♣♦ss✉✐ ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦✲
❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ Π1(X, x0)✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❡s♣❛ç♦ ❞❡ r❡✲
❝♦❜r✐♠❡♥t♦ (X̃, p,X) t❛❧ q✉❡ p♯(Π1(X̃, x̃0)) = H ❡✱ ♣♦rt❛♥t♦✱ Π1(X̃, x̃0) ∼= H✱ ♣❛r❛
x̃0 ∈ p−1(x0)✱ ✉♠❛ ✈❡③ q✉❡ p♯ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (Y, q,X) ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞❡ X✱ ❛ss✐♠✱
Π1(Y ) = {1}✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✽✱ s❛❜❡♠♦s q✉❡ Π1(X, x0) ♦♣❡r❛ tr❛♥s✐t✐✈❛♠❡♥t❡ à
❞✐r❡✐t❛ ❞❡ q−1(x0)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✶✵✱ G(Y | X) ∼= Π1(X, x0)✳

❚♦♠❡ H ⊂ Π1(X, x0) ❡ ✜①❡ y ∈ q−1(x0)✳ ❙❡❥❛ G1 ♦ s✉❜❣r✉♣♦ ❞❡ G(Y | X) ❞❡✜♥✐❞♦
❝♦♠♦ s❡❣✉❡

ϕ ∈ G1 ⇔ ∃[α] ∈ H; ϕ(y) = y · [α].

❚❡♠♦s q✉❡✱ G1
∼= H✱ ✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ψ : G1 → H ❞❛❞❛ ♣♦r

ψ(ϕ) = [α]✱ ♦♥❞❡ [α] ✈❡♠ ❞❛ r❡❧❛çã♦ ❛❝✐♠❛✱ é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❉❡ ❢❛t♦✱ ψ é s♦❜r❡❥❡✲
t♦r❛ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ G1 ❡ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ♣♦✐s ❞❛❞♦s ϕ1, ϕ2 ∈ G1✱ ❡①✐st❡♠
[α1], [α2] ∈ H t❛✐s q✉❡ ϕ1(y) = y · [α1] ❡ ϕ2(y) = y · [α2]✳ ❉❛í✱ (ϕ1◦ϕ2)(y) = ϕ1(ϕ2(y)) =
ϕ1(y · [α2]) = ϕ1(y) · [α2] = y · [α1] · [α2] ✭♦♥❞❡ ✉s❛♠♦s ❛q✉✐ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✾✮✳ ▲♦❣♦✱
ψ(ϕ1◦ϕ2) = [α1]·[α2] = ψ(ϕ1)·ψ(ϕ2)✳ ❆❧é♠ ❞✐ss♦✱ ψ é ✐♥❥❡t♦r❛✱ ♣♦✐s✱ ❞❛❞♦s ϕ1, ϕ2 ∈ G1

❝♦♠ ψ(ϕ1) = ψ(ϕ2)✱ ♦✉ s❡❥❛✱ [α1] = [α2]✱ ♦♥❞❡ [α1], [α2] ∈ H sã♦ t❛✐s q✉❡ ϕ1(y) = y · [α1]
❡ ϕ2(y) = y · [α2]✱ s❡❣✉❡ q✉❡✱ ϕ1(y) = ϕ2(y)✳ P❡❧♦ ▲❡♠❛ ✶✳✸✳✸✱ ♦❜t❡♠♦s q✉❡ ϕ1 = ϕ2✳

❈♦♠♦ G1 é ✉♠ s✉❜❣r✉♣♦ ❞❡ G(Y | X)✱ ❡♥tã♦✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✻✱ G1 é ✉♠
❣r✉♣♦ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ Y ✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✱

❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ r : Y →
Y

G1

é ✉♠❛ ♣r♦❥❡çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❆❣♦r❛✱ ♣❛r❛ t♦❞♦ ϕ ∈ G1✱ t❡♠♦s q✉❡ q ◦ ϕ = q✱ ❛ss✐♠✱ ♣❛r❛ t♦❞♦ y ∈ Y ✱ s❡❣✉❡ q✉❡
q(ϕ · y) = q(ϕ(y)) = q(y)✱ ♦✉ s❡❥❛✱ q é ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ ór❜✐t❛✱ ❞❡ ♠♦❞♦ q✉❡ q ✐♥❞✉③

✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ p :
Y

G1

→ X t❛❧ q✉❡ p(G1(y)) = q(y)✱ ❡ ♣♦rt❛♥t♦ ♦ ❞✐❛❣r❛♠❛ ❛

s❡❣✉✐r é ❝♦♠✉t❛t✐✈♦

Y

r
��

q

%%Y

G1

p // X.



❖ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✺✸

❚❡♠♦s q✉❡ (Y, q,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❡
(
Y, r,

Y

G1

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦✱

❧♦❣♦✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✳✻✱ (X̃, p,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦✱ ♦♥❞❡ X̃ :=
Y

G1

✳ ❉❛í✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✸✳✽✱ Π1(X, x0) ♦♣❡r❛ tr❛♥s✐t✐✈❛♠❡♥t❡ à ❞✐r❡✐t❛ ❡♠ p−1(x0)✳
❙❡❥❛ x̃0 = r(y) ∈ p−1(x0)✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✽✱ s❡❣✉❡ q✉❡ ♦ s✉❜❣r✉♣♦ ❞❡

✐s♦tr♦♣✐❛ ❞❡ x̃0 ∈ p−1(x0) é Π1(X, x0)x̃0 = p♯(Π1(X̃, x̃0))✳ ❆ss✐♠✱ ❜❛st❛ ♠♦str❛r q✉❡
Π1(X, x0)x̃0 = H✳

❉❡ ❢❛t♦✱ t♦♠❡ [α] ∈ Π1(X, x0)x̃0 ✱ ❡♥tã♦ x̃0 · [α] = x̃0 = α̃(1)✱ ♦♥❞❡ α̃ : I →
Y

G1

= X̃

é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ α ❝♦♠❡ç❛♥❞♦ ❡♠ x̃0✱ ❛ ♣❛rt✐r ❞❛ ♣r♦❥❡çã♦ p✳ ❈♦♠♦ α̃(1) = x̃0✱
s❡❣✉❡ q✉❡ [α̃] ∈ Π1(X̃, x̃0)✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ β̃ : I → Y ❞❡ α̃ q✉❡ ❝♦♠❡ç❛
❡♠ y✱ ❛ ♣❛rt✐r ❞❛ ❛♣❧✐❝❛çã♦ r✱ t❡♠♦s q✉❡ r ◦ β̃ = α̃✱ ❛ss✐♠

q ◦ β̃
q=p◦r
= p ◦ r ◦ β̃ = p ◦ α̃ = α,

♦✉ s❡❥❛✱ β̃ é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ α q✉❡ ❝♦♠❡ç❛ ❡♠ y✱ ✈✐❛ ♣r♦❥❡çã♦ q✳ ▲♦❣♦✱
y · [α] = β̃(1)✱ ❛ss✐♠✱ ❝♦♠♦ r(β̃(1)) = r(y) = x̃0✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✶✱
β̃ é ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ y✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ϕ ∈ G1 t❛❧ q✉❡ ϕ(y) = β̃(1) ❡ G1 ♦♣❡r❛
tr❛♥s✐t✐✈❛♠❡♥t❡ ❡♠ r−1(x0)✳ P♦rt❛♥t♦✱ ❡①✐st❡ ϕ ∈ G1 t❛❧ q✉❡ y · [α] = ϕ(y) ❡✱ ❞♦

✐s♦♠♦r✜s♠♦ G1

ψ
∼= H✱ ♦❜t❡♠♦s q✉❡ [α] ∈ H✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ [α] ∈ H✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ϕ ∈ G1 t❛❧ q✉❡ y · [α] = ϕ(y)✱ ♦♥❞❡
q ◦ ϕ = q✱ ♣♦✐s G1 ⊂ G(Y | X)✳ ◆♦t❡ q✉❡✱ ❝♦♥s✐❞❡r❛♥❞♦ α̃ : I → X̃ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦
❞❡ α ❝♦♠❡ç❛♥❞♦ ❡♠ x̃0✱ ❛ ♣❛rt✐r ❞❛ ♣r♦❥❡çã♦ p ❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ β̃ : I → Y ❞❡ α̃ q✉❡
❝♦♠❡ç❛ ❡♠ y✱ ✈✐❛ ♣r♦❥❡çã♦ r✱ ♦❜t❡♠♦s q✉❡

x̃0 = r(y) = r(β̃(1)) = α̃(1) = x̃0 · [α],

♦✉ s❡❥❛✱ [α] ∈ Π1(X, x0)x̃0 ✳
▲♦❣♦✱ Π1(X, x0)x̃0 = H ❡✱ ♣♦rt❛♥t♦✱ p♯(Π1(X̃, x̃0)) = H✳ �

✶✳✹ ❖ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥

❖ ❝♦♥t❡ú❞♦ ❛❜♦r❞❛❞♦ ♥❡st❛ s❡çã♦✱ ❜❡♠ ❝♦♠♦ ❛s ✜❣✉r❛s ❛q✉✐ ✐❧✉str❛❞❛s✱ é ❜❛s❡❛❞♦
❡♠ ❑♦s♥✐♦✇s❦✐ ✭✶✾✽✵✮✱ ❬✸❪✱ ❡ é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦s ❣r✉♣♦s
❢✉♥❞❛♠❡♥t❛✐s ❞❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✱ ❝♦♥❢♦r♠❡ ♦s r❡s✉❧t❛❞♦s ❡①♣♦st♦s ♥♦ ✜♥❛❧ ❞❛
♣ró①✐♠❛ s❡çã♦✳

❙✉♣♦♥❤❛ q✉❡ ❞❡s❡❥❛♠♦s ❞❡t❡r♠✐♥❛r ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦
X ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ t❛❧ q✉❡

X = U1 ∪ U2,

♦♥❞❡ U1 ❡ U2 sã♦ ❛❜❡rt♦s✱ ♥ã♦✲✈❛③✐♦s ❡ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱ ❝♦♠ ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s
❝♦♥❤❡❝✐❞♦s✳ ❖ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ❛✜r♠❛ q✉❡✱ s❡ U1 ∩ U2 é ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s✱ ❡♥tã♦✱ ❞❛❞♦ x0 ∈ U1 ∩ U2✱ Π1(X, x0) é ❞❡t❡r♠✐♥❛❞♦ ❛ ♣❛rt✐r ❞♦s ❣r✉♣♦s
❢✉♥❞❛♠❡♥t❛✐s ❞❡ U1✱ U2 ❡ U1 ∩ U2✳

P❛r❛ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥✱ ✉t✐❧✐③❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡
✏❛♣r❡s❡♥t❛çã♦ ❞❡ ✉♠ ❣r✉♣♦✑ q✉❡ ❞❡s❝r❡✈❡r❡♠♦s ❜r❡✈❡♠❡♥t❡ ♥❛ s❡q✉ê♥❝✐❛✳



✺✹ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❙❡❥❛ S ✉♠ ❝♦♥❥✉♥t♦ ❡ ❝♦♥s✐❞❡r❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ S ❝♦♠♦ s❡♥❞♦
sí♠❜♦❧♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s✳ ❯♠❛ ♣❛❧❛✈r❛ ❡♠ S é ✉♠❛ ❡①♣r❡ssã♦ ❞❛ ❢♦r♠❛

w = x
ǫ(1)
1 x

ǫ(2)
2 ... xǫ(n)n ,

♦♥❞❡ xi ∈ S ❡ ǫ(i) = ±1✱ ♣❛r❛ t♦❞♦ i = 1, ..., n ❡ n ∈ Γ✳ ❆ ♣❛❧❛✈r❛ ✈❛③✐❛ (❛q✉❡❧❛
q✉❡ ♥ã♦ ❛♣❛r❡❝❡ sí♠❜♦❧♦s) s❡rá ❞❡♥♦t❛❞❛ ♣♦r ✶✳ ❯♠❛ ♣❛❧❛✈r❛ é ❞✐t❛ r❡❞✉③✐❞❛ s❡ ❡❧❛
♥ã♦ ❝♦♥té♠ x1 s❡❣✉✐❞♦ ♣♦r x−1 ♦✉ ✈✐❝❡✲✈❡rs❛✱ ♣❛r❛ ❛❧❣✉♠ x ∈ S✳ ❚♦❞❛ ♣❛❧❛✈r❛ ♣♦❞❡ s❡r
tr❛♥s❢♦r♠❛❞❛ ❡♠ ✉♠❛ ♣❛❧❛✈r❛ r❡❞✉③✐❞❛ ♣♦r ❞❡❧❡t❛r ♣❛r❡s x1x−1 ♦✉ x−1x1 (❝♦♠ x ∈ S)
s❡ ❡❧❡s ❛♣❛r❡❝❡♠ ♥❛ ♣❛❧❛✈r❛✳ ❖ ♣r♦❞✉t♦ ❞❡ ❞✉❛s ♣❛❧❛✈r❛s w ❡ w′ é ❞❡✜♥✐❞♦ ❡s❝r❡✈❡♥❞♦
♦s sí♠❜♦❧♦s ❞❡ w ❡✱ ❡♠ s❡❣✉✐❞❛✱ ♦s ❞❡ w′✱ ♦✉ s❡❥❛✱ ♣♦r ❥✉st❛♣♦s✐çã♦ ❞❛s ♣❛❧❛✈r❛s✳

P♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ✐♥❞✐❝❛♠♦s x1 ♣♦r x✱ x1x1 ♣♦r x2✱ x−1x−1 ♣♦r x−2 ❡ ❛ss✐♠ ♣♦r
❞✐❛♥t❡✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✳ ❙❡❥❛♠ S ✉♠ ❝♦♥❥✉♥t♦ ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ sí♠❜♦❧♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s
❡ F (S) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s ❢♦r♠❛❞❛s ♣♦r ❡❧❡♠❡♥t♦s ❞❡ S✳ ❈♦♥s✐❞❡r❡ ❛s
s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ F (S)✿

(i) ✐♥s❡r✐r xx−1 ♦✉ x−1x ❡♠ ✉♠❛ ♣❛❧❛✈r❛✱ ❝♦♠ x ∈ S❀

(ii) r❡t✐r❛r xx−1 ♦✉ x−1x ❞❡ ✉♠❛ ♣❛❧❛✈r❛✱ ❝♦♠ x ∈ S✳

❉✐③❡♠♦s q✉❡ ❞✉❛s ♣❛❧❛✈r❛s w ❡ w′ sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ w′ ♣✉❞❡r s❡r ♦❜t✐❞❛ ❞❡ w
❛tr❛✈és ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♦♣❡r❛çõ❡s ❞♦s t✐♣♦s (i) ❡ (ii)✳ ■st♦ ❞á ✉♠❛ r❡❧❛çã♦
❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s♦❜r❡ F (S)✳ ❊✱ ❝❧❛r❛♠❡♥t❡✱ t♦❞❛ ♣❛❧❛✈r❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ♣❛❧❛✈r❛
r❡❞✉③✐❞❛✳

P♦r ✉♠ ❛❜✉s♦✱ ❞❡♥♦t❡♠♦s ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ q✉❡ ❝♦♥té♠ ❛ ♣❛❧❛✈r❛ w ♣♦r w
♠❡s♠♦✳ ❊ ❞❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ ❞❡ ❞✉❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♣❛❧❛✈r❛s w ❡ v ♣♦r
wv✱ q✉❡ ❛q✉✐ ❡stá ❞❡♥♦t❛♥❞♦ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛ ❥✉st❛♣♦s✐çã♦ ❞❛s ♣❛❧❛✈r❛s w ❡
v✳

P♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ F (S) ❝♦♠
❛ ♦♣❡r❛çã♦ ❞❡ ❥✉st❛♣♦s✐çã♦ ❞❡ ♣❛❧❛✈r❛s✱ ❝♦♥st✐t✉✐ ✉♠ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ ♦♥❞❡ ♦
❡❧❡♠❡♥t♦ ♥❡✉tr♦ é ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛ ♣❛❧❛✈r❛ ✈❛③✐❛ ❡ ♦ ❡❧❡♠❡♥t♦ ✐♥✈❡rs♦ ❞❡
w = x

ǫ(1)
1 ... xǫ(n)n é w−1 = x−ǫ(n)n ... x

−ǫ(1)
1 ✳ ❊st❡ ❣r✉♣♦ é ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ❧✐✈r❡ ❣❡r❛❞♦

♣♦r ❙✳
◗✉❛♥❞♦ S é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❝♦♠ n ❡❧❡♠❡♥t♦s✱ ❝❤❛♠❛♠♦s ♦ ❣r✉♣♦ ❧✐✈r❡ ❣❡r❛❞♦

♣♦r S ❞❡ ❣r✉♣♦ ❧✐✈r❡ ❡♠ n ❣❡r❛❞♦r❡s✳

❉❡✜♥✐çã♦ ✶✳✹✳✸✳ ❙❡❥❛♠ S ✉♠ ❝♦♥❥✉♥t♦ (❡♠ q✉❡ ♦s ❡❧❡♠❡♥t♦s sã♦ ✈✐st♦s ❝♦♠♦ sí♠❜♦❧♦s
♥ã♦✲❝♦♠✉t❛t✐✈♦s) ❡ F (S) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s ❢♦r♠❛❞❛s ♣♦r ❡❧❡♠❡♥t♦s ❞❡
S✳ ❚♦♠❡ R ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ F (S)✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s ♥❛s ♣❛❧❛✈r❛s✿

(i) ✐♥s❡r✐r xx−1 ♦✉ x−1x ❡♠ ✉♠❛ ♣❛❧❛✈r❛✱ ❝♦♠ x ∈ S❀

(ii) r❡t✐r❛r xx−1 ♦✉ x−1x ❞❡ ✉♠❛ ♣❛❧❛✈r❛✱ ❝♦♠ x ∈ S❀

(iii) ✐♥s❡r✐r r ♦✉ r−1 ❡♠ ✉♠❛ ♣❛❧❛✈r❛✱ ❝♦♠ r ∈ R❀

(iv) r❡t✐r❛r r ♦✉ r−1 ❞❡ ✉♠❛ ♣❛❧❛✈r❛✱ ❝♦♠ r ∈ R✳



❖ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✺✺

❉✐③❡♠♦s✱ ❛❣♦r❛✱ q✉❡ ❞✉❛s ♣❛❧❛✈r❛s w ❡ w′ sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ w′ ♣✉❞❡r s❡r ♦❜t✐❞❛
❞❡ w ♣♦r ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♦♣❡r❛çõ❡s ❞♦s t✐♣♦s (i)✱ (ii)✱ (iii) ❡ (iv)✱ ♦ q✉❡ ❞❡✜♥❡✱
t❛♠❜é♠✱ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s♦❜r❡ F (S)✳ ❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❞❡♥♦t❡♠♦s
♣♦r w ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ q✉❡ ❝♦♥té♠ ❛ ♣❛❧❛✈r❛ w✳

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ F (S)✱ ❞❡✜♥✐❞❛s ♣❡❧❛ r❡❧❛çã♦
❛♥t❡r✐♦r✱ ❝♦♥st✐t✉✐✱ t❛♠❜é♠✱ ✉♠ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ❥✉st❛♣♦s✐çã♦ ❞❡ ♣❛❧❛✈r❛s✳
❊st❡ ❣r✉♣♦ é ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ❝♦♠ ❛♣r❡s❡♥t❛çã♦ (S;R) ❡ é ❞❡♥♦t❛❞♦ ♣♦r 〈S | R〉✳

❖ ❝♦♥❥✉♥t♦ S é ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞♦s ❣❡r❛❞♦r❡s ❡ ♦ ❝♦♥❥✉♥t♦ R é ❞✐t♦ ❝♦♥❥✉♥t♦
❞♦s r❡❧❛t♦r❡s (♦✉ r❡❧❛çõ❡s) ❞♦ ❣r✉♣♦ ❡♠ q✉❡stã♦✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✶✳ (i) ❖ ❣r✉♣♦ ❝♦♠ ❛♣r❡s❡♥t❛çã♦ 〈S | ∅〉 é ❡①❛t❛♠❡♥t❡ ♦ ❣r✉♣♦ ❧✐✈r❡
❣❡r❛❞♦ ♣♦r S✳

(ii) ❊♠ ❛❧❣✉♥s ❝❛s♦s✱ é ♠❛✐s ❛♣r♦♣r✐❛❞♦ ❡s❝r❡✈❡r♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛t♦r❡s R ❞♦
❣r✉♣♦ 〈S | R〉 ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s✱ ♦✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦ {r; r ∈ R} é
r❡❡s❝r✐t♦ ❝♦♠♦ {r = 1; r ∈ R}✳

❊①❡♠♣❧♦ ✶✳✹✳✶✳ ❖ ❣r✉♣♦ 〈{x} | {xn}〉 = 〈{x} | {xn = 1}〉✱ n ∈ IN✱ n ≥ 2✱ é ❝♦♠♣♦st♦
♣❡❧❛s ❝❧❛ss❡s 1, x, x2, ..., xn−1✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♣❛❧❛✈r❛ xm✱ ❝♦♠ m ≥ n ♦✉ m ∈ Z∗

−✱ é
❡q✉✐✈❛❧❡♥t❡ ❛ ♣❛❧❛✈r❛ xp✱ ❝♦♠ p ≡ m(♠♦❞ n)✱ p = 1, ..., n − 1✳ ❊st❡ ❣r✉♣♦ é✱ ❡♥tã♦✱
✐s♦♠♦r❢♦ ❛ Zn✳

❉❡✜♥✐çã♦ ✶✳✹✳✹✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❣r✉♣♦ G t❡♠ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ (X;R) s❡ G
é ✐s♦♠♦r❢♦ ❛♦ ❣r✉♣♦ 〈X | R〉✱ ♦♥❞❡ X é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s (❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦
sí♠❜♦❧♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s) ❡ R é ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s✳

❊①❡♠♣❧♦ ✶✳✹✳✷✳ ❖ ❣r✉♣♦ G = 〈{x} | ∅〉 é ❝♦♠♣♦st♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s

1, x, x−1, x2, x−2, ...

q✉❡ é ✐s♦♠♦r❢♦ ❛ Z✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❛♣❧✐❝❛çã♦ f : (G, ·) → (Z,+)✱ ❞❡✜♥✐❞❛ ♣♦r xn 7→ n✱
♦♥❞❡ x0 = 1✱ é ✉♠ ✐s♦♠♦r✜s♠♦✳

❆ss✐♠✱ ❝♦♠♦ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ S1 é ✐s♦♠♦r❢♦ ❛ Z✱ ❡♥tã♦ ♦ ❣r✉♣♦ Π1(S
1) t❡♠

✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞♦ t✐♣♦ ({x}; ∅)✳

❊①❡♠♣❧♦ ✶✳✹✳✸✳ P❡❧♦ ❊①❡♠♣❧♦ 1.3.4✱ Π1(IRP
2) ∼= Z2✳ ▲♦❣♦✱ ❝♦♠♦ ✈✐♠♦s ♥♦

❊①❡♠♣❧♦ 1.4.1✱ Π1(IRP
2) =

〈
{x} | {x2 = 1}

〉
✱ ♦✉ s❡❥❛✱ Π1(IRP

2) t❡♠ ✉♠❛ ❛♣r❡s❡♥t❛çã♦
({x}; {x2})✳

❊①❡♠♣❧♦ ✶✳✹✳✹✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❣r✉♣♦ G =
〈
{a, b} | {aba−1b−1 = 1}

〉
✳ P❡❧❛ r❡❧❛çã♦

aba−1b−1 = 1✱ s❡❣✉❡ q✉❡ ab = ba✱ ♣♦✐s

ab = aba−1b−1ba = (aba−1b−1)ba = ba,

❛ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ arbs = bras✱ ♣❛r❛ t♦❞♦s r, s ∈ Z✳ P♦rt❛♥t♦✱ q✉❛❧q✉❡r ♣❛❧❛✈r❛
g = an1bm1an2bm2 ...ankbmk ∈ G✱ ❝♦♠ k ∈ IN✱ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

g = anbm,

♦♥❞❡ n =
k∑

i=1

ni ❡ m =
k∑

i=1

mi✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❢✉♥çã♦ ϕ : (G, ·) → (Z× Z,+)✱ ❞❡✜♥✐❞❛

♣♦r
g = anbm 7→ (n,m)



✺✻ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

é ✉♠ ✐s♦♠♦r✜s♠♦✳
❈♦♠♦ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ t♦r♦ é ✐s♦♠♦r❢♦ ❛ Z × Z✱ s❡❣✉❡ q✉❡

Π1(T
2) =

〈
{a, b} | {aba−1b−1 = 1}

〉
✱ ♦✉ s❡❥❛✱ Π1(T

2) t❡♠ ✉♠❛ ❛♣r❡s❡♥t❛çã♦
({a, b}; {aba−1b−1})✳

❱❛♠♦s r❡t♦r♥❛r✱ ❛❣♦r❛✱ ❛♦ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ q✉❡
é ❛ ✉♥✐ã♦ ❞❡ ❞♦✐s ❛❜❡rt♦s✱ ♥ã♦✲✈❛③✐♦s ❡ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱ U1 ❡ U2✳ ❙✉♣♦♥❤❛♠♦s
q✉❡ U1 ∩ U2 é ♥ã♦✲✈❛③✐♦ ❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❊s❝♦❧❤❛ ✉♠ ♣♦♥t♦ ❜❛s❡ x0 ∈ U1 ∩ U2✳

❈♦♥s✐❞❡r❡ ϕ1, ϕ2, ψ1 ❡ ψ2 ❛s ❛♣❧✐❝❛çõ❡s ✐♥❝❧✉sõ❡s r❡♣r❡s❡♥t❛❞❛s ♥♦ ❞✐❛❣r❛♠❛ ❛ s❡❣✉✐r

U1 ∩ U2

ϕ2

��

ϕ1 // U1

ψ1

��
U2

ψ2 // X.
◆♦t❡ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❝✐♠❛ é ❝♦♠✉t❛t✐✈♦✱ ♣♦✐s✱ ♣❛r❛ t♦❞♦ x ∈ U1 ∩ U2✱

ψ1(ϕ1(x)) = x = ψ2(ϕ2(x)).

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✸✱ t❡♠♦s q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

Π1(U1 ∩ U2, x0)

(ϕ2)♯
��

(ϕ1)♯ // Π1(U1, x0)

(ψ1)♯
��

Π1(U2, x0)
(ψ2)♯ // Π1(X, x0).

❙✉♣♦♥❤❛♠♦s q✉❡ ♦s ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ U1∩U2✱ U1 ❡ U2 sã♦ ❝♦♥❤❡❝✐❞♦s ❡ s✉❛s
❛♣r❡s❡♥t❛çõ❡s sã♦ ❞❛❞❛s ♣♦r✿

Π1(U1 ∩ U2, x0) = 〈S | R〉 , Π1(U1, x0) = 〈S1 | R1〉 ❡ Π1(U2, x0) = 〈S2 | R2〉 .

❙❡ s ∈ S✱ ❡♥tã♦ (ϕ1)♯(s) ∈ Π1(U1, x0) ❡ (ϕ2)♯(s) ∈ Π1(U2, x0)✳ ❙❡❥❛♠ ‘(ϕ1)♯(s)✬ ❡
‘(ϕ2)♯(s)✬ ❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ (ϕ1)♯(s) ❡ (ϕ2)♯(s) ❝♦♠♦ ♣❛❧❛✈r❛s ♥♦s ❣❡r❛❞♦r❡s S1 ❡ S2✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❞❡✜♥❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s

RS = {‘(ϕ1)♯(s)✬ = ‘(ϕ2)♯(s)✬; s ∈ S} .

❆❣♦r❛ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❡♥✉♥❝✐❛r ♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥✳

❚❡♦r❡♠❛ ✶✳✹✳✶✳ (❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥) ◆❛s ❤✐♣ót❡s❡s ❛♥t❡r✐♦r❡s✱ ♦
❣r✉♣♦ Π1(X, x0) é ✐s♦♠♦r❢♦ ❛♦ ❣r✉♣♦ ❞❡✜♥✐❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s S1 ∪ S2 ❡ ♦
❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s R1 ∪R2 ∪RS✳

❆ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ❝♦♥s✐st❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❞❡ ❞✉❛s ♣❛rt❡s✱
✉♠❛ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❣❡r❛❞♦r❡s ❡ ❛ ♦✉tr❛ ❝♦♠ r❡❧❛çõ❡s ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❡ s❡rá
❝♦♥s❡q✉ê♥❝✐❛ ❞♦s ✈ár✐♦s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r✳

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ é ❜ás✐❝♦✱ ❡♥✈♦❧✈❡ ❛♣❡♥❛s ❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s✱ ❡ é út✐❧ ♣❛r❛
❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✳

▲❡♠❛ ✶✳✹✳✶✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ f : I = [0, 1] → X
✉♠ ❝❛♠✐♥❤♦ ❡ 0 = t0 ≤ t1 ≤ t2 ≤ ... ≤ tn = 1✳ ❈♦♥s✐❞❡r❡✱ ♣❛r❛ ❝❛❞❛ i = 1, ..., n✱ ♦
❝❛♠✐♥❤♦ fi : I → X ❞❡✜♥✐❞♦ ♣♦r

fi : I → X
t 7→ fi(t) = f((1− t)ti−1 + tti)

❡♥tã♦ f ∼ f1 ∗ f2 ∗ ... ∗ fn✳



❖ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✺✼

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡ fi é ✉♠ ❝❛♠✐♥❤♦ ❝♦♠❡ç❛♥❞♦ ❡♠ f(ti−1) ❡ t❡r♠✐♥❛♥❞♦
❡♠ f(ti)✳

❋❛r❡♠♦s ❛ ♣r♦✈❛ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ n✳ ◆♦t❡ q✉❡ ♦ ❝❛s♦ n = 1 é ✐♠❡❞✐❛t♦✳
❱❛♠♦s ❛♥❛❧✐s❛r ♦ ❝❛s♦ ❡♠ q✉❡ n = 2✳ ❙❡❥❛ 0 = t0 ≤ t1 ≤ t2 = 1✱ t❡♠♦s

(f1 ∗ f2)(t) =





f1(2t), 0 ≤ t ≤
1

2
;

f2(2t− 1),
1

2
≤ t ≤ 1;

=





f(2tt1), 0 ≤ t ≤
1

2
;

f((2− 2t)t1 + 2t− 1),
1

2
≤ t ≤ 1.

❆ ❛♣❧✐❝❛çã♦ F : I × I → X ❞❛❞❛ ♣♦r

F (t, s) =





f((1− s)2tt1 + st), 0 ≤ t ≤
1

2
;

f((1− s)(t1 + (2t− 1)(1− t1)) + st),
1

2
≤ t ≤ 1,

é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f1 ∗ f2 ❡ f ✱ ♣♦✐s F é ❝♦♥tí♥✉❛✱ ✉♠❛ ✈❡③ q✉❡ f é ❝♦♥tí♥✉❛✱ ❡

F (t, 0) =





f(2tt1), 0 ≤ t ≤
1

2

f(t1 + (2t− 1)(1− t1)),
1

2
≤ t ≤ 1

= (f1 ∗ f2)(t),

♣♦✐s t1 + (2t− 1)(1− t1) = t1 + 2t− 2tt1 − 1 + t1 = (2 + 2t)t1 + 2t− 1✱

F (t, 1) =





f(t), 0 ≤ t ≤
1

2

f(t),
1

2
≤ t ≤ 1

= f(t),

F (0, s) = f(0) ❡ F (1, s) = f((1− s)(t1 + 1− t1) + s) = f(1)✳ ❆ss✐♠✱ f ∼ f1 ∗ f2✳
❚♦♠❡♠♦s n > 2 ❡ s✉♣♦♥❤❛ q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ ♦s ✐♥t❡✐r♦s ♠❡♥♦r❡s q✉❡ n✳

❈♦♥s✐❞❡r❡ 0 = t0 ≤ t1 ≤ ... ≤ tn−1 ≤ tn = 1✳ P❛r❛ g : I → X t❛❧ q✉❡ g(t) = f(ttn−1)✱
t❡♠♦s q✉❡ g(0) = 0 ❡ g(1) = f(tn−1)✳ ❈♦♥s✐❞❡r❛♥❞♦ g ❡ fn✱ s❡❣✉❡✱ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✱
q✉❡ f ∼ g ∗ fn✱ ✉♠❛ ✈❡③ q✉❡ 0 = t0 ≤ tn−1 ≤ tn = 1✳

❈♦♠♦ 0 =
t0
tn−1

≤
t1
tn−1

≤ ... ≤
tn−2

tn−1

≤
tn−1

tn−1

= 1✱ ♦❜t❡♠♦s✱ ♣♦r ✈❛❧❡r ♣❛r❛ n − 1✱
q✉❡

g ∼ g1 ∗ g2 ∗ ... ∗ gn−1, ✭■✮

♦♥❞❡ gi(t) = g

(
(1− t)ti−1

tn−1

+
tti
tn−1

)
= f((1− t)ti−1 + tti) = fi(t)✱ i = 1, ..., n− 1✳

❉❛í✱

f ∼ g ∗ fn
✭■✮
∼ g1 ∗ g2 ∗ ... ∗ gn−1 ∗ fn = f1 ∗ f2 ∗ ... ∗ fn−1 ∗ fn,

❝♦♠♦ ❞❡s❡❥❛❞♦✳ �

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛s ❤✐♣ót❡s❡s ❛♥t❡r✐♦r❡s✱ ♦ ❣r✉♣♦ Π1(X, x0) é ❣❡r❛❞♦
♣♦r

(ψ1)♯(Π1(U1, x0)) ∪ (ψ2)♯(Π1(U2, x0)).



✺✽ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ f : I → X ✉♠ ❧❛ç♦ ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0 ∈ U1 ∩ U2 ❡ δ ♦
♥ú♠❡r♦ ❞❡ ▲❡❜❡s❣✉❡ ❞❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ {f−1(U1), f

−1(U2)} ❞♦ ❝♦♠♣❛❝t♦ I✱ ❡①✐st❡♥t❡
♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✸✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ s❡ t0, t1, t2, ..., tn é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s
r❡❛✐s ❝♦♠ 0 = t0 ≤ t1 ≤ t2 ≤ ... ≤ tn = 1 ❡ ti − ti−1 < δ✱ ❡♥tã♦ f([ti, ti+1]) ❡stá ❝♦♥t✐❞♦
❡♠ U1 ♦✉ U2✳

P♦❞❡♠♦s s✉♣♦r q✉❡ f(ti) ∈ U1 ∩ U2✱ ♣❛r❛ t♦❞♦ i = 1, ..., n✱ ♣♦✐s✱ ♣♦r ❡①❡♠♣❧♦✱ s❡
f(ti) ∈ U1 ❡ f(ti) /∈ U2✱ ❡♥tã♦ f([ti−1, ti]) ❡ f([ti, ti+1]) ❡stã♦ ❛♠❜♦s ❝♦♥t✐❞♦s ❡♠ U1✱
❧♦❣♦✱ ♣♦❞❡♠♦s ❛❣r✉♣❛r ♦s ❞♦✐s ✐♥t❡r✈❛❧♦s ❡♠ [ti−1, ti+1]✱ ❞❡ ♠♦❞♦ q✉❡

f([ti−1, ti+1]) = f([ti−1, ti] ∪ [ti, ti+1]) = f([ti−1, ti]) ∪ f([ti, ti+1]) ⊂ U1,

♦✉ s❡❥❛✱ f([ti−1, ti+1]) ❡stá ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ U1✳ ◆❡st❡ ❝❛s♦✱ ♣♦❞❡♠♦s ❡①❝❧✉✐r ♦ ti
❞❛ s❡q✉ê♥❝✐❛ ❡ r❡♥✉♠❡rá✲❧❛✳ ❙❡ ❝♦♥t✐♥✉❛r♠♦s ♦ ♣r♦❝❡ss♦✱ ♦❜t❡♠♦s q✉❡ f(ti) ∈ U1 ∩U2✱
♣❛r❛ t♦❞♦ i = 1, ..., n✳

P❛r❛ t♦❞♦ i = 1, ..., n✱ ❝♦♥s✐❞❡r❡ ♦s ❝❛♠✐♥❤♦s

fi : I → X
t 7→ fi(t) = f((1− t)ti−1 + tti)

❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✳✶✱ f ∼ f1 ∗ f2 ∗ ... ∗ fn✱ ♦✉ s❡❥❛✱ [f ] = [f1 ∗ f2 ∗ ... ∗ fn]✳ ◆♦t❡ q✉❡
❝❛❞❛ fi é ✉♠ ❝❛♠✐♥❤♦ q✉❡ ❡stá ❝♦♥t✐❞♦ ❡♠ U1 ♦✉ U2✳

❊s❝♦❧❤❛✱ ♣❛r❛ i = 1, 2, ..., n − 1✱ ❝❛♠✐♥❤♦s qi : I → X t❛✐s q✉❡ qi(0) = x0✱
qi(1) = f(ti) ❡✱ ❝♦♠♦ U1 ∩ U2 é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ♣♦❞❡♠♦s t♦♠❛r qi ❞❡ ♠♦❞♦
q✉❡✱ ♣❛r❛ ❝❛❞❛ i✱ qi(t) ∈ U1∩U2✱ ♣❛r❛ t♦❞♦ t ∈ I✱ ❝♦♠♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r✳

❙❡❥❛♠✱ t❛♠❜é♠✱ q0 ❡ qn t❛✐s q✉❡ q0(t) = qn(t) = x0✱ ♣❛r❛ t♦❞♦ t ∈ I✳

❋✐❣✉r❛ ✶✳✶✿ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥✱ ❣❡r❛❞♦r❡s✳

❊♥tã♦✱

[f ] = [q0 ∗ f1 ∗ q
−1
1 ∗ q1 ∗ f2 ∗ q

−1
2 ∗ ... ∗ qn−1 ∗ fn ∗ q

−1
n ]

= [q0 ∗ f1 ∗ q
−1
1 ] · [q1 ∗ f2 ∗ q

−1
2 ] · ... · [qn−1 ∗ fn ∗ q

−1
n ],

♦♥❞❡ ❝❛❞❛ [qi−1 ∗ fi ∗ q
−1
i ] é ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❧❛ç♦s ❡♠ X ❜❛s❡❛❞♦s ❡♠ x0

(❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ❛♥t❡r✐♦r ♣❛r❛ ♦ ❝❛♠✐♥❤♦ q2 ◦ f2 ◦ q−1
3 r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ tr❛ç♦ ❡♠

✈❡r♠❡❧❤♦ ❝♦♥t✐❞♦✱ ♥❡st❡ ❝❛s♦✱ ❡♠ U2) q✉❡ ❡stá ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ U1 ♦✉ U2✳
P♦rt❛♥t♦✱ [qi−1 ∗ fi ∗ q

−1
i ] é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ (ψ1)♯(Π1(U1, x0)) ♦✉ (ψ2)♯(Π1(U2, x0))✳

❊♥tã♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ [f ] ❞❡ Π1(X, x0) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ ✐♠❛❣❡♥s ❞❡
❡❧❡♠❡♥t♦s ❞❡ Π1(U1, x0) ♦✉ Π1(U2, x0)✱ ♣♦r (ψ1)♯ ♦✉ (ψ2)♯✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ �



❖ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✺✾

❈♦r♦❧ár✐♦ ✶✳✹✳✶✳ ◆❛s ❤✐♣ót❡s❡s ✐♥✐❝✐❛✐s✱ ♦ ❣r✉♣♦ Π1(X, x0) é ❣❡r❛❞♦ ♣♦r
(ψ1)♯(S1) ∪ (ψ2)♯(S2)✱ ♦♥❞❡ S1 ❡ S2 sã♦ ♦s ❣❡r❛❞♦r❡s ❞❡ Π1(U1, x0) ❡ Π1(U2, x0)✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ✉♠❛ ✈❡③
q✉❡ S1 ❡ S2 sã♦ ♦s ❣❡r❛❞♦r❡s ❞❡ Π1(U1, x0) ❡ Π1(U2, x0)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ �

❖❜s❡r✈❛çã♦ ✶✳✹✳✷✳ P❛r❛ ❢❛❝✐❧✐t❛r ❛ ♥♦t❛çã♦✱ ❛❞♦t❡♠♦s (❝♦♠♦ ❡♠ ❑♦s♥✐♦✇s❦✐ (1980✱
♣✳185 − 186)✱ [✸]) ❛ ❝♦♥✈❡♥çã♦ ❞❡ ❡s❝r❡✈❡r s ❛♦ ✐♥✈és ❞❡ (ψj)♯(s)✱ ♣❛r❛ t♦❞♦ s ∈ Sj✱

j = 1, 2✳ ❆ss✐♠✱ s❡ f : I → Uj✱ ❞❡♥♦t❛♠♦s ❛ ❝♦♠♣♦st❛ I → Uj
ψj
→ X t❛♠❜é♠ ♣♦r f ✳

◆❡st❡ s❡♥t✐❞♦✱ s❡❣✉❡✱ ❞♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r✱ q✉❡ ♦ ❣r✉♣♦ Π1(X, x0) é ❣❡r❛❞♦ ♣♦r S1∪S2✱
♦♥❞❡ S1 ❡ S2 sã♦ ♦s ❣❡r❛❞♦r❡s ❞❡ Π1(U1, x0) ❡ Π1(U2, x0)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❡♠❛ ✶✳✹✳✷✳ ❙✉♣♦♥❞♦ ❛s ❤✐♣ót❡s❡s ❛♥t❡r✐♦r❡s✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❣❡r❛❞♦r❡s S1 ∪ S2 ❞❡
Π1(X, x0) s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s R1✱ R2 ❡ RS✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ (ψj)♯ : Π1(Uj, x0) → Π1(X, x0) é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ♣❛r❛
j ∈ {1, 2}✱ ❡♥tã♦ q✉❛❧q✉❡r r❡❧❛çã♦ s❛t✐s❢❡✐t❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡ Sj ❡♠ Π1(Uj, x0) é
t❛♠❜é♠ s❛t✐s❢❡✐t❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s (ψj)♯(Sj) ❞❡ Π1(X, x0)✳ ▲♦❣♦✱ ♣❡❧❛ ❝♦♥✈❡♥çã♦ q✉❡
✜③❡♠♦s ❛❝✐♠❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ S1 ∪ S2 ❡♠ Π1(X, x0) s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s R1 ❡ R2✳

❙❡ s ∈ S ⊂ Π1(U1 ∩ U2, x0)✱ ❡♥tã♦

((ψ1)♯ ◦ (ϕ1)♯)(s) = ((ψ2)♯ ◦ (ϕ2)♯)(s),

✉♠❛ ✈❡③ q✉❡ ψ1 ◦ ϕ1 = ψ2 ◦ ϕ2✳ ❙❡ ✉♠❛ ♣❛❧❛✈r❛ ❡♠ Sj r❡♣r❡s❡♥t❛ (ϕj)♯(s) ❡♥tã♦
❛ ♠❡s♠❛ ♣❛❧❛✈r❛ ❡♠ Sj r❡♣r❡s❡♥t❛ ((ψj)♯ ◦ (ϕj)♯)(s) ❡♠ Π1(X, x0)✱ ❞❡ ♠♦❞♦ q✉❡
‘(ϕ1)♯(s)✬ = ‘(ϕ2)♯(s)✬✳ ▲♦❣♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ S ❞❡✈❡♠✱ t❛♠❜é♠✱ s❛t✐s❢❛③❡r❡♠ ❛ r❡✲
❧❛çã♦ RS✳ �

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❣❛r❛♥t❡ q✉❡ ❛s r❡❧❛çõ❡s R1✱ R2 ❡ RS sã♦ ❛s ú♥✐❝❛s ❡♠ Π1(X, x0)✳

❚❡♦r❡♠❛ ✶✳✹✳✷✳ ◆❛s ❤✐♣ót❡s❡s ❛♥t❡r✐♦r❡s✱ s❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ S1 ∪ S2 ❡♠ Π1(X, x0)
s❛t✐s❢❛③❡♠ ✉♠❛ r❡❧❛çã♦✱ ❡♥tã♦ t❛❧ r❡❧❛çã♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s r❡❧❛çõ❡s R1✱ R2 ❡
RS✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ αǫ(1)1 α
ǫ(2)
2 ... α

ǫ(k)
k = 1 é ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❡❧❡♠❡♥✲

t♦s ❞❡ S1 ∪ S2 ❡♠ Π1(X, x0)✱ ♦♥❞❡ ǫ(i) = ±1 ❡ αi ∈ Sλ(i)✱ ♣❛r❛ i = 1, 2, ..., k✱ s❡♥❞♦
λ(i) ∈ {1, 2}✳

P❛r❛ ❝❛❞❛ i ∈ {1, 2, ..., k}✱ ❡s❝♦❧❤❛ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ fi ❡♠ Uλ(i) ❝♦♠ ♣♦♥t♦ ❜❛s❡
x0 t❛❧ q✉❡ [fi] = α

ǫ(i)
i ✳ ❊♥tã♦✱ αi = [fi]✱ s❡ ǫ(i) = 1✱ ❡ αi = [f−1

i ] = [fi]
−1✱ s❡ ǫ(i) = −1✳

❉❡✜♥❛ ♦ ❝❛♠✐♥❤♦ f : I → X ♣♦r

f(t) = fi(kt− i+ 1);
(i− 1)

k
≤ t ≤

i

k
, i = 1, 2, ..., k.

◆♦t❡ q✉❡

fj(t) = f

(
(1− t)(j − 1)

k
+
tj

k

)
❡ 0 =

0

k
≤

1

k
≤ ... ≤

k − 1

k
≤
k

k
= 1,

❛ss✐♠✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✹✳✶✱ s❡❣✉❡ q✉❡ f ∼ f1 ∗ f2 ∗ ... ∗ fk✳ ❈♦♠♦ f ❡ fi sã♦ ❝❛♠✐♥❤♦s
❢❡❝❤❛❞♦s ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ t❡♠♦s q✉❡

[f ] = [f1] · [f2] · ... · [fk]. ✭■✮



✻✵ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❈♦♠♦ αǫ(1)1 α
ǫ(2)
2 ... α

ǫ(k)
k = 1 ❡ [fi] = α

ǫ(i)
i ✱ ♦❜t❡♠♦s q✉❡ [f ] = 1✱ ♦✉ s❡❥❛✱ f ∼ cx0 ✳

❊♥tã♦✱ s❡❥❛ F : I × I → X ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ cx0 ✱ ❛ss✐♠{
F (t, 0) = f(t); F (t, 1) = cx0(t), ∀t ∈ I;

F (0, s) = F (1, s) = x0; ∀s ∈ I.

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ F ❡ ♣♦r X = U1∪U2✱ ❝♦♠ U1 ❡ U2 ❛❜❡rt♦s✱ t❡♠♦s ❛ ❝♦❜❡rt✉r❛
❛❜❡rt❛ {F−1(U1), F

−1(U2)} ❞♦ ❝♦♠♣❛❝t♦ I × I✱ ❛ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✸✱ ❡①✐st❡ ✉♠
♥ú♠❡r♦ ❞❡ ▲❡❜❡s❣✉❡ δ > 0 t❛❧ q✉❡ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ δ ❡stá
❝♦♥t✐❞♦ ❡♠ ✉♠ ❞♦s ❝♦♥❥✉♥t♦s F−1(Uj)✱ ❝♦♠ j ∈ {1, 2}✳

❈♦♥s✐❞❡r❡ ♦s ♥ú♠❡r♦s r❡❛✐s

0 = t0 < t1 < t2 < ... < tm = 1 ❡ 0 = s0 < s1 < s2 < ... < sn = 1

t❛✐s q✉❡ {
1

k
,
2

k
, ...,

k − 1

k

}
⊆ {t1, t2, ..., tm−1}

❡
(ti − ti−1)

2 + (sj − sj−1)
2 < δ2, ∀i, j

✭♦ q✉❡ é ♣♦ssí✈❡❧✮✳
❆ss✐♠✱ s❡ Ri,j ❞❡♥♦t❛ ❛ r❡❣✐ã♦ r❡t❛♥❣✉❧❛r [ti−1, ti]× [sj−1, sj] ❡♠ I×I✱ ❡♥tã♦ F (Ri,j)

❡stá ❝♦♥t✐❞♦ ❡♠ U1 ♦✉ ❡♠ U2✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❞✐❛❣♦♥❛❧ ❞❡ Ri,j é ♠❡♥♦r ❞♦ q✉❡ δ ❡✱
❡♥tã♦✱ Ri,j ⊂ F−1(U1) ♦✉ Ri,j ⊂ F−1(U2)✱ ♣❛r❛ t♦❞♦s i ❡ j✳

P❛r❛ ❝❛❞❛ i ❡ j✱ s❡❥❛ ai,j : I → X ✉♠ ❝❛♠✐♥❤♦ ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡♠ x0 ❡ ♣♦♥t♦
✜♥❛❧ ❡♠ F (ti, sj)✱ ❝♦♠ ai,j ❡♠ U1 ♦✉ ❡♠ U2 ♦✉ ❡♠ U1 ∩ U2✱ s❡ F (ti, sj) ❡stá ❡♠ U1 ♦✉
❡♠ U2 ♦✉ ❡♠ U1 ∩ U2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦t❡ q✉❡ t❛❧ ❡s❝♦❧❤❛ é ♣♦ssí✈❡❧✱ ♣♦✐s U1✱ U2 ❡
U1 ∩ U2 sã♦ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✳

❙❡ F (ti, sj) = x0✱ ❡♥tã♦ t♦♠❡♠♦s ai,j = cx0 ✳
❉❡✜♥❛ ♦s ❝❛♠✐♥❤♦s bi,j ❡ ci,j ♣♦r

bi,j(t) = F ((1− t)ti−1 + tti, sj) ❡ ci,j(t) = F (ti, (1− t)sj−1 + tsj)

❛ss✐♠✱ bi,j é ✉♠ ❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ ♦ ♣♦♥t♦ F (ti−1, sj) ❛♦ ♣♦♥t♦ F (ti, sj) ❡ ci,j é ✉♠
❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ ♦ ♣♦♥t♦ F (ti, sj−1) ❛♦ ♣♦♥t♦ F (ti, sj)✳

❋✐❣✉r❛ ✶✳✷✿ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥✱ r❡❧❛çõ❡s✳
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❈♦♠♦ 0 = t0 < t1 < t2 < ... < tm = 1✱ s0 = 0 ❡ bi,0(t) = F ((1 − t)ti−1 + tti, 0) =
f((1− t)ti−1 + tti)✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✳✶✱ t❡♠♦s q✉❡ f ∼ b1,0 ∗ b2,0 ∗ ... ∗ bm,0✱ ❛ss✐♠

[f ] = [b1,0 ∗ b2,0 ∗ ... ∗ bm,0]. ✭■■✮

❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✹✳✶ q✉❡ [cx0 ] = [b1,n ∗ b2,n ∗ ... ∗ bm,n]✱ ♣♦✐s sn = 1 ❡

bi,n(t) = F ((1− t)ti−1 + tti, sn)
F (t,1)=cx0 (t)= cx0((1− t)ti−1 + tti) = x0.

❆ ❛♣❧✐❝❛çã♦ H : I × I → X ❞❛❞❛ ♣♦r✿

• ♣❛r❛ 0 ≤ t ≤
1

2
✱

H(t, s) = F ((1−s)((1−2t)ti−1+2tti)+sti−1, (1−s)sj−1+s((1−2t)sj−1+2tsj))

• ❡✱ ♣❛r❛
1

2
≤ t ≤ 1✱

H(t, s) = F ((1−s)ti+s((2−2t)ti−1+(2t−1)ti), (1−s)((2−2t)sj−1+(2t−1)sj)−ssj)

é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ bi,j−1 ∗ ci,j ❡ ci−1,j ∗ bi,j✱ ✉♠❛ ✈❡③ q✉❡

H(t, 0) =





F ((1− 2t)ti−1 + 2tti, sj−1), s❡ 0 ≤ t ≤
1

2
;

F (ti, (2− 2t)sj−1 + (2t− 1)sj), s❡
1

2
≤ t ≤ 1,

=





bi,j−1(2t), s❡ 0 ≤ t ≤
1

2
;

ci,j(2t− 1), s❡
1

2
≤ t ≤ 1,

= (bi,j−1 ∗ ci,j)(t),

H(t, 1) =





F (ti−1, (1− 2t)sj−1 + 2tsj), s❡ 0 ≤ t ≤
1

2
;

F ((2− 2t)ti−1 + (2t− 1)ti, sj), s❡
1

2
≤ t ≤ 1,

=





ci−1,j(2t), s❡ 0 ≤ t ≤
1

2
;

bi,j(2t− 1), s❡
1

2
≤ t ≤ 1,

= (ci−1,j ∗ bi,j)(t),

H(0, s) = F ((1− s)ti−1 + sti−1, (1− s)sj−1 + ssj−1) = F (ti−1, sj−1)

❡
H(1, s) = F ((1− s)ti + sti, (1− s)sj + ssj) = F (ti, sj).

◆♦t❡ q✉❡ H(I × I) ❡stá ❝♦♥t✐❞♦ ❡♠ U1 ♦✉ ❡♠ U2 ♦✉ ❡♠ U1 ∩ U2✱ ♣♦✐s F (Ri,j) ❡stá
❝♦♥t✐❞♦ ❡♠ U1 ♦✉ ❡♠ U2 ♦✉ ❡♠ U1 ∩ U2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❱❛♠♦s✱ ❛❣♦r❛✱ ❞❡✜♥✐r ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s fi,j ❡ gi,j ❝♦♠ ♣♦♥t♦ ❜❛s❡ ❡♠ x0 ♣♦r

fi,j = ai−1,j ∗ bi,j ∗ a
−1
i,j ❡ gi,j = ai,j−1 ∗ ci,j ∗ a

−1
i,j .
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❚❡♠♦s
fi,j−1 ∗ gi,j = ai−1,j−1 ∗ bi,j−1 ∗ a

−1
i,j−1 ∗ ai,j−1 ∗ ci,j ∗ a

−1
i,j

= ai−1,j−1 ∗ bi,j−1 ∗ ci,j ∗ a
−1
i,j

bi,j−1∗ci,j∼ci−1,j∗bi,j
∼ ai−1,j−1 ∗ ci−1,j ∗ bi,j ∗ a

−1
i,j

= ai−1,j−1 ∗ ci−1,j ∗ a
−1
i−1,j ∗ ai−1,j ∗ bi,j ∗ a

−1
i,j

= gi−1,j ∗ fi,j,

♦✉ s❡❥❛✱ fi,j−1 ∗ gi,j ∼ gi−1,j ∗ fi,j✱ ❡ ❡ss❛ ❡q✉✐✈❛❧ê♥❝✐❛ é ❞❡♥tr♦ ❞❡ U1, U2 ♦✉ U1 ∩ U2✱ s❡
F (Ri,j) ⊂ U1, U2 ♦✉ U1 ∩ U2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱

[fi,j−1] · [gi,j] = [gi−1,j] · [fi,j],

♣♦rt❛♥t♦✱
[fi,j−1] = [gi−1,j] · [fi,j] · [gi,j]

−1. ✭■■■✮

❊①♣r❡ss❡♠♦s ❝❛❞❛ ✉♠ ❞♦s ❡❧❡♠❡♥t♦s ❡♠ ✭■■■✮ ❝♦♠♦ ♣❛❧❛✈r❛s ❡♠ S1 ♦✉ S2✱ ❞❡ ♠♦❞♦ ❛
♦❜t❡r ✉♠❛ r❡❧❛çã♦

‘[fi,j−1]✬ = ‘[gi−1,j]✬ · ‘[fi,j]✬ · ‘[gi,j]−1✬ ✭■❱✮

❞❡♥tr♦ ❞❡ Π1(U1, x0) ♦✉ Π1(U2, x0)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊st❛ r❡❧❛çã♦✱ ♣♦rt❛♥t♦✱ ❞❡✈❡ s❡r
✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s r❡❧❛çã♦ R1 ♦✉ R2✳

❙✉♣♦♥❤❛ q✉❡
1

k
= ti(1),

2

k
= ti(2), ...,

k − 1

k
= ti(k−1)✱ ♦♥❞❡ i(1), i(2), ..., i(k − 1) ∈

{1, 2, ...,m− 1}✱ ❡♥tã♦

f1,0 ∗ f2,0 ∗ ... ∗ fi(1),0 = a0,0 ∗ b1,0 ∗ a
−1
1,0 ∗ a1,0 ∗ b2,0 ∗ a

−1
2,0 ∗ ... ∗ ai(1)−1,0

∗bi(1),0 ∗ a
−1
i(1),0

= a0,0 ∗ b1,0 ∗ b2,0 ∗ ... ∗ bi(1),0 ∗ a
−1
i(1),0

❡ ❛♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s

fi(1)+1,0 ∗ fi(1)+2,0 ∗ ... ∗ fi(2),0 = ai(1),0 ∗ bi(1)+1,0 ∗ bi(1)+2,0 ∗ ...
∗bi(2),0 ∗ a

−1
i(2),0

✳✳✳
fi(k−2)+1,0 ∗ fi(k−2)+2,0 ∗ ... ∗ fi(k−1),0 = ai(k−2),0 ∗ bi(k−2)+1,0 ∗ bi(k−2)+2,0

∗... ∗ bi(k−1),0 ∗ a
−1
i(k−1),0

fi(k−1)+1,0 ∗ fi(k−1)+2,0 ∗ ... ∗ fm,0 = ai(k−1),0 ∗ bi(k−1)+1,0 ∗ bi(k−1)+2,0

∗... ∗ bm,0 ∗ a
−1
m,0.

❊♥tã♦✱

[f1] · [f2] · ... · [fk]
✭■✮,✭■■✮
= [b1,0 ∗ b2,0 ∗ ... ∗ bm,0]
= [a0,0 ∗ b1,0 ∗ ... ∗ bi(1),0 ∗ a

−1
i(1),0 ∗ ai(1),0 ∗ bi(1)+1,0 ∗ ...∗

bi(2),0 ∗ a
−1
i(2),0 ∗ ... ∗ ai(k−1),0 ∗ bi(k−1)+1 ∗ ... ∗ bm,0 ∗ a

−1
m,0]

= [a0,0 ∗ b1,0 ∗ ... ∗ bi(1),0 ∗ a
−1
i(1),0] · [ai(1),0 ∗ bi(1)+1,0 ∗ ...∗

bi(2),0 ∗ a
−1
i(2),0] · ... · [ai(k−1),0 ∗ bi(k−1)+1 ∗ ... ∗ bm,0 ∗ a

−1
m,0],

♣♦✐s a0,0 = cx0 = am,0✱ ✉♠❛ ✈❡③ q✉❡ a0,0(1) = F (t0, s0) = F (0, 0) = x0 ❡ am,0(1) =
F (tm, s0) = F (1, 0) = f(1) = x0✳ ▲♦❣♦✱

[f1] = [f1,0] · [f2,0] · ... · [fi(1),0]
[f2] = [fi(1)+1,0] · [fi(1)+2,0] · ... · [fi(2),0]

✳✳✳
[fk−1] = [fi(k−2)+1,0] · [fi(k−2)+2,0] · ... · [fi(k−1),0]
[fk] = [fi(k−1)+1,0] · [fi(k−1)+2,0] · ... · [fm,0].
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❈♦♠♦ ❝❛❞❛ fi é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ Uλ(i) ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ ♣♦❞❡♠♦s ✉s❛r ❛s
r❡❧❛çõ❡s Rλ(i) ♣❛r❛ ❡①♣r❡ss❛r ♦s ❡❧❡♠❡♥t♦s ♠❡♥❝✐♦♥❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ❝♦♠♦ ♣❛❧❛✈r❛s
❡♠ Sλ(i)✱ ❛ss✐♠ t❡♠♦s ✉♠❛ r❡❧❛çã♦

α
ǫ(1)
1 = [f1] = ‘[f1,0]✬ · ‘[f2,0]✬ · ... · ‘[fi(1),0]✬
α
ǫ(2)
2 = [f2] = ‘[fi(1)+1,0]✬ · ‘[fi(1)+2,0]✬ · ... · ‘[fi(2),0]✬

✳✳✳
α
ǫ(k)
k = [fk] = ‘[fi(k−1)+1,0]✬ · ‘[fi(k−1)+2,0]✬ · ... · ‘[fm,0]✬

q✉❡ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s r❡❧❛çõ❡s Rλ(i)✳ P♦rt❛♥t♦✱

α = α
ǫ(1)
1 α

ǫ(2)
2 ... α

ǫ(k)
k = ‘[f1,0]✬ · ‘[f2,0] · ... · ‘[fm,0]✬ ✭❱✮

é ✉♠❛ r❡❧❛çã♦ q✉❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ R1 ❡ R2✳
P♦r ✭■❱✮✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ✭❱✮ ❝♦♠♦

α = (‘[g0,1]✬ · ‘[f1,1]✬ · ‘[g1,1]−1✬) · (‘[g1,1]✬ · ‘[f2,1]✬ · ‘[g2,1]−1✬) · ...·
(‘[gm−1,1]✬ · ‘[fm,1]✬ · ‘[gm,1]−1✬)

❞❛♥❞♦ ✉♠❛ r❡❧❛çã♦ q✉❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ R1 ❡ R2✳
◆♦t❡ q✉❡ g0,1 = a0,0 ∗ c0,1 ∗ a

−1
0,1 = c0,1 = cx0 ❡ gm,1 = am,0 ∗ cm,1 ∗ a

−1
m,1 = a−1

m,1 = cx0 ✱
❞❡ ♠♦❞♦ q✉❡ ‘[g0,1]✬ = 1 ❡ ‘[gm,1]✬ = 1✳ ❆❧é♠ ❞✐ss♦✱ ‘[gi,1]−1✬ · ‘[gi,1]✬ = 1 s❡ ‘[gi,1]

−1✬
❡ ‘[gi,1]✬ sã♦ ❡①♣r❡ss♦s ❝♦♠♦ ♣❛❧❛✈r❛s ❡♠ S1 ♦✉ S2✳ ❊♥tr❡t❛♥t♦✱ s❡ gi,1 é ✉♠ ❝❛♠✐♥❤♦
❡♠ U1 ∩ U2✱ ❡♥tã♦ é ♣♦ssí✈❡❧ q✉❡ ✉♠❛ ❞❛s ♣❛❧❛✈r❛s ‘[gi,1]−1✬ ♦✉ ‘[gi,1]✬ s❡❥❛ ❡①♣r❡ss❛❞❛
❝♦♠♦ ✉♠❛ ♣❛❧❛✈r❛ ❡♠ S1 ❡ ❛ ♦✉tr❛ ❝♦♠♦ ✉♠❛ ♣❛❧❛✈r❛ ❡♠ S2✳ ◆❡st❡ ❝❛s♦✱ ❛ r❡❧❛çã♦
‘[gi,1]

−1✬ · ‘[gi,1]✬ = 1 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ r❡❧❛çã♦ RS✳ ▲♦❣♦✱ ♦❜t❡♠♦s ❛ r❡❧❛çã♦

α = ‘[f1,1]✬ · ‘[f2,1]✬ · ... · ‘[fm,1]✬.

❝♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s r❡❧❛çõ❡s R1✱ R2 ❡ RS✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡

α = ‘[f1,2]✬ · ‘[f2,2]✬ · ... · ‘[fm,2]✬,

q✉❡ é ✉♠❛ r❡❧❛çã♦ q✉❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ R1✱ R2 ❡ RS✳
❈♦♥t✐♥✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s q✉❡

α = ‘[f1,n]✬ · ‘[f2,n]✬ · ... · ‘[fm,n]✬,

q✉❡ é ✉♠❛ r❡❧❛çã♦ q✉❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ R1✱ R2 ❡ RS✳
❉❛í✱ ❝♦♠♦ fi,n = ai−1,n ∗ bi,n ∗ a

−1
i,n = cx0 ✱ ❝❤❡❣❛♠♦s à r❡❧❛çã♦

α = ‘[f1,n]✬ · ‘[f2,n]✬ · ... · ‘[fm,n]✬ = ‘[cx0 ]✬ · ‘[cx0 ]✬ · ... · ‘[cx0 ]✬ = ‘[cx0 ]✬

❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s r❡❧❛çõ❡s ❡s♣❡❝✐✜❝❛❞❛s✳
❆ss✐♠✱ ❛ r❡❧❛çã♦ ✐♥✐❝✐❛❧ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s r❡❧❛çõ❡s R1✱ R2 ❡ RS✱ ♦ q✉❡ ♣r♦✈❛ ♦

t❡♦r❡♠❛✳ �

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✹✳✶✿ ❉♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✶ ❡ ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✹✳✷✱
♦❜t❡♠♦s q✉❡ Π1(X, x0) é ❣❡r❛❞♦ ♣♦r S1∪S2 ❡✱ ❞♦ ▲❡♠❛ ✶✳✹✳✷ ❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✹✳✷✱ s❡❣✉❡
q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s é R1 ∪R2 ∪RS✱ ♦ q✉❡ ♣r♦✈❛ ♦ t❡♦r❡♠❛✳
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❈♦r♦❧ár✐♦ ✶✳✹✳✷✳ ◆❛s ❤✐♣ót❡s❡s ✐♥✐❝✐❛✐s✱ s❡ U1 ∩ U2 é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❡♥tã♦
Π1(X, x0) é ✉♠ ❣r✉♣♦ ❞❡✜♥✐❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s S1 ∪ S2 ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡
r❡❧❛çõ❡s R1 ∪R2✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✱
✉s❛♥❞♦ q✉❡ Π1(U1 ∩ U2, x0) = {1}✳ �

❊①❡♠♣❧♦ ✶✳✹✳✺✳ ❙❡ X é ❛ ❋✐❣✉r❛ 8 (✈✐st♦ ❝♦♠♦ ✉♠ s✉❜❡s♣❛ç♦ ❞❡ IR2)✱ ❡♥tã♦ ♦ ❣r✉♣♦
❢✉♥❞❛♠❡♥t❛❧ ❞❡ X é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❞♦✐s ❣❡r❛❞♦r❡s✳ ❉❡ ❢❛t♦✱ ✐♥❞✐q✉❡♠♦s ♣♦r
X = a1 ∗ a2 (♦ ❝♦♥❥✉♥t♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❋✐❣✉r❛ 8✱ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦✱ ❡♠
q✉❡ ❝❛❞❛ ai ✐♥❞✐❝❛ ✉♠ ❞♦s ❝ír❝✉❧♦s t❛♥❣❡♥t❡s ❡♠ x0✱ i = 1, 2)✳

❋✐❣✉r❛ ✶✳✸✿ ❋✐❣✉r❛ ✽✳

❙❡❥❛♠ α1 ❡ α2 ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❡♠ X ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ ❝✉❥♦s tr❛ç♦s r❡♣r❡✲
s❡♥t❛♠ (✉♠❛ ✈❡③) a1 ❡ a2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛s ❞✐r❡çõ❡s ✐♥❞✐❝❛❞❛s ♥❛ ✜❣✉r❛ ❛❝✐♠❛✱
❡♥tã♦ Π1(X, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❣❡r❛❞♦r❡s [α1] ❡ [α2]✳ ❆q✉✐ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r
U1 = X − {p2} ❡ U2 = X − {p1}✱ ♦♥❞❡ pi é ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r s♦❜r❡ ai✱ ❝♦♠ pi 6= x0 ❡
i = 1, 2✳

✶✳✺ ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧

◆❡st❛ s❡çã♦✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❛❜♦r❞❛♠♦s ❜r❡✈❡♠❡♥t❡ ❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✱ s✉❛s ❝❛✲
r❛❝t❡ríst✐❝❛s ❞❡ ❊✉❧❡r ❡ ♦r✐❡♥t❛çõ❡s✳ ❈♦♥❝❧✉í♠♦s ❛ s❡çã♦ ❛♣r❡s❡♥t❛♥❞♦ ♦ ❣r✉♣♦ ❢✉♥✲
❞❛♠❡♥t❛❧ ❞❡ ❝❛❞❛ s✉♣❡r❢í❝✐❡ ✈✐❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ ❣r✉♣♦s✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s
✉t✐❧✐③❛❞❛s sã♦ ▼❛ss❡② ✭✶✾✾✶✮✱ ❬✺❪✱ ❩✐❡s❝❤❛♥❣✱ ❱♦❣t ❡ ●♦❧❞❡✇❡② ✭✶✾✽✵✮✱ ❬✾❪✱ ❡ ❑♦s♥✐♦✇s❦✐
✭✶✾✽✵✮✱ ❬✸❪✳

❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ♦ ❚❡♦r❡♠❛ ❞❛ ❈❧❛ss✐✜❝❛çã♦ ❞❛s ❙✉♣❡r❢í✲

❝✐❡s ❋❡❝❤❛❞❛s

❆ ❢♦♥t❡ ❞❡ t♦❞❛s ❛s ✜❣✉r❛s ❛♣r❡s❡♥t❛❞❛s ♥❡st❛ s✉❜s❡çã♦ é ▼❛ss❡② ✭✶✾✾✶✮✱ ❬✺❪✳

❉❡✜♥✐çã♦ ✶✳✺✳✶✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛ X é ❞✐t♦ ✉♠❛ ♥✲✈❛r✐❡❞❛❞❡ ♦✉
✉♠❛ ✈❛r✐❡❞❛❞❡ ♥✲❞✐♠❡♥s✐♦♥❛❧ s❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ X ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛
❤♦♠❡♦♠♦r❢❛ ❛♦ ❞✐s❝♦ ❛❜❡rt♦ ♥✲❞✐♠❡♥s✐♦♥❛❧✱

Dn = {x ∈ IRn; ‖x‖ < 1} .

❖ ❡s♣❛ç♦ X é ❝❤❛♠❛❞♦ ❞❡ ♥✲✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ s❡ ❝❛❞❛ ♣♦♥t♦ ♣♦ss✉✐
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞♦ s❡♠✐❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦
Hn = {(x1, ..., xn) ∈ IRn; xn ≥ 0}✳

❉✐③❡♠♦s q✉❡ ✉♠❛ ♥✲✈❛r✐❡❞❛❞❡ é ❢❡❝❤❛❞❛ s❡ ❡❧❛ ❢♦r ❝♦♠♣❛❝t❛ ❡ ♥ã♦ t✐✈❡r ❜♦r❞♦✳
❯♠❛ ✈❛r✐❡❞❛❞❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ s✉♣❡r❢í❝✐❡✳



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✻✺

❊①❡♠♣❧♦ ✶✳✺✳✶✳ ❙ã♦ ❡①❡♠♣❧♦s ❞❡ s✉♣❡r❢í❝✐❡s✿

(✐) ❆ ❡s❢❡r❛ (S2)❀

(✐✐) ❖ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ (T2)✳ ❏á ✈✐♠♦s q✉❡ ♦ t♦r♦ T2 ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦
T2 = S1 × S1 (❊①❡♠♣❧♦ 1.2.2)✱ ♣♦ré♠ T2 ♣♦❞❡ s❡r ❞❡✜♥✐❞♦✱ t❛♠❜é♠✱ ❝♦♠♦ ♦
❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ [0, 1]× [0, 1] ♣❡❧❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ q✉❡ ✐❞❡♥t✐✜❝❛ (x, 0)
❝♦♠ (x, 1) ❡ (0, y) ❝♦♠ (1, y)✱ ♣❛r❛ t♦❞♦s x, y ∈ [0, 1]❀

(✐✐✐) ❖ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ (IRP2)✳ ▲❡♠❜r❡♠♦s q✉❡ IRP2 =
S2

A
(❊①❡♠♣❧♦ 1.3.4)❀

(✐✈) ❆ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛✳ ❆ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛✿ t♦♠❡ X = {(x, y) ∈ IR2; −10 ≤ x ≤ 10 ❡ − 1 < y < 1}✱ ❛ ❢❛✐①❛
❞❡ ▼ö❜✐✉s é ❢♦r♠❛❞❛ ♣❡❧♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ X ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ♣♦♥t♦s
(10, y) ❡ (−10,−y)✳ ❖❜s❡r✈❡ q✉❡ ♦s ❜♦r❞♦s ❞♦ r❡tâ♥❣✉❧♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ y = 1
❡ y = −1 ❢♦r❛♠ ♦♠✐t✐❞♦s✱ ✐ss♦ ♣♦✐s✱ s❡ ❡ss❛ ♦♠✐ssã♦ ♥ã♦ ❢♦ss❡ ❢❡✐t❛✱ ❡♥tã♦ ♥ã♦
t❡rí❛♠♦s ✉♠❛ ✈❛r✐❡❞❛❞❡✱ ✉♠❛ ✈❡③ q✉❡ t❛❧ ❡s♣❛ç♦ s❡r✐❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦✱
q✉❡ é ❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❢❡❝❤❛❞❛❀

(✈) ❆ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ (K2)✳ ❆ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦ ♦ ❡s♣❛ç♦
q✉♦❝✐❡♥t❡ ❞❡ [0, 1]× [0, 1] ❝♦♠ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ q✉❡ ✐❞❡♥t✐✜❝❛ (x, 0) ❝♦♠
(x, 1) ❡ (0, y) ❝♦♠ (1, 1− y)✱ ♣❛r❛ t♦❞♦s x, y ∈ [0, 1]✳

▲❡♠❛ ✶✳✺✳✶✳ ❙❡❥❛ (S, T ) ✉♠ ♣❛r✱ ♦♥❞❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡

s♦❜r❡ S✳ ❙❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✱ ❡♥tã♦
S

T
é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺✱ q✉❡
(
S, p,

S

T

)
é ✉♠ r❡❝♦❜r✐✲

♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✱ ♦♥❞❡ p : S →
S

T
é ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡✱ ❛ss✐♠✱ ♣❛r❛ t♦❞♦

x = {x, T (x)} ∈
S

T
❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ U ❞❡ x t❛❧ q✉❡

p−1(U) = V1 ∪ V2,

♦♥❞❡ V1 ❡ V2 sã♦ ✈✐③✐♥❤❛♥ç❛s ❞✐s❥✉♥t❛s ❞❡ x ❡ T (x)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱
p|V1 : V1 → U ❡ p|V2 : V2 → U sã♦ ❤♦♠❡♦♠♦r✜s♠♦s✳

❈♦♠♦ S é ✉♠❛ ✷✲✈❛r✐❡❞❛❞❡ ✭s✉♣❡r❢í❝✐❡✮✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛W ❞❡ x ❝♦♥t✐❞❛
❡♠ V1 q✉❡ é ❤♦♠❡♦♠♦r❢❛ ❛♦ ❞✐s❝♦ ❛❜❡rt♦D2 = {x ∈ IR2; ‖x‖ < 1} ❡✱ ❛ss✐♠✱ p(W ) é ✉♠❛
✈✐③✐♥❤❛♥ç❛ ❞❡ x ❝♦♥t✐❞❛ ❡♠ U q✉❡ é ❤♦♠❡♦♠♦r❢❛ ❛ D2✱ ♣♦✐s p|V1 é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦

❡✱ ♣♦rt❛♥t♦✱
S

T
é ✉♠❛ ✷✲✈❛r✐❡❞❛❞❡ ✭s✉♣❡r❢í❝✐❡✮✳

❙❡♥❞♦ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✱ ❡♥tã♦ S é ❝♦♠♣❛❝t❛✱ ❛ss✐♠✱ ❝♦♠♦ p é ❝♦♥tí♥✉❛ ❡

s♦❜r❡❥❡t♦r❛✱ s❡❣✉❡ q✉❡
S

T
= p(S) é ❝♦♠♣❛❝t❛✳

P♦rt❛♥t♦✱
S

T
é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ �

❉❡✜♥✐çã♦ ✶✳✺✳✷✳ ❙❡❥❛♠ S1 ❡ S2 ❞✉❛s s✉♣❡r❢í❝✐❡s ❞✐s❥✉♥t❛s✱ D1 ⊂ S1 ❡ D2 ⊂ S2 ❞♦✐s
s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❤♦♠❡♦♠♦r❢♦s ❛♦ ❞✐s❝♦ ❢❡❝❤❛❞♦ D

2
=
{
(x, y) ∈ IR2; ‖(x, y)‖ ≤ 1

}
✳

❈♦♥s✐❞❡r❡ S′
i = Si − int(Di)✱ i = 1, 2✱ ❡ h : ∂D1 → ∂D2 ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❆ s♦♠❛

❝♦♥❡①❛ ❞❡ S1 ❡ S2✱ ❞❡♥♦t❛❞❛ ♣♦r S1#S2✱ é ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ S′
1 ∪ S′

2 ♦❜t✐❞♦ ♣♦r
✐❞❡♥t✐✜❝❛r ♦s ♣♦♥t♦s x ❡ h(x)✱ ♣❛r❛ t♦❞♦ x ∈ ∂D1 (q✉❡ é ❝❧❛r❛♠❡♥t❡ ✉♠❛ s✉♣❡r❢í❝✐❡)✳



✻✻ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

◆♦t❡♠♦s q✉❡ ❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✱ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠ s❡r
r❡♣r❡s❡♥t❛❞❛s ♣♦r ✉♠ ❞✐❛❣r❛♠❛ ♣♦❧✐❣♦♥❛❧ ♣❧❛♥♦✱ ✐♥❝❧✉✐♥❞♦ ♦ ✏♣♦❧í❣♦♥♦ ❞❡ ❞♦✐s ❧❛❞♦s✑✳
❆s ❛r❡st❛s sã♦ ❡t✐q✉❡t❛❞❛s ❝♦♠ ❧❡tr❛s ❡ s❡t❛s✳ ❈❛❞❛ ♣❛r ❞❡ ❧❡tr❛s ✐❣✉❛✐s ❝♦rr❡s♣♦♥❞❡
❛ ❧❛❞♦s ❛ s❡r❡♠ ✐❞❡♥t✐✜❝❛❞♦s✳ P♦❞❡♠♦s✱ ❡♥tã♦ ❛ss♦❝✐❛r ❛ ❝❛❞❛ r❡♣r❡s❡♥t❛çã♦ ♣♦❧✐❣♦♥❛❧
✉♠❛ ♣❛❧❛✈r❛ ✭❢♦r♠❛ ❝❛♥ô♥✐❝❛✮ ❢❡✐t❛ ❞❡ s❡q✉ê♥❝✐❛ ❞❡ ❧❡tr❛s ♦❜t✐❞❛ ❛♦ s❡ ♣❡r❝♦rr❡r ♦
♣♦❧í❣♦♥♦ ❡♠ s❡♥t✐❞♦ ❤♦rár✐♦ ♦✉ ❛♥t✐✲❤♦rár✐♦✳ ❆♦ ♣❛ss❛r♠♦s ♣♦r ✉♠❛ ❛r❡st❛✱ ❛♥❡①❛♠♦s
♦ ❡①♣♦❡♥t❡ ✲✶ ❛ s✉❛ ❧❡tr❛ s❡ ❡st✐✈❡r♠♦s ❡♠ s❡♥t✐❞♦ ❝♦♥trár✐♦ à ♦r✐❡♥t❛çã♦ ❞❛ s❡t❛✳ P❛r❛
❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✱ ✈✐st❛s ♥♦ ❊①❡♠♣❧♦ ✶✳✺✳✶✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s r❡♣r❡s❡♥t❛çõ❡s✿

❙✉♣❡r❢í❝✐❡ P❛❧❛✈r❛
❊s❢❡r❛ aa−1

❚♦r♦ aba−1b−1

P❧❛♥♦ ♣r♦❥❡t✐✈♦ aa
●❛rr❛❢❛ ❞❡ ❑❧❡✐♥ abab−1

❋✐❣✉r❛ ✶✳✹✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s S2,T2, IRP2 ❡ K2✳

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ♣♦❞❡✲s❡ ♦❜t❡r ❛ ♣❛rt✐r ❞❛ s♦♠❛ ❝♦♥❡①❛ ✭✈✐❞❡ ▼❛ss❡② ✭✶✾✾✶✱ ♣✳✶✺✮✱
❬✺❪✮ q✉❡

❙✉♣❡r❢í❝✐❡ P❛❧❛✈r❛
❙♦♠❛ ❝♦♥❡①❛ ❞❡ ♥ t♦r♦s a1b1a

−1
1 b−1

1 a2b2a
−1
2 b−1

2 ...anbna
−1
n b−1

n

❙♦♠❛ ❝♦♥❡①❛ ❞❡ ♥ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s a1a1a2a2...anan

❆s n✲✈❛r✐❡❞❛❞❡s ❝♦♥❡①❛s✱ n ≥ 2✱ sã♦ ❞✐✈✐❞✐❞❛s ❡♠ ❞♦✐s t✐♣♦s✿ ♦r✐❡♥tá✈❡✐s ❡ ♥ã♦✲
♦r✐❡♥tá✈❡✐s✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛q✉✐ ❛♣❡♥❛s ♦ ❝❛s♦ n = 2 ✭♦✉ s❡❥❛✱ s✉♣❡r❢í❝✐❡s✮ ❡ ❛❜♦r❞❛r
❡ss❡s ❞♦✐s t✐♣♦s ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ✐♥t✉✐t✐✈❛✱ s❡♠ s❡ ♣r❡♦❝✉♣❛r ♠✉✐t♦ ❝♦♠ ❛ ♣r❡❝✐sã♦
♠❛t❡♠át✐❝❛✳

❉❡✜♥✐çã♦ ✶✳✺✳✸✳ ❈♦♥s✐❞❡r❡ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ S✱ P ✉♠ ♣♦♥t♦ ❞♦
❝❛♠✐♥❤♦ ❡ ~n ✉♠ ✈❡t♦r ✏♥♦r♠❛❧✑ à s✉♣❡r❢í❝✐❡ S ❡♠ P ✳ ❉✐r❡♠♦s q✉❡ ♦ ❝❛♠✐♥❤♦ r❡✈❡rt❡

❛ ♦r✐❡♥t❛çã♦ s❡✱ ❛♦ ❞❡s❧♦❝❛r♠♦s s♦❜r❡ t❛❧ ❝❛♠✐♥❤♦ ♦ ✈❡t♦r ♥♦r♠❛❧ (♦❜t❡♥❞♦ ✉♠❛ ❢❛♠í❧✐❛
❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ❛ S✱ ✉♠ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ ❞♦ ❝❛♠✐♥❤♦) ❛♦ r❡t♦r♥❛r ❛♦ ♣♦♥t♦ ✐♥✐❝✐❛❧
P ♦ ✈❡t♦r ♥♦r♠❛❧ ♦❜t✐❞♦ ❡st❛rá ❝♦♠ ❛ ♠❡s♠❛ ❞✐r❡çã♦ ❞♦ ✈❡t♦r ✐♥✐❝✐❛❧✱ ♠❛s ❝♦♠ s❡♥t✐❞♦
❝♦♥trár✐♦✳ ❯♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ S q✉❡ ♥ã♦ t❡♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ s❡rá ❝❤❛♠❛❞♦ ✉♠
❝❛♠✐♥❤♦ q✉❡ ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s✉♣❡r❢í❝✐❡ S é ♦r✐❡♥tá✈❡❧ s❡
t♦❞♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ S ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ s❡ ❡①✐st✐r ❛♦ ♠❡♥♦s
✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ S q✉❡ r❡✈❡rt❡ ❛ ♦r✐❡♥t❛çã♦✱ ❞✐③❡♠♦s q✉❡ S é ♥ã♦✲♦r✐❡♥tá✈❡❧✳

❊①❡♠♣❧♦ ✶✳✺✳✷✳ S2 ❡ T2 sã♦ s✉♣❡r❢í❝✐❡s ♦r✐❡♥tá✈❡✐s✳ ❆ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛ é
♥ã♦✲♦r✐❡♥tá✈❡❧✳



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✻✼

▲❡♠❛ ✶✳✺✳✷✳ (i) ❆ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛
❞❡ ❞♦✐s ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s❀

(ii) ❆ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ t♦r♦ ❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛
❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦❀

(iii) ❆ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ t♦r♦ ❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛
❞❡ três ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s❀

(iv) ❆ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ t♦r♦ ❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛
❞❡ q✉❛tr♦ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✳

❉❡♠♦♥str❛çã♦✿

(i) ❆♣r❡s❡♥t❛♠♦s ✉♠❛ ❥✉st✐✜❝❛t✐✈❛ ❣❡♦♠étr✐❝❛ ❞❛ ♣r♦✈❛ ❞❡st❡ ✐t❡♠ ❞❡ ❛❝♦r❞♦ ❝♦♠
▼❛ss❡② ✭✶✾✾✶✱ ♣✳✶✸✮✱ ❬✺❪✳ ❉❛❞♦s ❞♦✐s ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡
♦s ♠❡s♠♦s s❡❥❛♠ r❡♣r❡s❡♥t❛❞♦s ♣♦r aa ❡ bb✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✶✳✺✿ K2 ≃ IRP2#IRP2✳

(ii) ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ q✉❛❧q✉❡r✳ ❱❛♠♦s ♣r✐♠❡✐r♦ ❛♥❛❧✐s❛r ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠
t♦r♦ ❡ ❛ s✉♣❡r❢í❝✐❡ S ❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ✉♠❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❛ ❑❧❡✐♥
❝♦♠ ❛ s✉♣❡r❢í❝✐❡ S✳ ❉❡♣♦✐s ✈❛♠♦s ❝♦♥s✐❞❡r❛r S ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s
❛❜❡rt❛ ❡ ✜♥❛❧♠❡♥t❡ S = IRP2✳

P♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♦ t♦r♦ ❝♦♠♦ aba−1b−1✱ ♦ r❡tâ♥❣✉❧♦ ❝♦♠ ❧❛❞♦s ♦♣♦st♦s ✐❞❡♥✲
t✐✜❝❛❞♦s✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r✳ P❛r❛ ❢♦r♠❛r ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ t♦r♦ T2 ❡ ❛
s✉♣❡r❢í❝✐❡ S✱ ♣r✐♠❡✐r♦ r❡❝♦rt❡ ♦ ❞✐s❝♦ s♦♠❜r❡❛❞♦ ❞♦ ❞✐❛❣r❛♠❛ ❛ s❡❣✉✐r



✻✽ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❋✐❣✉r❛ ✶✳✻✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ t♦r♦ ♠❡♥♦s ✉♠ ❞✐s❝♦✳

❡ ❝♦rt❡ ✉♠ ❜✉r❛❝♦ ♥❛ s✉♣❡r❢í❝✐❡ S q✉❡ s❡❥❛ ❤♦♠❡♦♠♦r❢♦ ❛D2✱ ❛ss✐♠ ❛ s♦♠❛ ❝♦♥❡①❛
❞♦ t♦r♦ ❝♦♠ ❛ s✉♣❡r❢í❝✐❡ S é ❢❡✐t❛ ✐❞❡♥t✐✜❝❛♥❞♦ ♦ ❜♦r❞♦ ❞♦ ❞✐s❝♦ r❡t✐r❛❞♦ ❞♦ t♦r♦
❝♦♠ ♦ ❜♦r❞♦ ❞♦ ❜✉r❛❝♦ r❡t✐r❛❞♦ ❞❛ s✉♣❡r❢í❝✐❡ S✳

❆❣♦r❛✱ ❛♦ ✐♥✈és ❞❡ ✐❞❡♥t✐✜❝❛r ♦ t♦r♦ ✐♥t❡✐r♦ ❡♠ ✉♠ ♣❛ss♦✱ ♣♦❞❡♠♦s ❢❛③ê✲❧♦ ❡♠ ❞✉❛s
❡t❛♣❛s✳ Pr✐♠❡✐r♦ ✈❛♠♦s ❝♦❧❛r ❛♣❡♥❛s ❛ ♣❛rt❡ ❞♦ t♦r♦ q✉❡ é ❛ ✐♠❛❣❡♠ ❞♦ r❡tâ♥❣✉❧♦
ABB′A′ s♦❜ ❛ ✐❞❡♥t✐✜❝❛çã♦✳ ❆ss✐♠✱ ♥❡st❡ ❡stá❣✐♦✱ ❢♦r♠❛♠♦s ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ S
❝♦♠ ✉♠ t✉❜♦ ❛❜❡rt♦ ♦✉ ✉♠ ❝✐❧✐♥❞r♦✳ ▼❛s t❛❧ t✉❜♦ ❛❜❡rt♦ é ❤♦♠❡♦♠♦r❢♦ ❛ ✉♠❛
❡s❢❡r❛ ❝♦♠ ❞♦✐s ❞✐s❝♦s ❝♦rt❛❞♦s ♥❡❧❛✳ ❈♦♠♦ ❛ ❡s❢❡r❛ é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❛ s♦♠❛
❝♦♥❡①❛✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ r❡s✉❧t❛♥t❡ ❞❛ ♣r✐♠❡✐r❛ ❡t❛♣❛ é ❤♦♠❡♦♠♦r❢♦ à s✉♣❡r❢í❝✐❡ S
✐♥✐❝✐❛❧ ❝♦♠ ❞♦✐s ❜✉r❛❝♦s✳ ◆❛ s❡❣✉♥❞❛ ❡t❛♣❛✱ ❧✐❣❛♠♦s ♦s ❜♦r❞♦s ❞❡ss❡s ❞♦✐s ❜✉r❛❝♦s
❝♦♠ ✉♠ t✉❜♦ ✭❢♦r♠❛❞♦ ♣❡❧♦ r❡st❛♥t❡ ❞♦ t♦r♦✮✳ ❙❡ S ❢♦r ❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛✱
♦ r❡s✉❧t❛❞♦ ❞♦ ✜♥❛❧ ❞❛s ❞✉❛s ❡t❛♣❛s✱ ❝♦♠ ♦ t♦r♦✱ é ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r✱
♦♥❞❡ FM ✐♥❞✐❝❛ ❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛✿

❋✐❣✉r❛ ✶✳✼✿ FM#T2✳

❆❣♦r❛✱ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ K2 ❡ ❛ s✉♣❡r❢í❝✐❡ S é ❢❡✐t❛ ❞❡ ♠♦❞♦
❛♥á❧♦❣♦ ❛♦ q✉❡ ✜③❡♠♦s ❝♦♠ ♦ t♦r♦✱ ❛ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ✈❛✐ ♦❝♦rr❡r ♥❛ s❡❣✉♥❞❛ ❡t❛♣❛
❞❛s ✐❞❡♥t✐✜❝❛çõ❡s✱ ♣♦✐s✱ r❡♣r❡s❡♥t❛♥❞♦ ❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♣♦r abab−1✱ ❝♦♠♦ ♥❛
✜❣✉r❛ ❛ s❡❣✉✐r✱

❋✐❣✉r❛ ✶✳✽✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♠❡♥♦s ✉♠ ❞✐s❝♦✳



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✻✾

♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛s ❧❡tr❛s a′s t❡♠ ♦r✐❡♥t❛çõ❡s ♦♣♦st❛s✱ ❛ss✐♠ ❛♣ós ❢❛③❡r ♦s
♣❛ss♦s ❛♥á❧♦❣♦s ❛♦ q✉❡ ✜③❡♠♦s ♥♦ ❝❛s♦ ❞♦ t♦r♦ ❡ ❝♦♥s✐❞❡r❛♥❞♦ S ❛ s✉♣❡r❢í❝✐❡✱ ♦
q✉❡ ♠✉❞❛ é q✉❡ ♥❛ s❡❣✉♥❞❛ ❡t❛♣❛ ❛♦ ❝♦❧❛r ♦ t✉❜♦ ❡❧❡ ✜❝❛rá ✏t♦r❝✐❞♦✑✳

◆❛ ✜❣✉r❛ s❡❣✉✐♥t❡✱ ✐❧✉str❛♠♦s ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ S ❝♦♠ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥✱
q✉❛♥❞♦ S é ❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛✳

❋✐❣✉r❛ ✶✳✾✿ FM#K2✳

❆✜r♠❛♠♦s q✉❡✱ s❡ S é ❛ ❢❛✐①❛ ❞❡ ▼ö❜✉✐s ❛❜❡rt❛✱ ❡♥tã♦ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠
t♦r♦ ❡ ❛ s✉♣❡r❢í❝✐❡ S é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ❛
s✉♣❡r❢í❝✐❡ S✳ P❛r❛ ✈❡r ✐st♦ ✐♠❛❣✐♥❡ q✉❡ ♣♦❞❡♠♦s ❝♦rt❛r ❝❛❞❛ ✉♠ ❞❡ss❡s ❡s♣❛ç♦s
t♦♣♦❧ó❣✐❝♦s ❛♦ ❧♦♥❣♦ ❞❛s r❡t❛s AB ✭✐♥❞✐❝❛❞❛s ♥❛s ❋✐❣✉r❛s ✶✳✼ ❡ ✶✳✾✮✳ ❊♠ ❝❛❞❛
❝❛s♦✱ ♦ r❡s✉❧t❛❞♦ é ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ r❡tâ♥❣✉❧♦ ❡ ✉♠ t♦r♦✱ ❝♦♠ ♦s ❞♦✐s ❧❛❞♦s
❞♦ r❡tâ♥❣✉❧♦ s❡♥❞♦ ✐❞❡♥t✐✜❝❛❞♦s ❝♦♠ ✉♠❛ t♦rçã♦ ❡✱ ❛ss✐♠✱ ♦s ❞♦✐s ❡s♣❛ç♦s sã♦
❤♦♠❡♦♠♦r❢♦s✳

❋✐❣✉r❛ ✶✳✶✵✿ ❙♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ r❡tâ♥❣✉❧♦ ✭❝♦♠ ❞♦✐s ❧❛❞♦s ✐❞❡♥t✐✜❝❛❞♦s✮ ❡ T2✳

❆❣♦r❛✱ ♦❜t❡♠♦s ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ IRP2 ♣♦r ❝♦❧❛r ♦ ❜♦r❞♦ ❞❡ ✉♠ ❞✐s❝♦ ♥♦ ❜♦r❞♦
❞❡ ✉♠❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛✳

❈♦♠♦ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ t♦r♦ ❝♦♠ ✉♠❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛ é ❤♦♠❡♦♠♦r❢❛
à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❝♦♠ ✉♠❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛✱ ❡♥tã♦✱
sã♦✱ t❛♠❜é♠✱ ❤♦♠❡♦♠♦r❢♦s ♦s ❡s♣❛ç♦s ♦❜t✐❞♦s ❞❡ss❡s ♣♦r ❝♦❧❛r ✉♠ ❞✐s❝♦ s♦❜r❡ ♦s
❜♦r❞♦s ❞❛ ❢❛✐①❛ ❞❡ ▼ö❜✐✉s ❛❜❡rt❛✱ ♦❜t❡♥❞♦✱ ❛ss✐♠✱ q✉❡ T2#IRP2 é ❤♦♠❡♦♠♦r❢♦
❛ K2#IRP2✳

(iii) P♦r (ii)✱ t❡♠♦s ♦ ❤♦♠❡♦♠♦r✜s♠♦

T2#IRP2 ≃ K2#IRP2.

P❡❧♦ ✐t❡♠ (i)✱ K2 ≃ IRP2#IRP2✳ ❉❛í✱

T2#IRP2 ≃ K2#IRP2 ≃ IRP2#IRP2#IRP2.



✼✵ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

(iv) ◆♦✈❛♠❡♥t❡ ♣♦r (i)✱
T2#K2 ≃ T2#IRP2#IRP2.

P❡❧♦ ✐t❡♠ (iii)✱

T2#K2 ≃ T2#IRP2#IRP2 ≃ IRP2#IRP2#IRP2#IRP2

❞❡ ♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❉❡✜♥✐çã♦ ✶✳✺✳✹✳ ❯♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ S ❝♦♥s✐st❡ ❞❡ ✉♠❛
❢❛♠í❧✐❛ ✜♥✐t❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s {T1, ..., Tn} q✉❡ ❝♦❜r❡♠ S ❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡
❤♦♠❡♦♠♦r✜s♠♦s ϕi : T

′
i → Ti✱ i = 1, ..., n✱ ♦♥❞❡ ❝❛❞❛ T ′

i é ✉♠ tr✐â♥❣✉❧♦ ❡♠ IR2✳ ❖s
s✉❜❝♦♥❥✉♥t♦s Ti sã♦ ❝❤❛♠❛❞♦s ❞❡ ✏tr✐â♥❣✉❧♦s✑✳ ❖s s✉❜❝♦♥❥✉♥t♦s ❞❡ Ti q✉❡ sã♦ ❛s ✐♠❛✲
❣❡♥s ❞♦s ✈ért✐❝❡s ❡ ❛s ❛r❡st❛s ❞♦ tr✐â♥❣✉❧♦ T ′

i ♣♦r ϕi t❛♠❜é♠ sã♦ ❝❤❛♠❛❞♦s ❞❡ ✏✈ért✐❝❡s✑
❡ ✏❛r❡st❛s✑✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❋✐♥❛❧♠❡♥t❡✱ é ❡①✐❣✐❞♦ q✉❡ q✉❛✐sq✉❡r ❞♦✐s tr✐â♥❣✉❧♦s ❞✐s✲
t✐♥t♦s✱ Ti ❡ Tj✱ s❡❥❛♠ ❞✐s❥✉♥t♦s✱ ♦✉ t❡♥❤❛♠ ✉♠ ú♥✐❝♦ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠✱ ♦✉ t❡♥❤❛♠
✉♠❛ ❛r❡st❛ ✐♥t❡✐r❛ ❡♠ ❝♦♠✉♠✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✶✳ ❚♦❞❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ S ♣♦ss✉✐ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ (✈✐❞❡ ▼❛ss❡②
(1991✱ ♣✳16)✱ [✺])✳

❚❡♦r❡♠❛ ✶✳✺✳✶✳ (❚❡♦r❡♠❛ ❞❛ ❈❧❛ss✐✜❝❛çã♦ ❞❛s ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s) ❙❡❥❛ S
✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❊♥tã♦✱ S é ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠❛ ❡s❢❡r❛✱ ❛ ✉♠❛ s♦♠❛ ❝♦♥❡①❛ ❞❡
t♦r♦s ♦✉ ❛ ✉♠❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✳

❉❡♠♦♥str❛çã♦ ✭■❞❡✐❛✮✿ ◆❡st❡ tr❛❜❛❧❤♦ ♥ã♦ s❡rá ❛♣r❡s❡♥t❛❞❛ ❛ ❞❡♠♦♥str❛çã♦
❞❡st❡ t❡♦r❡♠❛✱ ✈❛♠♦s ♥♦s ❧✐♠✐t❛r ❛ ❞❛r ✉♠❛ ✐❞❡✐❛ ❞❛ ♣r♦✈❛✳ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡
s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ▼❛ss❡② ✭✶✾✾✶✱ ❚❡♦r❡♠❛ ✺✳✶✱ ♣✳✾✲✶✽✮✱ ❬✺❪✳

✭✶✮ ❏á ✈✐♠♦s q✉❡ sã♦ ❡①❡♠♣❧♦s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✿ ❛ ❡s❢❡r❛✱ ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✱
♦ t♦r♦✱ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ t♦r♦s ♦✉ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s ❡ q✉❡ t❛✐s
s✉♣❡r❢í❝✐❡s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❝♦♠♦ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ ✉♠❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ ❡♠ q✉❡
♦s ❧❛❞♦s ❞♦ ♣♦❧í❣♦♥♦ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❛♦s ♣❛r❡s✳

✭✷✮ ❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ t♦❞❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ S ❛❞♠✐t❡ ✉♠❛ tr✐❛♥❣✉❧❛çã♦✱ ♠♦str❛✲
s❡ q✉❡ S é ❤♦♠❡♦♠♦r❢❛ ❛♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ ✉♠❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ ❡♠ q✉❡ ♦s ❧❛❞♦s
❞♦ ♣♦❧í❣♦♥♦ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❛♦s ♣❛r❡s✳ P❛r❛ t❛♥t♦ s❡ ✉s❛ ❛ té❝♥✐❝❛ ❞❡ ✏r❡❝♦rt❡s✑ ❡
✏❝♦❧❛❣❡♥s✑✳

✭✸✮ ❯♠❛ ✈❡③ ❝♦♥❝❧✉í❞♦ q✉❡ t♦❞❛ ❛ s✉♣❡r❢í❝✐❡ S ♣♦❞❡ s❡r ♦❜t✐❞❛ ❝♦♠♦ ♦ ❡s♣❛ç♦ q✉♦✲
❝✐❡♥t❡ ❞❡ ✉♠❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ ❝✉❥♦s ❧❛❞♦s ❞♦ ♣♦❧í❣♦♥♦ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❛♦s ♣❛r❡s✱
♠♦str❛✲s❡ ✭❝♦♥s✐❞❡r❛♥❞♦ ❡ss❛ ❢♦r♠❛ ❞❡ ✈❡r S✮ q✉❡ S é ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠❛ ❞❛s s✉♣❡r✲
❢í❝✐❡s ❝✐t❛❞❛s ♥♦ ✐t❡♠ ✭✶✮✱ ❛ s❛❜❡r✱ ❛ ❡s❢❡r❛ ♦✉ ❛ ✉♠❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ t♦r♦s ♦✉ ❛ ✉♠❛
s♦♠❛ ❝♦♥❡①❛ ❞❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✳ �

❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✺✳✷ ❡ ♦ ❚❡♦r❡♠❛ ❞❛ ❈❧❛ss✐✜❝❛çã♦ ❞❛s ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s✱ ♦❜t❡✲
♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✶✳✺✳✶✳ ◗✉❛❧q✉❡r s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧ é ❤♦♠❡♦♠♦r❢❛ à ❡s❢❡r❛ ♦✉
à s♦♠❛ ❝♦♥❡①❛ ❞❡ t♦r♦s✳ ◗✉❛❧q✉❡r s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♥ã♦✲♦r✐❡♥tá✈❡❧ é ❤♦♠❡♦♠♦r❢❛ à
s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ♦✉ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛
♦r✐❡♥tá✈❡❧✳



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✼✶

❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❡ ●❡♥✉s

❉❡✜♥✐çã♦ ✶✳✺✳✺✳ ❙❡❥❛♠ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✱ {T1, ..., Tn} ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❡ S
❡

v❂ ♥ú♠❡r♦ (t♦t❛❧) ❞❡ ✈ért✐❝❡s ❞❡ S❀
e❂ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❞❡ S❀
n❂ ♥ú♠❡r♦ ❞❡ tr✐â♥❣✉❧♦s✳

❊♥tã♦✱ ♦ ♥ú♠❡r♦

χ(S) = v − e+ n

é ❝❤❛♠❛❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛ s✉♣❡r❢í❝✐❡ S✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✷✳ P♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡
S ❡ ♥ã♦ ❞❛ tr✐❛♥❣✉❧❛çã♦ ❡s❝♦❧❤✐❞❛ ❡ q✉❡ é ✉♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦✳

❊①❡♠♣❧♦ ✶✳✺✳✸✳ ❆ ✜❣✉r❛ ❛ s❡❣✉✐r ❛♣r❡s❡♥t❛ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s
s✉♣❡r❢í❝✐❡s✿ ❡s❢❡r❛ (❛)❀ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ (❜) ❡ t♦r♦ (❝) ❡ ❛ ♣❛rt✐r ❞❡❧❛s ♣♦❞❡♠♦s ♦❜t❡r
❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❊✉❧❡r (❆ ✐❧✉str❛çã♦ é ✉♠❛ ❛❞❛♣t❛çã♦ ❞❡ ✜❣✉r❛s ❡♥❝♦♥tr❛❞❛s ❡♠
▼❛ss❡② (1991)✱ [✺])✳

❋✐❣✉r❛ ✶✳✶✶✿ ❯♠❛ tr✐❛♥❣✉❧❛çã♦ ❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ S2, IRP2 ❡ T2✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✷✳ ❙❡❥❛♠ S1 ❡ S2 ❞✉❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✳ ❆s ❝❛r❛❝t❡ríst✐❝❛s ❞❡
❊✉❧❡r ❞❡ S1 ❡ S2 ❡ ❞❛ s♦♠❛ ❝♦♥❡①❛ S1#S2 ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ♣❡❧❛ ❢ór♠✉❧❛

χ(S1#S2) = χ(S1) + χ(S2)− 2.

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ {T1, ..., Tn1} ❡ {T1, ..., Tn2} tr✐❛♥❣✉❧❛çõ❡s ❞❡ S1 ❡ S2✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❥❛♠ χ(S1) = v1 − e1 + n1 ❡ χ(S2) = v2 − e2 + n2✳ ❯♠❛ ✈❡③ q✉❡✱



✼✷ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

♣❛r❛ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❛s s✉♣❡r❢í❝✐❡s é ♥❡❝❡ssár✐♦ r❡♠♦✈❡r ♦ ✐♥t❡r✐♦r ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❡♠
❝❛❞❛ ✉♠❛ ❞❛s tr✐❛♥❣✉❧❛çõ❡s ❡ ✐❞❡♥t✐✜❝❛r ♦s ❜♦r❞♦s ❞❡st❡s tr✐â♥❣✉❧♦s r❡♠♦✈✐❞♦s✱ t❡♠♦s

χ(S1#S2) = (v1 + v2 − 3)− (e1 + e2 − 3) + (n1 + n2 − 2)
= χ(S1) + χ(S2)− 2

❞❡ ♦♥❞❡ s❡❣✉❡ ❛ ♣r♦✈❛✳ �

P♦r ♠❡✐♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✶✳✺✳✸ ❡ ♦ ❚❡♦r❡♠❛ ❞❛
❈❧❛ss✐✜❝❛çã♦ ❞❛s ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ✭❚❡♦r❡♠❛ ✶✳✺✳✶✮✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡✿

❙✉♣❡r❢í❝✐❡ ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r
❊s❢❡r❛ ✷

❙♦♠❛ ❝♦♥❡①❛ ❞❡ ♥ t♦r♦s ✷✲✷♥
❙♦♠❛ ❝♦♥❡①❛ ❞❡ ♥ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s ✷✲♥

❙♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡ ♥ t♦r♦s ✶✲✷♥
❙♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ♥ t♦r♦s ✲✷♥

❖❜s❡r✈❛çã♦ ✶✳✺✳✸✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
♦r✐❡♥tá✈❡❧ é s❡♠♣r❡ ♣❛r✱ ❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ♥ã♦✲♦r✐❡♥tá✈❡❧ ♣♦❞❡ s❡r ♣❛r
♦✉ í♠♣❛r✳

❚❡♦r❡♠❛ ✶✳✺✳✷✳ ❙❡❥❛♠ S1 ❡ S2 ❞✉❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✳ ❊♥tã♦✱ S1 ❡ S2 sã♦ ❤♦♠❡♦✲
♠♦r❢❛s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❊✉❧❡r sã♦ ✐❣✉❛✐s ❡ ❛♠❜❛s sã♦ ♦r✐❡♥tá✈❡✐s
♦✉ ♥ã♦✲♦r✐❡♥tá✈❡✐s✳

❉❡♠♦♥str❛çã♦✿ (⇒) ❙❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ✉♠
✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✭❝♦♠♦ ❥á ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✮ ❡ q✉❡ ❛ ♦r✐❡♥t❛❜✐❧✐❞❛❞❡ é
♣r❡s❡r✈❛❞❛ ♣♦r ❤♦♠❡♦♠♦r✜s♠♦✳

(⇐) ❆❞♠✐t❛ q✉❡ χ(S1) = χ(S2)✳ ❙✉♣♦♥❤❛ q✉❡ S1 ♥ã♦ é ❤♦♠❡♦♠♦r❢❛ ❛ S2✳ ❱❛♠♦s
❛♥❛❧✐s❛r s❡♣❛r❛❞❛♠❡♥t❡ q✉❛♥t♦ ❛s ♦r✐❡♥t❛çõ❡s ❞❛s s✉♣❡r❢í❝✐❡s✳

❈♦♥s✐❞❡r❡ S1 ❡ S2 ♦r✐❡♥tá✈❡✐s✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✶✱ S1 é ❤♦♠❡♦♠♦r❢❛ à ❡s❢❡r❛ ♦✉
à s♦♠❛ ❝♦♥❡①❛ ❞❡ t♦r♦s ❡ S2 é ❤♦♠❡♦♠♦r❢❛ à ❡s❢❡r❛ ♦✉ à s♦♠❛ ❝♦♥❡①❛ ❞❡ t♦r♦s✱ ❡♥tã♦✿

(a) s❡ ✉♠❛ ❞❡❧❛s é ❤♦♠❡♦♠♦r❢❛ à ❡s❢❡r❛✱ s✉♣♦♥❤❛ S1 ≃ S2✱ ❡♥tã♦✱ ❝♦♠♦ S1 ❡ S2

♥ã♦ sã♦ ❤♦♠❡♦♠♦r❢❛s✱ S2 é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲t♦r♦s✱ ❝♦♠ n 6= 0✱
❛ss✐♠ t❡rí❛♠♦s ✭❝♦♥s✐❞❡r❛♥❞♦ ♦ ❢❛t♦ q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ✉♠ ✐♥✈❛r✐❛♥t❡
t♦♣♦❧ó❣✐❝♦✮ 2 = χ(S1) = χ(S2) = 2−2n✱ ♦✉ s❡❥❛✱ n = 0✱ ♦ q✉❡ ♥♦s ❞á ✉♠ ❛❜s✉r❞♦❀

(b) ❝❛s♦ ❝♦♥trár✐♦✱ ❞❡✈❡♠♦s t❡r ❛♠❜❛s ❤♦♠❡♦♠♦r❢❛s à s♦♠❛ ❝♦♥❡①❛ ❞❡ t♦r♦s✱ ❞✐❣❛♠♦s
q✉❡ S1 é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲t♦r♦s✱ ❝♦♠ n 6= 0✱ ❡ S2 é ❤♦♠❡♦♠♦r❢❛ à
s♦♠❛ ❝♦♥❡①❛ ❞❡ m✲t♦r♦s✱ ❝♦♠ m 6= n ❡ m 6= 0✱ ♣♦✐s S1 ❡ S2 ♥ã♦ sã♦ ❤♦♠❡♦♠♦r❢❛s✳
❊♥tã♦✱ 2 − 2n = χ(S1) = χ(S2) = 2 − 2m✱ ♦✉ s❡❥❛✱ n = m✱ ♦ q✉❡ ♥♦s ❞á ✉♠
❛❜s✉r❞♦✳

▲♦❣♦✱ S1 é ❤♦♠❡♦♠♦r❢❛ ❛ S2✳
❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ S1 ❡ S2 ♥ã♦✲♦r✐❡♥tá✈❡✐s✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✶✱ S1 é ❤♦♠❡♦✲

♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ♦✉ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧ ❡ S2 é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ♦✉ ✉♠❛
❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧✳ ❆♥❛❧✐s❡♠♦s ♦s ❝❛s♦s✿



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✼✸

(a) s❡ S1 é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧✱ ❡♥tã♦

χ(S1) = χ(IRP2#S2) = χ(IRP2) + χ(S2)− 2 = 1 + 2− 2 = 1

♦✉
χ(S1) = χ(IRP2#T2#...#T2) = 1− 2n.

❆ss✐♠✱ ❝♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ S1 ♥ã♦ é ❤♦♠❡♦♠♦r❢❛ ❛ S2✱ S2 é ❤♦♠❡♦♠♦r❢❛
à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡ ✉♠❛ ❡s❢❡r❛ ✭q✉❡ ♣♦❞❡ ♦❝♦rr❡r s❡ S1 ❢♦r
❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ n✲t♦r♦s✱ n 6= 0✮✱ ♦✉ à s♦♠❛
❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡ m✲t♦r♦s✱ ❝♦♠ m 6= 0 ❡ n 6= m✱ ♦✉ à s♦♠❛ ❝♦♥❡①❛
❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❝♦♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧✳ ❊♥tã♦✱ t❡r❡♠♦s
χ(S2) = 1 ✭q✉❡ ♣♦❞❡ ♦❝♦rr❡r só q✉❛♥❞♦ S1 ❢♦r ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠
♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡ n✲t♦r♦s✱ n 6= 0✮✱ ♦✉ χ(S2) = 1 − 2m✱ ♦✉ χ(S2) = χ(K2#S2) =
χ(K2) + χ(S2)− 2 = 0 ♦✉ χ(S2) = χ(K2#T2#...#T2) = −2m✳ ❆❣♦r❛✱

(i) s❡ χ(S2) = 1✱ ♣❛r❛ S1 s❡♥❞♦ ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦✲
❥❡t✐✈♦ ❡ n✲t♦r♦s✱ n 6= 0✱ ❡♥tã♦ 1 − 2n = χ(S1) = χ(S2) = 1✱ ✐st♦ é✱ n = 0✱ ♦
q✉❡ ♥♦s ❞á ✉♠❛ ❝♦♥tr❛❞✐çã♦❀

(ii) s❡ χ(S2) = 1− 2m✱ ❡♥tã♦ t❡r❡♠♦s 1 = χ(S1) = χ(S2) = 1− 2m ♦✉ 1− 2n =
χ(S1) = χ(S2) = 1− 2m✱ ♦✉ s❡❥❛✱ m = 0 ♦✉ n = m✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦❀

(iii) s❡ χ(S2) = 0✱ ❡♥tã♦ 1 = χ(S1) = χ(S2) = 0 ♦✉ 1− 2n = χ(S1) = χ(S2) = 0✱

✐st♦ é✱ n =
1

2
✱ ♦ q✉❡ ♥♦s ❞á ✉♠❛ ❝♦♥tr❛❞✐çã♦❀

(iv) s❡ χ(S2) = −2m✱ ❡♥tã♦ ♦❜t❡♠♦s 1 = χ(S1) = χ(S2) = −2m ♦✉ 1 − 2n =

χ(S1) = χ(S2) = −2m✱ ♦✉ s❡❥❛✱ m = −
1

2
♦✉ n−m =

1

2
✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

▲♦❣♦✱ S1 ❡ S2 sã♦ ❤♦♠❡♦♠♦r❢❛s❀

(b) s❡ S1 é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❝♦♠ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧✱ ❡♥tã♦

χ(S1) = χ(K2#S2) = 0 ♦✉ χ(S1) = χ(K2#T2#...#T2) = −2n.

❆ss✐♠✱ ❝♦♠♦ S1 ❡ S2 ♥ã♦ sã♦ ❤♦♠❡♦♠♦r❢❛s✱ S2 é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡
✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ✉♠❛ ❡s❢❡r❛ ✭q✉❡ só ♦❝♦rr❡ s❡ S1 ❢♦r ❤♦♠❡♦♠♦r❢❛ à s♦♠❛
❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❝♦♠ n✲t♦r♦s✱ n 6= 0✮✱ ♦✉ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠
❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ m✲t♦r♦s✱ ❝♦♠ m 6= 0 ❡ n 6= m✱ ♦✉ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠
♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧✳ ❊♥tã♦✱ t❡r❡♠♦s χ(S2) = 0
✭♣❛r❛ S1 s❡♥❞♦✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡
❑❧❡✐♥ ❡ n✲t♦r♦s✱ n 6= 0✮✱ ♦✉ χ(S2) = −2m✱ ♦✉ χ(S2) = χ(IRP2#S2) = 1 ♦✉
χ(S2) = χ(IRP2#T2#...#T2) = 1− 2m✳ ◆♦t❡♠♦s q✉❡

(i) s❡ χ(S2) = 0✱ ♣❛r❛ S1 s❡♥❞♦ ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡
❑❧❡✐♥ ❡ n✲t♦r♦s✱ n 6= 0✱ ❡♥tã♦ −2n = χ(S1) = χ(S2) = 0 ❡✱ ❛ss✐♠✱ n = 0✱ ♦
q✉❡ é ✉♠ ❛❜s✉r❞♦❀

(ii) s❡ χ(S2) = −2m✱ ❡♥tã♦ 0 = χ(S1) = χ(S2) = −2m ♦✉ −2n = χ(S1) =
χ(S2) = −2m✱ ♦✉ s❡❥❛✱ m = 0 ♦✉ n = m✱ ♦ q✉❡ ♥♦s ❞á ✉♠ ❛❜s✉r❞♦❀



✼✹ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

(iii) s❡ χ(S2) = 1✱ ❡♥tã♦ 0 = χ(S1) = χ(S2) = 1 ♦✉ −2n = χ(S1) = χ(S2) = 1 ❡✱

❛ss✐♠✱ n = −
1

2
✱ ♦ q✉❡ t❛♠❜é♠ é ✉♠ ❛❜s✉r❞♦❀

(iv) s❡ χ(S2) = 1 − 2m✱ ❡♥tã♦ 0 = χ(S1) = χ(S2) = 1 − 2m ♦✉ −2n = χ(S1) =

χ(S2) = 1− 2m✱ ✐st♦ é✱ m =
1

2
♦✉ m− n =

1

2
✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

▲♦❣♦✱ S1 é ❤♦♠❡♦♠♦r❢❛ ❛ S2✳ �

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ r❡❧❛❝✐♦♥❛ ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ❞❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❝♦♠ ❛ ❝❛✲
r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✳

❚❡♦r❡♠❛ ✶✳✺✳✸✳ ❙❡❥❛♠ S1 ❡ S2 ❞✉❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✱ χ(S1) ❡ χ(S2) ❛s ❝❛r❛❝t❡ríst✐✲
❝❛s ❞❡ ❊✉❧❡r ❞❛s r❡s♣❡❝t✐✈❛s s✉♣❡r❢í❝✐❡s ❡ k ≥ 1, k ∈ Z✳ ❊♥tã♦✱ (S1, p, S2) é ✉♠ ❡s♣❛ç♦
❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ k ❢♦❧❤❛s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ χ(S1) = kχ(S2) ❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✿

❛✮ S1 ❡ S2 sã♦ ♦r✐❡♥tá✈❡✐s❀

❜✮ S1 ❡ S2 sã♦ ♥ã♦✲♦r✐❡♥tá✈❡✐s❀

❝✮ S1 é ♦r✐❡♥tá✈❡❧✱ S2 é ♥ã♦✲♦r✐❡♥tá✈❡❧ ❡ 2 | k✳

❉❡♠♦♥str❛çã♦✿ ❱✐❞❡ ❩✐❡s❝❤❛♥❣✱ ❱♦❣t ❡ ●♦❧❞❡✇❡② (✶✾✽✵✱ ❚❡♦r❡♠❛ ✸✳✹✳✷✱ ♣✳ ✼✾)✱
❬✾❪✳ �

❊①❡♠♣❧♦ ✶✳✺✳✹✳ ❈♦♥s✐❞❡r❡ S1 s❡♥❞♦ ♦ tr✐t♦r♦ ❡ S2 ♦ ❜✐t♦r♦✱ ❛ss✐♠ χ(S1) = −4 ❡
χ(S2) = −2✱ ❝♦♠♦ χ(S1) = 2χ(S2) ❡ S1 ❡ S2 sã♦ ♦r✐❡♥tá✈❡✐s✱ ❡♥tã♦✱ ♣❡❧♦ t❡♦r❡♠❛
❛♥t❡r✐♦r✱ (S1, p, S2) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ 2 ❢♦❧❤❛s✳

❚❡♦r❡♠❛ ✶✳✺✳✹✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❙❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r χ(S) é
í♠♣❛r✱ ❡♥tã♦ S ♥ã♦ ♣♦ss✉✐ ♥❡♥❤✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✳

❉❡♠♦♥str❛çã♦✿ ❚♦♠❡ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r í♠✲
♣❛r ❡ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛ T : S → S ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✳ ❈♦♠♦ S é ❍❛✉s❞♦r✛✱

♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺✱ s❡❣✉❡ q✉❡
(
S, p,

S

T

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✱ ♦♥❞❡

p : S →
S

T
é ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ t❛❧ q✉❡ p(x) = x = {x, T (x)}✱ ♣❛r❛ t♦❞♦ x ∈ S✳

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✺✳✸✱ t❡♠♦s q✉❡ χ(S) = 2χ

(
S

T

)
✱ ❞❡ ♠♦❞♦ q✉❡ χ(S) é ♣❛r✳

▼❛s✱ ♣♦r ❤✐♣ót❡s❡✱ χ(S) é í♠♣❛r✱ ♦ q✉❡ ♥♦s ❞á ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ �

❉❡✜♥✐çã♦ ✶✳✺✳✻✳ ❙❡ ✉♠❛ s✉♣❡r❢í❝✐❡ S é s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲t♦r♦s ♦✉ n✲♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱
❞✐③❡♠♦s q✉❡ S é ❞❡ ❣❡♥✉s n✳ ❊♥q✉❛♥t♦ q✉❡ ❛ ❡s❢❡r❛ é ❞✐t❛ ❞❡ ❣❡♥✉s 0✳

❋❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛✲s❡✱ ♣❛r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ S✱ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❡♥tr❡ ♦
❣❡♥✉s g ❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ S✿

(i) g =
1

2
(2− χ(S))✱ ♥♦ ❝❛s♦ ♦r✐❡♥tá✈❡❧❀

(ii) g = 2− χ(S)✱ ♥♦ ❝❛s♦ ♥ã♦✲♦r✐❡♥tá✈❡❧✳



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✼✺

●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛s ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s

❱❡r❡♠♦s✱ ❛❣♦r❛✱ ❛s ❛♣r❡s❡♥t❛çõ❡s ❞♦s ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✳
P❛r❛ ❡st❛ ♣❛rt❡ s❡❣✉✐♠♦s ♠❛✐s ❞✐r❡t❛♠❡♥t❡ ❑♦s♥✐♦✇s❦✐ ✭✶✾✽✵✮✱ ❬✸❪✳ ❆ ❢♦♥t❡ ❞❛s ✜❣✉r❛s
❛♣r❡s❡♥t❛❞❛s ❛q✉✐ é✱ t❛♠❜é♠✱ ❡ss❛ r❡❢❡rê♥❝✐❛ ✭❝♦♠ ♣❡q✉❡♥❛s ❛❞❡q✉❛çõ❡s✮✳

❱❛♠♦s ✉s❛r ♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮ ♣❛r❛ ❝❛❧❝✉❧❛r ♦
❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✱ ♣♦r ❞❛r ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ♣❛r❛ ❝❛❞❛ ❣r✉♣♦
✭♣♦r ♠❡✐♦ ❞❡ ❣❡r❛❞♦r❡s ❡ r❡❧❛çõ❡s✮✳

❘❡❝♦r❞❡♠♦s q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈❧❛ss✐✜❝❛çã♦ ❞❛s ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ✭❚❡♦r❡♠❛
✶✳✺✳✶✮✱ s❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✱ ❡♥tã♦ S é ❤♦♠❡♦♠♦r❢❛ à ❡s❢❡r❛✱ ♦✉ à s♦♠❛ ❝♦♥❡①❛
❞❡ t♦r♦s ♦✉ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✳

❚❡♦r❡♠❛ ✶✳✺✳✺✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳

(i) ❙❡ S é ❤♦♠❡♦♠♦r❢❛ à ❡s❢❡r❛✱ ❡♥tã♦ Π1(S) = {1} = 〈{1} | ∅〉✳

(ii) ❙❡ S é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲t♦r♦s✱ ❡♥tã♦

Π1(S) = 〈{A1, A2, ..., A2n} | {[A1, A2]...[A2n−1, A2n] = 1}〉 ,

♦♥❞❡ [Ai, Ai+1] = AiAi+1A
−1
i A−1

i+1✱ ♣❛r❛ t♦❞♦ i✳

(iii) ❙❡ S é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱ ❡♥tã♦

Π1(S) =
〈
{A1, A2, ..., An} | {A2

1A
2
2...A

2
n = 1}

〉
.

❉❡♠♦♥str❛çã♦✿

(i) ➱ ✐♠❡❞✐❛t♦✳

(ii) ❙✉♣♦♥❤❛♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ S = T2✳ ❱❛♠♦s r❡♣r❡s❡♥t❛r ♦ t♦r♦ T2✱ ❝♦♠♦ ♦ ❡s♣❛ç♦
♦❜t✐❞♦ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❛s ❛r❡st❛s ♦♣♦st❛s✱ a1 ❡ a2✱ ❞❛ r❡❣✐ã♦ q✉❛❞r❛❞❛ ✭q✉❡
r❡❢❡r✐♠♦s✱ s✐♠♣❧❡s♠❡♥t❡✱ ❝♦♠♦ q✉❛❞r❛❞♦✮ ❛❜❛✐①♦✿

❋✐❣✉r❛ ✶✳✶✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳

❙❡❥❛ y ♦ ❝❡♥tr♦ ❞♦ q✉❛❞r❛❞♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ t♦r♦✳ ❈♦♥s✐❞❡r❡ U1 = T2 − {y} ❡
U2 = T2 − (a1 ∪ a2) (♦✉ s❡❥❛✱ U2 é ♦ ✐♥t❡r✐♦r ❞♦ q✉❛❞r❛❞♦)✳ ◆♦t❡ q✉❡ U1✱ U2 ❡
U1 ∩ U2 sã♦ ❛❜❡rt♦s ❡ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱ ❛ss✐♠✱ ♣♦❞❡♠♦s ✉s❛r ♦ ❚❡♦r❡♠❛ ❞❡
❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✱ ✉♠❛ ✈❡③ q✉❡ T2 = U1 ∪ U2✳

❚♦♠❡ x0 ❡ x1 ♦s ♣♦♥t♦s ✐♥❞✐❝❛❞♦s ♥❛ ✜❣✉r❛ ❛❜❛✐①♦✳ ❈♦♥s✐❞❡r❡ C ✉♠ ❝ír❝✉❧♦ ❞❡
❝❡♥tr♦ y ♣❛ss❛♥❞♦ ♣♦r x0 ❡ d ♦ s❡❣♠❡♥t♦ ❧✐❣❛♥❞♦ x0 ❛ x1✳
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❋✐❣✉r❛ ✶✳✶✸✿ ❉❡t❡r♠✐♥❛çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ t♦r♦✳

❖❜s❡r✈❡ q✉❡ ❛s ❛r❡st❛s ❞♦ q✉❛❞r❛❞♦ ❞❡♣♦✐s ❞❡ ✐❞❡♥t✐✜❝❛❞❛s r❡♣r❡s❡♥t❛♠ ✉♠❛
❋✐❣✉r❛ 8 ✭❊①❡♠♣❧♦ ✶✳✹✳✺✮ ♥♦ T2✳

❋✐❣✉r❛ ✶✳✶✹✿ ❋✐❣✉r❛ ✽ ❡♠ T2✳

■♥❞✐q✉❡♠♦s ♣♦r B = a1∗a2 (♦ ❝♦♥❥✉♥t♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❋✐❣✉r❛ 8 ♥♦ t♦r♦)✳ ❚❡♠♦s
q✉❡ B é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ U1✱ ♣♦✐s ❡①✐st❡♠ ❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s

r : U1 → B

x 7→

{
x, s❡ x ∈ B,

p(x), s❡ x ∈ U1 − B,

♦♥❞❡ p : U1 − B → B é ❛ ♣r♦❥❡çã♦ r❛❞✐❛❧ ❡♠ t♦r♥♦ ❞❡ y✱ ❡

F : U1 × I → U1

(x, t) 7→

{
x, s❡ x ∈ B,

(1− t)x+ tp(x), s❡ x ∈ U1 − B,

❝♦♠ F (x, 0) = x✱ F (x, 1) = r(x)✱ ♣❛r❛ t♦❞♦ x ∈ U1✱ ❡ F (x, t) = x✱ s❡ x ∈ B✳ P♦r✲
t❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✺✱ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦ i : B → U1 ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦
i♯ : Π1(B, x1) → Π1(U1, x1)✳ ▲♦❣♦✱ s❡ α1 ❡ α2 sã♦ ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❡♠ U1 ❝♦♠
♣♦♥t♦ ❜❛s❡ x1✱ ❝✉❥♦s tr❛ç♦s r❡♣r❡s❡♥t❛♠ ✭✉♠❛ ✈❡③✮ a1 ❡ a2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛s
❞✐r❡çõ❡s ✐♥❞✐❝❛❞❛s ♥♦ q✉❛❞r❛❞♦✱ ❡♥tã♦ Π1(U1, x1) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❣❡r❛❞♦r❡s
[α1] ❡ [α2]✳ ❙❡❥❛ δ ✉♠ ❝❛♠✐♥❤♦ ❡♠ U1 q✉❡ ❧✐❣❛ x0 ❛ x1 ❡ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ s❡❣✲
♠❡♥t♦ d ✭✐st♦ é✱ δ : I → d é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✮✳ ❊♥tã♦✱ Π1(U1, x0) é ✉♠ ❣r✉♣♦
❧✐✈r❡ ❝♦♠ ❣❡r❛❞♦r❡s [δ ∗α1 ∗ δ

−1] ❡ [δ ∗α2 ∗ δ
−1]✱ q✉❡ ❞❡♥♦t❛♠♦s✱ ❛❜r❡✈✐❛❞❛♠❡♥t❡✱

♣♦r A1 ❡ A2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦t❡ q✉❡ U2 é ❝♦♥trát✐❧✱ ♣♦✐s {x0} é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ U2✱ ✉♠❛ ✈❡③
q✉❡ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ r : U2 → {x0} t❡♠♦s r(x) = x0✱ ♣❛r❛ t♦❞♦ x ∈ U2✱ ❡
❝♦♠♦ U2 é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ❡①✐st❡ ♦ ❝❛♠✐♥❤♦ αx : I → U2 t❛❧ q✉❡ αx(0) = x ❡
αx(1) = x0✱ ♣❛r❛ t♦❞♦ x ∈ U2✳ ▲♦❣♦✱ ❡①✐st❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ F : U2× I → U2

❞❛❞❛ ♣♦r F (x, t) = αx(t)✱ ❝♦♠ x ∈ U2 − {x0}✱ ❡ F (x0, t) = x0✱ ♣❛r❛ t♦❞♦ t ∈ I✳
❆ss✐♠✱ F (x, 0) = αx(0) = x✱ F (x, 1) = αx(1) = x0 = r(x)✱ ♣❛r❛ t♦❞♦ x ∈ U2✱ ❡



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✼✼

F (x0, t) = x0✱ ♣❛r❛ t♦❞♦ t ∈ I✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✶✱ U2 é s✐♠♣❧❡s♠❡♥t❡
❝♦♥❡①♦ ❡✱ ❡♥tã♦✱ Π1(U2) = {1}✳

❆❧é♠ ❞✐ss♦✱ ♦ ❝ír❝✉❧♦ C é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ U1 ∩ U2✳ ❆ss✐♠✱
♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✺✱ i♯ : Π1(C, x0) → Π1(U1 ∩ U2, x0) é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♦♥❞❡
i : C → U1 ∩ U2 é ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✳ P♦rt❛♥t♦✱ s❡ γ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦
❡♠ U1 ∩ U2 ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ q✉❡ ♣❡r❝♦rr❡ ✭✉♠❛ ✈❡③✮ ♦ ❝ír❝✉❧♦ C ♥❛ ❞✐r❡çã♦
✐♥❞✐❝❛❞❛ ♥❛ ✜❣✉r❛ q✉❡ r❡♣r❡s❡♥t❛ ♦ t♦r♦✱ ❡♥tã♦ Π1(U1 ∩ U2, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡
❣❡r❛❞♦ ♣♦r [γ]✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✱ Π1(T
2, x0) é ❣❡r❛❞♦ ♣♦r

{A1, A2}✱ ♦ q✉❛❧ s❛t✐s❢❛③ ❛ r❡❧❛çã♦ ‘(ϕ1)♯([γ])✬= ‘(ϕ2)♯([γ])✬✳

▼❛s✱ ❡♠ U1✱ t❡♠♦s

[ϕ1 ◦ γ] = [δ ∗ α1 ∗ α2 ∗ α
−1
1 ∗ α−1

2 ∗ δ−1]
= [δ ∗ α1 ∗ δ

−1 ∗ δ ∗ α2 ∗ δ
−1 ∗ δ ∗ α−1

1 ∗ δ−1 ∗ δ ∗ α−1
2 ∗ δ−1]

= [δ ∗ α1 ∗ δ
−1][δ ∗ α2 ∗ δ

−1][δ ∗ α−1
1 ∗ δ−1][δ ∗ α−1

2 ∗ δ−1],

❞❡ ♠♦❞♦ q✉❡
‘(ϕ1)♯([γ])✬ = A1A2A

−1
1 A−1

2 = [A1, A2].

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ U2✱
‘(ϕ2)♯([γ])✬ = 1.

▲♦❣♦✱ [A1, A2] = 1 ❡✱ ♣♦rt❛♥t♦✱

Π1(T
2, x0) = 〈{A1, A2} | {[A1, A2] = 1}〉 .

◆♦t❡ q✉❡ Π1(T
2, x0) ∼= Z× Z✳

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ q✉❡ S s❡❥❛ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲t♦r♦s✱ n ≥ 2✳ ❊st❡ ❝❛s♦ é ✉♠❛
❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❛♥t❡r✐♦r✳ ❈♦♥s✐❞❡r❡ S r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ ❞❡ ✉♠
♣♦❧í❣♦♥♦ ❞❡ 4n✲❧❛❞♦s✱ ❝♦♠ ♦s ❧❛❞♦s ✐❞❡♥t✐✜❝❛❞♦s ❛♦s ♣❛r❡s✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦
✭✐t❡♠ (1)✮✳ ❚♦♠❡ U1 = S−{y} ❡ U2 = S− (a1∪ ...∪a2n)✱ ❝♦♠♦ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛
r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r ✭✐t❡♠ (2)✮✱ ❝♦♠ y ♦ ❝❡♥tr♦ ❞❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧✳
❙❡❥❛♠ x0 ❡ x1 ♦s ♣♦♥t♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ✜❣✉r❛ ✭✐t❡♠ (2)✮✱ d ♦ s❡❣♠❡♥t♦ ❧✐❣❛♥❞♦
x0 ❛ x1 ❡ C ♦ ❝ír❝✉❧♦ ❝♦♠ ❝❡♥tr♦ y ♣❛ss❛♥❞♦ ♣♦r x0✳

❋✐❣✉r❛ ✶✳✶✺✿ ❉❡t❡r♠✐♥❛çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲t♦r♦s✳
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❆♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s q✉❡ Π1(U1, x1) é ❣❡r❛❞♦ ♣♦r [α1], [α2], ..., [α2n]✱
♦♥❞❡ α1, α2, ..., α2n sã♦ ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❡♠ U1 ❝♦♠ ♣♦♥t♦ ❜❛s❡ x1✱ ❝✉❥❛s ✐♠❛✲
❣❡♥s sã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧♦s ❝ír❝✉❧♦s a1, a2, ..., a2n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛s ❞✐r❡çõ❡s
✐♥❞✐❝❛❞❛s ♥♦ ♣♦❧í❣♦♥♦ q✉❡ r❡♣r❡s❡♥t❛ S✳ ❙❡❥❛ δ ✉♠ ❝❛♠✐♥❤♦ ❡♠ U1 q✉❡ ❧✐❣❛ x0 ❛
x1 ❡ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ s❡❣♠❡♥t♦ d✳ ❊♥tã♦✱ Π1(U1, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❣❡✲
r❛❞♦r❡s [δ∗α1∗δ

−1], [δ∗α2∗δ
−1], ..., [δ∗α2n∗δ

−1]✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦rA1, A2, ..., A2n✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❝❛s♦ ❛♥t❡r✐♦r✱ Π1(U2) = {1}✱ ✉♠❛
✈❡③ q✉❡ U2 é ❝♦♥trát✐❧✱ ❡ Π1(U1 ∩ U2, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣♦r [γ]✱ ♦♥❞❡ γ
é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ U1∩U2 ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝ír❝✉❧♦
C ♥❛ ✜❣✉r❛✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✱ Π1(S, x0) é ❣❡r❛❞♦ ♣♦r
{A1, A2, ..., A2n}✱ ♦ q✉❛❧ s❛t✐s❢❛③ ❛ r❡❧❛çã♦ ‘(ϕ1)♯([γ])✬= ‘(ϕ2)♯([γ])✬✳

▼❛s✱ ❡♠ U1✱ t❡♠♦s

[ϕ1 ◦ γ] = [δ ∗ α1 ∗ α2 ∗ α
−1
1 α−1

2 ∗ ... ∗ α2n−1 ∗ α2n ∗ α
−1
2n−1 ∗ α

−1
2n ∗ δ−1]

= [δ ∗ α1 ∗ δ
−1 ∗ δ ∗ α2 ∗ δ

−1 ∗ δ ∗ α−1
1 ∗ δ−1 ∗ δ ∗ α−1

2 ∗ δ−1 ∗ δ ∗ ... ∗ δ−1

∗δ ∗ α2n−1 ∗ δ
−1 ∗ δ ∗ α2n ∗ δ

−1 ∗ δ ∗ α−1
2n−1 ∗ δ

−1 ∗ δ ∗ α−1
2n ∗ δ−1]

= [δ ∗ α1 ∗ δ
−1][δ ∗ α2 ∗ δ

−1][δ ∗ α−1
1 ∗ δ−1][δ ∗ α−1

2 ∗ δ−1]...[δ ∗ α2n−1∗
δ−1][δ ∗ α2n ∗ δ

−1][δ ∗ α−1
2n−1 ∗ δ

−1][δ ∗ α−1
2n ∗ δ−1]

❡✱ ❛ss✐♠✱

‘(ϕ1)♯([γ])✬ = A1A2A
−1
1 A−1

2 ...A2n−1A2nA
−1
2n−1A

−1
2n = [A1, A2]...[A2n−1, A2n].

❆❣♦r❛✱ ❡♠ U2✱
‘(ϕ2)♯([γ])✬ = 1.

▲♦❣♦✱ ❛ r❡❧❛çã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ [A1, A2]...[A2n−1, A2n] = 1 ❡✱ ♣♦rt❛♥t♦✱

Π1(S, x0) = 〈{A1, ..., A2n} | {[A1, A2]...[A2n−1, A2n] = 1}〉 .

(iii) ❙✉♣♦♥❤❛♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ S = IRP2 ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ❱❛♠♦s r❡♣r❡s❡♥t❛r ♦
♣❧❛♥♦ ♣r♦❥❡t✐✈♦ IRP2✱ ♣❡❧♦ ♣♦❧í❣♦♥♦ ❞❡ ❞♦✐s ❧❛❞♦s ✭❡ s✉❛ r❡❣✐ã♦ ✐♥t❡r✐♦r✮ ❡t✐q✉❡t❛❞♦
♣♦r aa✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦ ✭✐t❡♠ (1)✮✳

❋✐❣✉r❛ ✶✳✶✻✿ ❉❡t❡r♠✐♥❛çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

❙❡❥❛♠ y ♦ ❝❡♥tr♦ ❞♦ ♣♦❧í❣♦♥♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ IRP2 ❡ x0 ❡ x1 ♣♦♥t♦s ❝♦♠♦
❛♣r❡s❡♥t❛❞♦s ♥❛ ✜❣✉r❛ ❛❝✐♠❛ ✭✐t❡♠ (2)✮✳ ❈♦♥s✐❞❡r❡ C ♦ ❝ír❝✉❧♦ ❞❡ ❝❡♥tr♦ y q✉❡
♣❛ss❛ ♣♦r x0 ❡ d ♦ s❡❣♠❡♥t♦ q✉❡ ❧✐❣❛ x0 ❛ x1✳



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✼✾

❚♦♠❡ U1 = IRP2 − {y} ❡ U2 = IRP2 − a✳ ❈♦♠♦ U1✱ U2 ❡ U1 ∩ U2 sã♦ ❛❜❡rt♦s ❡
❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s ❡ IRP2 = U1∪U2✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥
❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✳

❖❜s❡r✈❡ q✉❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❛s ❛r❡st❛s ♦♣♦st❛s ♥♦ ♣♦❧í❣♦♥♦ ❞❡ ❞♦✐s ❧❛❞♦s q✉❡
r❡♣r❡s❡♥t❛ ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✱ r❡s✉❧t❛ ♥✉♠❛ ❝✉r✈❛ ♥♦ IRP2 q✉❡ ✈❛♠♦s ✐♥❞✐❝❛r✱
t❛♠❜é♠✱ ♣♦r a✳ ❆ ❝✉r✈❛ a r❡♣r❡s❡♥t❛ ✉♠ ❝ír❝✉❧♦ ❡♠ IRP2 ❡ ❡st❡ é ✉♠ r❡tr❛t♦
♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ U1✳ ▲♦❣♦✱ s❡ α é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ U1 ❝♦♠ ♣♦♥t♦ ❜❛s❡
x1✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❝✉r✈❛ a✱ ❡♥tã♦ Π1(U1, x1) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣♦r [α]✳
❙❡❥❛ δ ♦ ❝❛♠✐♥❤♦ q✉❡ ❧✐❣❛ x0 ❛ x1 ❡♠ U1✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ s❡❣♠❡♥t♦ d✱ ❡♥tã♦
Π1(U1, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❣❡r❛❞♦r [δ ∗ α ∗ δ−1]✱ ♦ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r A✳

◆♦t❡ q✉❡✱ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❝♦♠ ♦ t♦r♦✱ U2 é ❝♦♥trát✐❧ ✭✉♠❛ ✈❡③ q✉❡ {x0} é
✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ U2✮ ❡ ♦ ❝ír❝✉❧♦ C é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡
U1 ∩U2✳ ❆ss✐♠✱ Π1(U2) = {1} ❡ Π1(U1 ∩U2, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣♦r [γ]✱
♦♥❞❡ γ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ U1∩U2 ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ q✉❡ ✐♥❞✐❝❛ ♦ ❝ír❝✉❧♦
C ♥❛ ✜❣✉r❛ q✉❡ r❡♣r❡s❡♥t❛ ♦ IRP2✱ ✐st♦ é✱ q✉❡ ♣❡r❝♦rr❡ ✭✉♠❛ ✈❡③✮ ♦ ❝ír❝✉❧♦ C ❞❡
❛❝♦r❞♦ ❝♦♠ ❛ ❞✐r❡çã♦ ✐♥❞✐❝❛❞❛✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✱ ♦ ❣r✉♣♦ Π1(IRP
2, x0) é

❣❡r❛❞♦ ♣♦r {A} ❡ s❛t✐s❢❛③ ❛ r❡❧❛çã♦ ‘(ϕ1)♯([γ])✬= ‘(ϕ2)♯([γ])✬✳

▼❛s✱ ❡♠ U1✱ t❡♠♦s

[ϕ1 ◦ γ] = [δ ∗ α ∗ α ∗ δ−1] = [δ ∗ α ∗ δ−1 ∗ δ ∗ α ∗ δ−1] = [δ ∗ α ∗ δ−1][δ ∗ α ∗ δ−1]

❡✱ ❛ss✐♠✱
‘(ϕ1)♯([γ])✬ = AA = A2.

❊♥q✉❛♥t♦ ❡♠ U2✱
‘(ϕ2)♯([γ])✬ = 1.

▲♦❣♦✱ ❞❡ ‘(ϕ1)♯([γ])✬= ‘(ϕ2)♯([γ])✬✱ ♦❜té♠✲s❡ A2 = 1✳ P♦rt❛♥t♦✱

Π1(IRP
2, x0) =

〈
{A} | {A2 = 1}

〉
.

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ S s❡♥❞♦ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✳ ❊st❡ ❝❛s♦ é
✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❛♥t❡r✐♦r✳ ❈♦♥s✐❞❡r❡ S r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧
❝♦♠ ♦s ❧❛❞♦s ✐❞❡♥t✐✜❝❛❞♦s ❝♦♠♦ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r ✭✐t❡♠ (1)✮ ❡ y ♦ ❝❡♥tr♦ ❞❛
r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧✳ ❚♦♠❡ U1 = S− {y} ❡ U2 = S− (a1 ∪ ... ∪ an)✳ ❙❡❥❛♠ x0 ❡ x1 ♦s
♣♦♥t♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ✜❣✉r❛ ❛❜❛✐①♦ ✭✐t❡♠ (2)✮✱ d ♦ s❡❣♠❡♥t♦ ❧✐❣❛♥❞♦ x0 ❛ x1 ❡
C ♦ ❝ír❝✉❧♦ ❝♦♠ ❝❡♥tr♦ y ♣❛ss❛♥❞♦ ♣♦r x0✳

❋✐❣✉r❛ ✶✳✶✼✿ ❉❡t❡r♠✐♥❛çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲♣❧❛♥♦s ♣r♦❥❡✲
t✐✈♦s✳



✽✵ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❆♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s q✉❡ Π1(U1, x1) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣♦r
[α1], [α2], ..., [αn]✱ ♦♥❞❡ α1, α2, ..., αn sã♦ ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❡♠ U1 ❝♦♠ ♣♦♥t♦
❜❛s❡ x1✱ r❡♣r❡s❡♥t❛❞♦s ♣♦r a1, a2, ..., an✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛s ❞✐r❡çõ❡s ✐♥❞✐❝❛❞❛s
♥♦ ♣♦❧í❣♦♥♦ q✉❡ ❡st❛❜❡❧❡❝❡ S✳ ❙❡❥❛ δ ✉♠ ❝❛♠✐♥❤♦ ❡♠ U1 q✉❡ ❧✐❣❛ x0 ❛ x1 ❡ q✉❡
❝♦rr❡s♣♦♥❞❡ ❛♦ s❡❣♠❡♥t♦ d✳ ❊♥tã♦✱ Π1(U1, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ♥♦s ❣❡r❛❞♦r❡s
[δ ∗ α1 ∗ δ

−1], [δ ∗ α2 ∗ δ
−1], ..., [δ ∗ αn ∗ δ−1]✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r A1, A2, ..., An✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ Π1(U2) = {1}✱ ✉♠❛ ✈❡③
q✉❡ U2 é ❝♦♥trát✐❧✱ ❡ Π1(U1 ∩ U2, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣♦r [γ]✱ ♦♥❞❡ γ é
✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ U1 ∩ U2 ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ q✉❡ ✐♥❞✐❝❛ ♦ ❝ír❝✉❧♦ C ♥❛
✜❣✉r❛ q✉❡ r❡♣r❡s❡♥t❛ S✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✱ Π1(S, x0) é ❣❡r❛❞♦ ♣♦r
{A1, A2, ..., An} ❡ s❛t✐s❢❛③ ❛ r❡❧❛çã♦ ‘(ϕ1)♯([γ])✬= ‘(ϕ2)♯([γ])✬✳

❊♠ U1✱

[ϕ1 ◦ γ] = [δ ∗ α1 ∗ α1 ∗ ... ∗ αn ∗ αn ∗ δ
−1]

= [δ ∗ α1 ∗ δ
−1 ∗ δ ∗ α1 ∗ δ

−1 ∗ δ ∗ ... ∗ δ−1 ∗ δ ∗ αn ∗ δ
−1 ∗ δ ∗ αn ∗ δ

−1

∗δ ∗ αn ∗ δ
−1]

= [δ ∗ α1 ∗ δ
−1][δ ∗ α1 ∗ δ

−1]...[δ ∗ αn ∗ δ
−1][δ ∗ αn ∗ δ

−1]

❡✱ ❛ss✐♠✱
‘(ϕ1)♯([γ])✬ = A1A1...AnAn = A2

1...A
2
n.

❊♠ U2✱
‘(ϕ2)♯([γ])✬ = 1.

P♦rt❛♥t♦✱
Π1(S, x0) =

〈
{A1, ..., An} | {A2

1...A
2
n = 1}

〉
,

✉♠❛ ✈❡③ q✉❡✱ ❞❡ ‘(ϕ1)♯([γ])✬= ‘(ϕ2)♯([γ])✬✱ ♦❜t❡♠♦s ❛ r❡❧❛çã♦✱ A2
1...A

2
n = 1✳ �

❖✉tr❛ ❢♦r♠❛ ❞❡ ❛♣r❡s❡♥t❛çã♦ ❞♦ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛s ❙✉♣❡r✲

❢í❝✐❡s ❋❡❝❤❛❞❛s ♥ã♦✲♦r✐❡♥tá✈❡✐s

❱❛♠♦s ❡①✐❜✐r ✉♠❛ ♦✉tr❛ ❢♦r♠❛ ❞❡ ❛♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛s s✉♣❡r✲
❢í❝✐❡s ❢❡❝❤❛❞❛s ♥ã♦✲♦r✐❡♥tá✈❡✐s✱ s❡❣✉✐♥❞♦ ▼❛ss❡② ✭✶✾✾✶✮✱ ❬✺❪✱ ✐♥❝❧✉s✐✈❡ ❝♦♠♦ ❢♦♥t❡ ❞❛s
✜❣✉r❛s✳ ❆s té❝♥✐❝❛s ✉s❛❞❛s sã♦ s✐♠✐❧❛r❡s às ❞❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r ❡ ♦ ❚❡♦r❡♠❛ ❞❡
❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮ ❝♦♥t✐♥✉❛ s❡♥❞♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛✳

❈♦♠♦ K2 ≃ IRP2#IRP2 ✭▲❡♠❛ ✶✳✺✳✷✮✱ s❡❣✉❡ ❞♦s ❝á❧❝✉❧♦s q✉❡ ✜③❡♠♦s ❛♥t❡r✐♦r♠❡♥t❡
q✉❡

Π1(K
2) =

〈
{A1, A2} | A2

1A
2
2 = 1

〉
.

▼❛s t❡♠♦s✱ t❛♠❜é♠✱ ❛ s❡❣✉✐♥t❡ ❛♣r❡s❡♥t❛çã♦ ♣❛r❛ Π1(K
2)✱

Π1(K
2) =

〈
{A,B} | {ABAB−1 = 1}

〉
.

❉❡ ❢❛t♦✱ ✈❛♠♦s r❡♣r❡s❡♥t❛r ❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ K2✱ ❝♦♠♦ ♦ ❡s♣❛ç♦ ♦❜t✐❞♦ ♣❡❧❛ ✐❞❡♥t✐✜✲
❝❛çã♦ ❞❛s ❛r❡st❛s a1 ❡ a2 ❞♦ q✉❛❞r❛❞♦ ❞❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✶✽ ✭✐t❡♠ (1)✮✳



❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s ❡ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ✽✶

❋✐❣✉r❛ ✶✳✶✽✿ ❉❡t❡r♠✐♥❛çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥✳

❚♦♠❡ x0 ❡ x1 ♦s ♣♦♥t♦s ✐♥❞✐❝❛❞♦s ♥❛ ✜❣✉r❛ ❛❝✐♠❛ ✭✐t❡♠ (2)✮✳ ❙❡❥❛♠ y ♦ ❝❡♥tr♦ ❞♦
q✉❛❞r❛❞♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥✱ C ✉♠ ❝ír❝✉❧♦ ❞❡ ❝❡♥tr♦ y ♣❛ss❛♥❞♦ ♣♦r x0
❡ d ♦ s❡❣♠❡♥t♦ ❧✐❣❛♥❞♦ x0 ❛ x1✳

❈♦♥s✐❞❡r❡ U1 = K2−{y} ❡ U2 = K2−(a1∪a2) (♦✉ s❡❥❛✱ U2 é ♦ ✐♥t❡r✐♦r ❞♦ q✉❛❞r❛❞♦)✳
◆♦t❡ q✉❡ U1✱ U2 ❡ U1 ∩ U2 sã♦ ❛❜❡rt♦s ❡ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s ❡ K2 = U1 ∪ U2✱ ❛ss✐♠✱
♣♦❞❡♠♦s ✉s❛r ♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✳

❖❜s❡r✈❡ q✉❡ ❛s ❛r❡st❛s ❞♦ q✉❛❞r❛❞♦ ❞❡♣♦✐s ❞❡ ✐❞❡♥t✐✜❝❛❞❛s r❡♣r❡s❡♥t❛♠ ✉♠❛ ❋✐❣✉r❛
8 ❡♠ K2✳

❋✐❣✉r❛ ✶✳✶✾✿ ❋✐❣✉r❛ ✽ ❡♠ K2✳

❆ss✐♠✱ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❞♦ t♦r♦✱ Π1(U1, x1) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❣❡r❛❞♦r❡s [α1] ❡
[α2]✱ ❝♦♠ α1 ❡ α2 ❝❛♠✐♥❤♦s ❡♠ U1 q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛ a1 ❡ a2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱
❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛♠✐♥❤♦ δ ❧✐❣❛♥❞♦ x0 ❛ x1 q✉❡ r❡♣r❡s❡♥t❛ d ♥♦ q✉❛❞r❛❞♦✱ t❡♠♦s q✉❡
Π1(U1, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❞❡ ❣❡r❛❞♦r❡s [δ ∗ α1 ∗ δ

−1] ❡ [δ ∗ α2 ∗ δ
−1]✱ q✉❡ ❞❡♥♦t❛♠♦s

♣♦r A ❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
▼❛✐s ❛✐♥❞❛✱ ❛♥á❧♦❣♦ ❛♦ t♦r♦✱ Π1(U2) = {1} ❡ Π1(U1 ∩ U2, x0) é ✉♠ ❣r✉♣♦ ❧✐✈r❡

❣❡r❛❞♦ ♣♦r [γ]✱ ♦♥❞❡ γ é ✉♠ ❝❛♠✐♥❤♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❝ír❝✉❧♦ C ✭❝♦♥s✐❞❡r❛♥❞♦ ❛
❞✐r❡çã♦ ✐♥❞✐❝❛❞❛✮✱ ✉♠❛ ✈❡③ q✉❡ U2 é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡ ♦ ❝ír❝✉❧♦ C é ✉♠ r❡tr❛t♦
♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ U1 ∩ U2✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✱ Π1(K
2, x0) é ❣❡r❛❞♦ ♣♦r

{A,B} ❡ s❛t✐s❢❛③ ❛ r❡❧❛çã♦ ‘(ϕ1)♯([γ])✬= ‘(ϕ2)♯([γ])✬✳
▼❛s✱ ❡♠ U1✱

[ϕ1 ◦ γ] = [δ ∗ α1 ∗ α2 ∗ α1 ∗ α
−1
2 ∗ δ−1]

= [δ ∗ α1 ∗ δ
−1 ∗ δ ∗ α2 ∗ δ

−1 ∗ δ ∗ α1 ∗ δ
−1 ∗ δ ∗ α−1

2 ∗ δ−1]
= [δ ∗ α1 ∗ δ

−1][δ ∗ α2 ∗ δ
−1][δ ∗ α1 ∗ δ

−1][δ ∗ α−1
2 ∗ δ−1]

❡✱ ❛ss✐♠✱ ‘(ϕ1)♯([γ])✬ = ABAB−1✳
❊♠ U2✱ ‘(ϕ2)♯([γ])✬ = 1✳
▲♦❣♦✱ ABAB−1 = 1✳ P♦rt❛♥t♦✱

Π1(K
2, x0) =

〈
{A,B} | {ABAB−1 = 1}

〉
.



✽✷ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❯s❛♥❞♦ q✉❡ IRP2#IRP2 ≃ K2 ❡ T2#IRP2 ≃ IRP2#IRP2#IRP2 ✭▲❡♠❛ ✶✳✺✳✷✮✱ ♣♦❞❡✲
♠♦s ❝♦♥❝❧✉✐r q✉❡ s❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ S é ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱
❡♥tã♦✱

• q✉❛♥❞♦ n ❢♦r í♠♣❛r✱ S é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠(
n− 1

2

)
✲t♦r♦s❀

• q✉❛♥❞♦ n ❢♦r ♣❛r✱ S é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❝♦♠(
n− 2

2

)
✲t♦r♦s✳

❈♦♠ ❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ♥ós ❞á ✉♠❛ ♦✉tr❛ ❛♣r❡s❡♥t❛çã♦ ♣❛r❛
♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥ã♦✲♦r✐❡♥tá✈❡✐s✿

Pr♦♣♦s✐çã♦ ✶✳✺✳✸✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♥ã♦✲♦r✐❡♥tá✈❡❧ ❞❡ ❣❡♥✉s n (♦✉ s❡❥❛✱
S é ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲♣❧❛♥♦s ♣r♦❥❡t✐✈♦s)✳

(a) ❙❡ n ❢♦r í♠♣❛r✱ ❡♥tã♦ S é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡

✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣❡♥✉s m =
n− 1

2
✱ ❡ ❛ss✐♠✱

Π1(S) =
〈
{A,A1, A2, ..., A2m} | {A2[A1, A2]...[A2m−1, A2m] = 1}

〉
,

♦♥❞❡ [Ai, Ai+1] = AiAi+1A
−1
i A−1

i+1✱ ♣❛r❛ t♦❞♦ i ∈ {1, ..., 2m− 1}✳

(b) ❙❡ n ❢♦r ♣❛r✱ S é ❤♦♠❡♦♠♦r❢❛ à s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ✉♠❛

s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣❡♥✉s m =
n− 2

2
✱ ❡ ❛ss✐♠✱

Π1(S) =
〈
{A,B,A1, A2, ..., A2m} | {ABAB−1[A1, A2]...[A2m−1, A2m] = 1}

〉
,

♦♥❞❡ [Ai, Ai+1] = AiAi+1A
−1
i A−1

i+1✱ ♣❛r❛ t♦❞♦ i ∈ {1, ..., 2m− 1}✳

❉❡♠♦♥str❛çã♦✿ P♦r S s❡r ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ✭♦✉ ✉♠❛ ❣❛rr❛❢❛
❞❡ ❑❧❡✐♥✮ ❝♦♠ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ m✲t♦r♦s✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r S ❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ ❞❡
✉♠ ♣♦❧í❣♦♥♦ ❞❡ 2n✲❧❛❞♦s✱ ❝♦♠ ♦s ❧❛❞♦s r♦t✉❧❛❞♦s ❡ ✐❞❡♥t✐✜❝❛❞♦s ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✶✳✷✵✱
✐t❡♠ (1) ✭♦✉ ✐t❡♠ (2)✮✱ ❡♠ q✉❡ 2m+1 = n✱ ♦✉ s❡❥❛✱ 2n = 4m+1 ❡♠ (1) ✭❡ 2n = 4m+4
❡♠ (2)✮✳

❋✐❣✉r❛ ✶✳✷✵✿ ❉❡t❡r♠✐♥❛çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ IRP2 ✭♦✉ K2✮
❝♦♠ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ m✲t♦r♦s✳



■♥tr♦❞✉çã♦ à ❍♦♠♦❧♦❣✐❛ ❙✐♥❣✉❧❛r ✽✸

❆❣♦r❛✱ r❛❝✐♦❝✐♥❛♥❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ ✭♥❛ ♣r♦✈❛ ❞♦
❚❡♦r❡♠❛ ✶✳✺✳✺✮✱ ♦❜té♠✲s❡ ♦s r❡s✉❧t❛❞♦s ❛✜r♠❛❞♦s ❡♠ (a) ❡ (b)✳ �

❖❜s❡r✈❛çã♦ ✶✳✺✳✹✳ ❊♠ ❑♦s♥✐♦✇s❦✐ (1980✱ ❚❡♦✳26.1✱ ♣✳202)✱ [✸]✱ é ❞❛❞❛ ✉♠❛ ♣r♦✈❛ ❞♦
❝á❧❝✉❧♦ ❞❡ Π1(S, x0)✱ ♣♦r ❝♦♥s✐❞❡r❛r S ♥❛ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧

S = S2#nT2#nIRP2.

✶✳✻ ■♥tr♦❞✉çã♦ à ❍♦♠♦❧♦❣✐❛ ❙✐♥❣✉❧❛r

❆ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ♣❛r❛ ♦s ❝♦♥❝❡✐t♦s ❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ❍♦♠♦❧♦❣✐❛ ❙✐♥❣✉❧❛r
❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦ é ▼❛ss❡② ✭✶✾✾✶✮✱ ❬✺❪✳

❈♦♥s✐❞❡r❡ I0 ♦ ❡s♣❛ç♦ ❝♦♥st✐t✉í❞♦ ♣♦r ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❡ In = I × ...× I ✭n ❢❛t♦r❡s✱
n > 0✮ n✲❝✉❜♦s ✉♥✐tár✐♦s✱ ♦♥❞❡ I = [0, 1]✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✳ ❯♠ n✲❝✉❜♦ s✐♥❣✉❧❛r ❡♠ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✱ ♦♥❞❡ n ≥ 0✱ é
✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ T : In → X✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✶✳ ❖s 0✲❝✉❜♦s s✐♥❣✉❧❛r❡s ♣♦❞❡♠ s❡r ✐❞❡♥t✐✜❝❛❞♦s ❝♦♠ ♣♦♥t♦s ❞❡ X ❡
♦s 1✲❝✉❜♦s s✐♥❣✉❧❛r❡s ❝♦♠ ❝❛♠✐♥❤♦s ❡♠ X✳

❉❡♥♦t❡♠♦s ♣♦r Qn(X) ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s
n✲❝✉❜♦s s✐♥❣✉❧❛r❡s ❡♠ X✳ ❯♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r ❞❡ Qn(X) t❡♠ ✉♠❛ ❡①♣r❡ssã♦ ú♥✐❝❛
❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ✜♥✐t❛ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s ❞❡ n✲❝✉❜♦s ❡♠ X✱ ♦✉ s❡❥❛✱
s❡ ϕ ∈ Qn(X)✱ ❡♥tã♦ ϕ = n1T1 + ...+ nrTr✱ ❝♦♠ nk ∈ Z ❡ Tk s❡♥❞♦ n✲❝✉❜♦s s✐♥❣✉❧❛r❡s✱
k = 1, ..., r✳

❉❡✜♥✐çã♦ ✶✳✻✳✷✳ ❯♠ n✲❝✉❜♦ s✐♥❣✉❧❛r T : In → X é ❞❡❣❡♥❡r❛❞♦ s❡ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦
k✱ 1 ≤ k ≤ n✱ t❛❧ q✉❡ T (x1, x2, ..., xn) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ xk✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✷✳ ❯♠ 1✲❝✉❜♦ s✐♥❣✉❧❛r T : I → X é ❞❡❣❡♥❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ T
é ✉♠❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡✳ ❖s 0✲❝✉❜♦s s✐♥❣✉❧❛r❡s ♥✉♥❝❛ sã♦ ❞❡❣❡♥❡r❛❞♦s✳

❉❡✜♥✐çã♦ ✶✳✻✳✸✳ ❉❡♥♦t❡♠♦s ♣♦r Dn(X) ♦ s✉❜❣r✉♣♦ ❞❡ Qn(X) ❣❡r❛❞♦ ♣❡❧♦s n✲❝✉❜♦s

s✐♥❣✉❧❛r❡s ❞❡❣❡♥❡r❛❞♦s ❡ ♣♦r Cn(X) ♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡
Qn(X)

Dn(X)
✳ ❊st❡ ú❧t✐♠♦ é ❝❤❛♠❛❞♦

♦ ❣r✉♣♦ ❞❛s n✲❝❛❞❡✐❛s ❝ú❜✐❝❛s s✐♥❣✉❧❛r❡s ❞❡ X✱ ♦✉ ❛♣❡♥❛s✱ ♦ ❣r✉♣♦ ❞❛s n✲

❝❛❞❡✐❛s s✐♥❣✉❧❛r❡s ❞❡ X✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✸✳ (i) ❙❡ X = ∅✱ ❡♥tã♦ Qn(X)✱ Dn(X) ❡ Cn(X) sã♦ ❣r✉♣♦s
tr✐✈✐❛✐s✱ ♣❛r❛ t♦❞♦ n ≥ 0✳

(ii) ❙❡ X é ✉♠ ❡s♣❛ç♦ ❝♦♥st✐t✉í❞♦ ♣♦r ✉♠ ú♥✐❝♦ ♣♦♥t♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ n✲❝✉❜♦
s✐♥❣✉❧❛r ❡♠ X✱ ♣❛r❛ t♦❞♦ n ≥ 0✳ ❊st❡ n✲❝✉❜♦ s✐♥❣✉❧❛r é ❞❡❣❡♥❡r❛❞♦ ♣❛r❛ n ≥ 1✳
❆ss✐♠✱ Cn(X) = {0}✱ ♣❛r❛ n > 0✱ ❡ C0(X) é ✉♠ ❣r✉♣♦ ❝í❝❧✐❝♦ ✐♥✜♥✐t♦✳

(iii) P❛r❛ t♦❞♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✱ C0(X) =
Q0(X)

D0(X)
=
Q0(X)

{0}
≡ Q0(X)✳

(iv) ◆♦t❛♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r ❡s♣❛ç♦ X✱ Cn(X) é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ s♦❜r❡ ♦
❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s n✲❝✉❜♦s ♥ã♦ ❞❡❣❡♥❡r❛❞♦s ❞❡ X (♦✉ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s✉❛s
❝❧❛ss❡s ❧❛t❡r❛✐s ♠ó❞✉❧♦ Dn(X))✳ P♦r ✉♠ ❛❜✉s♦✱ ❞❡♥♦t❛♠♦s✱ ♠✉✐t❛s ✈❡③❡s✱ ✉♠
❡❧❡♠❡♥t♦ u+Dn(X) ∈ Cn(X)✱ ❝♦♠ u ∈ Qn(X)✱ s✐♠♣❧❡s♠❡♥t❡ ♣♦r u✳
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❙❡❥❛ T : In → X ✉♠ n✲❝✉❜♦ s✐♥❣✉❧❛r ❡♠ X✳ P❛r❛ i = 1, 2, ..., n✱ ❞❡✜♥❛ ♦s (n− 1)✲
❝✉❜♦s s✐♥❣✉❧❛r❡s

AiT,BiT : In−1 → X

❞❛❞♦s ♣♦r
AiT (x1, ..., xn−1) = T (x1, ..., xi−1, 0, xi, ..., xn−1)

❡
BiT (x1, ..., xn−1) = T (x1, ..., xi−1, 1, xi, ..., xn−1).

AiT é ❝❤❛♠❛❞♦ ❛ i✲❢❛❝❡ ❞❛ ❢r❡♥t❡ ❡ BiT é ❝❤❛♠❛❞♦ ❞❡ i✲❢❛❝❡ ❞❡ trás ❞❡ T ✳
❊st❡s ♦♣❡r❛❞♦r❡s s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s✱ ♦♥❞❡ T : In → X é ✉♠ n✲❝✉❜♦

s✐♥❣✉❧❛r✱ ❝♦♠ n > 1 ❡ 1 ≤ i < j ≤ n✿

AiAjT = Aj−1AiT
BiBjT = Bj−1BiT
AiBjT = Bj−1AiT
BiAjT = Aj−1BiT

✉♠❛ ✈❡③ q✉❡

AiAjT (x1, ..., xn−2) = AjT (x1, ..., xi−1, 0, xi, ..., xn−2)
i<j
= T (x1, ..., xi−1, 0, xi, ..., xj−2, 0, xj−1, ..., xn−2)
= AiT (x1, ..., xi−1, xi, ..., xj−2, 0, xj−1, ..., xn−2)
= Aj−1AiT (x1, ..., xn−2)

AiBjT (x1, ..., xn−2) = BjT (x1, ..., xi−1, 0, xi, ..., xn−2)
i<j
= T (x1, ..., xi−1, 0, xi, ..., xj−2, 1, xj−1, ..., xn−2)
= AiT (x1, ..., xi−1, xi, ..., xj−2, 1, xj−1, ..., xn−2)
= Bj−1AiT (x1, ..., xn−2)

♦s ❞❡♠❛✐s ❝❛s♦s sã♦ ❛♥á❧♦❣♦s✳

❉❡✜♥✐çã♦ ✶✳✻✳✹✳ ❱❛♠♦s ❞❡✜♥✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ∂n : Qn(X) → Qn−1(X)✱ ❝♦♠
n ≥ 1✱ ♣♦r ❞❡✜♥✐r ♥♦s ❡❧❡♠❡♥t♦s ❜ás✐❝♦s (♦s n✲❝✉❜♦s s✐♥❣✉❧❛r❡s)✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱
❞❛❞♦ T : In → X ✉♠ n✲❝✉❜♦ s✐♥❣✉❧❛r q✉❛❧q✉❡r✱ ♦♥❞❡ n > 0✱

∂n(T ) =
n∑

i=1

(−1)i(AiT − BiT ).

❚❛❧ ❤♦♠♦♠♦r✜s♠♦ é ❞❡♥♦♠✐♥❛❞♦ ♦♣❡r❛❞♦r ❜♦r❞♦✳

P♦❞❡✲s❡ ✈❡r✐✜❝❛r ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♦♣❡r❛❞♦r❡s ❜♦r❞♦s✿

(i) ∂n−1 ◦ ∂n = 0, n > 1❀

(ii) ∂n(Dn(X)) ⊆ Dn−1(X), n > 0✳

❉❡✜♥✐çã♦ ✶✳✻✳✺✳ ❈♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ∂n : Qn(X) → Qn−1(X)✱ ❝♦♠
n > 0✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ (ii)✱ ∂n ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ Cn(X) → Cn−1(X)✱
q✉❡ ✈❛♠♦s ❞❡♥♦t❛r✱ t❛♠❜é♠✱ ♣♦r ∂n✳ ◆♦t❡ q✉❡ ∂n : Cn(X) → Cn−1(X) é t❛❧ q✉❡
∂n(T +Dn(X)) = ∂n(T ) +Dn−1(X)✳



■♥tr♦❞✉çã♦ à ❍♦♠♦❧♦❣✐❛ ❙✐♥❣✉❧❛r ✽✺

❈❤❛♠❛♠♦s ♦ ♥ú❝❧❡♦ ❞❡ ∂n ❞❡ ❣r✉♣♦ ❞♦s n✲❝✐❝❧♦s s✐♥❣✉❧❛r❡s ❞❡ X ❡ ♦ ❞❡♥♦t❛♠♦s
♣♦r Zn(X)✱ ❛ss✐♠

Zn(X) = {u ∈ Cn(X); ∂n(u) = 0} (n > 0).

❊ ❝❤❛♠❛♠♦s ❛ ✐♠❛❣❡♠ ❞❡ ∂n+1 ❞❡ ❣r✉♣♦ ❞♦s n✲❜♦r❞♦s s✐♥❣✉❧❛r❡s ❞❡ X✱ q✉❡ s❡rá
❞❡♥♦t❛❞♦ ♣♦r Bn(X)✱ ♦✉ s❡❥❛✱

Bn(X) = ∂n+1(Cn+1(X)).

❆✐♥❞❛✱ ❝♦♠♦ ∂n+1◦∂n = 0✱ Bn(X) ⊂ Zn(X) ❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡

Hn(X) =
Zn(X)

Bn(X)
,

t❛❧ ❣r✉♣♦ é ❝❤❛♠❛❞♦ ♦ n✲és✐♠♦ ❣r✉♣♦ ❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❞❡ X (❝♦♠ ❝♦❡✜✲
❝✐❡♥t❡s ❡♠ Z) ♦✉ Z✲❣r✉♣♦ ❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r n✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ X✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✹✳ ❈♦♥s✐❞❡r❛♥❞♦ u′ +Dn(X) ∈ Cn(X) =
Qn(X)

Dn(X)
✱ ✈❡♠♦s q✉❡

u′ +Dn(X) ∈ Zn(X) ⇔ ∂n(u
′) ∈ Dn−1(X),

♣♦✐s ∂n(u
′ + Dn(X)) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ∂n(u

′) + Dn−1(X) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱
∂n(u

′) ∈ Dn−1(X)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ v + Dn(X) ∈ Cn(X) =
Qn(X)

Dn(X)
✱ v + Dn(X) ∈ Bn(X) =

∂n+1(Cn+1(X)) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ u+Dn+1(X) ∈ Cn+1(X) t❛❧ q✉❡

v +Dn(X) = ∂n+1(u+Dn+1(X)) = ∂n+1(u) +Dn(X)

♦✉ s❡❥❛✱ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ v − ∂n+1(u) ∈ Dn(X)✱ ♣❛r❛ ❛❧❣✉♠ u ∈ Qn+1(X)✳

❯♠ ❡❧❡♠❡♥t♦ ρ ∈ Hn(X) =
Zn(X)

Bn(X)
é ❞❛ ❢♦r♠❛ ρ = (u′ + Dn(X)) + Bn(X)✱ ❝♦♠

u′ + Dn(X) ∈ Zn(X)✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ∂n(u
′) ∈ Dn−1(X)✳ ◆♦✈❛♠❡♥t❡✱ ♣♦r ✉♠

❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ✈❛♠♦s ❞❡♥♦t❛r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ss❡ t✐♣♦ s✐♠♣❧❡s♠❡♥t❡ ♣♦r u′+Bn(X)✳
❆ss✐♠✱ s❡ ✉s❛r♠♦s ❡ss❛ ♥♦t❛çã♦ ♠❛✐s s✐♠♣❧✐✜❝❛❞❛✱

ρ = u′ +Bn(X) ∈ Hn(X) s❡ ∂n(u
′) ∈ Dn−1(X).

Pr♦♣♦s✐çã♦ ✶✳✻✳✶✳ ❈♦♥s✐❞❡r❡ Xλ, λ ∈ Γ✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦
❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✳ ❊♥tã♦✱ Hn(X) é ♥❛t✉r❛❧♠❡♥t❡ ✐s♦♠♦r❢♦ ❛ s♦♠❛ ❞✐r❡t❛ ❞♦s ❣r✉♣♦s
Hn(Xλ)✱ ♣❛r❛ t♦❞♦ λ ∈ Γ✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ ❝❛❞❛ n✲❝✉❜♦ s✐♥❣✉❧❛r ❡♥❝♦♥tr❛✲s❡ ✐♥t❡✐r❛♠❡♥t❡ ❡♠ ✉♠❛
❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛✳ ❆ss✐♠✱ Qn(X) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠ ✉♠❛ s♦♠❛ ❞✐r❡t❛

Qn(X) =
∑

λ∈Γ

Qn(Xλ).

❆♥❛❧♦❣❛♠❡♥t❡✱
Dn(X) =

∑

λ∈Γ

Dn(Xλ),
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♣❛ss❛♥❞♦ ♦ q✉♦❝✐❡♥t❡ t❡♠♦s

Cn(X) =
Qn(X)

Dn(X)
=
∑

λ

Cn(Xλ).

❆✐♥❞❛✱ s❡ ✉♠ n✲❝✉❜♦ s✐♥❣✉❧❛r ❡stá ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ♥❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛
Xλ✱ ❡♥tã♦ ❛s s✉❛s ❢❛❝❡s ❡stã♦✱ t❛♠❜é♠✱ ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞❛s ❡♠ Xλ✳ ❙❡❣✉❡ q✉❡ ❛
❛♣❧✐❝❛çã♦ ∂n : Cn(X) → Cn−1(X) ❧❡✈❛ Cn(Xλ) ❡♠ Cn−1(Xλ)✳ P♦rt❛♥t♦✱ t❡♠♦s ❛s
s❡❣✉✐♥t❡s ❞❡❝♦♠♣♦s✐çõ❡s ❡♠ s♦♠❛s ❞✐r❡t❛s

Zn(X) =
∑

λ∈Γ

Zn(Xλ) ❡ Bn(X) =
∑

λ∈Γ

Bn(Xλ)

❡✱ ❞❛í✱ Hn(X) =
∑

λ∈Γ

Hn(Xλ)✳ �

❉❡✜♥✐çã♦ ✶✳✻✳✻✳ (❍♦♠♦♠♦r✜s♠♦ ■♥❞✉③✐❞♦) ❙❡ f : X → Y é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱
❝♦♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✱ ❞❡✜♥✐♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ f♯ : Qn(X) → Qn(Y )✱ ♥♦s
❣❡r❛❞♦r❡s✱ ♣♦r f♯(T ) = f ◦ T ✱ ♣❛r❛ t♦❞♦ n✲❝✉❜♦ s✐♥❣✉❧❛r T ✳ ❊st❛ ❛♣❧✐❝❛çã♦ ❡stá ❜❡♠
❞❡✜♥✐❞❛ ❡ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳

❙❡ T é ✉♠ n✲❝✉❜♦ s✐♥❣✉❧❛r ❞❡❣❡♥❡r❛❞♦✱ ❡♥tã♦ f♯(T ) t❛♠❜é♠ ♦ é✳ ❉❛í✱ f♯ ❛♣❧✐❝❛
Dn(X) ❡♠ Dn(Y ) ❡ ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Cn(X) ❡♠ Cn(Y ) q✉❡ ✈❛♠♦s ❞❡♥♦t❛r
♣❡❧♦ ♠❡s♠♦ sí♠❜♦❧♦

f♯ : Cn(X) → Cn(Y ), n ≥ 0,

t❛❧ q✉❡ f♯(u+Dn(X)) = f♯(u) +Dn(Y )✱ ♣❛r❛ t♦❞♦ u =
r∑

k=1

nkTk ∈ Qn(X)✱ n ≥ 0✳

◆♦t❡♠♦s q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦

Qn(X)

∂n
��

f♯ // Qn(Y )

∂n
��

Qn−1(X)
f♯ // Qn−1(Y )

♦✉ s❡❥❛✱ ∂n ◦ f♯ = f♯ ◦ ∂n✱ ♣❛r❛ n > 0✳ ■st♦ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ f♯(AiT ) = Ai(f♯(T )) ❡
f♯(BiT ) = Bi(f♯(T ))✳ P♦r ❡①❡♠♣❧♦✱ Aif♯(T )(x1, ..., xn−1) = Ai(f ◦ T )(x1, ..., xn−1) =
(f◦T )(x1, ..., xi−1, 0, xi, ..., xn−1) = f(T (x1, .., xi−1, 0, xi, ...xn−1)) =f(AiT (x1, ..., xn−1))
= (f ◦ AiT )(x1, ..., xn−1) = f♯(AiT )(x1, ..., xn−1)✳

▲♦❣♦✱ ♦ ❞✐❛❣r❛♠❛ ❛ s❡❣✉✐r t❛♠❜é♠ é ❝♦♠✉t❛t✐✈♦

Cn(X)

∂n
��

f♯ // Cn(Y )

∂n
��

Cn−1(X)
f♯ // Cn−1(Y )

❞❛í✱ f♯ ❧❡✈❛ Zn(X) ❡♠ Zn(Y ) ❡ Bn(X) ❡♠ Bn(Y )✱ ♣❛r❛ t♦❞♦ n ≥ 0 ❡✱ ❛ss✐♠✱ ✐♥❞✉③ ♦
❤♦♠♦♠♦r✜s♠♦ ♥♦s ❣r✉♣♦s q✉♦❝✐❡♥t❡s✱ ❞❡♥♦t❛❞♦ ♣♦r f∗ ❡ ❞❛❞♦ ♣♦r

f∗ : Hn(X) → Hn(Y )
u+Bn(X) 7→ f♯(u) + Bn(Y ).

♣❛r❛ t♦❞♦ u =
r∑

k=1

nkTk ∈ Zn(X)✳ ❚❛❧ ❤♦♠♦♠♦r✜s♠♦ é r❡❢❡r✐❞♦ ❝♦♠♦ ❤♦♠♦♠♦r✜s♠♦

✐♥❞✉③✐❞♦ ♣♦r f ❡♠ ❤♦♠♦❧♦❣✐❛✳



■♥tr♦❞✉çã♦ à ❍♦♠♦❧♦❣✐❛ ❙✐♥❣✉❧❛r ✽✼

▲❡♠❛ ✶✳✻✳✶✳ ❙❡❥❛♠ X✱ Y ❡ Z ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✱ g : X → Y ❡ f : Y → Z ❛♣❧✐❝❛çõ❡s
❝♦♥tí♥✉❛s ❡ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦st❛ f ◦ g : X → Z✳ ❊♥tã♦

f∗ ◦ g∗ = (f ◦ g)∗,

♦♥❞❡ f∗✱ g∗ ❡ (f ◦ g)∗ sã♦ ♦s ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦s ❞❡ f ✱ g ❡ f ◦ g✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ f♯ ◦ g♯ = (f ◦ g)♯ ❡ ❞❛ ❢♦r♠❛ ❡♠ q✉❡ f∗ ❢♦✐
❞❡✜♥✐❞❛✳ P❛r❛ ✈❡r q✉❡ f♯ ◦ g♯ = (f ◦ g)♯✱ t♦♠❡ T ✉♠ n✲❝✉❜♦ s✐♥❣✉❧❛r ❡♠ X✱ ❡♥tã♦

(f♯ ◦ g♯)(T ) = f♯(g♯(T )) = f♯(g ◦ T ) = f ◦ g ◦ T = (f ◦ g)♯(T ).

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ f∗✱ g∗ ❡ (f ◦ g)∗✱ s❡❣✉❡ ❛ ♣r♦✈❛✳ �

❚❡♦r❡♠❛ ✶✳✻✳✶✳ ❙❡❥❛♠ f ❡ g ❞✉❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❞❡ X ❡♠ Y ✳ ❙❡ f ❡ g sã♦
❤♦♠♦tó♣✐❝❛s✱ ❡♥tã♦ ♦s ❤♦♠♦♠♦r✜s♠♦s ✐♥❞✉③✐❞♦s f∗ ❡ g∗ ❞❡ Hn(X) ❡♠ Hn(Y ) sã♦
✐❣✉❛✐s✱ ♣❛r❛ n > 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ F : I × X → Y ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g t❛❧ q✉❡
F (0, x) = f(x) ❡ F (1, x) = g(x)✳

❱❛♠♦s ❞❡✜♥✐r✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦s

φn : Qn(X) → Qn+1(Y ), n ≥ 0,

❝♦♠♦ s❡❣✉❡✳ P❛r❛ ❝❛❞❛ T : In → X n✲❝✉❜♦ s✐♥❣✉❧❛r ✭❡❧❡♠❡♥t♦ ❜ás✐❝♦✮✱ ❞❡✜♥✐♠♦s ♦
(n+ 1)✲❝✉❜♦ s✐♥❣✉❧❛r φn(T ) : In+1 → Y ♣♦r

φn(T )(x1, ..., xn+1) = F (x1, T (x2, ..., xn+1))

✭❡ ❡st❡♥❞❡♠♦s φn ♥❛t✉r❛❧♠❡♥t❡ ❛♦ ❣r✉♣♦ Qn(X)✮✳
◆♦t❡ q✉❡✱ ♣❛r❛ t♦❞♦ (x1, ..., xn) ∈ In✱ t❡♠♦s

A1φn(T )(x1, ..., xn) = φn(T )(0, x1, ..., xn) = F (0, T (x1, ..., xn)) = f(T (x1, ..., xn))
= (f ◦ T )(x1, ..., xn) = (f♯(T ))(x1, ..., xn);

B1φn(T )(x1, ..., xn) = φn(T )(1, x1, ..., xn) = F (1, T (x1, ..., xn)) = g(T (x1, ..., xn))
= (g ◦ T )(x1, ..., xn) = (g♯(T ))(x1, ..., xn);

Aiφn(T )(x1, ..., xn) = φn(T )(x1, ..., xi−1, 0, xi, ..., xn)
= F (x1, T (x2, ..., xi−1, 0, xi, ..., xn))
= F (x1, Ai−1T (x2, ..., xn))
= φn−1(Ai−1T )(x1, ..., xn);

Biφn(T )(x1, ..., xn) = φn(T )(x1, ..., xi−1, 1, xi, ..., xn)
= F (x1, T (x2, ..., xi−1, 1, xi, ..., xn))
= F (x1, Bi−1T (x2, ..., xn))
= φn−1(Bi−1T )(x1, ..., xn).

❆ss✐♠✱ A1φn(T ) = f♯(T ), B1φn(T ) = g♯(T ), Aiφn(T ) = φn−1(Ai−1T ) ❡ Biφn(T ) =
φn−1(Bi−1T )✳
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❉❛í✱

∂n+1(φn(T ))=
n+1∑

i=1

(−1)i(Aiφn(T )− Biφn(T ))

= −(A1φn(T )− B1φn(T )) +
n+1∑

i=2

(−1)i(Aiφn(T )− Biφn(T ))

= −(f♯(T )− g♯(T )) +
n+1∑

i=2

(−1)iφn−1(Ai−1T − Bi−1T )

= −f♯(T ) + g♯(T ) +
n∑

j=1

(−1)j+1φn−1(AjT − BjT )

= −f♯(T ) + g♯(T )− φn−1(∂n(T )),

♦✉ s❡❥❛✱ ♣❛r❛ t♦❞♦ T ∈ Qn(X)✱ t❡♠♦s

−f♯(T ) + g♯(T ) = ∂n+1(φn(T )) + φn−1(∂n(T )).

❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱ ♣❛r❛ t♦❞♦ u ∈ Qn(X)✱ (−f♯ + g♯)(u) = ∂n+1(φn(u)) + φn−1(∂n(u))✳
❖❜s❡r✈❡ q✉❡ s❡ T é ✉♠ n✲❝✉❜♦ s✐♥❣✉❧❛r ❞❡❣❡♥❡r❛❞♦✱ n > 0✱ ❡♥tã♦ φn(T ) é ✉♠

(n+ 1)✲❝✉❜♦ s✐♥❣✉❧❛r ❞❡❣❡♥❡r❛❞♦✳ P♦rt❛♥t♦✱

φn(Dn(X)) ⊂ Dn+1(Y )

❡✱ ❡♥tã♦✱ φn ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦

ϕn : Cn(X) → Cn+1(Y ), n > 0,

t❛❧ q✉❡ ϕn(u+Dn(X)) = φn(u) +Dn+1(Y ) ✭♦✉ s✐♠♣❧❡s♠❡♥t❡✱ ϕn(u) = φn(u)✮ ❡ s❡❣✉❡
❛ r❡❧❛çã♦

−f♯ + g♯ = ∂n+1 ◦ ϕn + ϕn−1 ◦ ∂n. ✭■✮

P❛r❛ n = 0✱ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ C−1(X) = C−1(Y ) = {0}✱ ❞❡ ♠♦❞♦ q✉❡ ∂0 é ♦
❤♦♠♦♠♦r✜s♠♦ ♥✉❧♦ ❡ ϕ−1 : C−1(X) → C−1(X) t❛♠❜é♠ é ♦ ❤♦♠♦♠♦r✜s♠♦ ♥✉❧♦✳

❉❛í✱ ❞❛❞♦ u ∈ Zn(X)✱ ♦✉ s❡❥❛✱ u ∈ Cn(X) t❛❧ q✉❡ ∂n(u) = 0✱ ❞❛ ❡q✉❛çã♦ ✭■✮✱
♦❜t❡♠♦s q✉❡

−f♯(u) + g♯(u) = ∂n+1(ϕn(u)) + ϕn−1(∂n(u))
∂n(u)=0
= ∂n+1(ϕn(u))

❛ss✐♠✱ −f♯(u) + g♯(u) ∈ Bn(Y ) ❡✱ ♣♦rt❛♥t♦✱ f∗(u) = f♯(u) +Bn(Y ) = g♯(u) +Bn(Y ) =
g∗(u)✳ �

❖❜s❡r✈❛çã♦ ✶✳✻✳✺✳ ❖s ❤♦♠♦♠♦r✜s♠♦s ϕn ❛♣r❡s❡♥t❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛
❛♥t❡r✐♦r ❝♦♥st✐t✉❡♠ ♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ✉♠❛ ✏❛♣❧✐❝❛çã♦ ❞❡ ❝❛❞❡✐❛✑ ❡♥tr❡ f♯ ❡ g♯✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✻✳ ❯s❛♠♦s ▼❛ss❡② (1991)✱ [✺]✱ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❡st❛ s❡çã♦ ♣♦rq✉❡
❥á ✈✐♥❤❛♠♦s ✉t✐❧✐③❛♥❞♦ ❡ss❡ ❧✐✈r♦ ❡♠ q✉❛s❡ t♦❞❛s ❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✳ ▼❛s ✈❛❧❡ ♦❜✲
s❡r✈❛r q✉❡ é ♠❛✐s ✉s✉❛❧✱ ♥❛ ❧✐t❡r❛t✉r❛✱ ❞❡✜♥✐r ♦s ❣r✉♣♦s ❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❞❡ ✉♠
❡s♣❛ç♦ X ♣♦r ❝♦♥s✐❞❡r❛r ♦s ✏n✲s✐♠♣❧❡①♦s s✐♥❣✉❧❛r❡s✑ ❞❡ X✱ ♦✉ s❡❥❛✱ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s
φ : σn → X✱ ♦♥❞❡

σn =

{
(t0, t1, ..., tn) ∈ IRn+1;

n∑

k=0

tk = 1 ❡ tk ≥ 0, ∀k ∈ {0, ..., n}

}
.

◆♦t❛✲s❡ q✉❡ σn ❡ In sã♦ ❤♦♠❡♦♠♦r❢♦s ❡ ♣♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ ❛s ❞✉❛s ❢♦r♠❛s ❞❡
❞❡✜♥✐r ♦s ❣r✉♣♦s ❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❝♦✐♥❝✐❞❡♠✳



❍♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③ ✽✾

✶✳✼ ❍♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③

❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦ ✭❚❡♦r❡♠❛ ❞❡ ❍✉r❡✇✐❝③✮ ❛✜r♠❛ q✉❡✱ ♣❛r❛ ✉♠
❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡t❡r♠✐♥❛ ❝♦♠♣❧❡t❛✲
♠❡♥t❡ ♦ ♣r✐♠❡✐r♦ ❣r✉♣♦ ❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ✭❡❧❡ é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❡s♣❛ç♦
✏❛❜❡❧✐❛♥✐③❛❞♦✑✮✳ P❛r❛ ❡st❛ s❡çã♦✱ ✉s❛♠♦s ▼❛ss❡② ✭✶✾✾✶✮✱ ❬✺❪✱ ♣♦ré♠ ♥❛ ❞❡♠♦♥str❛çã♦
❞♦ t❡♦r❡♠❛ ♠❡♥❝✐♦♥❛❞♦ s❡❣✉✐♠♦s✱ t❛♠❜é♠✱ ❛s ✐❞❡✐❛s ❛♣r❡s❡♥t❛❞❛s ❡♠ ❇r❡❞♦♥ ✭✶✾✾✸✮✱
❬✶❪✱ ❛❞❛♣t❛❞❛s ❛q✉✐✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠♦ ✉♠ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❡ ♦ ♣r✐♠❡✐r♦
❣r✉♣♦ ❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❝♦♠♦ ✉♠ ❣r✉♣♦ ❛❞✐t✐✈♦✳

P❛r❛ q✉❛❧q✉❡r ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X ❡ q✉❛❧q✉❡r ♣♦♥t♦ ❜❛s❡ x0 ∈ X✱ ❞❡✜♥✐♠♦s ✉♠❛
❛♣❧✐❝❛çã♦

hX : Π1(X, x0) → H1(X)

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱ ❞❛❞♦ [f ] ∈ Π1(X, x0)✱ ♦♥❞❡ f : I = [0, 1] → X é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦
❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r f ❝♦♠♦ ✉♠ ✶✲❝✉❜♦ s✐♥❣✉❧❛r ❡✱ ♣♦rt❛♥t♦✱ f
❞❡t❡r♠✐♥❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ C1(X)✳ ❉❡ f(0) = f(1) = x0✱ ♦❜t❡♠♦s

∂1(f)(0) = (−1) ((A1f − B1f)(0)) = (−1)(f(0)− f(1)) = 0,

♣♦✐s I0 = {0} ❡ A1f, B1f : I0 → X sã♦ t❛✐s q✉❡ A1f(0) = f(0) ❡ B1f(0) = f(1)✳
❆ss✐♠✱ f é ✉♠ ❝✐❝❧♦✳ ❉❡✜♥✐♠♦s✱ ❡♥tã♦✱ hX([f ]) ❝♦♠♦ s❡♥❞♦ ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦❧♦❣✐❛ ❞♦
❝✐❝❧♦ f ✱ ✐st♦ é✱ hX([f ]) = f +B1(X)✳

❙❡ g : I → X é ✉♠ ♦✉tr♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0 t❛❧ q✉❡ g ∼ f ✱
❡♥tã♦ ❡①✐st❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ H : I × I → X ❡♥tr❡ f ❡ g ❡✱ ♣♦rt❛♥t♦✱ H ∈ Q2(X)✳
❆❧é♠ ❞✐ss♦✱ A1H(x) = H(0, x) = x0 ✭✉♠ ✶✲❝✉❜♦ ❞❡❣❡♥❡r❛❞♦✮✱ B1H(x) = H(1, x) = x0✱
A2H(x) = H(x, 0) = f(x) ❡ B2H(x) = H(x, 1) = g(x)✱ ❞❛í

∂2(H)(x) = (−1) ((A1H − B1H)(x)) + (A2H − B2H)(x) = (f − g)(x),

❡✱ ♣♦rt❛♥t♦✱ f +B1(X) = g +B1(X)✱ ♦ q✉❡ ♣r♦✈❛ q✉❡ hX ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❚❡♦r❡♠❛ ✶✳✼✳✶✳ ❆ ❛♣❧✐❝❛çã♦ hX : Π1(X, x0) → H1(X)✱ ❞❡✜♥✐❞❛ ❛❝✐♠❛✱ é ✉♠ ❤♦♠♦✲
♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ [f ], [g] ∈ Π1(X, x0)✱ ♦♥❞❡ f, g : I → X sã♦ ❝❛♠✐♥❤♦s
❢❡❝❤❛❞♦s ❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✳ ❙❛❜❡♠♦s q✉❡ [f ] · [g] = [f ∗ g]✱ ♦♥❞❡

(f ∗ g)(t) =





f(2t), s❡ 0 ≤ t ≤
1

2
;

g (2t− 1) , s❡
1

2
≤ t ≤ 1.

❆❣♦r❛ ❞❡✜♥❛ ✉♠ ✷✲❝✉❜♦ s✐♥❣✉❧❛r T : I2 → X ♣♦r ❝♦♥s✐❞❡r❛r

T (x1, x2) =





f(x1 + 2x2), s❡ x1 + 2x2 ≤ 1;

g

(
x1 + 2x2 − 1

x1 + 1

)
, s❡ x1 + 2x2 ≥ 1,

♦✉ s❡❥❛✱ ❛ ❢✉♥çã♦ T ❢♦✐ ❡s❝♦❧❤✐❞❛ ❞❡ ♠♦❞♦ q✉❡ ❡❧❛ s❡❥❛ ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞♦s s❡❣♠❡♥t♦s
❞❡ r❡t❛s ♠♦str❛❞♦s ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r ✭♥♦t❡ q✉❡ ♥❛ r❡❣✐ã♦ x1+2x2 ≥ 1 ♦s s❡❣♠❡♥t♦s sã♦
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t♦♠❛❞♦s ❞❡ ❢♦r♠❛ ❛ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s {0} ×
[
1

2
, 1

]

❡ {1} × [0, 1]
)
✳

❋✐❣✉r❛ ✶✳✷✶✿ ❯♠ ✷✲❝✉❜♦ s✐♥❣✉❧❛r✳

❈♦♥s✐❞❡r❛♥❞♦ x ∈ I✱

A1T (x) = T (0, x) =





f(x), 0 ≤ x ≤
1

2

g (2x− 1) ,
1

2
≤ x ≤ 1

= (f ∗ g)(x);

B1T (x) = T (1, x) =

{
f(1 + x), x ≤ 0 (∴ x = 0)

g (x) , 0 ≤ x ≤ 1
= g(x);

A2T (x) = T (x, 0) =





f(x), 0 ≤ x ≤ 1

g

(
x− 1

x+ 1

)
, 1 ≤ x (∴ x = 1)

= f(x);

B2T (x) = T (x, 1) =





f(x+ 2), x ≤ −1 (∴ ∄x)

g

(
x+ 1

x+ 1

)
, −1 ≤ x (∴ 0 ≤ x ≤ 1)

= cx0 ,

♦♥❞❡ cx0 ✐♥❞✐❝❛ ♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ❡♠ x0✱ q✉❡ é ✉♠ ✶✲❝✉❜♦ s✐♥❣✉❧❛r ❞❡❣❡♥❡r❛❞♦✳
❆ss✐♠✱

∂2(T )(x) =
2∑

i=1

(−1)i ((AiT − BiT )(x))

= (−1) ((A1T − B1T )(x)) + (A2T − B2T )(x)
= (f + g − (f ∗ g)− cx0) (x),

♣❛r❛ t♦❞♦ x ∈ I✱ ♦✉ s❡❥❛✱ f + g − (f ∗ g)− cx0 = ∂2(T ) ∈ B1(X) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

f + g +B1(X) = (f ∗ g) + cx0 +B1(X) = f ∗ g +B1(X), ✭■✮

✉♠❛ ✈❡③ q✉❡ cx0 é ❞❡❣❡♥❡r❛❞♦✱ ✐st♦ é✱ cx0 ∈ D1(X)✱ ❡ B1(X) ⊂
Q1(X)

D1(X)
✳ ❉✐st♦ s❡❣✉❡

q✉❡✱

hX([f ]) + hX([g]) = f +B1(X) + g +B1(X) = f + g +B1(X)
✭■✮
= f ∗ g +B1(X)

= hX([f ∗ g]) = hX([f ] · [g])

❡✱ ❛ss✐♠✱ hX é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ �



❍♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③ ✾✶

❉❡✜♥✐çã♦ ✶✳✼✳✶✳ ❖ ❤♦♠♦♠♦r✜s♠♦ hX : Π1(X, x0) → H1(X) é✱ ♠✉✐t❛s ✈❡③❡s✱ r❡❢❡r✐❞♦
❝♦♠♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✶✳ ❈♦♥s✐❞❡r❡ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s ❡
hX : Π1(X, x0) → H1(X) ❡ hY : Π1(Y, y0) → H1(Y ) ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❍✉r❡✇✐❝③
❞❡ X ❡ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❥❛ ϕ : (X, x0) → (Y, y0) ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❡♥tã♦ ♦
❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦✳

Π1(X, x0)

hX
��

ϕ♯ // Π1(Y, y0)

hY
��

H1(X)
ϕ∗ // H1(Y ).

❉❡♠♦♥str❛çã♦✿ ❚♦♠❡ [f ] ∈ Π1(X, x0)✱ s❡♥❞♦ f : I → X ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦
❝♦♠ ♣♦♥t♦ ❜❛s❡ x0✳ ❙❛❜❡♠♦s q✉❡ ϕ∗ : H1(X) → H1(Y ) é ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ t❛❧
q✉❡ ϕ∗(u

′ +B1(X)) = ϕ♯(u
′) +B1(Y )✱ ♦♥❞❡ u′ ✐♥❞✐❝❛ ✉♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r ❞❡ Z1(X)✳

❚❡♠♦s q✉❡

ϕ∗(hX([f ])) = ϕ∗(f +B1(X)) = ϕ♯(f) + B1(Y ) = (ϕ ◦ f) + B1(Y ).

P♦r ♦✉tr♦ ❧❛❞♦✱ ✈❡♥❞♦ ϕ♯ ❝♦♠♦ ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♥♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱

hY (ϕ♯([f ])) = hY ([ϕ ◦ f ]) = (ϕ ◦ f) + B1(Y ).

P♦rt❛♥t♦✱ hY ◦ ϕ♯ = ϕ∗ ◦ hX ✳ �

❚❡♦r❡♠❛ ✶✳✼✳✷✳ (❚❡♦r❡♠❛ ❞❡ ❍✉r❡✇✐❝③) ❙❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦
❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ x0 ∈ X✱ ❡♥tã♦ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③
hX : Π1(X, x0) → H1(X) é ✉♠ ❡♣✐♠♦r✜s♠♦ ❡ s❡✉ ♥ú❝❧❡♦ é ♦ s✉❜❣r✉♣♦ ❝♦♠✉t❛✲

❞♦r Π1(X, x0)
′ ❞❡ Π1(X, x0)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Π1(X, x0)

Π1(X, x0)′
∼= H1(X)✱ ♠❛✐s ♣r❡❝✐s❛✲

♠❡♥t❡✱ hX :
Π1(X, x0)

Π1(X, x0)′
→ H1(X) t❛❧ q✉❡ hX([α]ab) = [[α]]✱ é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♦♥❞❡

[α]ab := [α] · Π1(X, x0)
′ ❡ [[α]] := α +B1(X)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ q : Π1(X, x0) →
Π1(X, x0)

Π1(X, x0)′
❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡

❞❛❞❛ ♣♦r q([α]) = [α] · Π1(X, x0)
′ = [α]ab✳ ❈♦♠♦ H1(X) é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡

hX : Π1(X, x0) → H1(X) é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ❡♥tã♦ ♦ s✉❜❣r✉♣♦ ❝♦♠✉t❛❞♦r
Π1(X, x0)

′ ⊂ Ker(hX) ❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✶✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

hX :
Π1(X, x0)

Π1(X, x0)′
→ H1(X) t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦

Π1(X, x0)

q
��

hX // H1(X)

Π1(X, x0)

Π1(X, x0)′

hX

77

♦✉ s❡❥❛✱ hX([α]ab) = hX([α]) = α +B1(X)✳

❱❛♠♦s ❝♦♥str✉✐r ❛ ✐♥✈❡rs❛ ψ : H1(X) →
Π1(X, x0)

Π1(X, x0)′
❞❡ hX ✳ P❛r❛ ❝❛❞❛ x ∈ X✱

t♦♠❡ λx : I → X ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡ λx(0) = x0 ❡ λx(1) = x✳ ❊ t♦♠❡ λx0 ❝♦♠♦ s❡♥❞♦
♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ cx0 ✳
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❙❡❥❛ f : I → X ✉♠ ✶✲❝✉❜♦ s✐♥❣✉❧❛r ✭✉♠ ❝❛♠✐♥❤♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❢❡❝❤❛❞♦✮ ❡
❝♦♥s✐❞❡r❡ ♦ ❝❛♠✐♥❤♦ ♣r♦❞✉t♦ f̂ ❞❡✜♥✐❞♦ ❝♦♠♦

f̂ = λf(0) ∗ f ∗ λ−1
f(1),

❡♥tã♦ f̂ é ✉♠ ❧❛ç♦ ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0 q✉❡ ♦❜t❡♠♦s ✉t✐❧✐③❛♥❞♦ ❛s ❢✉♥çõ❡s λ(−)✳
❉❡✜♥❛✱ ✐♥✐❝✐❛❧♠❡♥t❡✱

ψ : C1(X) →
Π1(X, x0)

Π1(X, x0)′

f 7→ [f̂ ] · Π1(X, x0)
′ = [f̂ ]ab,

♦♥❞❡ [f̂ ] é ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ f̂ ❡♠ Π1(X, x0) ❡ [f̂ ]ab é s✉❛ ♣r♦❥❡çã♦ ❡♠
Π1(X, x0)

Π1(X, x0)′
✱

❧❡♠❜r❛♥❞♦ q✉❡ f ✱ ❛q✉✐✱ ❡stá ❞❡ ❢❛t♦ ✐♥❞✐❝❛♥❞♦ ♦ ❡❧❡♠❡♥t♦ f+D1(X) ∈
Q1(X)

D1(X)
= C1(X)✳

◆♦t❡ q✉❡✱ ♣❛r❛ t♦❞♦s f, g ∈ C1(X)✱ ❝♦♠ g(0) = f(1)✱ t❡♠♦s

ψ(f + g) = [f̂ ∗ g]ab =
[
λ(f∗g)(0) ∗ (f ∗ g) ∗ λ−1

(f∗g)(1)

]
ab

=
[
λf(0) ∗ f ∗ g ∗ λ−1

g(1)

]
ab

=
[
λf(0) ∗ f ∗ λ−1

f(1) ∗ λf(1) ∗ g ∗ λ
−1
g(1)

]
ab

f(1)=g(0)
=

[
λf(0) ∗ f ∗ λ−1

f(1) ∗ λg(0) ∗ g ∗ λ
−1
g(1)

]
ab

=
[
λf(0) ∗ f ∗ λ−1

f(1)

]
ab
·
[
λg(0) ∗ g ∗ λ

−1
g(1)

]
ab

= [f̂ ]ab · [ĝ]ab
= ψ(f) · ψ(g),

♦✉ s❡❥❛✱ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳
❆❧é♠ ❞✐ss♦✱ B1(X) ⊂ Ker(ψ) = {η ∈ C1(X); ψ(η) = [cx0 ]ab}✳ ❉❡ ❢❛t♦✱ ♠♦str❡♠♦s✱

♣r✐♠❡✐r♦✱ q✉❡ ∂2(T ) ∈ Ker(ψ)✱ ♣❛r❛ T ✉♠ ✷✲❝✉❜♦ s✐♥❣✉❧❛r q✉❛❧q✉❡r✳ ❈♦♠ ❡❢❡✐t♦✱
❞❛❞♦ T : I2 → X✱ ∂2(T ) = −(A1T − B1T ) + A2T − B2T ✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦s ❝❛♠✐♥❤♦s
f, g, h, l : I → X t❛✐s q✉❡ f(x) = A2T (x) = T (x, 0)✱ g(x) = B1T (x) = T (1, x)✱
h(x) = B2T (x) = T (x, 1) ❡ l(x) = A1T (x) = T (x, 0)✱ t❡♠♦s q✉❡ ∂2(T ) = f + g − h− l✱
♦♥❞❡ f, g, h, l ∈ C1(X)✳

❋✐❣✉r❛ ✶✳✷✷✿ ❯♠ ✷✲❝✉❜♦ s✐♥❣✉❧❛r ❝✉❥♦ ❜♦r❞♦ é f + g − h− l✳
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◆♦t❡♠♦s q✉❡ f(1) = g(0)✱ g(1) = h(1)✱ l(1) = h(0) ❡ l(0) = f(0)✱ ❞❡ ♠♦❞♦ q✉❡
♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛♠✐♥❤♦ ♣r♦❞✉t♦ f ∗ g ∗ h−1 ∗ l−1✱ q✉❡ s❡rá ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦
❝♦♠ ♣♦♥t♦ ❜❛s❡ f(0)✳ ❖❜s❡r✈❡ ❛❣♦r❛ q✉❡

f̂ ∗ ĝ ∗ ĥ−1 ∗ l̂−1 = λf(0) ∗ f ∗ λ−1
f(1) ∗ λg(0) ∗ g ∗ λ

−1
g(1) ∗

(
λh(0) ∗ h ∗ λ−1

h(1)

)−1

∗
(
λl(0) ∗ l ∗ λ

−1
l(1)

)−1

= λf(0) ∗ f ∗ λ−1
f(1) ∗ λg(0) ∗ g ∗ λ

−1
g(1) ∗ λh(1) ∗ h

−1 ∗ λ−1
h(0)

∗λl(1) ∗ l
−1 ∗ λ−1

l(0)

= λf(0) ∗ f ∗ g ∗ h−1 ∗ l−1 ∗ λ−1
f(0).

❉❛í✱

ψ(∂2(T )) = ψ(f + g − h− l) = ψ(f) · ψ(g) · (ψ(h))−1 · (ψ(l))−1

= [f̂ ]ab · [ĝ]ab · [ĥ]
−1
ab · [l̂]−1

ab =
[
f̂ ∗ ĝ ∗ ĥ−1 ∗ l̂−1

]
ab

=
[
λf(0) ∗ f ∗ g ∗ h−1 ∗ l−1 ∗ λ−1

f(0)

]
ab

= [cx0 ]ab,

♦✉ s❡❥❛✱
ψ(∂2(T )) = [cx0 ]ab = 1,

♣♦✐s f ∗ g ∗ h−1 ∗ l−1 ∼ cf(0)✱ ✈✐s✉❛❧✐③❡♠♦s✱ ✐st♦✱ ❛♣❡♥❛s ❣❡♦♠❡tr✐❝❛♠❡♥t❡✱ ♥♦t❡ q✉❡
Im(T ) = T (I2) ⊂ X ❡ ♦ tr❛ç♦ ✭✐♠❛❣❡♠✮ ❞♦ ❝❛♠✐♥❤♦ f ∗g∗h−1∗l−1 ✭❡♠ X✮ ❝♦rr❡s♣♦♥❞❡
❛ ✐♠❛❣❡♠ ✭♣♦r T ✮ ❞♦ ❝❛♠✐♥❤♦ ❢♦r♠❛❞♦ ♣❡❧❛s ❛r❡st❛s ❞♦ q✉❛❞r❛❞♦ I2✳ ❈♦♠♦ {(0, 0)}
é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ I2 ✭♣♦❞❡♠♦s ✉s❛r ❛ r❡tr❛çã♦ r : I2 → {(0, 0)} ❞❛❞❛
♣❡❧❛ ♣r♦❥❡çã♦ r❛❞✐❛❧ ❡♠ t♦r♥♦ ❞❡ {(0, 0)}✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦✮✱ ❡♥tã♦ ♦s ❝❛♠✐♥❤♦s
f ∗ g ∗ h−1 ∗ l−1 ❡ cf(0)✱ ❡♠ X✱ sã♦ ❤♦♠♦tó♣✐❝♦s✳

❋✐❣✉r❛ ✶✳✷✸✿ {(0, 0)} é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ I2✳

▲♦❣♦✱ s❡ v ∈ B1(X)✱ ❡♥tã♦ v = ∂2

(
r∑

k=1

nkTk

)
=

r∑

k=1

nk∂2(Tk)✱ ♦♥❞❡

∂2(Tk) = −(A1Tk − B1Tk) + A2Tk − B2Tk ❡✱ ❛ss✐♠✱ ψ(v) =
r∏

k=1

(ψ(∂2(Tk)))
nk = 1✱

❡♥tã♦✱ B1(X) ⊂ Ker(ψ)✳



✾✹ Pr❡❧✐♠✐♥❛r❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✸✱ ✉♠❛ ✈❡③ q✉❡ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ B1(X) ⊂ Ker(ψ)✱

♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ψ : H1(X) →
Π1(X, x0)

Π1(X, x0)′
t❛❧ q✉❡ ♦ ❞✐❛✲

❣r❛♠❛ ❛ s❡❣✉✐r ❝♦♠✉t❛

Z1(X)

q̃

��

ψ|Z1(X) // Π1(X, x0)

Π1(X, x0)′

H1(X) =
Z1(X)

B1(X)

ψ
88

♦♥❞❡ q̃ : Z1(X) → H1(X) é ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ ❞❛❞❛ ♣♦r q̃(f) = f+B1(X)✱ ❞❡ ♠♦❞♦
q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ψ é ❞❛❞♦ ♣♦r

ψ

(
r∑

k=1

nkfk +B1(X)

)
=

r∏

k=1

(ψ(fk))
nk = [f̂1]

n1
ab · ... · [f̂r]

nr

ab .

❖❜s❡r✈❡ q✉❡✱ s❡ f : I → X é ✉♠ ❧❛ç♦ ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0✱ ❡♥tã♦
(
ψ ◦ hX

)
([f ]ab) = ψ(f +B1(X)) = ψ(f) =

[
λx0 ∗ f ∗ λ−1

x0

]
ab
= [f ]ab,

✉♠❛ ✈❡③ q✉❡ λx0 ❢♦✐ ❡s❝♦❧❤✐❞♦ ❝♦♠♦ ♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ❡♠ x0✱ ❛ss✐♠✱

ψ ◦ hX = Id Π1(X,x0)

Π1(X,x0)
′

. ✭■✮

❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ x 7→ λx✱ ❧❡✈❛ ✵✲❝✉❜♦s s✐♥❣✉❧❛r❡s ✭❥á q✉❡ ♦s ✵✲❝✉❜♦s s✐♥❣✉❧❛r❡s
sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❝♦♠ ♦s ♣♦♥t♦s ❞❡ X✮ ❡♠ ✶✲❝✉❜♦s s✐♥❣✉❧❛r❡s ❡✱ ❛ss✐♠✱ ❡st❡♥❞❡ ❛ ✉♠
ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

λ : C0(X) → C1(X)

♣♦r t♦♠❛r λ∑r
k=1 nkxk = λ

(
r∑

k=1

nkxk

)
=

r∑

k=1

nkλxk ✳

◆♦t❡ q✉❡✱ s❡ f é ✉♠ ✶✲❝✉❜♦ s✐♥❣✉❧❛r✱ ❡♥tã♦

(
hX ◦ ψ

)
(f) = hX

(
[f̂ ]ab

)
= hX

(
[f̂ ]
)

= hX

([
λf(0) ∗ f ∗ λ−1

f(1)

])

=
(
λf(0) ∗ f ∗ λ−1

f(1)

)
+B1(X)

= λf(0) + f − λf(1) +B1(X)
= f +

(
λf(0) − λf(1)

)
+B1(X)

= f − λ∂1(f) +B1(X),

♦♥❞❡ f − λ∂1(f) ∈ Z1(X)✱ ❥á q✉❡ ∂1
(
f − λ∂1(f)

)
= ∂1(f) − ∂1

(
λ∂1(f)

)
= f(1) − f(0) −

(−f(0) + x0 + f(1)− x0) = 0✳ ❉❛í✱ s❡ u = f1 + f2 ∈ C1(X)✱ ❡♥tã♦
(
hX ◦ ψ

)
(u) =

(
hX ◦ ψ

)
(f1 + f2) = hX (ψ(f1) · ψ(f2))

= hX (ψ(f1)) + hX (ψ(f2))
= f1 − λ∂1(f1) +B1(X) + f2 − λ∂1(f2) +B1(X)
= f1 + f2 −

(
λ∂1(f1) + λ∂1(f2)

)
+B1(X)

= f1 + f2 − λ∂1(f1+f2) +B1(X)
= u− λ∂1(u) +B1(X),



❍♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③ ✾✺

❞❡ ❢❛t♦ ✐st♦ ✈❛❧❡ ♣❛r❛ t♦❞♦ u ∈ C1(X)✳
❆ss✐♠✱ s❡ u é ✉♠ ❝✐❝❧♦✱

(
hX ◦ ψ

)
(u+B1(X)) = hX(ψ(u)) = u− λ∂1(u) +B1(X) = u+B1(X),

✉♠❛ ✈❡③ q✉❡ ∂1(u) = 0 ✭♥♦t❡ q✉❡ u+D1(X) ∈ Z1(X) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ∂1(u) ∈ D0(X) =
{0}✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ ∂1(u) = 0✮✳ P♦rt❛♥t♦✱

hX ◦ ψ = IdH1(X). ✭■■✮

❉❡ ✭■✮ ❡ ✭■■✮✱ s❡❣✉❡ q✉❡ hX :
Π1(X, x0)

Π1(X, x0)′
→ H1(X) é ✉♠ ✐s♦♠♦r✜s♠♦ ❡ h

−1

X = ψ✳

◆♦t❡ q✉❡ ❞❛ ✐❣✉❛❧❞❛❞❡ hX ◦ q = hX ❡ ❞♦ ❢❛t♦ q✉❡ hX é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♦❜té♠✲s❡
q✉❡ Ker(hX) = Ker(q) = Π1(X, x0)

′✳ �

❊①❡♠♣❧♦ ✶✳✼✳✶✳ (i) ❈♦♠♦ Z✱ Z× Z ❡ Z2 sã♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✱ t❡♠♦s✱ ♣❡❧❛ ❖❜s❡r✲
✈❛çã♦ 1.1.3 (✐t❡♠ (ii)) ❡ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ q✉❡

H1(S
1) ∼= Π1(S

1) ∼= Z,
H1(T

2) ∼= Π1(T
2) ∼= Z× Z,

H1

(
S1

A

)
= H1(IRP

1) ∼= Π1(IRP
1) ∼= Z,

H1

(
S2

A

)
= H1(IRP

2) ∼= Π1(IRP
2) ∼= Z2.

(ii) ❙❡ X é ❛ ❋✐❣✉r❛ 8 (❊①❡♠♣❧♦ 1.4.5)✱ ❡♥tã♦

H1(X) ∼= (Z ∗ Z)′ ∼= Z× Z.





✷ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛
❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s

◆❡st❡ ❝❛♣ít✉❧♦✱ ♥❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♥❛ s✉❛
✈❡rsã♦ ❝❧áss✐❝❛✳ ◆❛ s❡❣✉♥❞❛ s❡çã♦✱ ❡①✐❜✐♠♦s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲
❯❧❛♠ ❞❛❞❛ ♣♦r ❱❡♥❞rús❝♦❧♦✱ ❉❡s✐❞❡r✐ ❡ P❡r❣❤❡r ✭✷✵✶✶✮✱ ❬✽❪✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ é
❢❡✐t❛ ✉♠❛ ❛❜♦r❞❛❣❡♠ q✉❛♥❞♦ ♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ Y é IR2✳ ❊ ♣♦r ✜♠✱ ♥❛ t❡r❝❡✐r❛
s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ✭❝♦♠ ❜❛s❡ ♥❛ r❡❢❡rê♥❝✐❛ ❝✐t❛❞❛✮ ✉♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✈✐♥❞♦ ❞❛
❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠✳

✷✳✶ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❇❛s❡❛❞♦ ❡♠ ▼❛ss❡② ✭✶✾✾✶✮✱ ❬✺❪✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❞❡t❛❧❤❛❞❛♠❡♥t❡✱ ♥❡st❛ s❡çã♦✱ ❛
♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❝❧áss✐❝♦ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ♦s ❝❛s♦s n = 1 ❡ n = 2 ❡ ❞❛r ✉♠❛
✐❞❡✐❛ ❞❛ ♣r♦✈❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ n > 2✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❙❡❥❛ Sn =
{
(x1, x2, ..., xn+1) ∈ IRn+1; x21 + x22 + ...+ x2n+1 = 1

}
❛

❡s❢❡r❛ ✉♥✐tár✐❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❡♠ IRn+1✳ ❙❡❥❛♠ n,m ∈ IN✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦
f : Sn → Sm ♣r❡s❡r✈❛ ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s s❡ f(−x) = −f(x)✱ ♣❛r❛ t♦❞♦ x ∈ Sn✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✳ ❙❡ ✐♥❞✐❝❛r♠♦s ♣♦r A ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ t❛♥t♦ ♣❛r❛ ❛ ❡s❢❡r❛ Sn

❝♦♠♦ ♣❛r❛ Sm (❉❡✜♥✐çã♦ 1.2.10)✱ ❡♥tã♦ ✉♠❛ ❛♣❧✐❝❛çã♦ f : Sn → Sm ♣r❡s❡r✈❛ ♣♦♥t♦s
❛♥t✐♣♦❞❛✐s s❡ A ◦ f = f ◦ A✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦✳

Sn

A
��

f // Sm

A
��

Sn
f // Sm.

▲❡♠❛ ✷✳✶✳✶✳ ◆ã♦ ❡①✐st❡ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : Sn → Sn−1✱ n ≥ 1✱ q✉❡ ♣r❡s❡r✈❛ ♣♦♥t♦s
❛♥t✐♣♦❞❛✐s✳

❉❡♠♦♥str❛çã♦✿ ❈❛s♦ n = 1✿ ❈♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : S1 → S0✱
♦♥❞❡ S0 =

{
x ∈ IR; x2 = 1

}
= {−1, 1}✳ ❙✉♣♦♥❤❛ q✉❡ f ♣r❡s❡r✈❛ ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s✱

♦✉ s❡❥❛✱ ♣❛r❛ t♦❞♦ x ∈ S1✱ s❡❣✉❡ q✉❡ f(−x) = −f(x)✳
◆♦t❡ q✉❡ f é s♦❜r❡❥❡t♦r❛✱ ✉♠❛ ✈❡③ q✉❡✱ ❞❛❞♦ x ∈ S1✱ s❡ f(x) = 1✱ t❡♠♦s q✉❡

f(−x) = −f(x) = −1✱ ❡✱ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ s❡ f(x) = −1✱ ❡♥tã♦ f(−x) = −f(x) = 1✳
❉✐ss♦✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ f(S1) = {−1, 1} = S0✳

❈♦♠♦ f é ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛ ❡ S1 é ❝♦♥❡①♦✱ s❡❣✉❡ q✉❡ f(S1) = S0 é ❝♦♥❡①♦✱ ♦
q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ ♥ã♦ ❡①✐st❡ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : S1 → S0 q✉❡ ♣r❡s❡r✈❛
♣♦♥t♦s ❛♥t✐♣♦❞❛✐s✳

✾✼



✾✽ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s

❈❛s♦ n = 2✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : S2 → S1 q✉❡ ♣r❡s❡r✈❛
♣♦♥t♦s ❛♥t✐♣♦❞❛✐s✳

❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ A : Sn → Sn✱ ♣❛r❛ n = 1, 2✳ ▲❡♠❜r❡♠♦s q✉❡ ❛
❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ A é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ ✭❊①❡♠♣❧♦ ✶✳✸✳✸✮✳ ❈♦♠♦ Sn é ✉♠ ❡s♣❛ç♦

❞❡ ❍❛✉s❞♦r✛✱ ♦❜t❡♠♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺✱ q✉❡
(
Sn, pn,

Sn

A

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡

❞✉❛s ❢♦❧❤❛s✱ ♦♥❞❡ pn : Sn →
Sn

A
é ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ pn(x) = x = {x,−x}✱ ♣❛r❛

t♦❞♦ x ∈ Sn✳

❈♦♥❢♦r♠❡ ♠❡♥❝✐♦♥❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✸✳✹✱ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡
S2

A
é ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦

IRP2 ❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❊①❡♠♣❧♦ ✶✳✷✳✸✱
S1

A
é ♦ IRP1 q✉❡ é ❤♦♠❡♦♠♦r❢♦ ❛ S1✳

❙❡❥❛ g :
S2

A
→

S1

A
t❛❧ q✉❡ g(x) = f(x)✳

❚❡♠♦s q✉❡ g ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s ❞❛❞♦s x, y ∈
S2

A
✱ s❡ x = y✱ ❡♥tã♦ x = y ♦✉

x = −y✳ ❆ss✐♠✱ f(x) = f(y) ♦✉ f(x) = f(−y) = −f(y)✳ ❉✐st♦✱ t❡♠♦s q✉❡

g(x) = f(x) = {f(x),−f(x)} = {f(y),−f(y)} = f(y) = g(y).

❆❧é♠ ❞✐ss♦✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

S2

p2 ��

f // S1

p1��
S2

A

g // S
1

A
✉♠❛ ✈❡③ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ S2✱ t❡♠♦s

(p1 ◦ f)(x) = p1(f(x)) = f(x) = g(x) = g(p2(x)) = (g ◦ p2)(x).

▼❛✐s ❛✐♥❞❛✱ ❛ ❛♣❧✐❝❛çã♦ g é ❝♦♥tí♥✉❛✱ ♣♦✐s✱ ❝♦♠♦ f ❡ p1 sã♦ ❝♦♥tí♥✉❛s✱ ♣❛r❛ t♦❞♦

❛❜❡rt♦ U ❞❡
S1

A
✱ t❡♠♦s q✉❡ (p1 ◦ f)

−1(U) = f−1(p1(U)) é ✉♠ ❛❜❡rt♦ ❡♠ S2✳ P❡❧❛

❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ❞✐❛❣r❛♠❛✱

p−1
2 (g−1(U)) = (g ◦ p2)

−1(U)
g◦p2=p1◦f

= (p1 ◦ f)
−1(U)

é ✉♠ ❛❜❡rt♦ ❞❡ S2✳ ❈♦♠♦ p2 : S2 →
S2

A
é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡✱ g−1(U) é ✉♠

❛❜❡rt♦ ❞❡
S2

A
✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♥♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧

g♯ : Π1

(
S2

A

)
→ Π1

(
S1

A

)
.

❙❛❜❡♠♦s q✉❡ Π1

(
S2

A

)
∼= Z2 ❡ Π1

(
S1

A

)
∼= Z ✭✈✐❞❡ ❊①❡♠♣❧♦s ✶✳✸✳✹ ❡ ✶✳✷✳✸✮✳ ❊♥tã♦✱

❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ g♯ : Z2 → Z é ♦ ❤♦♠♦♠♦r✜s♠♦ tr✐✈✐❛❧✱ ❥á q✉❡ Z ♥ã♦ t❡♠
♥❡♥❤✉♠ s✉❜❣r✉♣♦ ❞❡ ♦r❞❡♠ ❞♦✐s✳



❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✾✾

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ α : I = [0, 1] → S2 ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡ α(0) = x0 ❡ α(1) = −x0✱
♣❛r❛ ❛❧❣✉♠ x0 ∈ S2✳ ❊♥tã♦✱ f ◦ α : I → S1 é ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡

(f ◦ α)(0) = f(x0) ❡ (f ◦ α)(1) = f(−x0) = −f(x0).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ [p1 ◦ f ◦ α] ∈ Π1

(
S1

A
, f(x0)

)
✱ ♣♦✐s

(p1 ◦ f ◦ α)(0) = p1(f(x0)) = f(x0) = p1(−f(x0)) = (p1 ◦ f ◦ α)(1).

❙❡ ❞❡♥♦t❛♠♦s ♣♦r cf(x0) ♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ♥♦ ♣♦♥t♦ f(x0) ∈
S1

A
✱ t❡♠♦s q✉❡

[p1 ◦ f ◦ α] 6= [cf(x0)]. ✭■✮

❉❡ ❢❛t♦✱ s❡ [p1 ◦ f ◦ α] = [cf(x0)]✱ ❝♦♠♦ [cf(x0)] = [p1 ◦ cf(x0)]✱ ❡♥tã♦

[p1 ◦ f ◦ α] = [cf(x0)] = [p1 ◦ cf(x0)].

❖✉ s❡❥❛✱ p1 ◦ f ◦ α ∼ p1 ◦ cf(x0)✳ P♦r (f ◦ α)(0) = f(x0) = cf(x0)(0) ❡ (p1 ◦ f ◦ α)(1) =

f(x0) = p1(f(x0)) = (p1 ◦ cf(x0))(1)✱ ♦ ❚❡♦r❡♠❛ ✶✳✸✳✹ ❣❛r❛♥t❡ q✉❡ f ◦ α ∼ cf(x0) ❡
−f(x0) = (f ◦ α)(1) = cf(x0)(1) = f(x0)✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡ q✉❡ p2 ◦ α : I →
S2

A
é ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ x0✱ ✉♠❛ ✈❡③ q✉❡

(p2 ◦ α)(0) = p2(x0) = x0 = p2(−x0) = (p2 ◦ α)(1)

❡✱ ♣♦rt❛♥t♦✱ [p2 ◦ α] ∈ Π1

(
S2

A
, x0

)
✳

❆✐♥❞❛✱

g♯([p2 ◦ α]) = [g ◦ p2 ◦ α]
g◦p2=p1◦f

= [p1 ◦ f ◦ α]
✭■✮

6= [cf(x0)].

▼❛s ✐ss♦ ♥♦s ❞á ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ✉♠❛ ✈❡③ q✉❡✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ g♯ é ♦
❤♦♠♦♠♦r✜s♠♦ tr✐✈✐❛❧✳

P♦rt❛♥t♦✱ ♥ã♦ ❡①✐st❡ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : S2 → S1 q✉❡ ♣r❡s❡r✈❛ ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s✳
❈❛s♦ n > 2✿ ❆ ♣r♦✈❛ ❞❡st❡ ❝❛s♦ ✉s❛ ❣r✉♣♦s ❞❡ ❝♦❤♦♠♦❧♦❣✐❛ ❡ ♣r♦❞✉t♦ ❝✉♣✱ t❛❧ ♣r♦✈❛

♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ▼❛ss❡② ✭✶✾✾✶✱ ❚❡♦✳✷✳✹✱ ♣✳✸✾✼✮✱ ❬✺❪✳ �

❆ ♣❛rt✐r ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ❝❧áss✐❝♦ ❞❡ ❇♦rs✉❦✲❯❧❛♠✿

❚❡♦r❡♠❛ ✷✳✶✳✶✳ (❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠) ❉❛❞❛ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : Sn → IRn✱ n ≥ 1✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ x ∈ Sn t❛❧ q✉❡ f(x) = f(−x)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f : Sn → IRn ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳ ❙✉♣♦♥❤❛ q✉❡✱ ♣❛r❛
t♦❞♦ x ∈ Sn✱ f(x) 6= f(−x)✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ F : Sn → Sn−1 ❞❡✜♥✐❞❛ ♣♦r

F (x) =
f(x)− f(−x)

‖f(x)− f(−x)‖
.

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ Sn✱

F (−x) =
f(−x)− f(x)

‖f(−x)− f(x)‖
= −

f(x)− f(−x)

‖f(x)− f(−x)‖
= −F (x),

♦✉ s❡❥❛✱ F ♣r❡s❡r✈❛ ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s✱ ❝♦♥tr❛❞✐③❡♥❞♦ ♦ ❧❡♠❛ ❛♥t❡r✐♦r✳ P♦rt❛♥t♦✱ ❡①✐st❡
x ∈ Sn t❛❧ q✉❡ f(x) = f(−x)✳ �



✶✵✵ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s

✷✳✷ ●❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❖ ♦❜❥❡t✐✈♦✱ ♥❡st❛ s❡çã♦✱ é ❛♣r❡s❡♥t❛r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲
❯❧❛♠✱ ❞❛❞❛ ❡♠ ❱❡♥❞rús❝♦❧♦✱ ❉❡s✐❞❡r✐ ❡ P❡r❣❤❡r ✭✷✵✶✶✮✱ ❬✽❪✳

❉❛❞♦ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✱ r❡❝♦r❞❡♠♦s ✭❉❡✜♥✐çã♦ ✶✳✸✳✻✮ q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦
❝♦♥tí♥✉❛ T : X → X é ✉♠❛ ✐♥✈♦❧✉çã♦ s♦❜r❡ X s❡ T ◦ T = IdX ❡ ❛ ✐♥✈♦❧✉çã♦ é ❧✐✈r❡ s❡
T (x) 6= x✱ ♣❛r❛ t♦❞♦ x ∈ X✳

◆♦t❡ q✉❡✱ ❝♦♠♦ ❥á ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ A : Sn → Sn é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡
❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✭❚❡♦r❡♠❛ ✷✳✶✳✶✮ ♥♦s ❞✐③ q✉❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ tr✐♣❧❛
{(Sn, A); IRn}✱ ♣❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : Sn → IRn✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ x ∈ Sn

t❛❧ q✉❡ f(x) = f(A(x))✳ ■st♦ ♠♦t✐✈♦✉ ❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ✏s❛t✐s❢❛③❡r
♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠✑✱ ❛❜r❡✈✐❛❞❛♠❡♥t❡ r❡❢❡r✐❞♦ ❝♦♠♦ ❝♦♥❞✐çã♦ ✏❇❯❚✑✱ q✉❡ s❡rá
❛❜♦r❞❛❞❛ ❛q✉✐✱ ❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ❛ ♣r♦✈❛ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❞❛❞♦ ♣❡❧♦s ❛✉t♦r❡s ♠❡♥✲
❝✐♦♥❛❞♦s q✉❡ ❢♦r♥❡❝❡ ✉♠ ❝r✐tér✐♦ ❛❧❣é❜r✐❝♦ ♣❛r❛ ✉♠❛ tr✐♣❧❛ {(X, T ); IR2} s❛t✐s❢❛③❡r
❇❯❚✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❙❡❥❛♠ (X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✱ ❡
Y ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ q✉❛❧q✉❡r✳ ❉✐③❡♠♦s q✉❡ {(X, T );Y } s❛t✐s❢❛③ ♦ ❚❡♦r❡♠❛

❞❡ ❇♦rs✉❦✲❯❧❛♠ (❛❜r❡✈✐❛❞❛♠❡♥t❡✱ s❛t✐s❢❛③ ❇❯❚✲ ❇♦rs✉❦✲❯❧❛♠ ❚❤❡♦r❡♠) s❡✱ ❞❛❞♦
q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : X → Y ✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ x ∈ X ❞❡ ♠♦❞♦
q✉❡ f(x) = f(T (x))✳

❊①❡♠♣❧♦ ✷✳✷✳✶✳ ❈♦♠♦ ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ {(Sn, A); IRn} s❛t✐s❢❛③ ❇❯❚✳

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r Y = IR2 ❡ ❛♣r❡s❡♥t❛r ✉♠❛ ❝♦♥❞✐çã♦ ♣❛r❛ {(X, T ), IR2}
s❛t✐s❢❛③❡r ❇❯❚✳

❉❡✜♥✐çã♦ ✷✳✷✳✷✳ ❈♦♥s✐❞❡r❡ (X, T ) ❡ (Y, S) ❞♦✐s ♣❛r❡s✱ ♦♥❞❡ T ❡ S sã♦ ✐♥✈♦❧✉çõ❡s s♦❜r❡
X ❡ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : (X, T ) → (Y, S) é
✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ s❡✱ ♣❛r❛ t♦❞♦ x ∈ X✱ t❡♠♦s f(T (x)) = S(f(x))✱ ♦✉ s❡❥❛✱
f ◦ T = S ◦ f ✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✳ ❙❡❥❛♠ (X, T )✱ (Y, S) ❡ (Z, P ) três ♣❛r❡s✱ ♦♥❞❡ T ✱ S ❡ P sã♦
✐♥✈♦❧✉çõ❡s s♦❜r❡ X✱ Y ❡ Z✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ f : (X, T ) → (Y, S) ❡
g : (Y, S) → (Z, P ) sã♦ ❛♣❧✐❝❛çõ❡s ❡q✉✐✈❛r✐❛♥t❡s✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦st❛
g ◦ f : (X, T ) → (Z, P ) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❝♦♠♣♦st❛ ❞❡
❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s é ❝♦♥tí♥✉❛✱ t❡♠♦s q✉❡ g ◦ f é ❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦
x ∈ X✱

(g ◦ f)(T (x)) = g(f(T (x)))
f◦T=S◦f

= g(S(f(x)))
g◦S=P◦g

= P (g(f(x))) = P ((f ◦ g)(x)),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ g ◦ f é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡✳

▲❡♠❛ ✷✳✷✳✶✳ ❙❡❥❛♠ (X, T ) ❡ (S1, A) ❞♦✐s ♣❛r❡s✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡
s♦❜r❡ X ❡ A é ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ s♦❜r❡ S1✳ ❊①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡
g : (X, T ) → (S1, A) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ {(X, T ); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳

❉❡♠♦♥str❛çã♦✿ (⇒) P♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡
g : (X, T ) → (S1, A)✱ ❛ss✐♠ g ◦ T = A ◦ g✳ ❈♦♥s✐❞❡r❡ j : S1 → IR2 ❛ ❛♣❧✐❝❛çã♦
✐♥❝❧✉sã♦ ❡ f := j ◦ g : X → IR2✳ ❊♥tã♦✱ f é ❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦ x ∈ X✱

f(T (x)) = (j ◦ g)(T (x)) = j(g(T (x)))
g◦T=A◦g

= j(A(g(x))) = A(g(x)) = −g(x).



●❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✶✵✶

P♦r ♦✉tr♦ ❧❛❞♦✱
f(x) = (j ◦ g)(x) = g(x),

♣❛r❛ t♦❞♦ x ∈ X✳
▲♦❣♦✱ f(T (x)) 6= f(x)✱ ♣❛r❛ t♦❞♦ x ∈ X✱ ❡✱ ♣♦rt❛♥t♦✱ {(X, T ); IR2} ♥ã♦ s❛t✐s❢❛③

❇❯❚✳
(⇐) ❙❡ {(X, T ); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

f : X → IR2 t❛❧ q✉❡ f(x) 6= f(T (x))✱ ♣❛r❛ t♦❞♦ x ∈ X✳ ❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥✲
tí♥✉❛ g : X → S1✱ ❞❛❞❛ ♣♦r

g(x) =
f(x)− f(T (x))

‖ f(x)− f(T (x)) ‖
,

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡

g(T (x)) =
f(T (x))− f(T (T (x)))

‖ f(T (x))− f(T (T (x))) ‖
=

f(T (x))− f(x)

‖ f(T (x))− f(x) ‖

= −
f(x)− f(T (x))

‖ f(x)− f(T (x)) ‖
= −g(x) = A(g(x)).

▲♦❣♦✱ g é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡✳ �

▲❡♠❛ ✷✳✷✳✷✳ ❙❡❥❛♠ (X, T ) ❡ (Y, S) ❞♦✐s ♣❛r❡s✱ ♦♥❞❡ X ❡ Y sã♦ ❡s♣❛ç♦s ❞❡ ❍❛✉s✲
❞♦r✛ ❝♦♥❡①♦s ❡ T ❡ S sã♦ ✐♥✈♦❧✉çõ❡s ❧✐✈r❡s s♦❜r❡ X ❡ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❡

g : (X, T ) → (Y, S) ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❡ p : X →
X

T
❡ q : Y →

Y

S
❛s ❛♣❧✐✲

❝❛çõ❡s q✉♦❝✐❡♥t❡s✳ ❊♥tã♦✱ g ✐♥❞✉③ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g :
X

T
→

Y

S
✱ ❞❡ t❛❧ ❢♦r♠❛

q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

X

p
��

g // Y

q
��

X

T

g // Y

S
.

❉❡♠♦♥str❛çã♦✿ ❆s ❛♣❧✐❝❛çõ❡s q✉♦❝✐❡♥t❡s p ❡ q sã♦ ❞❛❞❛s ♣♦r

p(x) = x = {x, T (x)} ❡ q(y) = y = {y, S(y)}.

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺✱ p ❡ q sã♦ ♣r♦❥❡çõ❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❚♦♠❡ ❛ ❛♣❧✐❝❛çã♦

g̃ : X →
Y

S
❞❡✜♥✐❞❛ ♣♦r

g̃(x) = (q ◦ g)(x) = g(x) = {g(x), S(g(x))}.

❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ g é ❡q✉✐✈❛r✐❛♥t❡✱ s❡❣✉❡ q✉❡ g ◦ T = S ◦ g ❡✱ ❡♥tã♦✱

g̃(x) = {g(x), g(T (x))},

♣❛r❛ t♦❞♦ x ∈ X✳
◆♦t❡ q✉❡ g̃ é ❝♦♥tí♥✉❛✱ ✉♠❛ ✈❡③ q✉❡ q ❡ g sã♦ ❝♦♥tí♥✉❛s✱ ❡ g̃ é ❝♦♥st❛♥t❡ ♥❛s ❝❧❛ss❡s

❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡t❡r♠✐♥❛❞❛s ♣♦r T ✱ ♣♦✐s

g̃(T (x)) = {g(T (x)), g(T (T (x)))} = {g(T (x)), g(x)} = g̃(x), ∀ x ∈ X.



✶✵✷ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s

❆ss✐♠✱ g̃ ✐♥❞✉③ ❛ ❛♣❧✐❝❛çã♦ g :
X

T
→

Y

S
❞❡✜♥✐❞❛ ♣♦r

g(x) = g̃(x).

❖❜s❡r✈❡ q✉❡
(q ◦ g)(x) = g̃(x) = g(x) = (g ◦ p)(x),

♦✉ s❡❥❛✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

X

p
��

g̃

%%

g // Y

q
��

X

T g
// Y

S
.

❆❧é♠ ❞✐ss♦✱ g é ❝♦♥tí♥✉❛✱ ♣♦✐s✱ ♣❛r❛ t♦❞♦ ❛❜❡rt♦ U ❞❡
Y

S
✱ ❝♦♠♦ q ◦ g é ❝♦♥tí♥✉❛✱

(q ◦ g)−1(U) é ✉♠ ❛❜❡rt♦ ❞❡ X✳ P❡❧❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ❞✐❛❣r❛♠❛ ❛❝✐♠❛✱ t❡♠♦s q✉❡

(g ◦ p)−1(U) = (q ◦ g)−1(U)

é ✉♠ ❛❜❡rt♦ ❞❡ X✳ ▼❛s (g ◦ p)−1(U) = p−1(g−1(U)) ❡✱ ❝♦♠♦ p : X →
X

T
é ❛ ❛♣❧✐❝❛çã♦

q✉♦❝✐❡♥t❡✱ s❡❣✉❡ q✉❡ g−1(U) é ✉♠ ❛❜❡rt♦ ❞❡
X

T
✳ �

❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❯♠ ❡❧❡♠❡♥t♦ g ❞❡ ✉♠ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ G é ❝❤❛♠❛❞♦ ✉♠ ❡❧❡✲

♠❡♥t♦ ❞❡ t♦rçã♦ s❡ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♠ t❛❧ q✉❡ g♠ = 1✱ ♦♥❞❡ 1 ❞❡♥♦t❛ ♦
❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ ❡ g♠ ✐♥❞✐❝❛ ♦ ♣r♦❞✉t♦ ❞❡ ♠ ❝ó♣✐❛s ❞❡ g✳ ❯♠ ❣r✉♣♦ é ❝❤❛♠❛❞♦
❣r✉♣♦ ❞❡ t♦rçã♦ (♦✉ ♣❡r✐ó❞✐❝♦) s❡ t♦❞♦s ♦s s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❡❧❡♠❡♥t♦s ❞❡ t♦rçã♦✳
❊ ✉♠ ❣r✉♣♦ é ❞✐t♦ ❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦✱ s❡ ♦ s❡✉ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ é ♦
❡❧❡♠❡♥t♦ ♥❡✉tr♦✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✷✳ ◆♦t❡♠♦s q✉❡ s❡ G é ✉♠ ❣r✉♣♦ ❛❞✐t✐✈♦✱ ✉♠ ❡❧❡♠❡♥t♦ g ∈ G é ❞❡
t♦rçã♦ s❡ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♠ > 0 t❛❧ q✉❡ ♠g = 0✳

❊①❡♠♣❧♦ ✷✳✷✳✷✳ ❚♦❞♦ ❣r✉♣♦ G ❝í❝❧✐❝♦ ✐♥✜♥✐t♦ (❡♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❣r✉♣♦ Z) é ✉♠ ❣r✉♣♦
❧✐✈r❡ ❞❡ t♦rçã♦✱ ✉♠❛ ✈❡③ q✉❡ gm = 1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g = 1✱ ♦♥❞❡ g ∈ G ❡ m é ✉♠
✐♥t❡✐r♦ ♣♦s✐t✐✈♦ (❝♦♥s✐❞❡r❛♥❞♦ ❛q✉✐ G ♠✉❧t✐♣❧✐❝❛t✐✈♦)✳

❱❡❥❛♠♦s ❛ s❡❣✉✐r ♦ r❡s✉❧t❛❞♦ q✉❡ ❞á ✉♠ ❝r✐tér✐♦ ❛❧❣é❜r✐❝♦ ♣❛r❛ ✉♠❛ tr✐♣❧❛
{(X, T ); IR2} s❛t✐s❢❛③❡r ❇❯❚✳

❚❡♦r❡♠❛ ✷✳✷✳✶✳ ❙❡❥❛ (X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛ ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s ❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✳ ❋✐①❡ ✉♠ ♣♦♥t♦ a ∈ X ❡ ❝♦♥s✐❞❡r❡

♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♥♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ p♯ : Π1(X, a) → Π1

(
X

T
, a

)
✱ ♦♥❞❡

a = p(a) ❡ p : X →
X

T
é ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡✳ ❙❡❥❛ hX : Π1(X, a) → H1(X)

♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③✱ ♦♥❞❡ H1(X) é ♦ Z✲❣r✉♣♦ ❞❡ ❤♦♠♦❧♦❣✐❛ (s✐♥❣✉❧❛r)

✶✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ X✳ ❙❡ ❡①✐st✐r [α] ∈ Π1

(
X

T
, a

)
− p♯(Π1(X, a))✱ t❛❧ q✉❡ hX

T
([α])

é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X

T

)
✱ ❡♥tã♦ {(X, T ); IR2} s❛t✐s❢❛③ ❇❯❚

(
s❡♥❞♦ α

✉♠ ❧❛ç♦ ❡♠
X

T
❜❛s❡❛❞♦ ❡♠ a

)
✳
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❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ {(X, T ); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳
❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✶✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡
F : (X, T ) → (S1, A)✱ ♦✉ s❡❥❛✱ F ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ F (T (x)) = A(F (x)) = −F (x)✱
♣❛r❛ t♦❞♦ x ∈ X✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ q : S1 →
S1

A
✱ q(y) = y = {y, A(y)} = {y,−y}✱

♣❛r❛ t♦❞♦ y ∈ S1✳
P❡❧♦ ▲❡♠❛ ✷✳✷✳✷ ❡ s✉❛ ❞❡♠♦♥str❛çã♦✱ s❡❣✉❡ q✉❡ F ✐♥❞✉③ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

F :
X

T
→

S1

A
❞❛❞❛ ♣♦r

F (x) = {F (x), F (T (x))},

♦♥❞❡ x = p(x) = {x, T (x)}✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

X

p
��

F // S1

q
��

X

T
F // S

1

A
♦✉ s❡❥❛✱ q ◦ F = F ◦ p✳

❈♦♥s✐❞❡r❡ [α] ∈ Π1

(
X

T
, a

)
−p♯(Π1(X, a)) t❛❧ q✉❡ hX

T
([α]) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦

❞❡ H1

(
X

T

)
✱ q✉❡ ❡①✐st❡ ♣❡❧❛ ❤✐♣ót❡s❡

(
❝♦♠ α ✉♠ ❧❛ç♦ ❡♠

X

T
❜❛s❡❛❞♦ ❡♠ a

)
✳

❚♦♠❡ z = F (a)✱ ❡♥tã♦

z = q(z) = q(F (a))
q◦F=F◦p

= F (p(a)) = F (a).

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✱ t❡♠♦s q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

Π1(X, a)

p♯
��

F♯ // Π1(S
1, z)

q♯
��

Π1

(
X

T
, a

)

hX
T

��

F ♯ // Π1

(
S1

A
, z

)

h
S1
A��

H1

(
X

T

)
F ∗ // H1

(
S1

A

)
.

❙❡♥❞♦ hX
T
([α]) ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ H1

(
X

T

)
✱ q✉❡ ✈❛♠♦s

❞❡♥♦t❛r ❛q✉✐ ❛❞✐t✐✈❛♠❡♥t❡✱ ❡①✐st❡ r ∈ IN∗ t❛❧ q✉❡ r
(
hX

T
([α])

)
= 0✳ ❈♦♠♦ F ∗ é ✉♠

❤♦♠♦♠♦r✜s♠♦✱ s❡❣✉❡ q✉❡

r
(
F ∗

(
hX

T
([α])

))
= F ∗

(
r
(
hX

T
([α])

))
= F ∗(0) = 0,

❡ ❛ss✐♠✱ F ∗

(
hX

T
([α])

)
é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
S1

A

)
✳ ▼❛s H1

(
S1

A

)
∼= Z

✭❊①❡♠♣❧♦ ✶✳✼✳✶✮ é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦✱ ❧♦❣♦

F ∗

(
hX

T
([α])

)
= 0. ✭■✮



✶✵✹ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✱ ♣❛r❛ ♦ ❧❛ç♦ α ❡♠
X

T
✱ ♦♥❞❡ α(0) = a = α(1)✱ t❡♠♦s q✉❡ ❡①✐st❡

✉♠ ❧❡✈❛♥t❛♠❡♥t♦ α̃ : I → X t❛❧ q✉❡ α̃(0) = a ❡ p ◦ α̃ = α✳
❙❛❜❡♥❞♦ q✉❡ p(α̃(1)) = α(1) = a = p(a) = p(T (a))✱ s❡❣✉❡ q✉❡ α̃(1) = a ♦✉

α̃(1) = T (a)✳ ❙❡ α̃(1) = a✱ ❡♥tã♦ [α̃] ∈ Π1(X, a)✱ ❛ss✐♠

[α] = [p ◦ α̃] ∈ p♯(Π1(X, a)),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✱ ♣♦✐s t♦♠❛♠♦s [α] ∈ Π1

(
X

T
, a

)
− p♯ (Π1(X, a))✳ ▲♦❣♦✱

α̃(1) = T (a)✳
❈♦♠♦ F é ❡q✉✐✈❛r✐❛♥t❡✱ ♦ ❝❛♠✐♥❤♦ F ◦ α̃ : I → S1 é t❛❧ q✉❡

(F ◦ α̃)(0) = F (α̃(0)) = F (a) = z ❡ (F ◦ α̃)(1) = F (α̃(1)) = F (T (a)) = −F (a) = −z.

❊s❝♦❧❤❛ ✉♠ ❣❡r❛❞♦r [γ] ∈ Π1(S
1, z) ∼= Z ✭❚❡♦r❡♠❛ ✶✳✷✳✶✮ ❡ s❡❥❛ µ : I → S1 ✉♠

❝❛♠✐♥❤♦✱ t❛❧ q✉❡ µ(0) = z ❡ µ(1) = −z✱ ❡ [q ◦ µ] s❡❥❛ ✉♠ ❣❡r❛❞♦r ❞❡ Π1

(
S1

A
, z

)
∼= Z

✭❊①❡♠♣❧♦ ✶✳✷✳✸✮✳ ❉❛í✱

q♯([γ]) = [q ◦ γ] = [(q ◦ µ) ∗ (q ◦ µ)] = [q ◦ µ] + [q ◦ µ] = 2 [q ◦ µ]. ✭■■✮

❈♦♥s✐❞❡r❡ ♦ ❝❛♠✐♥❤♦ (F ◦ α̃) ∗ µ−1 : I → S1✱ ❡♥tã♦

((F ◦ α̃) ∗ µ−1)(0) = (F ◦ α̃)(0) = z = µ−1(1) = ((F ◦ α̃) ∗ µ−1)(1),

♦✉ s❡❥❛✱ [(F ◦ α̃) ∗ µ−1] ∈ Π1(S
1, z)✳ ❈♦♠♦ [γ] é ❣❡r❛❞♦r ❞❡ Π1(S

1, z) ∼= Z✱ s❡❣✉❡ q✉❡✱
♣❛r❛ ❛❧❣✉♠ m ∈ Z✱ t❡♠♦s

[(F ◦ α̃) ∗ µ−1] = m [γ]

❡♥tã♦✱ ♣♦r q♯ s❡r ✉♠ ❤♦♠♦♠♦r✜s♠♦✱

q♯([(F ◦ α̃) ∗ µ−1]) = q♯(m [γ]) = m q♯([γ])
✭■■✮
= 2m [q ◦ µ].

P♦r ♦✉tr♦ ❧❛❞♦✱

q♯([(F ◦ α̃) ∗ µ−1]) = [q ◦ ((F ◦ α̃) ∗ µ−1)] = [(q ◦ F ◦ α̃) ∗ (q ◦ µ−1)]
= [q ◦ F ◦ α̃]− [q ◦ µ],

✉♠❛ ✈❡③ q✉❡ q ◦ µ−1 t❡♠ ❛ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛ ❛ ❞❡ q ◦ µ✳
P♦rt❛♥t♦✱

[q ◦ F ◦ α̃]− [q ◦ µ] = 2m [q ◦ µ],

✐st♦ é✱
[q ◦ F ◦ α̃] = (2m+ 1) [q ◦ µ].

❈♦♠♦ [q ◦ µ] é ❣❡r❛❞♦r ❞❡ Π1

(
S1

A
, z

)
∼= Z✱ ❡♥tã♦ [q ◦ F ◦ α̃] = (2m + 1) [q ◦ µ]

❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❡❧❡♠❡♥t♦ í♠♣❛r ❡♠ Z ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦✳ ▲♦❣♦✱ [q ◦ F ◦ α̃] 6= 0✳
❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶✳✸ ✭✐t❡♠ (ii)✮ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍✉r❡✇✐❝③ ✭❚❡♦r❡♠❛

✶✳✼✳✷✮✱ t❡♠♦s q✉❡ hS1

A

é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❛ss✐♠✱ hS1

A

([q ◦ F ◦ α̃]) 6= 0✳
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P♦r ♦✉tr♦ ❧❛❞♦✱

hS1

A

([q ◦ F ◦ α̃])
q◦F=F◦p

= hS1

A

([F ◦ p ◦ α̃])
p◦α̃=α
= hS1

A

([F ◦ α]) = hS1

A

(F ♯([α]))

h
S1
A

◦F ♯=F ∗◦hX
T

= F ∗

(
hX

T
([α])

)
✭■✮
= 0,

♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
▲♦❣♦✱ {(X, T ); IR2} s❛t✐s❢❛③ ❇❯❚✳ �

❈♦r♦❧ár✐♦ ✷✳✷✳✶✳ ❙❡❥❛ (X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛ ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s ❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✳ ❙❡ Π1(X) é ✉♠ ❣r✉♣♦ ❞❡ t♦rçã♦ (q✉❡
✐♥❝❧✉✐ ♦ ❝❛s♦ ❡♠ q✉❡ X = S2✱ ❛ ❡s❢❡r❛ ✉♥✐tár✐❛ ❜✐❞✐♠❡♥s✐♦♥❛❧)✱ ❡♥tã♦ {(X, T ); IR2}
s❛t✐s❢❛③ ❇❯❚✳

❉❡♠♦♥str❛çã♦✿ ❊s❝♦❧❤❛ ✉♠ ♣♦♥t♦ ❜❛s❡ a ∈ X ❡ s❡❥❛♠ p : X →
X

T
❛ ❛♣❧✐❝❛çã♦

q✉♦❝✐❡♥t❡ ❡ a = p(a)✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺ ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✺✱ t❡♠♦s q✉❡
(
X, p,

X

T

)
é ✉♠ ❡s♣❛ç♦

❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s t❡♥❞♦ ❝♦♠♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

G

(
X
∣∣∣ X
T

)
= {Id, T}✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✹✱ s❡❣✉❡ q✉❡ p♯(Π1(S

1)) t❡♠

í♥❞✐❝❡ ❞♦✐s ❡✱ ♣♦rt❛♥t♦✱ p♯(Π1(S
1)) é ♥♦r♠❛❧✱ ❛ss✐♠

(
X, p,

X

T

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦

r❡❣✉❧❛r✳ ▲♦❣♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✾✱

Π1

(
X
T
, a
)

p♯(Π1(X, a))
∼= Z2.

❆ss✐♠✱ ❡①✐st❡ [α] ∈ Π1

(
X

T
, a

)
−p♯(Π1(X, a))✳ ❈♦♠♦ ♦ s✉❜❣r✉♣♦ q✉♦❝✐❡♥t❡ t❡♠ ♦r✲

❞❡♠ ❞♦✐s✱ s❡❣✉❡ q✉❡ ❛ ❝❧❛ss❡ ❞❡ [α]2 ♥♦ q✉♦❝✐❡♥t❡ é ♥✉❧❛✱ ♦ q✉❡ ❡q✉✐✈❛❧❡ ❛
[α]2 ∈ p♯ (Π1(X, a))✳

P♦r ❤✐♣ót❡s❡✱ Π1(X, a) é ✉♠ ❣r✉♣♦ ❞❡ t♦rçã♦✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ [β] ∈ Π1(X, a)✱
❡①✐st❡ r ∈ IN∗ t❛❧ q✉❡ [β]r = 1✱ ♦♥❞❡ ✶ ✐♥❞✐❝❛ ❛ ❝❧❛ss❡ ❞♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ca ❡♠
X✳ ❉❛í✱ (p♯([β]))r = p♯([β]

r) = p♯(1) = 1✱ ♦✉ s❡❥❛✱ p♯([β]) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❡✱
♣♦rt❛♥t♦✱ p♯(Π1(X, a)) é ✉♠ ❣r✉♣♦ ❞❡ t♦rçã♦✳ ❆ss✐♠✱ ❝♦♠♦ [α]2 ∈ p♯(Π1(X, a))✱ ❡①✐st❡
n ∈ IN∗ t❛❧ q✉❡

[α]2n = ([α]2)n = 1

❡ ♣♦rt❛♥t♦✱ [α] é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ Π1

(
X

T
, a

)
✳ P♦r hX

T
s❡r ✉♠ ❤♦♠♦♠♦r✜s♠♦✱

s❡❣✉❡ q✉❡ hX
T
([α]) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X

T

)
✳

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✱ {(X, T ); IR2} s❛t✐s❢❛③ ❇❯❚✳ �

❈♦r♦❧ár✐♦ ✷✳✷✳✷✳ ❈♦♥s✐❞❡r❡♠♦s X ❡ Y ❡s♣❛ç♦s ❞❡ ❍❛✉s❞♦r✛ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱
T : X → X ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ ❡ S : Y → Y ✉♠❛ ✐♥✈♦❧✉çã♦ q✉❡ ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s

✉♠ ♣♦♥t♦ ✜①♦✳ ❙❡ ❡①✐st❡ [α] ∈ Π1

(
X

T

)
− (p1)♯(Π1(X)) t❛❧ q✉❡ hX

T
([α]) é ✉♠ ❡❧❡♠❡♥t♦



✶✵✻ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s

❞❡ t♦rçã♦ ❡♠ H1

(
X

T

)
✱ s❡♥❞♦ (p1)♯ ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ❞❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡

p1 : X →
X

T
✱ ❡♥tã♦ {(X×Y, T ×S); IR2} s❛t✐s❢❛③ ❇❯❚✱ ♦♥❞❡ T ×S : X×Y → X×Y é

❛ ✐♥✈♦❧✉çã♦ ♣r♦❞✉t♦ ❞❡✜♥✐❞❛ ♣♦r (T×S)(x, y) = (T (x), S(y))✱ ♣❛r❛ t♦❞♦ (x, y) ∈ X×Y ✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✱ ❡♥tã♦ T (x) 6= x✱ ♣❛r❛ t♦❞♦
x ∈ X✱ ❛ss✐♠

(T × S)(x, y) = (T (x), S(y)) 6= (x, y), ∀(x, y) ∈ X × Y,

♦✉ s❡❥❛✱ T × S é ✉♠ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X × Y ✳
❚♦♠❡ a ∈ X ❡ a = p1(a)✳ ❙❡❥❛ c ∈ Y t❛❧ q✉❡ S(c) = c ✭q✉❡ ❡①✐st❡ ♣♦r ❤✐♣ót❡s❡✮✳

❈♦♥s✐❞❡r❡ ❛s ❛♣❧✐❝❛çõ❡s q✉♦❝✐❡♥t❡s

p2 : Y →
Y

S
❡ p : X × Y →

X × Y

T × S

❡ s❡❥❛ (a, c) = p(a, c)✳
❉❡✜♥❛ ❛s ❛♣❧✐❝❛çõ❡s

φc : (X, T ) → (X × Y, T × S) ❡ q : (X × Y, T × S) → (X, T )
x 7→ (x, c) (x, y) 7→ x.

❚❡♠♦s q✉❡ φc ❡ q sã♦ ❛♣❧✐❝❛çõ❡s ❡q✉✐✈❛r✐❛♥t❡s✱ ✉♠❛ ✈❡③ q✉❡ φc ❡ q sã♦ ❝♦♥tí♥✉❛s ❡

φc(T (x)) = (T (x), c)
c=S(c)
= (T (x), S(c)) = (T × S)(x, c) = (T × S)(φc(x))

❡
q((T × S)(x, y)) = q(T (x), S(y)) = T (x) = T (q(x, y)).

P❡❧♦ ▲❡♠❛ ✷✳✷✳✷ ❡ s✉❛ ❞❡♠♦♥str❛çã♦✱ φc ❡ q ✐♥❞✉③❡♠ ❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s

φc :
X

T
→

X × Y

T × S
❡ q :

X × Y

T × S
→

X

T
x 7→ φc(x) = φc(x) = (x, c) (x, y) 7→ q

(
(x, y)

)
= q(x, y) = x

t❛✐s q✉❡ ♦s s❡❣✉✐♥t❡s ❞✐❛❣r❛♠❛s sã♦ ❝♦♠✉t❛t✐✈♦s

X

p1
��

φc // X × Y

p
��

X × Y

p
��

q // X

p1
��

X

T φc

// X × Y

T × S

X × Y

T × S q
// X

T

♦✉ s❡❥❛✱ p ◦ φc = φc ◦ p1 ❡ p1 ◦ q = q ◦ p✳ ❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡

p♯ ◦ (φc)♯ = (φc)♯ ◦ (p1)♯ ❡ (p1)♯ ◦ q♯ = q♯ ◦ p♯.

◆♦t❡♠♦s q✉❡✱
(q ◦ φc)(x) = q(φc(x)) = q

(
(x, c)

)
= x,

♦✉ s❡❥❛✱ q ◦ φc é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡
X

T
✳



●❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✶✵✼

❚♦♠❡ [α] ∈ Π1

(
X

T
, a

)
− (p1)♯(Π1(X, a)) t❛❧ q✉❡ hX

T
([α]) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦

❡♠ H1

(
X

T

)
(❞❛❞♦ ♣❡❧❛ ❤✐♣ót❡s❡)✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✱ t❡♠♦s ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❛❜❛✐①♦

Π1

(
X

T
, a

)

hX
T

��

(φc)♯ // Π1

(
X × Y

T × S
, (a, c)

)

hX×Y
T×S

��

H1

(
X

T

)
(φc)∗ // H1

(
X × Y

T × S

)
.

❈♦♠♦ (φc)∗ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ hX
T
([α]) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X

T

)
✱

t❡♠♦s q✉❡ (φc)∗

(
hX

T
([α])

)
é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X × Y

T × S

)
✳ ❆ss✐♠✱

hX×Y
T×S

(
[φc ◦ α])

)
= hX×Y

T×S

(
(φc)♯([α])

) hX×Y
T×S

◦(φc)♯=(φc)∗◦hX
T

= (φc)∗

(
hX

T
([α])

)

é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X × Y

T × S

)
✳

Pr♦✈❡♠♦s q✉❡ [φc ◦ α] /∈ p♯(Π1(X × Y, (a, c)))✳ ❙❡ [φc ◦ α] ∈ p♯(Π1(X × Y, (a, c)))✱
❡♥tã♦ ❡①✐st❡ [γ] ∈ Π1(X × Y, (a, c)) t❛❧ q✉❡

p♯([γ]) = [φc ◦ α].

❆ss✐♠✱ ❝♦♠♦ q ◦ φc = IdX
T
✱ t❡♠♦s

[α] =
(
IdX

T

)
♯
([α]) = (q ◦ φc)♯([α]) = [q ◦ φc ◦ α] = q♯([φc ◦ α])

= q♯(p♯([γ]))
q♯◦p♯=(p1)♯◦q♯

= (p1)♯(q♯([γ])) ∈ (p1)♯(Π1(X, a)),

♦ q✉❡ ♥♦s ❞á ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣❡❧❛ ♠❛♥❡✐r❛ ❝♦♠♦ ❝♦♥s✐❞❡r❛♠♦s [α]✳ ▲♦❣♦✱
[φc ◦ α] /∈ p♯(Π1(X × Y, (a, c)))✳

P♦rt❛♥t♦✱ ❡①✐st❡ [φc ◦ α] ∈ Π1

(
X × Y

T × S
, (a, c)

)
− p♯(Π1(X × Y, (a, c))) t❛❧ q✉❡

hX×Y
T×S

(
[φc ◦ α]

)
é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X × Y

T × S

)
✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✱

♦❜t❡♠♦s q✉❡ {(X × Y, T × S); IR2} s❛t✐s❢❛③ ❇❯❚✳ �

❖❜s❡r✈❛çã♦ ✷✳✷✳✸✳ (i) ❘❡❧❛t✐✈♦ ❛ ✉♠ ♣❛r (X × Y, T × S)✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦
❧✐✈r❡ s♦❜r❡ X✱ ♣♦❞❡♠♦s ✈❡r q✉❡ s❡ Z é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ t❛❧ q✉❡ {(X, T );Z}
s❛t✐s❢❛③ ❇❯❚ ❡ S t❡♠ ✉♠ ♣♦♥t♦ ✜①♦✱ ❡♥tã♦ {(X × Y, T × S);Z} s❛t✐s❢❛③ ❇❯❚✳
❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ S(c) = c✱ ♣❛r❛ ❛❧❣✉♠ c ∈ Y ✳ P❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥✲
tí♥✉❛ f : X × Y → Z✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f̃ : X → Z✱ ❞❛❞❛ ♣♦r
f̃(x) = f(x, c)✳ ❯♠❛ ✈❡③ q✉❡ {(X, T );Z} s❛t✐s❢❛③ ❇❯❚✱ ❡①✐st❡ x0 ∈ X t❛❧ q✉❡
f̃(x0) = f̃(T (x0))✳ ❉❛í✱ ♣❛r❛ (x0, c) ∈ X × Y ✱

f(x0, c) = f̃(x0) = f̃(T (x0)) = f(T (x0), c)
S(c)=c
= f(T (x0), S(c))

= f((T × S)(x0, c))



✶✵✽ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s

❡ ❛ss✐♠✱ {(X × Y, T × S);Z} s❛t✐s❢❛③ ❇❯❚✳ ❊♥tr❡t❛♥t♦✱ s❡ S é ✉♠❛ ✐♥✈♦❧✉çã♦
❧✐✈r❡ s♦❜r❡ Y ✱ ♦✉ s❡❥❛✱ s❡♠ ♣♦♥t♦ ✜①♦✱ ❡♥tã♦ ♥ã♦ t❡♠♦s ♥❡♥❤✉♠ ♠♦❞♦ t♦♣♦❧ó❣✐❝♦
(♥❛t✉r❛❧) q✉❡ ❧❡✈❛ ❛ ♣r♦✈❛r q✉❡ {(X×Y, T ×S);Z} s❛t✐s❢❛③ ❇❯❚✱ ♠❡s♠♦ q✉❛♥❞♦
{(Y, S);Z} t❛♠❜é♠ s❛t✐s❢❛ç❛ ❇❯❚ (❝♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❱❡♥❞rús❝♦❧♦✱ ❉❡s✐❞❡r✐ ❡
P❡r❣❤❡r (2011)✱ [✽])✳

(ii) P♦❞❡rí❛♠♦s ♣r♦✈❛r ♦ ❈♦r♦❧ár✐♦ 2.2.2 ✉s❛♥❞♦ ♦ r❛❝✐♦❝í♥✐♦ ❢❡✐t♦ ❡♠ (i)✱ ♣♦✐s ❞❛
❤✐♣ót❡s❡ ❞♦ ❝♦r♦❧ár✐♦ ❡ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ s❡❣✉❡ q✉❡ {(X, T ); IR2} s❛t✐s❢❛③ ❇❯❚
❡ ❛✐♥❞❛✱ ♣♦r ❤✐♣ót❡s❡ (❞♦ ❝♦r♦❧ár✐♦)✱ S t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ c✳ ▲♦❣♦✱ ❝♦♠♦ ❡♠ (i)✱
❝♦♥❝❧✉í✲s❡ q✉❡ {(X × Y, T × S); IR2} s❛t✐s❢❛③ ❇❯❚✳

◆❛ s❡q✉ê♥❝✐❛ ❡①✐❜✐♠♦s ✉♠ ❡①❡♠♣❧♦ q✉❡ ♠♦str❛ q✉❡ s❡ ♥ã♦ ❡①✐❣✐♠♦s ♥♦ ❈♦r♦❧ár✐♦
✷✳✷✳✷ q✉❡ ❛ ✐♥✈♦❧✉çã♦ S t❡♥❤❛ ♣♦♥t♦ ✜①♦ ✭♦✉ s❡❥❛✱ s❡ S ❢♦r ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✮ ❡ ✈❛❧❡r
❛s ❞❡♠❛✐s ❤✐♣ót❡s❡s ❞♦ ❝♦r♦❧ár✐♦✱ ❡♥tã♦ ❛ tr✐♣❧❛ {(X×Y, T×S); IR2} ♣♦❞❡ ♥ã♦ s❛t✐s❢❛③❡r
❇❯❚✳

❊①❡♠♣❧♦ ✷✳✷✳✸✳ ❈♦♥s✐❞❡r❡ (S2, A) ❡ (S1, A)✱ ♦♥❞❡ A é ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ ❡♠
❝❛❞❛ ❡s❢❡r❛✳ ❙❛❜❡♠♦s✱ ♣♦r ❝♦♥s✐❞❡r❛r (X, T ) = (S2, A) ♥♦ ❈♦r♦❧ár✐♦ 2.2.1 (❡ s✉❛

❞❡♠♦♥str❛çã♦)✱ q✉❡ ❡①✐st❡ [α] ∈ Π1

(
S2

A
, a

)
− (p1)♯(Π1(S

2, a)) t❛❧ q✉❡ hS2

A

([α]) é ✉♠

❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
S2

A

)
❡ q✉❡ {(S2, A); IR2} s❛t✐s❢❛③ ❇❯❚✳

❚❡♠♦s✱ ❝❧❛r❛♠❡♥t❡✱ q✉❡ S := A : S1 → S1 ♥ã♦ t❡♠ ♣♦♥t♦ ✜①♦✳
▼♦str❡♠♦s q✉❡ {(S2×S1, A×A); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳ ❉❡ ❢❛t♦✱ t♦♠❡ ❛ ❛♣❧✐❝❛çã♦

g = j ◦ q : S2 × S1 → IR2

(x, y) 7→ y

♦♥❞❡ q : S2 × S1 → S1 é ❛ ❛♣❧✐❝❛çã♦ ♣r♦❥❡çã♦ ♥❛ s❡❣✉♥❞❛ ❝♦♦r❞❡♥❛❞❛ ❡ j : S1 → IR2 é
❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✳ ❚❡♠♦s q✉❡ g é ❝♦♥tí♥✉❛ ❡✱ ♣❛r❛ t♦❞♦ (x, y) ∈ S2 × S1✱

g(x, y) = y 6= −y = g(−x,−y) = g(A(x), A(y)) = g((A× A)(x, y)),

❛ss✐♠✱ {(S2 × S1, A× A); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳

✷✳✸ ❯♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✈✐♥❞♦ ❞❛ ❣❡♥❡r❛❧✐③❛çã♦

❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❉❛❞♦s n < m✱ ❝♦♠ n,m ∈ IN✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦

j : (Sn, A) → (Sm, A),

♦♥❞❡ A ✐♥❞✐❝❛ ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ ❡♠ ❝❛❞❛ ❡s❢❡r❛✳ ❆ ❛♣❧✐❝❛çã♦ j é ❡q✉✐✈❛r✐❛♥t❡✱ ♣♦✐s

j(A(x)) = j(−x) = −x = A(x) = A(j(x)), ∀x ∈ Sn.

▲❡♠❛ ✷✳✸✳✶✳ ❈♦♥s✐❞❡r❡ Y ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ (Sm, A)✱ (Sn, A) ❡ (Sp, A) três ♣❛r❡s✱
♦♥❞❡ A ✐♥❞✐❝❛ ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ ❡♠ ❝❛❞❛ ❡s❢❡r❛✳

(i) ❙❡ {(Sn, A);Y } s❛t✐s❢❛③ ❇❯❚✱ ❡♥tã♦ {(Sm, A);Y } s❛t✐s❢❛③ ❇❯❚✱ ♣❛r❛ t♦❞♦
m > n❀



❯♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✈✐♥❞♦ ❞❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✶✵✾

(ii) ❙❡ {(Sn, A);Y } ♥ã♦ s❛t✐s❢❛③ ❇❯❚✱ ❡♥tã♦ {(Sp, A);Y } ♥ã♦ s❛t✐s❢❛③ ❇❯❚✱ ♣❛r❛
t♦❞♦ p < n✳

❉❡♠♦♥str❛çã♦✿

(i) ❆❞♠✐t❛ q✉❡ {(Sn, A);Y } s❛t✐s❢❛ç❛ ❇❯❚✳ ❱❛♠♦s s✉♣♦r q✉❡ ❡①✐st❛ m > n t❛❧ q✉❡
{(Sm, A);Y } ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g : Sm → Y
t❛❧ q✉❡ g(x) 6= g(A(x))✱ ♣❛r❛ t♦❞♦ x ∈ Sm✳

❈♦♠♦ m > n✱ s❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦ j : (Sn, A) → (Sm, A) ❡stá ❜❡♠
❞❡✜♥✐❞❛ ❡ t❡♠♦s q✉❡ j ◦ A = A ◦ j✳

❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦st❛ g ◦ j : Sn → Y é ❝♦♥tí♥✉❛ ❡✱ ♣❛r❛ t♦❞♦ x ∈ Sn✱

g(j(x)) = g(x) 6= g(A(x)) = g(A(j(x))) = g(j(A(x))).

▲♦❣♦✱ ❡①✐st❡ g ◦ j : Sn → Y ❝♦♥tí♥✉❛ t❛❧ q✉❡ (g ◦ j)(x) 6= (g ◦ j)(A(x))✱ ♣❛r❛ t♦❞♦
x ∈ Sn✱ ❡ ❛ss✐♠✱ {(Sn, A);Y } ♥ã♦ s❛t✐s❢❛③ ❇❯❚✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳

P♦rt❛♥t♦✱ {(Sm, A);Y } s❛t✐s❢❛③ ❇❯❚✱ ♣❛r❛ t♦❞♦ m > n✳

(ii) ➱ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ (i)✱ ♣♦✐s s❡ {(Sp, A);Y } s❛t✐s❢❛③ ❇❯❚✱ ♣❛r❛ ❛❧❣✉♠ p < n✱
❡♥tã♦✱ ♣♦r (i)✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ {(Sn, A);Y } s❛t✐s❢❛③ ❇❯❚✱ ♦ q✉❡ ♥♦s ❞á ✉♠❛
❝♦♥tr❛❞✐çã♦✳ �

❈♦♠ ❜❛s❡ ♥♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❛❞♦ ♦s ♣❛r❡s (Sn, A)✱ n ≥ 0✱ ✜❝❛ ❝♦♥s✐st❡♥t❡ ❛
s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✸✳✶✳ ❉❛❞♦ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ Y ✱ ❞✐③❡♠♦s q✉❡

(i) BUT (Y ) = ∞✱ s❡ {(Sn, A);Y } ♥ã♦ s❛t✐s❢❛③ ❇❯❚✱ ♣❛r❛ t♦❞♦ n ∈ IN❀

(ii) BUT (Y ) = n✱ s❡ n é ♦ ♠❡♥♦r ♥ú♠❡r♦ ♥❛t✉r❛❧ t❛❧ q✉❡ {(Sn, A);Y } s❛t✐s❢❛③ ❇❯❚✳

❊①❡♠♣❧♦ ✷✳✸✳✶✳ BUT ({x0}) = 0✱ ♣❛r❛ q✉❛❧q✉❡r ❡s♣❛ç♦ ✉♥✐tár✐♦ Y = {x0}✱ ♣♦✐s
{(S0, A); {x0}} s❛t✐s❢❛③ ❇❯❚✱ ♦♥❞❡ S0 = {−1, 1}✱ ✉♠❛ ✈❡③ q✉❡ ❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❝♦♥✲
tí♥✉❛ f : S0 → {x0} é ❛ ❝♦♥st❛♥t❡ ❡✱ ❛ss✐♠✱ f(x) = f(A(x))✱ ♣❛r❛ t♦❞♦ x ∈ S0✳

❊①❡♠♣❧♦ ✷✳✸✳✷✳ BUT (IRn) = n✱ ♣❛r❛ t♦❞♦ n ≥ 1✱ ♣♦✐s {(Sn−1, A); IRn} ♥ã♦ s❛t✐s❢❛③
❇❯❚✱ ❥á q✉❡ ❡①✐st❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦ j : Sn−1 → IRn s❛t✐s❢❛③❡♥❞♦ j(x) = x 6=
−x = j(−x) = j(A(x))✱ ♣❛r❛ t♦❞♦ x ∈ Sn−1✳ P♦ré♠✱ {(Sn, A); IRn} s❛t✐s❢❛③ ❇❯❚✱ ♣❡❧♦
❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ (❚❡♦r❡♠❛ 2.1.1)✳

❊①❡♠♣❧♦ ✷✳✸✳✸✳ ❙❡ Y é ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ♣♦♥t♦s✱ ❡♥tã♦ BUT (Y ) ≥ 1✱
♣♦✐s {(S0, A);Y } ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳ ❉❡ ❢❛t♦✱ t♦♠❡ Y ❝♦♥t❡♥❞♦ {a, b}✱ ❝♦♠ a 6= b✳
❊①✐st❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : S0 → Y ✱ ❞❛❞❛ ♣♦r f(1) = a ❡ f(−1) = b
t❛❧ q✉❡ f(x) 6= f(A(x))✱ ♣❛r❛ x ∈ {−1, 1}✳ ❆ss✐♠✱ {(S0, A);Y } ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳

❊①❡♠♣❧♦ ✷✳✸✳✹✳ ❙❡ Y é ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ♣♦♥t♦s✱ ♠✉♥✐❞♦ ❞❛ t♦♣♦❧♦❣✐❛
❞✐s❝r❡t❛✱ ❡♥tã♦ BUT (Y ) = 1✱ ❡♠ ♣❛rt✐❝✉❧❛r BUT (S0) = 1✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❡❧♦ ❡①❡♠♣❧♦
❛♥t❡r✐♦r BUT (Y ) ≥ 1 ❡✱ ♣❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : S1 → Y ✱ t❡♠♦s q✉❡ f(S1)
é ❝♦♥❡①♦✱ ♣♦✐s S1 é ❝♦♥❡①♦✳ ▼❛s ♦s ú♥✐❝♦s ❝♦♥❡①♦s ❞❡ ✉♠ ❡s♣❛ç♦ ❞✐s❝r❡t♦ sã♦ ♦s
❝♦♥❥✉♥t♦s ❝♦♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❡ ♦ ✈❛③✐♦✱ ❛ss✐♠✱ f(S1) = {x0}✱ ❝♦♠ x0 ∈ X✳ ▲♦❣♦✱
♣❛r❛ t♦❞♦ x ∈ S1✱ f(x) = x0 = f(A(x)) ❡✱ ♣♦rt❛♥t♦✱ {(S1, A);Y } s❛t✐s❢❛③ ❇❯❚✳



✶✶✵ ❖ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ♣❛r❛ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❣❡r❛✐s

❊①❡♠♣❧♦ ✷✳✸✳✺✳ P❛r❛ Y = {a, b} ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❝❛ót✐❝❛ T = {∅, Y }✱ t❡♠♦s
BUT (Y ) = ∞✱ ♣♦✐s✱ ♣♦❞❡♠♦s t♦♠❛r✱ ♣❛r❛ t♦❞♦ n ≥ 0✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ P ⊂ Sn✱ t❛❧
q✉❡ P ∪A(P ) = Sn ❡ P ∩A(P ) = ∅✱ ❛ss✐♠ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : Sn → Y ✱
♦♥❞❡ f(P ) = {a} ❡ f(A(P )) = {b}✳ ❉❛í✱ s❡❣✉❡ q✉❡ f(x) = a 6= b = f(A(x))✱ s❡ x ∈ P ✱
♦✉ f(x) = b 6= a = f(A(x))✱ s❡ x ∈ A(P )✳ ▲♦❣♦✱ f(x) 6= f(A(x))✱ ♣❛r❛ t♦❞♦ x ∈ Sn✳
P♦rt❛♥t♦✱ {(Sn, A);Y } ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳

❊①❡♠♣❧♦ ✷✳✸✳✻✳ BUT (Sn) > n✱ ♣❛r❛ t♦❞♦ n ∈ IN✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦
✐❞❡♥t✐❞❛❞❡ IdSn : Sn → Sn✱ tê♠✲s❡ IdSn(x) = x 6= −x = IdSn(−x) = IdSn(A(x))✱ ♣❛r❛
t♦❞♦ x ∈ Sn✱ ❡ ❛ss✐♠✱ {(Sn, A);Sn} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✶✳ ❙❡❥❛♠ Y ❡ W ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❙❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥✲
tí♥✉❛ ❡ ✐♥❥❡t♦r❛ h : Y → W (❡♠ ♣❛rt✐❝✉❧❛r✱ s❡ Y é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ W )✱ ❡♥tã♦
BUT (Y ) ≤ BUT (W )✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ s❡ BUT (W ) = ∞✱ ❡♥tã♦✱ ❝❧❛r❛♠❡♥t❡✱ BUT (Y ) ≤
BUT (W )✳

❙✉♣♦♥❤❛ q✉❡ BUT (W ) = m✳
❙❡❥❛ f : Sm → Y ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ q✉❛❧q✉❡r ❡ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦st❛

h ◦ f : Sm → W ✳ ❚❡♠♦s q✉❡ h ◦ f é ❝♦♥tí♥✉❛✱ ♣♦✐s h ❡ f sã♦ ❝♦♥tí♥✉❛s✳
❈♦♠♦ {(Sm, A);W} s❛t✐s❢❛③ ❇❯❚✱ ❡♥tã♦✱ ♣❛r❛ ❛ ❝♦♠♣♦st❛ h ◦ f ✱ s❡❣✉❡ q✉❡ ❡①✐st❡

x0 ∈ Sm t❛❧ q✉❡
h(f(x0)) = h(f(A(x0))).

P♦r h s❡r ✐♥❥❡t♦r❛✱ s❡❣✉❡ q✉❡ f(x0) = f(A(x0))✳ ❆ss✐♠✱ {(Sm, A);Y } s❛t✐s❢❛③ ❇❯❚✳
▲♦❣♦✱ BUT (Y ) ≤ BUT (W )✳ �

❈♦r♦❧ár✐♦ ✷✳✸✳✶✳ BUT (Y ) é ✉♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ Y ❡ W ❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s ❡ f : Y → W ✉♠ ❤♦♠❡♦✲
♠♦r✜s♠♦✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ BUT (Y ) ≤ BUT (W )✱ ✉♠❛ ✈❡③ q✉❡ f é ❝♦♥✲
tí♥✉❛ ❡ ✐♥❥❡t♦r❛✳ ▼❛s f−1 : W → Y ✱ t❛♠❜é♠✱ é ❝♦♥tí♥✉❛ ❡ ✐♥❥❡t♦r❛ ❡✱ ♣♦rt❛♥t♦✱
BUT (W ) ≤ BUT (Y )✳ ▲♦❣♦✱ BUT (Y ) = BUT (W )✳ �

❊①❡♠♣❧♦ ✷✳✸✳✼✳ BUT (Sn − {P}) = n✱ ♦♥❞❡ P = (0, 0, ..., 0, 1)✳ ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡
Sn − {P} ❡ IRn sã♦ ❤♦♠❡♦♠♦r❢♦s (♣❡❧❛ ♣r♦❥❡çã♦ ❡st❡r❡♦❣rá✜❝❛)✳ ▲♦❣♦✱ ♣❡❧♦ ❊①❡♠♣❧♦
2.3.2 ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ 2.3.1✱ s❡❣✉❡ q✉❡ BUT (Sn − {P}) = n✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✶✳ BUT (Y ) ♥ã♦ é ✉♠ ✐♥✈❛r✐❛♥t❡ ❤♦♠♦tó♣✐❝♦✳ ❚♦♠❡✱ ♣♦r ❡①❡♠♣❧♦✱
Y = {x0} (x0 ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ IR) ❡ W = IR✳ ❊ss❡s ❡s♣❛ç♦s tê♠ ♦ ♠❡s♠♦ t✐♣♦
❞❡ ❤♦♠♦t♦♣✐❛ (✈✐❞❡ ❊①❡♠♣❧♦ 1.2.4)✱ ♠❛s BUT ({x0}) = 0 < 1 = BUT (IR)✱ ❝♦♠♦ ✈✐st♦
♥♦s ❊①❡♠♣❧♦s 2.3.1 ❡ 2.3.2✳



✸ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡
❇♦rs✉❦✲❯❧❛♠

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✈❡rsã♦ ❢r❛❝❛ (❲❡❛❦) ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠
(r❡❢❡r✐❞❛ ❝♦♠♦ ❲❇❯❚)✱ ❞❛❞❛ ♣♦r ❱❡♥❞rús❝✉❧♦✱ ❉❡s✐❞❡r✐ ❡ P❡r❣❤❡r ✭✷✵✶✶✮✱ ❬✽❪✱ ✉s❛♥❞♦
tr✐♣❧❛s {(X, T );G}✱ ❝♦♠ (X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡q✉✐♣❛❞♦ ♣♦r
✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ T ✱ ❡ G ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✳

❖ ❝❛♣ít✉❧♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ q✉❛tr♦ s❡çõ❡s✳ ◆❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❛
❞❡✜♥✐çã♦ ❞❛ ✈❡rsã♦ ❢r❛❝❛ ❲❇❯❚✱ r❡❧❛❝✐♦♥❛♠♦s t❛❧ ❝♦♥❞✐çã♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❇❯❚
❛❜♦r❞❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❡ ✐❧✉str❛♠♦s ❝♦♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s✳ ◆❛ s❡❣✉♥❞❛ s❡çã♦✱
❛♥❛❧✐s❛♠♦s ♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❡♠ q✉❡ ♦ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ é ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ T2✱
❛♣r❡s❡♥t❛♠♦s ❛ ♣r♦✈❛ ❞❡t❛❧❤❛❞❛ ❞❡ ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❞á ✉♠ ❝r✐tér✐♦ ❛❧❣é❜r✐❝♦ ♣❛r❛
{(X, T );T2} s❛t✐s❢❛③❡r ❲❇❯❚ ✭❞❛❞♦ ♣❡❧♦s ❛✉t♦r❡s✮✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦
s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s S ❡q✉✐♣❛❞❛s ❞❡ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❞á
✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛ ✈❡rsã♦ ❢r❛❝❛ ❲❇❯❚ ♣❛r❛ ❛s tr✐♣❧❛s {(S, T );T2} ❡ ❛ ❝♦♥❞✐çã♦
❇❯❚ ♣❛r❛ {(S, T ), IR2}✳ P♦r ú❧t✐♠♦✱ ♥❛ q✉❛rt❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ✐♥✈❛r✐❛♥t❡
t♦♣♦❧ó❣✐❝♦ (♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s) ♦❜t✐❞♦ ❞❛ ✈❡rsã♦ ❢r❛❝❛ ❲❇❯❚ ❡ ❛♣r❡✲
s❡♥t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❡ r❡s✉❧t❛❞♦s✳ ❊st❡ ✐♥✈❛r✐❛♥t❡✱ ♣♦r ♥ós ❞❡✜♥✐❞♦✱ é s✐♠✐❧❛r ❛♦
q✉❡ ❢♦✐ ❞❛❞♦ ♣❡❧♦s ❛✉t♦r❡s ❝✐t❛❞♦s ❛❝✐♠❛✱ ♣❛r❛ ❛ ❝♦♥❞✐çã♦ ❇❯❚ ❡ ❛❜♦r❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦
❛♥t❡r✐♦r✳

✸✳✶ ❉❡✜♥✐çõ❡s ❡ ❊①❡♠♣❧♦s

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❙❡❥❛ G ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦✱ q✉❡ ✈❛♠♦s
❞❡♥♦t❛r ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡✳ ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ s❡✿

(a) (G, ·) é ✉♠ ❣r✉♣♦❀

(b) G é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦❀

(c) ❛ ♦♣❡r❛çã♦ (g1, g2) 7→ g1 · g2 ❞❡ G×G ❡♠ G é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❞♦ ❡s♣❛ç♦
♣r♦❞✉t♦ G×G ♥♦ ❡s♣❛ç♦ G❀

(d) ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsã♦ i : G→ G✱ ❞❛❞❛ ♣♦r i(g) = g−1✱ é ❝♦♥tí♥✉❛✳

❊①❡♠♣❧♦ ✸✳✶✳✶✳ ❖ ❣r✉♣♦ Z2✱ ❞❛s ❝❧❛ss❡s ❞❡ r❡st♦s ♠ó❞✉❧♦ 2✱ é ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✳
❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ Z2 = {0, 1} é ✉♠ ❣r✉♣♦ ❛❞✐t✐✈♦ ❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r Z2 ❝♦♠♦
✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ (Z2, T )✱ t♦♠❛♥❞♦ ❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛ T = P(Z2)✱ ❞❛s ♣❛rt❡s ❞❡
Z2✳ ➱ ❢á❝✐❧ ✈❡r✱ ❝♦♥s✐❞❡r❛♥❞♦ ❡♠ Z2 × Z2 ❛ t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦ (q✉❡ s❡rá ❛ t♦♣♦❧♦❣✐❛
❞✐s❝r❡t❛ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡ ❝♦♥❥✉♥t♦)✱ q✉❡ ❛s ❛♣❧✐❝❛çõ❡s h : Z2 × Z2 → Z2✱ ❞❛❞❛ ♣♦r

✶✶✶



✶✶✷ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

h(x, y) = x + y✱ ❡ i : Z2 → Z2✱ ❞❛❞❛ ♣♦r i(x) = −x (q✉❡ ♥❡st❡ ❝❛s♦ é ❛ ❛♣❧✐❝❛çã♦
✐❞❡♥t✐❞❛❞❡)✱ sã♦ ❝♦♥tí♥✉❛s✳

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ t♦❞♦ ❣r✉♣♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛ é ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✳

❊①❡♠♣❧♦ ✸✳✶✳✷✳ (❚♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧) ❈♦♥s✐❞❡r❡♠♦s ♦ t♦r♦ ✈✐st♦ ❝♦♠♦ ♦ ❡s♣❛ç♦ q✉♦✲
❝✐❡♥t❡

T2 =
[0, 1]× [0, 1]

∼
,

♦♥❞❡ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ✐❞❡♥t✐✜❝❛ (x, 0) ❝♦♠ (x, 1) ❡ (0, y) ❝♦♠ (1, y)✱ ♣❛r❛
t♦❞♦s x, y ∈ [0, 1] (❊①❡♠♣❧♦ 1.5.1, (ii))✳ ❱❛♠♦s ✐♥❞✐❝❛r ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ✉♠
❡❧❡♠❡♥t♦ (x, y) ♣♦r (x, y)✳ ❆ss✐♠✱

T2 =
{
(x, y); 0 ≤ x ≤ 1 ❡ 0 ≤ y ≤ 1

}
.

◆♦t❡ q✉❡

✶✳ (x, 0) = (x, 1) ❡ (0, y) = (1, y)✱ ♣❛r❛ t♦❞♦s x, y ∈ [0, 1];

✷✳ (x, y) = (0, 0) ⇔





x = 0 ♦✉ x = 1
❡

y = 0 ♦✉ y = 1
;

✸✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱

(x1, y1) = (x2, y2) ⇔ x1 − x2 = 1 · k1 ❡ y1 − y2 = 1 · k2,

❝♦♠ k1, k2 ∈ Z (❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ ✶)✳

❊♠ T2 t❡♠♦s ❜❡♠ ❞❡✜♥✐❞❛ ❛ ♦♣❡r❛çã♦ ❛❞✐çã♦ (mod 1)✱ ✐♥❞✐❝❛❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦

f : T2×T2 → T2✱ ❞❛❞❛ ♣♦r f
(
(x1, y1), (x2, y2)

)
= (x1, y1)+(x2, y2) = (x1 + x2, y1 + y2)✳

❚❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡

(
3

4
,
3

4

)
+

(
3

4
,
1

4

)
=

(
1

2
, 0

)
✳ ❈♦♠ ❡st❛ ♦♣❡r❛çã♦✱ T2 é ✉♠

❣r✉♣♦ ❛❞✐t✐✈♦✱ ♦♥❞❡ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ é (0, 0) ❡ ♦ s✐♠étr✐❝♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ (x, y) ∈ T2

é ♦ ❡❧❡♠❡♥t♦ (1− x, 1− y)✳ ■st♦ é✱ −(x, y) = (1− x, 1− y)✳
P♦❞❡♠♦s ✈❡r T2 ❝♦♠♦ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✱ t♦♠❛♥❞♦ ❡♠

[0, 1]×[0, 1] ❛ t♦♣♦❧♦❣✐❛ ✉s✉❛❧ ❞❡ IR2✳ ❉❡ss❛ ♠❛♥❡✐r❛ t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ f ❞❛❞❛ ❛❝✐♠❛

❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsã♦ i : T2 → T2✱ ❞❛❞❛ ♣♦r i
(
(x, y)

)
= −(x, y) = (1− x, 1− y)✱ sã♦

❝♦♥tí♥✉❛s✳
▲♦❣♦✱ T2 é ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✳

❘❡ss❛❧t❛♠♦s q✉❡ ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ é ❛ ú♥✐❝❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ q✉❡ ❛❞♠✐t❡
❡str✉t✉r❛ ❞❡ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ✭✈✐❞❡ ▲✐♠❛ ✭✷✵✵✻✱ ❊①❡♠♣❧♦ ✶✽✱ ❈❛♣✳✺✱ ♣✳✶✼✾✮✮✳

❖❜s❡r✈❡ q✉❡ ❞❛❞♦ ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ G✱ ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsã♦ i : G → G é ✉♠❛
✐♥✈♦❧✉çã♦✱ ❥á q✉❡ (i ◦ i)(g) = i(i(g)) = i(g−1) = (g−1)−1 = g✱ ♣❛r❛ t♦❞♦ g ∈ G✳

❖ ❧❡♠❛ ❛ s❡❣✉✐r ✭✐t❡♠ (2)✮ ♥♦s ♠♦str❛ ✉♠❛ ♦✉tr❛ ❢♦r♠❛ ❞❡ ✈❡r q✉❛♥❞♦ ✉♠❛ tr✐♣❧❛
{(X, T );Y } s❛t✐s❢❛③ ❇❯❚✱ s❡ ❝♦♥s✐❞❡r❛♠♦s Y = G ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✳ ❆ ✈❡rsã♦
❢r❛❝❛✱ q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❇❯❚✱ ❢♦✐ ♠♦t✐✈❛❞❛ ♣♦r ❡ss❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✸✳✶✳✶✳ ❙❡❥❛♠ (X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✱ ❡ G ✉♠
❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✳ ❊♥tã♦✿



❉❡✜♥✐çõ❡s ❡ ❊①❡♠♣❧♦s ✶✶✸

(1) P❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : X → G✱ ❛ ❛♣❧✐❝❛çã♦ F : (X, T ) → (G, i)✱
❞❡✜♥✐❞❛ ♣♦r F (x) = f(x) · (f(T (x)))−1✱ é ❡q✉✐✈❛r✐❛♥t❡✳

(2) ❆ tr✐♣❧❛ {(X, T );G} s❛t✐s❢❛③ ❇❯❚ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : X → G✱ t❡♠♦s q✉❡ F−1({e}) 6= ∅✱ ♦♥❞❡ F : (X, T ) → (G, i) é ❛ ❛♣❧✐❝❛çã♦
❡q✉✐✈❛r✐❛♥t❡✱ ❞❡✜♥✐❞❛ ❡♠ (i)✱ F (x) = f(x) · (f (T (x)))−1✱ ❡ e é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦
❞❡ G✳

❉❡♠♦♥str❛çã♦✿

(1) ❉❛❞❛ f : X → G✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ F : (X, T ) → (G, i)✱ ❞❡✜♥✐❞❛ ♣♦r
F (x) = f(x) · (f (T (x)))−1✳ ❆ ❛♣❧✐❝❛çã♦ F é ❝♦♥tí♥✉❛✱ ♣♦✐s f ❡ T sã♦ ❝♦♥tí♥✉❛s
❡ ❛ ♦♣❡r❛çã♦ ❡♠ G ❡ ❛ ✐♥✈❡rsã♦ sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦
x ∈ X✱

F (T (x)) = f (T (x)) · (f (T (T (x))))−1 T◦T=IdX= f (T (x)) · (f(x))−1

=
(
f(x) · (f (T (x)))−1)−1

= (F (x))−1

= i(F (x)).

▲♦❣♦✱ F é ❡q✉✐✈❛r✐❛♥t❡✳

(2) ❙❡❥❛ {(X, T );G} s❛t✐s❢❛③❡♥❞♦ ❇❯❚✱ ❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : X → G✱ ❡①✐st❡ x0 ∈ X t❛❧ q✉❡ f(x0) = f(T (x0))✱ ❡ ❞❛í ♠✉❧t✐♣❧✐❝❛♥❞♦
✭❡♠ G✮ ♣❡❧♦ ✐♥✈❡rs♦ ❞❡ f(T (x0))✱ ♦❜t❡♠♦s

e = f(x0) · (f (T (x0)))
−1 = F (x0).

❆ss✐♠✱ ❡①✐st❡ x0 ∈ X t❛❧ q✉❡ F (x0) = e✳ ▲♦❣♦✱ F−1({e}) 6= ∅✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱
❝♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : X → G✳ ❚♦♠❡ F : (X, T ) → (G, i) ❛
❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r

F (x) = f(x) · (f (T (x)))−1 , ∀x ∈ X.

P♦r ❤✐♣ót❡s❡✱ F−1({e}) 6= ∅✱ ♦✉ s❡❥❛✱ ❡①✐st❡ x0 ∈ X t❛❧ q✉❡
F (x0) = f(x0) · (f (T (x0)))

−1 = e✳ ▲♦❣♦✱ f(x0) = f (T (x0)) ❡✱ ♣♦rt❛♥t♦✱
{(X, T );G} s❛t✐s❢❛③ ❇❯❚✳ �

❉❛❞♦ ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ G✱ s❡❥❛

2G :=
{
g ∈ G; g2 = e

}
=
{
g ∈ G; g−1 = g

}
= {g ∈ G; i(g) = g} ,

♦♥❞❡ e ✐♥❞✐❝❛ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✳ ◆♦t❡ q✉❡ e ∈ 2G✱ ❛ss✐♠ 2G 6= ∅✳

❉❡✜♥✐çã♦ ✸✳✶✳✷✳ ❈♦♥s✐❞❡r❡ (X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✱ ❡
G ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✳ ❉✐③❡♠♦s q✉❡ {(X, T );G} s❛t✐s❢❛③ ♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲

❯❧❛♠ ❋r❛❝♦ ♦✉ s❛t✐s❢❛③ ✉♠❛ ✈❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠✱ ❛❜r❡✲
✈✐❛❞❛♠❡♥t❡✱ s❛t✐s❢❛③ ❲❇❯❚ (❲❡❛❦ ❇♦rs✉❦✲❯❧❛♠ ❚❤❡♦r❡♠) s❡✱ ♣❛r❛ q✉❛❧q✉❡r ❛♣❧✐✲
❝❛çã♦ ❝♦♥tí♥✉❛ f : X → G✱ t❡♠♦s q✉❡ F−1(2G) 6= ∅✱ ❝♦♠ F : (X, T ) → (G, i) s❡♥❞♦ ❛
❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❡✜♥✐❞❛ ♣♦r F (x) = f(x) · (f (T (x)))−1✳

▲❡♠❛ ✸✳✶✳✷✳ ❙❡❥❛♠ (X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✱ ❡ G ✉♠
❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✳



✶✶✹ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

(i) ❙❡ {(X, T );G} s❛t✐s❢❛③ ❇❯❚✱ ❡♥tã♦ {(X, T );G} s❛t✐s❢❛③ ❲❇❯❚✳

(ii) ❙❡ 2G = {e}✱ ❡♥tã♦ {(X, T );G} s❛t✐s❢❛③ ❇❯❚ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ {(X, T );G}
s❛t✐s❢❛③ ❲❇❯❚✳

❉❡♠♦♥str❛çã♦✿

(i) ❙❡ {(X, T );G} s❛t✐s❢❛③ ❇❯❚✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✶✱ ♣❛r❛ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : X → G✱ t❡♠♦s q✉❡ F−1({e}) 6= ∅✱ ♦♥❞❡ F : (X, T ) → (G, i) é ❛ ❛♣❧✐❝❛çã♦
❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r F (x) = f(x) · (f (T (x)))−1✳ ❆ss✐♠✱

F−1(2G) ⊇ F−1({e}) 6= ∅.

▲♦❣♦ {(X, T );G} s❛t✐s❢❛③ ❲❇❯❚✳

(ii) ❙❡ {(X, T );G} s❛t✐s❢❛③ ❲❇❯❚✱ ❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : X → G✱ t❡♠♦s q✉❡ F−1(2G) 6= ∅✱ ♦♥❞❡ F : (X, T ) → (G, i) é ❛ ❛♣❧✐✲
❝❛çã♦ F (x) = f(x) · (f (T (x)))−1✳ ❈♦♠♦ 2G = {e}✱ s❡❣✉❡ q✉❡ F−1({e}) 6= ∅ ❡
❛ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✶✱ {(X, T );G} s❛t✐s❢❛③ ❇❯❚✳ ❆ ♣r♦✈❛ ❞❛ ♦✉tr❛ ✐♠♣❧✐❝❛çã♦
é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ✐t❡♠ (i)✳ �

❊①❡♠♣❧♦ ✸✳✶✳✸✳ P❛r❛ n í♠♣❛r✱ ❛ tr✐♣❧❛ {(nT2, i); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚ ❡ ♥❡♠ s❛t✐s❢❛③
❲❇❯❚✱ ♦♥❞❡ nT2 ✐♥❞✐❝❛ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ n✲t♦r♦s✱ i é ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsã♦ ❞❡ nT2 ❡
IR2 é ✈✐st♦ ❝♦♠♦ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠ ❛ ❛❞✐çã♦ ✉s✉❛❧✳

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ nT2✱ ❝♦♠ n í♠♣❛r✳ ❱❛♠♦s ✐♥s❡r✐r ❛ s✉♣❡r❢í❝✐❡ nT2 ❡♠ IR3✱ ❞❡
♠♦❞♦ q✉❡ ❤❛❥❛ ✐♥t❡rs❡❝çã♦ ❞♦s ♣❧❛♥♦s xOy✱ xOz ❡ yOz ❝♦♠ ❛ s✉♣❡r❢í❝✐❡ nT2✱ ❞✐✈✐❞✐♥❞♦✲
❛ ❡♠ ♦✐t♦ ♣❛rt❡s s✐♠étr✐❝❛s✱ ❝♦♠♦ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r✱ ♣❛r❛ n = 3✿

❋✐❣✉r❛ ✸✳✶✿ ❆ s✉♣❡r❢í❝✐❡ ✸T2 ✐♥s❡r✐❞❛ ❡♠ IR3✳

❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsã♦ ❞❡ nT2 ⊂ IR3✱

i : nT2 → nT2

(x, y, z) 7→ (−x,−y,−z).

❆ss✐♠✱ (nT2, i) é ✉♠ ♣❛r✱ ♦♥❞❡ i é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ nT2✱ ♣♦✐s s❡
i(x, y, z) = (x, y, z)✱ ❡♥tã♦ (−x,−y,−z) = (x, y, z)✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
(x, y, z) = (0, 0, 0)✳ ▼❛s (0, 0, 0) /∈ nT2✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛ ♠❛♥❡✐r❛ ❝♦♠♦ ✐♥s❡r✐✲
♠♦s nT2 ❡♠ IR3✳



❉❡✜♥✐çõ❡s ❡ ❊①❡♠♣❧♦s ✶✶✺

❉❡✜♥❛ f : nT2 → IR2 ♣♦r f(x, y, z) = (x, y)✳ ❚❛❧ ❢✉♥çã♦ é ❝♦♥tí♥✉❛ ❡ s❛t✐s❢❛③
f(x, y, z) 6= f(i(x, y, z))✱ ♣❛r❛ t♦❞♦ (x, y, z) ∈ nT2✱ ♣♦✐s s❡ f(x, y, z) = f(i(x, y, z))✱
♣❛r❛ ❛❧❣✉♠ (x, y, z) ∈ nT2✱ ♦❜t❡♠♦s q✉❡ (x, y) = (−x,−y)✱ ♦✉ s❡❥❛✱ x = y = 0✳ ▲♦❣♦✱
(0, 0, z) ∈ nT2✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ♣❡❧♦ ♠♦❞♦ ❝♦♠♦ nT2 ❢♦✐ ✐♥s❡r✐❞♦ ❡♠ IR3✳

P♦rt❛♥t♦✱ {(nT2, i); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✱ q✉❛♥❞♦ n ❢♦r í♠♣❛r✳
❈♦♠♦ 2IR2 = {(0, 0)}✱ ♣❡❧♦ ✐t❡♠ (ii) ❞♦ ▲❡♠❛ 3.1.2✱ s❡❣✉❡ q✉❡ {(nT2, i); IR2} t❛♠✲

❜é♠ ♥ã♦ s❛t✐s❢❛③ ❲❇❯❚✱ ♣❛r❛ n í♠♣❛r✳

❊①❡♠♣❧♦ ✸✳✶✳✹✳ ❆ tr✐♣❧❛ {(S0, A);Z2} s❛t✐s❢❛③ ❲❇❯❚✱ ♠❛s ♥ã♦ s❛t✐s❢❛③ ❇❯❚✱ ♦♥❞❡
S0 = {−1, 1} é ✈✐st♦ ❝♦♠♦ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛✱ A é ❛ ❛♣❧✐✲
❝❛çã♦ ❛♥t✐♣♦❞❛❧ s♦❜r❡ S0 ❡ Z2 é ♦ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♦ r❡❢❡r✐❞♦ ♥♦ ❊①❡♠♣❧♦ 3.1.1✳
◆♦t❡♠♦s q✉❡ 2Z2 = {x ∈ Z2 : i(x) = x} = {0, 1} = Z2 ❡ q✉❡ t♦❞❛ ❛♣❧✐❝❛çã♦ f : S0 → Z2

é ❝♦♥tí♥✉❛✳
❚❡♠♦s q✉❡ {(S0, A);Z2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✱ ♣♦✐s✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦

❝♦♥tí♥✉❛ f : S0 → Z2 ❞❡✜♥✐❞❛ ♣♦r f(−1) = 0 ❡ f(1) = 1✱ s❡❣✉❡ q✉❡ f(x) 6= f(A(x))✱
♣❛r❛ t♦❞♦ x ∈ S0✳

❱❡❥❛♠♦s q✉❡ {(S0, A);Z2} s❛t✐s❢❛③ ❲❇❯❚✳ ■st♦ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ 2Z2 = Z2✱ ♣♦✐s✱
♣❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : S0 → Z2✱ ❛♦ ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡
F : (S0, A) → (Z2, i) ❞❛❞❛ ♣♦r F (x) = f(x)·(f(A(x)))−1✱ t❡♠♦s F−1(2Z2) = F−1(Z2) =
S0 6= ∅✳

❉❡ ♠♦❞♦ s✐♠✐❧❛r ❛♦ q✉❡ ❢♦✐ ♦❜s❡r✈❛❞♦ ♥♦ ✜♥❛❧ ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ♦❜té♠✲s❡✿

❊①❡♠♣❧♦ ✸✳✶✳✺✳ ❙❡ G é ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠ 2G = G✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ ♣❛r
(X, T )✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✱ t❡♠♦s q✉❡ {(X, T );G} s❛t✐s❢❛③ ❲❇❯❚✳
❊♠ ♣❛rt✐❝✉❧❛r✱ ✈❛❧❡ ♣❛r❛ G = Z2 × ...× Z2 (n ❝ó♣✐❛s)✳

❉❡✜♥✐çã♦ ✸✳✶✳✸✳ ❙❡❥❛♠ (X1, T ) ❡ (X2, P ) ♣❛r❡s ❝♦♠ T ❡ P ✐♥✈♦❧✉çõ❡s ❧✐✈r❡s s♦❜r❡
X1 ❡ X2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉✐③❡♠♦s q✉❡ (X1, T ) ❡ (X2, P ) sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ ❡①✐st❡
✉♠ ❤♦♠❡♦♠♦r✜s♠♦ f : (X1, T ) → (X2, P ) ❡q✉✐✈❛r✐❛♥t❡✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡
T, P : X → X sã♦ ❞✉❛s ✐♥✈♦❧✉çõ❡s ❧✐✈r❡s s♦❜r❡ X✱ (X, T ) ❡ (X,P ) sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡
❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ f : (X, T ) → (X,P ) ❡q✉✐✈❛r✐❛♥t❡✳ ■st♦ ♥♦s ❞á ✉♠❛ r❡❧❛çã♦
❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐♥✈♦❧✉çõ❡s ❧✐✈r❡s s♦❜r❡ X ❡✱ ♣♦rt❛♥t♦✱ ♣♦❞❡♠♦s
❝♦♥s✐❞❡r❛r ♦ ❝♦♥❥✉♥t♦ q✉♦❝✐❡♥t❡✱ q✉❡ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r Inv(X)✳ ❆ss✐♠✱

Inv(X) = {[T ]; T é ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X} ,

♦♥❞❡ [T ] = {P : X → X; P é ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X ❡ ♦s ♣❛r❡s (X, T ) ❡ (X,P ) sã♦
❡q✉✐✈❛❧❡♥t❡s} ✐♥❞✐❝❛ ❛ ❝❧❛ss❡ ❞❡ T ✳

◆♦t❡ q✉❡ ♣♦❞❡♠♦s t❡r Inv(X) = ∅✳ P♦r ❡①❡♠♣❧♦✱ s❡ X é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛
❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r í♠♣❛r✱ ❡♥tã♦ X ♥ã♦ ♣♦ss✉✐ ♥❡♥❤✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✱
❝♦♠♦ ✈✐st♦ ♥♦ ❚❡♦r❡♠❛ ✶✳✺✳✹✳ ◆♦t❡ ❛✐♥❞❛✱ q✉❡ ❛♦ ❝♦♥s✐❞❡r❛r ✉♠ ♣❛r (X, T ) ❡st❛♠♦s
s✉♣♦♥❞♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ T s♦❜r❡ X✱ ❞❡ ♠♦❞♦ q✉❡
[T ] ∈ Inv(X) ❡✱ ❛ss✐♠✱ Inv(X) 6= ∅✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ♥♦s ♠♦str❛ q✉❡ s❡r ❇❯❚ ♦✉ ❲❇❯❚ é ✐♥✈❛r✐❛♥t❡ ♥♦s ❡s♣❛ç♦s
❡q✉✐✈❛❧❡♥t❡s✳

▲❡♠❛ ✸✳✶✳✸✳ ❙❡❥❛♠ (X1, T ) ❡ (X2, P ) ❞♦✐s ♣❛r❡s✱ ♦♥❞❡ T ❡ P sã♦ ✐♥✈♦❧✉çõ❡s ❧✐✈r❡s
s♦❜r❡ X1 ❡ X2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ (X1, T ) ❡ (X2, P ) sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❡♥tã♦



✶✶✻ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

(i) ♣❛r❛ ❝❛❞❛ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ Y ✱ t❡♠♦s q✉❡ {(X1, T );Y } s❛t✐s❢❛③ ❇❯❚ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ {(X2, P );Y } s❛t✐s❢❛③ ❇❯❚✳

(ii) ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ G✱ t❡♠♦s q✉❡ {(X1, T );G} s❛t✐s❢❛③ ❲❇❯❚ s❡✱ ❡ s♦✲
♠❡♥t❡ s❡✱ {(X2, P );G} s❛t✐s❢❛③ ❲❇❯❚✳

❉❡♠♦♥str❛çã♦✿ ❊♠ ❝❛❞❛ ❝❛s♦✱ (i) ❡ (ii)✱ ✈❛♠♦s ♣r♦✈❛r ❛♣❡♥❛s ✉♠❛ ❞❛s ✐♠♣❧✐✲
❝❛çõ❡s✱ ❛ ♦✉tr❛ é ❛♥á❧♦❣❛✳

(i) ❙✉♣♦♥❤❛ q✉❡ {(X1, T );Y } s❛t✐s❢❛③ ❇❯❚✱ ❡♥tã♦✱ ♣❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f1 : X1 → Y ✱ ❡①✐st❡ x ∈ X1 t❛❧ q✉❡ f1(x) = f1 (T (x))✳

❈♦♥s✐❞❡r❡ f : X2 → Y ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳ ❈♦♠♦ (X1, T ) ❡ (X2, P ) sã♦
❡q✉✐✈❛❧❡♥t❡s✱ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ g : (X1, T ) → (X2, P ) q✉❡ é ❡q✉✐✈❛r✐❛♥t❡✱
❛ss✐♠✱ g ◦ T = P ◦ g✳

❚♦♠❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦st❛ f1 = f ◦ g : X1 → Y ✳ P♦r ✈❛❧❡r ❛ ♣r♦♣r✐❡❞❛❞❡
❇❯❚ ♣❛r❛ {(X1, T );Y }✱ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f1✱ ❡①✐st❡ x1 ∈ X1 t❛❧ q✉❡
f1(x1) = (f ◦ g)(x1) = (f ◦ g) (T (x1)) = f1(T (x1))✱ ❡♥tã♦

f(g(x1)) = f (g(T (x1)))
g◦T=P◦g

= f (P (g(x1))) ,

♦✉ s❡❥❛✱ ❡①✐st❡ x0 = g(x1) ∈ X2 t❛❧ q✉❡ f(x0) = f (P (x0))✳ ❈♦♠♦ ✐st♦ ✈❛❧❡
♣❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ q✉❛❧q✉❡r f : X2 → Y ✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ {(X2, P );Y }
s❛t✐s❢❛③ ❇❯❚✳

(ii) ❙❡ {(X1, T );G} s❛t✐s❢❛③ ❲❇❯❚✱ ❡♥tã♦✱ ♣❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f1 : X1 → G✱ t❡♠♦s q✉❡ F−1

1 (2G) 6= ∅✱ ♦♥❞❡ F1 : (X1, T ) → (G, i) é ❛ ❛♣❧✐❝❛çã♦
❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r F1(x) = f1(x) · (f1 (T (x)))

−1 ❡ i : G → G é ❛ ❛♣❧✐❝❛çã♦
✐♥✈❡rsã♦✳

❈♦♠♦ (X1, T ) ❡ (X2, P ) sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦
g : (X1, T ) → (X2, P ) q✉❡ é ❡q✉✐✈❛r✐❛♥t❡✱ ❛ss✐♠✱ T ◦ g−1 = g−1 ◦ P ✱ ♣♦✐s
g ◦ T = P ◦ g ❡ g é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❙❡❥❛ f : X2 → G ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳ ❚♦♠❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦st❛
f1 = f ◦ g : X1 → G ❡ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ F = F1 ◦ g

−1 : (X2, P ) → (G, i)✳
◆♦t❡ q✉❡ F é ❡q✉✐✈❛r✐❛♥t❡✱ ✉♠❛ ✈❡③ q✉❡ é ❝♦♠♣♦st❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❡q✉✐✈❛r✐❛♥t❡s
✭❖❜s❡r✈❛çã♦ ✷✳✷✳✶✮✱ ❡

F (x) = F1(g
−1(x)) = f1(g

−1(x)) ·
(
f1(T (g

−1(x)))
)−1

T◦g−1=g−1◦P
= f1(g

−1(x)) ·
(
f1(g

−1(P (x)))
)−1

= (f1 ◦ g
−1)(x) ·

(
(f1 ◦ g

−1)(P (x))
)−1

f1=f◦g
= (f ◦ g ◦ g−1)(x) ·

(
(f ◦ g ◦ g−1)(P (x))

)−1

= f(x) · (f(P (x)))−1 .

❆❧é♠ ❞✐ss♦✱ F−1(2G) =
(
F1 ◦ g

−1
)−1

(2G) = (g ◦ F−1
1 )(2G) = g

(
F−1
1 (2G)

)
6= ∅✱

♣♦✐s F−1
1 (2G) 6= ∅✳

▲♦❣♦✱ {(X2, P );G} s❛t✐s❢❛③ ❲❇❯❚✳ �



❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ❛ss♦❝✐❛❞❛ ❛♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ✶✶✼

✸✳✷ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ❛ss♦✲

❝✐❛❞❛ ❛♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❛ ♣r♦✈❛ ❞❡t❛❧❤❛❞❛ ❞❡ ✉♠ t❡♦r❡♠❛ q✉❡ ❞á ✉♠❛ ❝♦♥❞✐çã♦
❛❧❣é❜r✐❝❛ ♣❛r❛ q✉❡ ✉♠❛ tr✐♣❧❛ {(X, T );T2} s❛t✐s❢❛ç❛ ❲❇❯❚✱ ♦♥❞❡ ♦ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦
G é ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ T2✱ ❝♦♥s✐❞❡r❛❞♦ ❝♦♠ ❛ s✉❛ ❡str✉t✉r❛ ❛❞✐t✐✈❛ ✭♠♦❞ 1✮✳

❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❙❡❥❛ (X, T ) ✉♠ ♣❛r✱ ❝♦♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛ ❝♦♥❡①♦ ♣♦r ❝❛♠✐✲

♥❤♦s ❡ T ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✳ ❙❡ ❡①✐st❡ [α] ∈ Π1

(
X

T

)
− p♯ (Π1(X)) t❛❧ q✉❡

hX
T
([α]) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X

T

)
✱ ❝♦♠ p : X →

X

T
❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡

❡ hX
T
♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③ ❞❡

X

T
✱ ❡♥tã♦ {(X, T );T2} s❛t✐s❢❛③ ❲❇❯❚✳

❉❡♠♦♥str❛çã♦✿ ❖s ❛r❣✉♠❡♥t♦s s❡❣✉❡♠ ♥❛ ❞✐r❡çã♦ ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✱
♣♦ré♠ ❡①✐❣❡♠ té❝♥✐❝❛s ♠❛✐s s♦✜st✐❝❛❞❛s✳ ❆ ✜♠ ❞❡ ❢❛❝✐❧✐t❛r ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ♣r♦✈❛
❞❡s❝r❡✈❡♠♦s ❛ s❡❣✉✐r ♦s ♣r✐♥❝✐♣❛✐s ♣❛ss♦s✿

(i) ❚♦♠❛r ✉♠ s✉❜❝♦♥❥✉♥t♦ ❡s♣❡❝✐❛❧ K ⊂ T2 t❛❧ q✉❡ i : K → K é ✉♠❛ ❛♣❧✐❝❛çã♦

❡q✉✐✈❛r✐❛♥t❡ ❡ ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦ q : K →
K

i
✳

(ii) ❆♥❛❧✐s❛r ♦s ❣❡r❛❞♦r❡s ❞❡ Π1

(
K, (x0, y0)

)
❡ Π1

(
K

i
, q
(
(x0, y0)

))
✱ ♦♥❞❡

(x0, y0) =

(
1

4
,
1

4

)
✱ ❜❡♠ ❝♦♠♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦

q♯ : Π1

(
K, (x0, y0)

)
→ Π1

(
K

i
, q
(
(x0, y0)

))
❡♠ ❢✉♥çã♦ ❞♦s ❣❡r❛❞♦r❡s✳

(iii) ❙✉♣♦r✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ {(X, T );T2} ♥ã♦ s❛t✐s❢❛③ ❲❇❯❚✳ ❆ ♣❛rt✐r ❞❛í
❝♦♥str✉✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ g : (X, T ) → (K, i) q✉❡ ✐♥❞✉③ ✉♠❛ ❛♣❧✐❝❛çã♦

g :
X

T
→

K

i
✳

(iv) ❋✐♥❛❧♠❡♥t❡✱ t♦♠❛♥❞♦ ♦ ❡❧❡♠❡♥t♦ [α] ❞❛ ❤✐♣ót❡s❡✱ ♦❜t❡r✱ ♣♦r ✉♠ ❧❛❞♦✱ q✉❡

g∗

(
hX

T
([α])

)
= 0

(
♦♥❞❡ hX

T
é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③

)
❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ♦

❛r❣✉♠❡♥t♦ ❞❡ s♦♠❛ ❛❧❣é❜r✐❝❛ ❞❛s ♣♦tê♥❝✐❛s ❞♦s ❣❡r❛❞♦r❡s ❡♠ ✉♠❛ ♣❛❧❛✈r❛ ✭❡❧❡♠❡♥t♦ ❞❡

Π1

(
K

i
, q
(
(x0, y0)

)))
✱ ♦❜t❡r q✉❡ g∗

(
hX

T
([α])

)
6= 0✳ ❚❡♥❞♦✱ ❛ss✐♠✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡ {(X, T );T2} s❛t✐s❢❛③ ❲❇❯❚✳
❱❛♠♦s ❡♥tã♦ ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✿
(i) ❈♦♥s✐❞❡r❡♠♦s ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱

T2 =
{
(x, y); x, y ∈ I = [0, 1]

}

✈✐st♦ ❝♦♠♦ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❛❞✐t✐✈♦✱ ❝♦♠♦ ♥♦ ❊①❡♠♣❧♦ ✸✳✶✳✷✳
❉❡t❡r♠✐♥❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ 2T2✳ ❚❡♠♦s

2T2 =
{
(x, y) ∈ T2; i

(
(x, y)

)
= (x, y)

}
,

♦♥❞❡ i : T2 → T2 é ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsã♦ ❞❛❞❛ ♣♦r i
(
(x, y)

)
= −(x, y) = (1− x, 1− y)✳



✶✶✽ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❆ss✐♠✱ i
(
(x, y)

)
= (x, y) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (x, y) = −(x, y)✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

(x, y) + (x, y) = (0, 0) ⇔ (2x, 2y) = (0, 0) ⇔





2x = 0 ♦✉ 2x = 1
❡

2y = 0 ♦✉ 2y = 1

⇔





x = 0 ♦✉ x =
1

2
❡

y = 0 ♦✉ y =
1

2
.

▲♦❣♦✱

2T2 =

{
r1 = (0, 0); r2 =

(
0,

1

2

)
; r3 =

(
1

2
, 0

)
; r4 =

(
1

2
,
1

2

)}
.

❙❡❥❛♠ ♦s s❡❣✉✐♥t❡s s✉❜❝♦♥❥✉♥t♦s ❞❡ I × I✿ A = I ×

{
1

4

}
✱ B = I ×

{
3

4

}
✱

C =

{
1

4

}
× I✱ D =

{
3

4

}
× I ❡ E =

([
1

4
,
3

4

]
×

{
1

4

})
∪

({
3

4

}
×

[
1

4
,
3

4

])
∪

([
1

4
,
3

4

]
×

{
3

4

})
∪

({
1

4

}
×

[
1

4
,
3

4

])
✳

❋✐❣✉r❛ ✸✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ T2 ❡ ❛❧❣✉♥s s✉❜❝♦♥❥✉♥t♦s ❡s♣❡❝✐❛✐s✳

❈♦♥s✐❞❡r❡ ♦s s✉❜❝♦♥❥✉♥t♦s ✭❝♦rr❡s♣♦♥❞❡♥t❡s✮ ❡♠ T2 ✭❛♣ós ✐❞❡♥t✐✜❝❛çõ❡s✮✿

A =
A

∼
=

{(
x,

1

4

)
; x ∈ I

}
✱ B =

B

∼
=

{(
x,

3

4

)
; x ∈ I

}
✱ C =

C

∼
=

{(
1

4
, y

)
; y ∈ I

}
✱

D =
D

∼
=

{(
3

4
, y

)
; y ∈ I

}
❡ E =

E

∼
=

({(
x,

1

4

)
;
1

4
≤ x ≤

3

4

})
∪

({(
3

4
, y

)
;
1

4
≤ y ≤

3

4

})
∪

({(
x,

3

4

)
;
1

4
≤ x ≤

3

4

})
∪

({(
1

4
, y

)
;
1

4
≤ y ≤

3

4

})
❡

s❡❥❛ K = A ∪ B ∪ C ∪D✳



❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ❛ss♦❝✐❛❞❛ ❛♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ✶✶✾

❋✐❣✉r❛ ✸✳✸✿ ❖ s✉❜❝♦♥❥✉♥t♦ K ♥♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳

❖❜s❡r✈❡ q✉❡ K é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛♣❧✐❝❛çã♦ i : T2 → T2✱ ✐st♦ é✱ i(K) = K✱ ♣♦✐s

❞❛❞♦
(
x,

1

4

)
∈ A✱ t❡♠♦s q✉❡ i

((
x,

1

4

))
=

(
1− x,

3

4

)
∈ B✱ ❛ss✐♠✱ i(A) ⊂ B ⊂ K✳

❆♥❛❧♦❣❛♠❡♥t❡✱ i(C) ⊂ D✳ ❉❡ ❢❛t♦ ✈❛❧❡ i(A) = B ❡ i(C) = D ✭❡ t❛♠❜é♠✱ i(B) = A ❡
i(D) = C✱ ✉♠❛ ✈❡③ q✉❡ i ◦ i = IdT2✮✳

❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦ ✏r❡str✐çã♦ ❞❡ i ✑✱ i : K → K✳ ◆♦t❡ q✉❡ ♦s
❡❧❡♠❡♥t♦s ❞❡ 2T2 ♥ã♦ ♣❡rt❡♥❝❡♠ ❛ K✱ ❡♥tã♦ i

(
(x, y)

)
6= (x, y)✱ ♣❛r❛ t♦❞♦ (x, y) ∈ K✱

❡✱ ♣♦rt❛♥t♦✱ i é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ K✳

❈♦♥s✐❞❡r❡ (x0, y0) =

(
1

4
,
1

4

)
❡ q : K →

K

i
❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡

q
(
(x, y)

)
=
{
(x, y), i

(
(x, y)

)}
✳ ◆♦t❡ q✉❡ i

(
(x0, y0)

)
=

(
3

4
,
3

4

)
❡ (x0, y0) ∈ A∩C∩E✳

(ii) P❛r❛ ❛ ♣r♦✈❛ s❡rá ✐♠♣♦rt❛♥t❡ ❝♦♥❤❡❝❡r ♠❡❧❤♦r ♦ ❤♦♠♦♠♦r✜s♠♦

q♯ : Π1

(
K, (x0, y0)

)
→ Π1

(
K

i
, q
(
(x0, y0)

))
.

◆♦t❡♠♦s q✉❡ E ⊂ K ❡ i(E) = E✱ ✉♠❛ ✈❡③ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ E sã♦ ❞❛ ❢♦r♠❛(
1

4
, y

)
✱
(
3

4
, y

)
✱
(
x,

1

4

)
♦✉
(
x,

3

4

)
✱ ♣❛r❛

1

4
≤ x ≤

3

4
❡
1

4
≤ y ≤

3

4
✱ ❡ s✉❛s ✐♠❛❣❡♥s

♣♦r i sã♦
(
3

4
, 1− y

)
✱
(
1

4
, 1− y

)
✱
(
1− x,

3

4

)
♦✉
(
1− x,

1

4

)
✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡

1

4
≤ 1− x ≤

3

4
❡
1

4
≤ 1− y ≤

3

4
✱ q✉❡ sã♦ ❡❧❡♠❡♥t♦s ❞❡ E✳

P♦❞❡♠♦s ✈❡r✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❙❡✐❢❡rt✲❱❛♥ ❑❛♠♣❡♥ ✭❚❡♦r❡♠❛ ✶✳✹✳✶✮✱ q✉❡

Π1

(
K, (x0, y0)

)
é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ♥♦s ❣❡r❛❞♦r❡s a, b, c,d ❡ e✱ q✉❡ ♣♦❞❡♠ s❡r r❡♣r❡✲

s❡♥t❛❞♦s ♣❡❧♦s ❧❛ç♦s ❝✉❥❛s ✐♠❛❣❡♥s sã♦ A,B,C,D ❡ E✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭❛ ♠❡♥♦s ❞❡
♣♦♥t♦ ❜❛s❡✱ ♥♦s ❝❛s♦s ❞❡ B ❡ D✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ K é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✮✳

❈♦♠♦ ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsã♦ i : K → K é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ s❡❣✉❡✱ ♣❡❧❛
❖❜s❡r✈❛çã♦ ✶✳✷✳✸ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✹✱ q✉❡ i♯ : Π1

(
K, (x0, y0)

)
→ Π1

(
K, i

(
(x0, y0)

))

é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❡♠ q✉❡ i♯(a) = b✱ i♯(c) = d ❡ i♯(e) = e ✭❛❧é♠ ❞✐ss♦✱ i♯(b) = a ❡
i♯(d) = c✮✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳



✶✷✵ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❖❜s❡r✈❡ q✉❡ ♦ s✉❜❝♦♥❥✉♥t♦ E ❞❡ K é ❍❛✉s❞♦r✛ ❝♦♥❡①♦ ❡ i|E : E → E t❛♠❜é♠ é

✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✳ ❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡
E

i
✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺✱ s❡❣✉❡ q✉❡

(
E, q|E,

E

i

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✳

◆♦t❡♠♦s q✉❡ Π1

(
K

i
, q
(
(x0, y0)

))
é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❡♠ ✸ ❣❡r❛❞♦r❡s q✉❡ ✈❛♠♦s

✐♥❞✐❝❛r ♣♦r x,y ❡ z✱ ✉♠ r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠ ❧❛ç♦ ❝✉❥❛ ✐♠❛❣❡♠ é A✱ ♦✉tr♦ ♣♦r ✉♠

❧❛ç♦ ❝✉❥❛ ✐♠❛❣❡♠ é C ❡ ✉♠ é ♦❜t✐❞♦ ❞❡ ✉♠ ✏❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦✑ ❡♠
K

i
❧✐❣❛♥❞♦ (x0, y0)

❛ i
(
(x0, y0)

)
✭❥á q✉❡ i(A) = B, i(C) = D ❡ ✉♠❛ ✏♠❡t❛❞❡✑ ❞❡ E é ✐❞❡♥t✐✜❝❛❞❛ ❝♦♠ ❛

♦✉tr❛✮✳

❱❛♠♦s ❛♥❛❧✐s❛r ❛s ✐♠❛❣❡♥s ♣♦r q♯ ❞♦s ❣❡r❛❞♦r❡s a, b, c,d ❡ e ❞❡ Π1

(
K, (x0, y0)

)
✳

❚♦♠❡ α1 ✉♠ ❧❛ç♦ ❡♠ K ❜❛s❡❛❞♦ ❡♠ (x0, y0) ❝✉❥❛ ✐♠❛❣❡♠ é E ❡ t❛❧ q✉❡ [α1] = e

✭✉♠ ❞♦s ❣❡r❛❞♦r❡s ❞❡ Π1

(
K, (x0, y0)

)
❥á ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✮✳ ❙❡❥❛ µ : I → K

✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡ µ(0) = (x0, y0)✱ µ(1) = i
(
(x0, y0)

)
❡ z = [q ◦ µ] s❡❥❛ ✉♠ ❣❡r❛❞♦r

❞❡ Π1

(
K

i
, q
(
(x0, y0)

))
✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦ ✐❧✉str❛♠♦s ❡ss❛ s✐t✉❛çã♦ ❡♠ q✉❡✱ ♣r✐♠❡✐r♦✱

✐❞❡♥t✐✜❝❛♠♦s ❛♣❡♥❛s (x0, y0) ❛ i
(
(x0, y0)

)
✈✐❛ ❛♣❧✐❝❛çã♦ q✳

❋✐❣✉r❛ ✸✳✹✿ ❆♥❛❧✐s❛♥❞♦ q♯(e)✳

❊♥tã♦✱ t❡♠♦s

q♯(e) = q♯([α1]) = [q ◦ α1] = [q ◦ µ] [q ◦ µ] = [q ◦ µ]2 = z2.

❆❣♦r❛✱ s❡❥❛ α2 ✉♠ ❧❛ç♦ ❡♠K ❜❛s❡❛❞♦ ❡♠ (x0, y0) ❝✉❥❛ ✐♠❛❣❡♠ é A ❡ t❛❧ q✉❡ [α2] = a(
♦✉tr♦ ❣❡r❛❞♦r ❞❡ Π1

(
K, (x0, y0)

))
✳ ❈♦♠♦ ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s ❝♦♥✲
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s✐❞❡r❛r x = [q ◦ α2] = q♯([α2]) = q♯(a) ❝♦♠♦ ✉♠ ❣❡r❛❞♦r ❞❡ Π1

(
K

i
, q
(
(x0, y0)

))
✳

❋✐❣✉r❛ ✸✳✺✿ ❆♥❛❧✐s❛♥❞♦ q♯(a)✳

❈♦♥s✐❞❡r❡✱ ❛❣♦r❛✱ α3 ✉♠ ❧❛ç♦ ❡♠ K ❜❛s❡❛❞♦ ❡♠ i
(
(x0, y0)

)
❝✉❥❛ ✐♠❛❣❡♠ é B

❡ t❛❧ q✉❡ [α3] ❝♦rr❡s♣♦♥❞❡ ❛♦ ❣❡r❛❞♦r b ❡♠ Π1

(
K, i

(
(x0, y0)

))
✳ ◆♦t❡ q✉❡✱ ♣❛r❛

s❡r ♠❛✐s ♣r❡❝✐s♦ ❡♠ ❢✉♥çã♦ ❞♦ ♣♦♥t♦ ❜❛s❡✱ ♦ ❣❡r❛❞♦r ❞❡ Π1

(
K, (x0, y0)

)
é ❞❛ ❢♦r♠❛

b = [µ ∗ α3 ∗ µ
−1]✱ ♦♥❞❡ µ é ✉♠ ❝❛♠✐♥❤♦ ❡♠ K ❧✐❣❛♥❞♦ (x0, y0) ❛ i

(
(x0, y0)

)
✱ ❝♦♠♦ ❥á

♠❡♥❝✐♦♥❛❞♦✳

❋✐❣✉r❛ ✸✳✻✿ ❆♥❛❧✐s❛♥❞♦ q♯(b)✳

❆ss✐♠✱

q♯(b) = q♯([µ ∗ α3 ∗ µ
−1]) = [q ◦ (µ ∗ α3 ∗ µ

−1)]
= [(q ◦ µ) ∗ (q ◦ α3) ∗ (q ◦ µ

−1)] = [q ◦ µ] [q ◦ α3] [q ◦ µ
−1]

= [q ◦ µ] [q ◦ α2] [q ◦ µ]
−1 = zxz−1,

✉♠❛ ✈❡③ q✉❡ q ◦ µ−1 t❡♠ ♦r✐❡♥t❛çã♦ ♦♣♦st❛ ❛ ❞❡ q ◦ µ ❡ [q ◦ α2] = [q ◦ α3]✱ ❥á q✉❡ q
✐❞❡♥t✐✜❝❛ ❛ ✐♠❛❣❡♠ ❞❡ A ❝♦♠ ❛ ✐♠❛❣❡♠ ❞❡ B✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s q♯(c) = y ❡ q♯(d) = zyz−1✳



✶✷✷ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❉❡ss❡ ♠♦❞♦✱ Π1

(
K

i
, q
(
(x0, y0)

))
é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ♥♦s ❣❡r❛❞♦r❡s x,y ❡ z✱ ♦♥❞❡

q♯(a) = x

q♯(b) = zxz−1

q♯(c) = y

q♯(d) = zyz−1

q♯(e) = z2.

✭■✮

❆ ❛❜♦r❞❛❣❡♠ s❡❣✉✐♥t❡ s❡rá út✐❧ ♥♦ ✜♥❛❧ ❞❛ ♣r♦✈❛ ❞❡ss❡ t❡♦r❡♠❛✳ ❉❛❞❛ ✉♠❛ ♣❛❧❛✈r❛
F ❡♠ ✉♠ ❣r✉♣♦ ❧✐✈r❡ q✉❡ t❡♠ ✉♠❛ ❧❡tr❛ u ✭❣❡r❛❞♦r✮✱ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r s(u) ❛ s♦♠❛
❛❧❣é❜r✐❝❛ ❞❛s ♣♦tê♥❝✐❛s ❞❡ u q✉❡ ♦❝♦rr❡♠ ❡♠ F ✳ ❆ss✐♠✱

s❡ F ∈ Π1

(
K, (x0, y0)

)
é ✉♠❛ ♣❛❧❛✈r❛ ♥❛s ❧❡tr❛s a, b, c,d ❡ e✱ s❡❣✉❡ q✉❡

q♯(F) ∈ Π1

(
K

i
, q
(
(x0, y0)

))
é ✉♠❛ ♣❛❧❛✈r❛ ♥❛s ❧❡tr❛s x,y ❡ z✱

✭■■✮

❝♦♠ s(x) = s(a) + s(b)✱ s(y) = s(c) + s(d) ❡ s(z) = 2s(e)✳ ❉❡ ❢❛t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠
♦ q✉❡ ❢♦✐ ♦❜s❡r✈❛❞♦ ❡♠ ✭■✮✱ ❛s ♣♦tê♥❝✐❛s ❞❡ x q✉❡ ❛♣❛r❡❝❡♠ ❡♠ q♯(F) sã♦ ❛s q✉❡ ✈❡♠
❞❡ a ❡ ❞❡ b✳ ❈♦♠♦ q♯(a) = x ❡ q♯(b) = zxz−1✱ s❡❣✉❡ q✉❡ ❝❛❞❛ ♣♦tê♥❝✐❛ ❞❡ a ✭♦✉ b✮
❡♠ ✭■✮ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ú♥✐❝❛ ♣♦tê♥❝✐❛ ❞❡ x ❡♠ q♯(F)✱ ❛ss✐♠ ❛ s♦♠❛ ❛❧❣é❜r✐❝❛ ❞❛s
♣♦tê♥❝✐❛s ❞❡ x ❡♠ q♯(F) é ✐❣✉❛❧ ❛ s♦♠❛ ❛❧❣é❜r✐❝❛ ❞❛s ♣♦tê♥❝✐❛s ❞❡ a ❡ ❞❡ b ❡♠ F ✱ ♦✉
s❡❥❛✱

s(x) = s(a) + s(b).

❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

s(y) = s(c) + s(d).

◗✉❛♥t♦ às ♣♦tê♥❝✐❛s ❞❡ z ❡♠ q♯(F)✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ q♯(b) = zxz−1✱ q♯(d) = zyz−1

❡ q♯(e) = z2✱ q✉❡ ♥❛ s♦♠❛ ❛s ♣♦tê♥❝✐❛s ❞❡ z ♦r✐❣✐♥❛❞❛s ❞❡ b ❡ ❞❡ d s❡ ❝❛♥❝❡❧❛♠ ❡ q✉❡
❝❛❞❛ e ❞á ♦r✐❣❡♠ ❛ ♣♦tê♥❝✐❛ 2 ♥❛ ❧❡tr❛ z✱ s❡❣✉❡ q✉❡✱ ❡♠ q♯(F)✱

s(z) = 2s(e).

(iii) ❱❛♠♦s s✉♣♦r✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ {(X, T );T2} ♥ã♦ s❛t✐s❢❛③ ❲❇❯❚✳ ❊♥tã♦
❡①✐st❡ f : X → T2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❝♦♠ F−1(2T2) = ∅✱ ♦♥❞❡
F : (X, T ) → (T2, i) é ❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r F (x) = f(x) · (f (T (x)))−1✳

❈♦♠♦ F−1(2T2) = ∅✱ s❡❣✉❡ q✉❡ ♥ã♦ ❡①✐st❡ x ∈ X t❛❧ q✉❡ F (x) ∈ 2T2✳ ❈♦♥s❡q✉❡♥t❡✲
♠❡♥t❡✱ F ❛♣❧✐❝❛ X ❡♠ T2 − 2T2✱ ❛ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡

F : (X, T ) → (T2 − 2T2, i).

❖❜s❡r✈❡ q✉❡ T2−K é ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ q✉❛tr♦ ❞✐s❝♦s ❛❜❡rt♦s✱ ❝❛❞❛ ✉♠ t❡♥❞♦ ❝♦♠♦
❝❡♥tr♦ ✉♠ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ 2T2✳ ❉❡♥♦t❡♠♦s ❡st❡s ❞✐s❝♦s ♣♦r D1, D2, D3 ❡ D4✳ ❊♥tã♦✱
❝♦♥s✐❞❡r❛♥❞♦ pl : Dl−{rl} → K ❛ ✏♣r♦❥❡çã♦ r❛❞✐❛❧✑ ❡♠ t♦r♥♦ ❞❡ rl ∈ 2T2✱ l = 1, 2, 3, 4✱
♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦ ✭❝♦♥tí♥✉❛✮

h : T2 − 2T2 → K

(x, y) 7→

{
(x, y) , s❡ (x, y) ∈ K,

pl

(
(x, y)

)
, s❡ (x, y) ∈ Dl − {rl}, l = 1, 2, 3, 4.

❚❡♠♦s q✉❡ h : (T2−2T2, i) → (K, i) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡✱ ✐st♦ é✱ h◦i = i◦h✱
♣♦✐s
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• s❡ (x, y) ∈ K✱ ❡♥tã♦ i
(
(x, y)

)
∈ K ❡ ❛ss✐♠✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ h✱

h
(
i
(
(x, y)

))
= i
(
(x, y)

)
= i
(
h
(
(x, y)

))
.

• s❡ (x, y) ∈ Dl − {rl}, l = 1, 2, 3, 4✱ ♣♦❞❡✲s❡ ✈❡r✐✜❝❛r ✭✈✐❞❡ ✐❧✉str❛❞♦ ❛ s❡❣✉✐r✱
♣❛r❛ ❞♦✐s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ ❝♦♠ (x, y) ∈ D4 − {r4} ❡ (x, y) ∈ D1 − {r1}✮ q✉❡

i
(
(x, y)

)
∈ Dl − {rl} ❡ pl

(
i
(
(x, y)

))
= i
(
pl

(
(x, y)

))
✳

❋✐❣✉r❛ ✸✳✼✿ Pr♦❥❡çõ❡s pi✬s✳

❉❛í✱ s❡ (x, y) ∈ Dl − {rl}✱ ♣❛r❛ ❛❧❣✉♠ l ∈ {1, 2, 3, 4}✱

h
(
i
(
(x, y)

))
= pl

(
i
(
(x, y)

))
= i
(
pl

(
(x, y)

))
= i
(
h
(
(x, y)

))
.

❆❧é♠ ❞✐ss♦✱ h é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❤♦♠♦tó♣✐❝❛✱ ♣♦✐s ❡①✐st❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦
j : K → T2−2T2✱ ❞❡ ♠♦❞♦ q✉❡ h◦j ∼ IdK ✭♥❛ ✈❡r❞❛❞❡✱ h◦j = IdK✮ ❡ j◦h ∼ IdT2−2T2 ✳
❉❡ ❢❛t♦✱ ❡①✐st❡♠ ❛s ❤♦♠♦t♦♣✐❛s

H1 : K × I → K

((x, y), t) 7→ (x, y)

❡

H2 : T2 − 2T2 × I → T2 − 2T2

((x, y), t) 7→

{
(x, y), s❡ (x, y) ∈ K,

t(x, y) + (1− t)pl

(
(x, y)

)
, s❡ (x, y) ∈ Dl − {rl},

♣❛r❛ l = 1, 2, 3, 4✱ t❛✐s q✉❡




H1((x, y), 0) = (x, y) = h
(
(x, y)

)
= (h ◦ j)

(
(x, y)

)

H1((x, y), 1) = (x, y) = IdK

(
(x, y)

)
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❡



H2((x, y), 0) =

{
(x, y), s❡ (x, y) ∈ K

pl

(
(x, y)

)
, s❡ (x, y) ∈ Dl − {rl}

= h
(
(x, y)

)
= (j ◦ h)

(
(x, y)

)

H2((x, y), 1) =

{
(x, y), s❡ (x, y) ∈ K

(x, y), s❡ (x, y) ∈ Dl − {rl}
= IdT2−2T2

(
(x, y)

)

♣❛r❛ l = 1, 2, 3, 4✳
❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

g = h ◦ F : (X, T ) → (K, i),

♦♥❞❡ h ❡ F sã♦ ❛s ❛♣❧✐❝❛çõ❡s r❡❢❡r✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❚❡♠♦s q✉❡ g é ❡q✉✐✈❛r✐❛♥t❡✱ ♣♦✐s
é ❛ ❝♦♠♣♦st❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ✭❖❜s❡r✈❛çã♦ ✷✳✷✳✶✮✱ ♦✉ s❡❥❛✱ g ◦ T = i ◦ g✳

❚♦♠❡ ❛ ♣r♦❥❡çã♦ p : X →
X

T
t❛❧ q✉❡ p(x) = {x, T (x)}✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✷ ❡ s✉❛

❞❡♠♦♥str❛çã♦✱ g ✐♥❞✉③ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g :
X

T
→

K

i
❞❡✜♥✐❞❛ ♣♦r

g(x) = {g(x), g(T (x))} = {g(x), i(g(x))},

❝♦♠ x = p(x)✱ t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

X

p
��

g // K

q
��

X

T

g // K

i
✐st♦ é✱ q ◦ g = g ◦ p✳

❊s❝♦❧❤❛ ✉♠ ♣♦♥t♦ ❜❛s❡ ✐♥✐❝✐❛❧ v ∈ X✳ ❈♦♠♦ K é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ♣♦❞❡♠♦s
❝♦♥s✐❞❡r❛r ✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✮ q✉❡ ♦ ♣♦♥t♦ ❜❛s❡ ❝♦rr❡s♣♦♥❞❡♥t❡ g(v) ∈ K s❡❥❛

g(v) = (x0, y0) =

(
1

4
,
1

4

)
✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✱ t❡♠♦s ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❛❜❛✐①♦

Π1

(
X

T
, v

)

hX
T

��

g♯ // Π1

(
K

i
, q
(
(x0, y0)

))

hK
i

��

H1

(
X

T

)
g
∗ // H1

(
K

i

)

♦♥❞❡ hX
T
❡ hK

i
✐♥❞✐❝❛♠ ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❍✉r❡✇✐❝③ ❞❡

X

T
❡
K

i
✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖❜s❡r✈❡ q✉❡ H1

(
K

i

)
∼= Z × Z × Z✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍✉r❡✇✐❝③

✭❚❡♦r❡♠❛ ✶✳✼✳✷✮✱ t❡♠♦s q✉❡

Π1

(
K
i
, q
(
(x0, y0)

))

Π1

(
K
i
, q
(
(x0, y0)

))′ ∼= H1

(
K

i

)
,

♦✉ s❡❥❛✱ H1

(
K

i

)
é ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥✐③❛❞♦ ❞❡ Π1

(
K

i
, q
(
(x0, y0)

))
q✉❡ é ✉♠ ❣r✉♣♦ ❧✐✈r❡

❝♦♠ três ❣❡r❛❞♦r❡s✳



❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ❛ss♦❝✐❛❞❛ ❛♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ✶✷✺

(iv) ❚♦♠❡✱ ♣♦r ❤✐♣ót❡s❡✱ [α] ∈ Π1

(
X

T
, v

)
− p♯(Π1(X, v)) t❛❧ q✉❡ hX

T
([α]) é ✉♠

❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡H1

(
X

T

)
✳ ❈♦♠♦ g∗ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ s❡❣✉❡ q✉❡ g∗

(
hX

T
([α])

)

é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
K

i

)
∼= Z×Z×Z✳ P♦r Z×Z×Z s❡r ✉♠ ❣r✉♣♦ ❧✐✈r❡

❞❡ t♦rçã♦✱ ❡♥tã♦✱
g∗

(
hX

T
([α])

)
= 0. ✭■■■✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ α é ✉♠ ❧❛ç♦ ❡♠
X

T
t❛❧ q✉❡ α(0) = v = α(1)✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ α̃ : I → X t❛❧ q✉❡ p ◦ α̃ = α ❡ α̃(0) = v✳
❉❛í✱ ❝♦♠♦ p(α̃(1)) = α(1) = v = p(v) = p(T (v))✱ s❡❣✉❡ q✉❡ α̃(1) = v ♦✉ α̃(1) = T (v)✳
❙❡ α̃(1) = v✱ t❡♠♦s q✉❡ [α̃] ∈ Π1(X, v)✱ ❛ss✐♠

[α] = [p ◦ α̃] = p♯([α̃]) ∈ p♯(Π1(X, v)),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳ ▲♦❣♦✱ α̃(1) = T (v)✳
❈♦♥s✐❞❡r❡♠♦s ♦ ❝❛♠✐♥❤♦ g ◦ α̃ = (h ◦ F ) ◦ α̃ : I → K✳ ❚❡♠♦s q✉❡

(g ◦ α̃)(0) = g(α̃(0)) = g(v) = (x0, y0)

❡
(g ◦ α̃)(1) = g(α̃(1)) = g(T (v))

g◦T=i◦g
= i(g(v)) = i

(
(x0, y0)

)
.

P♦❞❡♠♦s t♦♠❛r✱ ❝♦♠♦ ❥á ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ ❝❛♠✐♥❤♦ µ : I → K t❛❧ q✉❡

µ(0) = (x0, y0)✱ µ(1) = i
(
(x0, y0)

)
❡ q ◦µ s❡❥❛ ✉♠ ❧❛ç♦ ❡♠

K

i
r❡♣r❡s❡♥t❛♥❞♦ z✱ ♦✉ s❡❥❛✱

[q ◦ µ] = z✳ ❊♥tã♦✱ (g ◦ α̃) ∗ µ−1 : I → K é ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡

((g ◦ α̃) ∗ µ−1)(0) = (g ◦ α̃)(0) = (x0, y0) = µ−1(1) = ((g ◦ α̃) ∗ µ−1)(1),

❛ss✐♠✱ [(g ◦ α̃) ∗ µ−1] ∈ Π1

(
K, (x0, y0)

)
✳

❈♦♠♦ Π1

(
K, (x0, y0)

)
t❡♠ ❣❡r❛❞♦r❡s a, b, c,d ❡ e✱ ❡♥tã♦ F = [(g ◦ α̃) ∗ µ−1] é ✉♠❛

♣❛❧❛✈r❛ ♥❛s ❧❡tr❛s a, b, c,d ❡ e✱ ❛ss✐♠✱

q♯(F) = q♯
(
[(g ◦ α̃) ∗ µ−1]

)
✭■❱✮

é ✉♠❛ ♣❛❧❛✈r❛ ♥❛s ❧❡tr❛s x,y ❡ z✱ ♣♦r ✭■■✮✳ ❆❧é♠ ❞✐ss♦✱

q♯
(
[(g ◦ α̃) ∗ µ−1]

)
= [q ◦ ((g ◦ α̃) ∗ µ−1)] = [q ◦ g ◦ α̃] [q ◦ µ]−1 = [q ◦ g ◦ α̃] z−1, ✭❱✮

✉♠❛ ✈❡③ q✉❡ z = [q ◦ µ]✳
❉❡ ✭■❱✮ ❡ ✭❱✮✱ ♦❜t❡♠♦s

q♯(F) = [q ◦ g ◦ α̃] z−1,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱
[q ◦ g ◦ α̃] = q♯(F) z. ✭❱■✮

❙❡ ❛ s♦♠❛ ❛❧❣é❜r✐❝❛ ❞❛s ♣♦tê♥❝✐❛s ❞❡ e ❡♠ F é sF(e) = n ∈ Z✱ ❡♥tã♦✱
❝♦♠♦ ❥á ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ s♦♠❛ ❛❧❣é❜r✐❝❛ ❞❛s ♣♦tê♥❝✐❛s ❞❡ z ❡♠



✶✷✻ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

q♯(F) é sq♯(F)(z) = 2n✳ ❉❛í✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣❛❧❛✈r❛ ❞❛❞❛ ♣❡❧♦ ❡❧❡♠❡♥t♦

[q ◦ g ◦ α̃] ∈ Π1

(
K

i
, q
(
(x0, y0)

))
✱ s❡❣✉❡ ❞❡ ✭❱■✮ q✉❡ ❛ s♦♠❛ ❛❧❣é❜r✐❝❛ ❞❛s ♣♦tê♥✲

❝✐❛s ❞❡ z ❡♠ [q ◦ g ◦ α̃] é s[q◦g◦α̃](z) = 2n+ 1✳ ❆ss✐♠✱ s[q◦g◦α̃](z) 6= 0✳

❈♦♠♦ H1

(
K

i

)
∼= Z × Z × Z é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✭✐♥❞✐❝❛❞♦ ❛q✉✐ ♠✉❧t✐♣❧✐❝❛t✐✈❛✲

♠❡♥t❡✮ ❡ hK
i
é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ❡♥tã♦

hK
i
([q ◦ g ◦ α̃]) =

(
hK

i
(x)
)s[q◦g◦α̃](x)

·
(
hK

i
(y)
)s[q◦g◦α̃](y)

·
(
hK

i
(z)
)s[q◦g◦α̃](z)

≡
(
s[q◦g◦α̃](x), s[q◦g◦α̃](y), 2n+ 1

)
,

❞❡ ♠♦❞♦ q✉❡ ❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ hK
i
([q ◦ g ◦ α̃]) ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ hK

i
(z)✲❢❛t♦r é ♥ã♦ ♥✉❧❛

❡✱ ❛ss✐♠✱ hK
i
([q ◦ g ◦ α̃]) 6= 0✳

▼❛s ✐ss♦ ♥♦s ❞á ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ q✉❡ ♦❜t❡♠♦s ❡♠ ✭■■■✮✱ ♣♦✐s t❡rí❛♠♦s✱

g∗

(
hX

T
([α])

) g
∗
◦hX

T
=hK

i
◦g♯

= hK
i

(
g♯([α])

)
= hK

i
([g ◦ α])

p◦α̃=α
= hK

i
([g ◦ p ◦ α̃])

g◦p=q◦g
= hK

i
([q ◦ g ◦ α̃]) 6= 0.

P♦rt❛♥t♦✱ {(X, T );T2} s❛t✐s❢❛③ ❲❇❯❚✳

❖❜s❡r✈❡ q✉❡ s❡ ♥ã♦ t✐✈éss❡♠♦s ❝♦♥s✐❞❡r❛❞♦ g(v) = (x0, y0) =

(
1

4
,
1

4

)
✱ ♦✉ s❡❥❛✱ s❡

g(v) = (w1, w2)✱ ❝♦♠ (w1, w2) ✉♠ ♦✉tr♦ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r ❡♠ K ❡♥tã♦✱ (w1, w2) ∈ E

♦✉ (w1, w2) /∈ E✳ ❙❡ (w1, w2) ∈ E✱ ❝♦♠♦ i
(
(w1, w2)

)
∈ E✱ ♣♦❞❡rí❛♠♦s t♦♠❛r ✉♠

❝❛♠✐♥❤♦ ❞✐r❡t♦ ❡♠ E ❞❡ (w1, w2) ❛ i
(
(w1, w2)

)
✱ ❛ss✐♠ ✈❛❧❡r✐❛ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s

✉t✐❧✐③❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❙❡ (w1, w2) /∈ E✱ ❡♥tã♦ t♦♠❛rí❛♠♦s ✉♠ ❝❛♠✐♥❤♦ λ ❡♠ K q✉❡

♣❛ss❡ ♣♦r ❞✉❛s ❛r❡st❛s ❝♦♥s❡❝✉t✐✈❛s ❞♦ q✉❛❞r❛❞♦ E✱ ❧✐❣❛♥❞♦ (w1, w2) ❛ i
(
(w1, w2)

)
✱

❝♦♠♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r✿

❋✐❣✉r❛ ✸✳✽✿ ❈❛♠✐♥❤♦ ❡♠ K ❧✐❣❛♥❞♦ (w1, w2) ❛ i
(
(w1, w2)

)
✳

❖✉ s❡❥❛✱ [q ◦ λ] s❡r✐❛ ✉♠❛ ♣❛❧❛✈r❛ q✉❡ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❧❡tr❛ z ❡✱ ❛ss✐♠✱ ❝♦♠♦
♦ ✐♥t❡r❡ss❡ é ❛♣❡♥❛s ♥❛s ♣♦tê♥❝✐❛s ❞❡ z✱ ❛ ♣r♦✈❛ s❡❣✉✐r✐❛ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡
✜③❡♠♦s✳ �



❈♦♥❞✐çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ✶✷✼

❈♦r♦❧ár✐♦ ✸✳✷✳✶✳ ❈♦♥s✐❞❡r❡♠♦s X ❡ Y ❡s♣❛ç♦s ❞❡ ❍❛✉s❞♦r✛ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱
(X, T ) ✉♠ ♣❛r✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ X✱ ❡ S : Y → Y é ✉♠❛ ✐♥✈♦❧✉çã♦

q✉❡ ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ ✜①♦✳ ❙❡ ❡①✐st❡ [α] ∈ Π1

(
X

T

)
− (p1)♯(Π1(X)) t❛❧ q✉❡

hX
T
([α]) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X

T

)
✱ s❡♥❞♦ (p1)♯ ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦

❞❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ p1 : X →
X

T
✱ ❡♥tã♦ {(X × Y, T × S);T2} s❛t✐s❢❛③ ❲❇❯❚✱ ♦♥❞❡

T × S é ❛ ✐♥✈♦❧✉çã♦ ♣r♦❞✉t♦ (T × S)(x, y) = (T (x), S(y))✱ ♣❛r❛ t♦❞♦ (x, y) ∈ X × Y ✳

❉❡♠♦♥str❛çã♦✿ ❙❡ ❡①✐st❡ [α] ∈ Π1

(
X

T

)
− (p1)♯(Π1(X)) t❛❧ q✉❡ hX

T
([α]) é ✉♠

❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X

T

)
✱ ❡♥tã♦✱ s✐♠✐❧❛r♠❡♥t❡ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✷✱ t♦♠❛♥❞♦ c ∈ Y t❛❧ q✉❡ S(c) = c✱ ♦❜té♠✲s❡ ✉♠ ❡❧❡♠❡♥t♦

[φc ◦ α] ∈ Π1

(
X × Y

T × S
, (a, c)

)
− p♯ (Π1 (X × Y, (a, c))) t❛❧ q✉❡ hX×Y

T×S
([φc ◦ α]) é

✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
X × Y

T × S

)
✳ ❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ s❡❣✉❡ q✉❡

{(X × Y, T × S);T2} s❛t✐s❢❛③ ❲❇❯❚✳ �

✸✳✸ ❈♦♥❞✐çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚

♣❛r❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦ é ♣r♦✈❛r ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❞á ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥✲
tr❡ ❛ ✈❡rsã♦ ❢r❛❝❛ ❲❇❯❚ ♣❛r❛ tr✐♣❧❛s {(S, T );T2} ❡ ❛ ❝♦♥❞✐çã♦ ❇❯❚ ♣❛r❛ {(S, T ); IR2}✱
s❡♥❞♦ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✱ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❛rt✐❣♦ ❥á r❡❢❡r✐❞♦ ♥♦ ✐♥í❝✐♦ ❞♦ ❝❛♣ít✉❧♦✳
P❛r❛ ❛ ♣r♦✈❛ é ♥❡❝❡ssár✐♦ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ●♦♥ç❛❧✈❡s ✭✷✵✵✻✮✱ ❬✷❪✱ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛s
tr✐♣❧❛s {(S, T ), IR2} q✉❡ s❛t✐s❢❛③❡♠ ❇❯❚✳

■♥✐❝✐❛❧♠❡♥t❡ ✭❝♦♠♦ ✉♠❛ ✐♥❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧✮ ❛♣r❡s❡♥t❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ♣❛r❛ s✉✲
♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s r❡❧❛❝✐♦♥❛❞♦ à ❝♦♥❞✐çã♦ ❇❯❚✱ q✉❡ ❢♦✐ t❛♠❜é♠ ❛❜♦r❞❛❞♦ ❡♠ ●♦♥ç❛❧✈❡s
✭✷✵✵✻✮✱ ❬✷❪✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✳ ❈♦♥s✐❞❡r❡ (S, T ) ❡ (S1, A) ❞♦✐s ♣❛r❡s✱ ♦♥❞❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ ❡q✉✐♣❛❞❛ ❝♦♠ ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ T ❡ A é ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ s♦❜r❡ S1✳

(i) ❙❡ {(S, T ); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚ ❡ g : (S, T ) → (S1, A) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛✲

r✐❛♥t❡ (q✉❡ ❡①✐st❡ ♣❡❧♦ ▲❡♠❛ 2.2.1)✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ g :
S

T
→

S1

A
(❝♦♠♦

♥♦ ▲❡♠❛ 2.2.2) t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ g♯ : Π1

(
S

T

)
→ Π1

(
S1

A

)

✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦
Π1

(
S
T

)

p♯(Π1(S))
→

Π1

(
S1

A

)

q♯(Π1(S1))
✱ ♦♥❞❡ p : S →

S

T
❡ q : S1 →

S1

A
sã♦ ❛s ❛♣❧✐❝❛çõ❡s q✉♦❝✐❡♥t❡s✳

(ii) ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g :
S

T
→

S1

A
é t❛❧ q✉❡

g♯(p♯(Π1(S))) ⊂ q♯(Π1(S
1)) ❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣♦r g♯ ♥♦ q✉♦❝✐❡♥t❡



✶✷✽ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

Π1

(
S
T

)

p♯(Π1(S))
→

Π1

(
S1

A

)

q♯(Π1(S1))
é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛✲

r✐❛♥t❡ g : (S, T ) → (S1, A) ❡✱ ♣♦rt❛♥t♦✱ {(S, T ); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳

❉❡♠♦♥str❛çã♦✿

(i) ❖❜s❡r✈❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺ ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦

✶✳✸✳✺✱ t❡♠♦s q✉❡
(
S1, q,

S1

A

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s t❡♥❞♦ ❝♦♠♦ ❣r✉♣♦

❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ G

(
S1
∣∣∣ S

1

A

)
= {Id, A}✳ P❡❧❛ Pr♦♣♦s✐çã♦

✶✳✸✳✹✱ s❡❣✉❡ q✉❡ q♯(Π1(S
1)) t❡♠ í♥❞✐❝❡ ❞♦✐s ❡✱ ♣♦rt❛♥t♦✱ q♯(Π1(S

1)) é ✉♠ s✉❜❣r✉♣♦

♥♦r♠❛❧✳ ❆ss✐♠✱
(
S1, q,

S1

A

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r✳ ❯s❛♥❞♦ ♦ ❈♦r♦❧ár✐♦

✶✳✸✳✾✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ G
(
S1
∣∣∣ S

1

A

)
= {Id, A} ❡

Π1

(
S1

A

)

q♯(Π1(S1))
❡✱ ❛ss✐♠✱

Π1

(
S1

A

)

q♯(Π1(S1))
∼= Z2. ✭■✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ p✱ ♦❜tê♠✲s❡ q✉❡
Π1

(
S
T

)

p♯(Π1(S))
∼= Z2✳

❈♦♠♦ Π1

(
S1

A

)
∼= Z✱ s❡❣✉❡ ❞❡ ✭■✮ q✉❡ q♯(Π1(S

1)) ∼= 2Z✳

❈♦♥s✐❞❡r❡ g : (S, T ) → (S1, A) ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡✱ q✉❡ ❡①✐st❡ ♣❡❧♦ ❢❛t♦
❞❡ q✉❡ {(S, T ); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚ ✭▲❡♠❛ ✷✳✷✳✶✮✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✷✱ g ✐♥❞✉③ ❛

❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g :
S

T
→

S1

A
t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

S

p
��

g // S1

q
��

S

T

g // S
1

A
.

❊✱ ♣♦rt❛♥t♦✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛✱ t❛♠❜é♠✱ é ❝♦♠✉t❛t✐✈♦

Π1(S)

p♯
��

g♯ // Π1(S
1)

q♯
��

Π1

(
S

T

)
g♯ // Π1

(
S1

A

)
.

❈♦♠♦ ❛ ✐♠❛❣❡♠ ❞❡ p♯(Π1(S)) ♣♦r g♯ ❡stá ❝♦♥t✐❞❛ ❡♠ q♯(Π1(S
1))✱ ♣♦✐s

g♯(p♯(Π1(S))) = q♯(g♯(Π1(S))) ⊂ q♯(Π1(S
1)) ∼= 2Z

t❡♠♦s✱ ❡♥tã♦✱ ❛ ❡①✐stê♥❝✐❛ ❞♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♥♦s q✉♦❝✐❡♥t❡s

Z2
∼=

Π1

(
S
T

)

p♯(Π1(S))
φ
→

Π1

(
S1

A

)

q♯(Π1(S1))
∼=

Z

2Z
∼= Z2,



❈♦♥❞✐çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ✶✷✾

♦♥❞❡ t❛❧ ❤♦♠♦♠♦r✜s♠♦ é ❞❛❞♦✱ ✐♥❞✐❝❛♥❞♦ ♦s ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❛❞✐t✐✈❛♠❡♥t❡✱ ♣♦r

[ρ] + p♯(Π1(S))
φ
7→ g♯([ρ]) + q♯(Π1(S

1)) = [g ◦ ρ] + q♯(Π1(S
1))✱ ❝♦♠ ρ : I →

S

T
✉♠

❧❛ç♦✳ ❆ss✐♠✱ ♣❛r❛ ♠♦str❛r q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ φ é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❞❡✈❡♠♦s

♣r♦✈❛r q✉❡ ❛ ❝❧❛ss❡ ♥ã♦ ♥✉❧❛ ❞❡
Π1

(
S
T

)

p♯(Π1(S))
é ❧❡✈❛❞❛✱ ♣♦r φ✱ ♥❛ ❝❧❛ss❡ ♥ã♦ ♥✉❧❛ ❞❡

Π1

(
S1

A

)

q♯(Π1(S1))
✳

❱❛♠♦s ❡①✐❜✐r✱ ♣r✐♠❡✐r♦✱ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ♣❛r❛ ❛ ❝❧❛ss❡ ♥ã♦ ♥✉❧❛ ❞❡
Π1

(
S
T

)

p♯ (Π1(S))
✳

❋✐①❡ ✉♠ ♣♦♥t♦ ❜❛s❡ s0 ∈ S✳ ❙❡❥❛ λ : I → S ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡ λ(0) = s0 ❡

λ(1) = T (s0)✱ ❛ss✐♠ p ◦ λ : I →
S

T
é ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ s0✱ ✉♠❛ ✈❡③ q✉❡ ❛

❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ p ✐❞❡♥t✐✜❝❛ s0 ❝♦♠ T (s0)✳

❖❜s❡r✈❡ q✉❡ [p ◦ λ] /∈ p♯(Π1(S, s0))✱ ♣♦✐s s❡ [p ◦ λ] ∈ p♯(Π1(S, s0))✱ ❡♥tã♦
❡①✐st✐r✐❛ [β] ∈ Π1(S, s0) t❛❧ q✉❡ [p ◦ λ] = p♯([β]) = [p ◦ β]✳ ❉❛í✱ p ◦ λ ∼ p ◦ β
❡✱ ❝♦♠♦ λ(0) = s0 = β(0) ❡ (p ◦ λ)(1) = s0 = p(s0) = (p ◦ β)(1)✱ s❡❣✉❡ ❞♦
❚❡♦r❡♠❛ ✶✳✸✳✹✱ q✉❡ λ ∼ β ❡ λ(1) = β(1)✳ ❊♥tã♦✱ s0 = β(1) = λ(1) = T (s0)✱
♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❞♦ ❢❛t♦ ❞❡ T s❡r ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✳ ▲♦❣♦✱

[p ◦ λ] ∈ Π1

(
S

T
, s0

)
− p♯(Π1(S, s0))✱ ♦✉ s❡❥❛✱ [p ◦ λ] é ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❝❧❛ss❡

♥ã♦ ♥✉❧❛ ❞❡
Π1

(
S
T

)

p♯(Π1(S))
✳

◗✉❡r❡♠♦s✱ ❛❣♦r❛✱ ❛♥❛❧✐s❛r g♯([p ◦ λ]) = [g ◦ p ◦ λ]
g◦p=q◦g
= [q ◦ g ◦ λ] ∈ Π1

(
S1

A

)
✳

◆♦t❡ q✉❡ g ◦ λ é ✉♠ ❝❛♠✐♥❤♦ ❡♠ S1 ❧✐❣❛♥❞♦ ♦ ♣♦♥t♦ g(s0) ❛♦ ♣♦♥t♦
g(T (s0)) = A(g(s0)) = −g(s0)✱ ♣♦✐s g é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡✳

❚♦♠❡ ✉♠ ❣❡r❛❞♦r [γ] ∈ Π1(S
1, g(s0)) ∼= Z ❡ ❡s❝♦❧❤❛ µ : I → S1 ✉♠ ❝❛♠✐♥❤♦

t❛❧ q✉❡ µ(0) = g(s0) ❡ µ(1) = −g(s0)✱ ❞❡ ♠♦❞♦ q✉❡ [q ◦ µ] s❡❥❛ ✉♠ ❣❡r❛❞♦r ❞❡

Π1

(
S1

A
, g(s0)

)
∼= Z✳ ❉❛í✱

q♯([γ]) = [q ◦ γ] = [(q ◦ µ) ∗ (q ◦ µ)] = [q ◦ µ] + [q ◦ µ] = 2 [q ◦ µ].

❈♦♥s✐❞❡r❡ ♦ ❝❛♠✐♥❤♦ (g ◦ λ) ∗ µ−1 : I → S1✱ ❡♥tã♦

((g ◦ λ) ∗ µ−1)(0) = (g ◦ λ)(0) = g(s0) = µ−1(1) = ((g ◦ λ) ∗ µ−1)(1),

♦✉ s❡❥❛✱ [(g ◦ λ) ∗ µ−1] ∈ Π1(S
1, g(s0))✳ ❈♦♠♦ [γ] é ❣❡r❛❞♦r ❞❡ Π1(S

1, g(s0))✱
s❡❣✉❡ q✉❡✱ ♣❛r❛ ❛❧❣✉♠ m ∈ Z✱ t❡♠♦s

[(g ◦ λ) ∗ µ−1] = m [γ]

❞❛í✱
q♯([(g ◦ λ) ∗ µ

−1]) = q♯(m [γ]) = m q♯([γ]) = 2m [q ◦ µ].

P♦r ♦✉tr♦ ❧❛❞♦✱

q♯([(g ◦ λ) ∗ µ
−1]) = [q ◦ ((g ◦ λ) ∗ µ−1)] = [(q ◦ g ◦ λ) ∗ (q ◦ µ−1)]

= [q ◦ g ◦ λ]− [q ◦ µ],



✶✸✵ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❥á q✉❡ q ◦ µ−1 t❡♠ ❛ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛ ❛ ❞❡ q ◦ µ✳

❆ss✐♠✱ ❞❡✈❡♠♦s t❡r
[q ◦ g ◦ λ]− [q ◦ µ] = 2m [q ◦ µ],

♦ q✉❡ ❡q✉✐✈❛❧❡ ❛✱

q♯([g ◦ λ]) = [q ◦ g ◦ λ] = (2m+ 1) [q ◦ µ],

♦✉ s❡❥❛✱ ❛ ✐♠❛❣❡♠ ❞❛ ❝❧❛ss❡ ❞❡ g ◦ λ ♣❡❧❛ ❛♣❧✐❝❛çã♦ q♯ é ✉♠ ♠ú❧t✐♣❧♦ í♠♣❛r ❞♦

❣❡r❛❞♦r ❞❡ Π1

(
S1

A
, s0

)
✳ ❉❛í✱

g♯([p ◦ λ]) = [g ◦ p ◦ λ]
g◦p=q◦g
= [q ◦ g ◦ λ] = (2m+ 1) [q ◦ µ] 6= 0

❡✱ ♣♦rt❛♥t♦✱ g♯([p◦λ]) é ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❝❧❛ss❡ ♥ã♦ ♥✉❧❛ ❞❡
Π1

(
S1

A

)

q♯(Π1(S1))
∼= Z2✳

▲♦❣♦✱
Π1

(
S
T

)

p♯(Π1(S))
φ
→

Π1

(
S1

A

)

q♯(Π1(S1))
é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❝♦♠♦ ❞❡s❡❥❛❞♦✳

(ii) P❛r❛ ❛ r❡❝í♣r♦❝❛✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g :
S

T
→

S1

A
t❛❧ q✉❡

g♯(p♯(Π1(S))) ⊂ q♯(Π1(S
1))✳

P❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ▲❡✈❛♥t❛♠❡♥t♦ ✭❚❡♦r❡♠❛ ✶✳✸✳✺✮✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐✲
❝❛çã♦ ❝♦♥tí♥✉❛ g : S → S1 t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛

S1

q
��

S

g

44

p
// S

T g
// S

1

A

✐st♦ é✱ g ◦ p = q ◦ g✳

▼♦str❡♠♦s q✉❡ g é ❡q✉✐✈❛r✐❛♥t❡✱ ♦✉ s❡❥❛✱ g(T (x)) = A(g(x)) = −g(x)✱ ♣❛r❛ t♦❞♦

x ∈ S✳ ❚♦♠❡ ✉♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r x ∈ S✱ t❡♠♦s q✉❡ p(x) = x ∈
S

T
❡✱ ❛ss✐♠✱

g(x) = g(p(x)) = q(g(x)) = {g(x),−g(x)}.

❆❧é♠ ❞✐ss♦✱ g(T (x)) = g(p(T (x))) = q(g(T (x))) = {g(T (x)),−g(T (x))}✳

❈♦♠♦ x = {x, T (x)} = {T (T (x)), T (x)} = T (x)✱ s❡❣✉❡ q✉❡

{g(x),−g(x)} = g(x) = g(T (x)) = {g(T (x)),−g(T (x))}

❛ss✐♠✱ g(x) = g(T (x)) ♦✉ g(x) = −g(T (x))✱ ♣❛r❛ t♦❞♦ x ∈ S✳

❱❛♠♦s s✉♣♦r q✉❡ g(x0) = g(T (x0))✱ ♣❛r❛ ❛❧❣✉♠ x0 ∈ S✳ ❆♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐
❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ g(s0) ❡ g(T (s0))✱ t♦♠❡ σ ✉♠ ❝❛♠✐♥❤♦ ❡♠ S ❧✐❣❛♥❞♦ x0
❛ T (x0)✳ ❊♥tã♦✱ g ◦ σ é ✉♠ ❧❛ç♦ ❡♠ S1 ❜❛s❡❛❞♦ ❡♠ g(x0) = g(T (x0))✱ ❛ss✐♠✱
[g ◦ σ] ∈ Π1(S

1, g(x0))✳

❈♦♥s✐❞❡r❡ ✉♠ ❣❡r❛❞♦r [γ1] ∈ Π1(S
1, g(x0)) ∼= Z✳ ❊♥tã♦✱ [g ◦ σ] = r [γ1]✱

♣❛r❛ ❛❧❣✉♠ r ∈ Z✳ ❙❡❥❛ µ1 : I → S1 ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡ µ1(0) = g(x0) ❡



❈♦♥❞✐çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ✶✸✶

µ1(1) = −g(x0) ❡ [q ◦ µ1] s❡❥❛ ✉♠ ❣❡r❛❞♦r ❞❡ Π1

(
S1

A
, g(x0)

)
∼= Z✳ ❘❛❝✐♦❝✐♥❛♥❞♦

❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ ❝♦♠ ♦ ❝❛♠✐♥❤♦ γ✱ ♦❜tê♠✲s❡

q♯([γ1]) = 2 [q ◦ µ1].

❉❛í✱ ✉s❛♥❞♦ q✉❡ [g ◦ σ] = r [γ1]✱ ♦❜t❡♠♦s

q♯([g ◦ σ]) = q♯(r [γ1]) = 2r [q ◦ µ1],

♦✉ s❡❥❛✱ q♯([g ◦ σ]) ∈ Π1

(
S1

A

)
é ✉♠ ✐♥t❡✐r♦ ♣❛r s♦❜ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡

Π1

(
S1

A

)
∼= Z ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s✉❛ ❝❧❛ss❡ ❡♠

Π1

(
S1

A

)

q♯ (Π1(S1))
∼= Z2 s❡rá

♥✉❧❛✳ (■■)

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ p ◦ σ✱ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ✜③❡♠♦s ❝♦♠ ♦
❝❛♠✐♥❤♦ p ◦ λ✱ ❝♦♥❝❧✉í✲s❡ q✉❡ [p ◦ σ] /∈ p♯(Π1(S, x0))✱ ❛ss✐♠✱ [p ◦ σ] é ✉♠ r❡♣r❡s❡♥✲

t❛♥t❡ ❞❛ ❝❧❛ss❡ ♥ã♦ ♥✉❧❛ ❞❡
Π1

(
S
T

)

p♯(Π1(S))
∼= Z2✳ ❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ ♦ ❤♦♠♦♠♦r✲

✜s♠♦ ✐♥❞✉③✐❞♦ ♣♦r g♯ : Π1

(
S

T

)
→ Π1

(
S1

A

)
✱

Π1

(
S
T

)

p♯(Π1(S))
→

Π1

(
S1

A

)

q♯(Π1(S1))
t❛❧ q✉❡

[ρ] + p♯(Π1(S)) 7→ g♯([ρ]) + q♯(Π1(S
1)) é ✉♠ ✐s♦♠♦r✜s♠♦✱ t❡♠♦s q✉❡

q♯([g ◦ σ]) = [q ◦ g ◦ σ]
q◦g=g◦p
= [g ◦ p ◦ σ] = g♯([p ◦ σ])

é ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❝❧❛ss❡ ♥ã♦ ♥✉❧❛ ❞❡
Π1

(
S1

A

)

q♯(Π1(S1))
∼= Z2✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦

♦❜t✐❞♦ ❡♠ (■■)✳

▲♦❣♦✱ g(x) 6= g(T (x))✱ ♣❛r❛ t♦❞♦ x ∈ S✱ ❡✱ ♣♦rt❛♥t♦✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡
g(x) = −g(T (x))✱ ♣❛r❛ t♦❞♦ x ∈ S✳ ❆ss✐♠✱ g é ❡q✉✐✈❛r✐❛♥t❡ ❡✱ ♣❡❧♦ ▲❡♠❛ ✷✳✷✳✶✱
{(S, T ); IR2} ♥ã♦ s❛t✐s❢❛③ ❇❯❚✳ �

❆ ❝❧❛ss✐✜❝❛çã♦ ❞❛s tr✐♣❧❛s {(S, T ); IR2} q✉❡ s❛t✐s❢❛③❡♠ ❇❯❚ ❛♣r❡s❡♥t❛❞❛ ♣♦r
●♦♥ç❛❧✈❡s ✭q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❛q✉✐ ♥❛ ♣r♦✈❛ ❞❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚✮
❡♥✈♦❧✈❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ s✉♣❡r❢í❝✐❡s ❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ s✉❜❣r✉♣♦s
❞❡ í♥❞✐❝❡ ❞♦✐s ❞❡ Π1(S) ❡ ❝❡rt❛s s❡q✉ê♥❝✐❛s ❡♠ Z2✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✷✳ ❈♦♥s✐❞❡r❡ {a1, a2, ..., as} ♦ ❝♦♥❥✉♥t♦ ❞♦s ❣❡r❛❞♦r❡s ❞❡ Π1(S)✱ ❝♦♠
S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❚♦♠❡ ♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s✿

H := {H ⊂ Π1(S); H é ✉♠ s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ❞♦✐s};
F := {f : Π1(S) → Z2; f é ❤♦♠♦♠♦r✜s♠♦ ♥ã♦ tr✐✈✐❛❧};
S := {φ : {a1, a2, ..., as} → Z2; φ é ✉♠❛ ❛♣❧✐❝❛çã♦ ♥ã♦ tr✐✈✐❛❧}.

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s ❞♦s ❝♦♥❥✉♥t♦s H✱
F ❡ S✳



✶✸✷ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❉❡♠♦♥str❛çã♦✿ ❚♦♠❡ H ∈ H✱ ❡♥tã♦ H é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ Π1(S)✱ ✉♠❛ ✈❡③
q✉❡ H t❡♠ í♥❞✐❝❡ ❞♦✐s✳ ❆ss✐♠✱ t❡♠♦s ❞❡✜♥✐❞♦ ♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦

ρ : Π1(S) →
Π1(S)

H
✱ ❞❛❞♦ ♣♦r ρ([α]) = [α] ·H✳

P♦r H t❡r í♥❞✐❝❡ ❞♦✐s✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ g :
Π1(S)

H
→ Z2 ❡✱ ❛ss✐♠✱ t❡♠♦s ♦

❤♦♠♦♠♦r✜s♠♦ ♥ã♦ tr✐✈✐❛❧ ρ = g ◦ ρ : Π1(S) → Z2✳
❉❡✜♥❛✱ ❡♥tã♦

ϑ : H → F
H 7→ ρ.

◆♦t❡ q✉❡✱ ♣❛r❛ t♦❞♦ f ∈ F ✱ t❡♠♦s q✉❡ f : Π1(S) → Z2 é s♦❜r❡❥❡t♦r✱ ✉♠❛ ✈❡③
q✉❡ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ♥ã♦ tr✐✈✐❛❧✳ ❆ss✐♠✱ f(Π1(S)) = Z2✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦

■s♦♠♦r✜s♠♦ ✭❚❡♦r❡♠❛ ✶✳✶✳✶✮✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ f̃ :
Π1(S)

Ker(f)
→ f(Π1(S))✱ ♦✉ s❡❥❛✱

Π1(S)

Ker(f)
∼= Z2✳ ▲♦❣♦✱ Ker(f) é ✉♠ s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ❞♦✐s✳

P♦❞❡♠♦s ❞❡✜♥✐r✱ ❡♥tã♦
ψ : F → H

f 7→ Ker(f).

❖❜s❡r✈❡♠♦s q✉❡

(ψ ◦ ϑ)(H) = ψ(ϑ(H)) = ψ(ρ) = Ker(ρ) = H,

♦✉ s❡❥❛✱ ψ ◦ ϑ = IdH✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ ψ é s♦❜r❡❥❡t♦r❛✳ ◆♦t❡♠♦s✱ t❛♠❜é♠✱ q✉❡ ψ é
✐♥❥❡t♦r❛✱ ♣♦✐s

ψ(f) = ψ(g) ⇒ Ker(f) = Ker(g) ⇒

{
f(x) = 0 = g(x), ∀ x ∈ Ker(f) = Ker(g);
f(x) = 1 = g(x), ∀ x /∈ Ker(f) = Ker(g),

❛ss✐♠✱ f = g✳
▲♦❣♦✱ ψ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❥❡t♦r❛✱ ❝♦♠ ϑ : H → F s❡♥❞♦ ❛ s✉❛ ✐♥✈❡rs❛✳
❚♦♠❡♠♦s✱ ❛❣♦r❛✱ f ∈ F ❡ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

η : F → S
f 7→ f |{a1,...,as}

♦♥❞❡ f |{a1,...,as} ✐♥❞✐❝❛ ❛ r❡str✐çã♦ ❞❡ f ♥♦s ❣❡r❛❞♦r❡s ❞❡ Π1(S)✳
❚❡♠♦s q✉❡ η ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✐♥❥❡t♦r❛✱ ✉♠❛ ✈❡③ q✉❡ a1, ..., as sã♦ ♦s ❣❡r❛❞♦r❡s

❞❡ Π1(S)✳
❙❛❜❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ s✉♣❡r❢í❝✐❡ S✱ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ S t❡♠ ✉♠❛ ❛♣r❡s❡♥✲

t❛çã♦ ❞❛ ❢♦r♠❛
Π1(S) = 〈{a1, ..., as} | {r = 1}〉 ,

♦♥❞❡ r é ✉♠❛ r❡❧❛çã♦ q✉❡ ❞❡✜♥❡ Π1(S)✳ ❆ss✐♠✱ ✉♠ ❡❧❡♠❡♥t♦ ❣❡♥ér✐❝♦ ξ ∈ Π1(S) t❡♠ ❛
❢♦r♠❛

ξ = a
t1,1
1 a

t2,1
2 ...ats,1s a

t1,2
1 a

t2,2
2 ...ats,2s ...a

t1,n
1 a

t2,n
2 ...ats,ns ,

♦♥❞❡ n ∈ IN ❡ ti,k ∈ Z✱ ❝♦♠ 1 ≤ i ≤ s ❡ 1 ≤ k ≤ n✳
P❛r❛ ❝❛❞❛ φ ∈ S✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

fφ : Π1(S) → Z2,



❈♦♥❞✐çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ✶✸✸

❞❡✜♥✐❞❛ ♥♦s ❣❡r❛❞♦r❡s ♣♦r fφ(ai) = φ(ai) ❡ ✏❡st❡♥❞✐❞❛ ♣♦r ❧✐♥❡❛r✐❞❛❞❡✑ ❞❡ ♠♦❞♦ q✉❡

fφ(ξ) = (t1,1 + ...+ t1,n)φ(a1) + (t2,1 + ...+ t2,n)φ(a2) + ...+ (ts,1 + ...+ ts,n)φ(as).

P❡❧❛ ♠❛♥❡✐r❛ ❡♠ q✉❡ s❡ t♦♠♦✉ fφ✱ s❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ fφ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✉♠
❤♦♠♦♠♦r✜s♠♦✳

❖ ❤♦♠♦♠♦r✜s♠♦ fφ é ♥ã♦ tr✐✈✐❛❧✱ ♣♦✐s φ é ♥ã♦ tr✐✈✐❛❧✱ ❡✱ ♣❛r❛ ❛ r❡❧❛çã♦ r✱ fφ(r) =
fφ(1) = 0✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦ φ ∈ S ❡①✐st❡ fφ ∈ F t❛❧ q✉❡ η(fφ) = (fφ)|{a1,...,as} = φ✱
❧♦❣♦ η é s♦❜r❡❥❡t♦r❛✳

P♦rt❛♥t♦✱ η é ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ F ❡ S✳ �

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❝❛❞❛ s✉❜❣r✉♣♦ H ❞❡ í♥❞✐❝❡ ❞♦✐s ❞❡ Π1(S) é
✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ♥ã♦ tr✐✈✐❛❧ fφ : Π1(S) → Z2 ❡ ❡st❡✱ ♣♦r s✉❛ ✈❡③✱
é ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠❛ ❛♣❧✐❝❛çã♦ φ : {a1, ..., as} → Z2 t❛❧ q✉❡ φ(ai) = δi✱ ♦♥❞❡ δi é
0 ♦✉ 1 ❡ s é ♦ ♥ú♠❡r♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Π1(S)✳ ❆ss✐♠✱ ♦s s✉❜❣r✉♣♦s H ❞❡ í♥❞✐❝❡ ❞♦✐s
❞❡ Π1(S) sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧❛s s❡q✉ê♥❝✐❛s ♥ã♦ ♥✉❧❛s (δ1, δ2, ..., δs)✱ ♦♥❞❡ δi é 0 ♦✉ 1✱
s❡♥❞♦ s ♦ ♥ú♠❡r♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Π1(S)✳ ❈♦♠♦ ❡①✐st❡♠ 2s − 1 s❡q✉ê♥❝✐❛s ♥ã♦ ♥✉❧❛s✱
s❡❣✉❡ q✉❡ ❡①✐st❡♠ 2s − 1 s✉❜❣r✉♣♦s ❞❡ í♥❞✐❝❡ ❞♦✐s ❞❡ Π1(S)✳

◗✉❡r❡♠♦s ❡♥✉♥❝✐❛r ♦ t❡♦r❡♠❛ ❞❡ ●♦♥ç❛❧✈❡s ✭✷✵✵✻✮✱ ❬✷❪✱ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛s tr✐♣❧❛s
{(S, T ); IR2} q✉❡ s❛t✐s❢❛③❡♠ ❇❯❚ ❡ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ♦♠✐t✐r❡♠♦s ❛q✉✐✳

◆♦t❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ ♣❛r (S0, H)✱ ♦♥❞❡ S0 é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ H é ✉♠
s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ❞♦✐s ❞❡ Π1(S0)✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠ ♣❛r (S̃, T̃ )✱ ♦♥❞❡ S̃ é ✉♠❛
s✉♣❡r❢í❝✐❡ ❡ T̃ é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✱ ❝♦♠♦ s❡❣✉❡✿ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✶ ❡①✐st❡ ✉♠
❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ (S̃, q, S0) t❛❧ q✉❡ q♯(Π1(S̃)) = H✳ ❈♦♠♦ H t❡♠ í♥❞✐❝❡ ❞♦✐s✱
❡♥tã♦H é ♥♦r♠❛❧✱ ❛ss✐♠ (S̃, q, S0) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ r❡❣✉❧❛r✳ ❉❛í✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✾✱

t❡♠♦s q✉❡ G(S̃ | S0) ∼=
Π1(S0)

q♯(Π1(S̃))
∼= Z2✳ ❆❧é♠ ❞✐ss♦✱ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✹ ❣❛r❛♥t❡ q✉❡ ♦

r❡❝♦❜r✐♠❡♥t♦ (S̃, q, S0) é r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s ❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❖❜s❡r✈❛çã♦
✶✳✸✳✺✱ G(S̃ | S0) = {Id, T̃}✱ ❝♦♠ T̃ s❡♥❞♦ ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡✳ ▲♦❣♦✱ ♦❜t❡♠♦s ✉♠❛
✐♥✈♦❧✉çã♦ T̃ : S̃ → S̃ ❛ss♦❝✐❛❞❛ ❛♦ ♣❛r (S0, H)✳ ❊st❛ ✐♥✈♦❧✉çã♦ T̃ ❛ss✐♠ ♦❜t✐❞❛ é
❝❤❛♠❛❞❛ ❞❡ ✐♥✈♦❧✉çã♦ ❝❛♥ô♥✐❝❛ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ❛ss♦❝✐❛❞❛ ❛♦ ♣❛r (S0, H)✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✸✳ (●♦♥ç❛❧✈❡s (2006)✱ [✷]✱ Pr♦♣✳2.4✱ ♣✳120) ❙❡❥❛ (S, T ) ✉♠ ♣❛r✱ ♦♥❞❡
S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ S✳ ❊♥tã♦✱ ❡ss❛ ✐♥✈♦❧✉çã♦ é
❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ✐♥✈♦❧✉çã♦ ❝❛♥ô♥✐❝❛✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✶✳ ❯s❛♥❞♦ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ✉♠ ♣♦✉❝♦ ♠❛✐s ❢♦r♠❛❧✱ ❛ ♣r♦♣♦s✐çã♦ ❛♥✲
t❡r✐♦r ♥♦s ❣❛r❛♥t❡ q✉❡ (S, T ) é ❡q✉✐✈❛❧❡♥t❡ (❉❡✜♥✐çã♦ 3.1.3) ❛ ✉♠ ♣❛r (S̃, T̃ )✱ ❝♦♠ T̃

✉♠❛ ✐♥✈♦❧✉çã♦ ❝❛♥ô♥✐❝❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣❛r (S0, H) =

(
S

T
, p♯ (Π1(S))

)
✱ ♦♥❞❡ p : S →

S

T

é ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ ❡ H = p♯ (Π1(S)) é ✉♠ s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ❞♦✐s ❞❡ Π1

(
S

T

)
✳

❚❡♦r❡♠❛ ✸✳✸✳✶✳ (●♦♥ç❛❧✈❡s (2006)✱ [✷]✱ ❚❡♦r✳2.5✱ ♣✳120) ❙❡❥❛ (S, T ) ✉♠ ♣❛r✱ ♦♥❞❡ S é
✉♠ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ S✳ ❊♥tã♦✱ {(S, T ); IR2} s❛t✐s❢❛③
BUT s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✿

(i) S é ♦r✐❡♥tá✈❡❧ ❡ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ❝♦♥❣r✉❡♥t❡ ❛ 2 (♠♦❞ 4)❀



✶✸✹ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

(ii) S é ♥ã♦✲♦r✐❡♥tá✈❡❧✱ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ❝♦♥❣r✉❡♥t❡ ❛ 2 (♠♦❞ 4) ❡ T é
❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❞❛s ✐♥✈♦❧✉çõ❡s ❝❛♥ô♥✐❝❛s q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ s✉❜❣r✉♣♦s ❞❡ í♥❞✐❝❡

❞♦✐s ❞❡ Π1

(
S

T

)
q✉❡ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ♣❡❧❛s s❡q✉ê♥❝✐❛s ❞❛ ❢♦r♠❛ (1, δ2, δ3, ..., δr)✱

♦♥❞❡ δi é 0 ♦✉ 1 ❡ r é ♦ ♥ú♠❡r♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Π1

(
S

T

)
❀

(iii) S é ♥ã♦✲♦r✐❡♥tá✈❡❧✱ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ❝♦♥❣r✉❡♥t❡ ❛ 0 (♠♦❞ 4) ❡ T é
❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❞❛s ✐♥✈♦❧✉çõ❡s ❝❛♥ô♥✐❝❛s q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ s✉❜❣r✉♣♦s ❞❡ í♥❞✐❝❡

❞♦✐s ❞❡ Π1

(
S

T

)
q✉❡ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ♣❡❧❛s s❡q✉ê♥❝✐❛s ❞❛ ❢♦r♠❛ (1, δ2, δ3, ..., δr)✱

♦♥❞❡ δi é 0 ♦✉ 1 ❡ r é ♦ ♥ú♠❡r♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Π1

(
S

T

)
✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♣♦❞❡ t❛♠❜é♠ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ▼♦r✐t❛ ✭✷✵✶✹✮✱
❬✻❪✳

❆❣♦r❛ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❛❜♦r❞❛r ♦ r❡s✉❧t❛❞♦ q✉❡ é ♦ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❡st❛
s❡çã♦✳ ◆❛ ♣r♦✈❛ ❞❡st❡ r❡s✉❧t❛❞♦ ❝♦♥s✐❞❡r❛♠♦s T2 ❝♦♠♦ ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ♠✉❧t✐✲
♣❧✐❝❛t✐✈♦✳ ❱❛❧❡ ♦❜s❡r✈❛r q✉❡ ♥❛ s❡çã♦ ❛♥t❡r✐♦r t♦♠❛♠♦s T2 ❝♦♠♦ ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦
❛❞✐t✐✈♦ ✭❊①❡♠♣❧♦ ✸✳✶✳✷✮✳ ❆s ❞✉❛s ❢♦r♠❛s ❞❡ ✈❡r ♦ t♦r♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s ♥♦ s❡♥t✐❞♦ ❞❡
q✉❡ ✈✐st♦s ❝♦♠♦ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s sã♦ ❤♦♠❡♦♠♦r❢♦s ❡ ❝♦♠♦ ❣r✉♣♦s sã♦ ✐s♦♠♦r❢♦s ✈✐❛

❛ ❛♣❧✐❝❛çã♦ ϕ : S1 × S1 →
[0, 1]× [0, 1]

∼
t❛❧ q✉❡ ϕ

(
e2πis, e2πit

)
= (s, t)✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✹✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♣❛r❛ ♦ q✉❛❧ Inv(S) 6= ∅✳ ❙❡ (S, T )
é ✉♠ ♣❛r✱ ♦♥❞❡ T é ✉♠❛ ✐♥✈♦❧✉çã♦ ❧✐✈r❡ s♦❜r❡ S✱ ❡♥tã♦ {(S, T );T2} s❛t✐s❢❛③ ❲❇❯❚ s❡✱
❡ s♦♠❡♥t❡ s❡✱ {(S, T ); IR2} s❛t✐s❢❛③ ❇❯❚✳

❉❡♠♦♥str❛çã♦✿ (⇒) ❈♦♥s✐❞❡r❡ {(S, T );T2} s❛t✐s❢❛③❡♥❞♦ ❲❇❯❚✳ ❊♥tã♦✱
♣❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f1 : S → T2✱ t❡♠♦s q✉❡ F−1

1 (2T2) 6= ∅✱ ♦♥❞❡
F1 : (S, T ) → (T2, i) é ❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r F1(x) = f1(x) · (f1 (T (x)))

−1✳
❙✉♣♦♥❤❛ q✉❡ {(S, T ); IR2} ♥ã♦ s❛t✐s❢❛ç❛ ❇❯❚✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

f : S → IR2 t❛❧ q✉❡
f(x) 6= f(T (x)), ∀ x ∈ S. ✭■✮

❚♦♠❡ ❛ ❢✉♥çã♦ g : IR2 → B✱ ❞❛❞❛ ♣♦r

g(x) =
1

16

(
x

16 + ‖x‖

)
, ∀x ∈ IR2,

♦♥❞❡ B é ❛ ❜♦❧❛ ❛❜❡rt❛ ❞❡ ❝❡♥tr♦ (0, 0) ❡ r❛✐♦
1

16
❡ ‖.‖ é ❛ ♥♦r♠❛ ✉s✉❛❧ ❡♠ IR2✳

◆♦t❡ q✉❡ g ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s 16 + ‖x‖ > ‖x‖✱ ❛ss✐♠
1

16 + ‖x‖
<

1

‖x‖
✱ ❞❛í

‖g(x)‖ =

∥∥∥∥
1

16

(
x

16 + ‖x‖

)∥∥∥∥ =
1

16(16 + ‖x‖)
‖x‖ <

1

16‖x‖
‖x‖ =

1

16
,

♦✉ s❡❥❛✱ g(x) ∈ B✳
❆❧é♠ ❞✐ss♦✱ g é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❉❡ ❢❛t♦✱ g é ❜✐❥❡t♦r❛✱ ♣♦✐s✿



❈♦♥❞✐çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ✶✸✺

(i) g é ✐♥❥❡t♦r❛✱ ✉♠❛ ✈❡③ q✉❡✱ s❡ x, y ∈ IR2 sã♦ t❛✐s q✉❡ g(x) = g(y)✱ ❡♥tã♦

1

16

(
x

16 + ‖x‖

)
=

1

16

(
y

16 + ‖y‖

)
,

♦✉ s❡❥❛✱
x

16 + ‖x‖
=

y

16 + ‖y‖
✳ ❉❛í✱

∥∥∥∥
x

16 + ‖x‖

∥∥∥∥ =

∥∥∥∥
y

16 + ‖y‖

∥∥∥∥ ❡✱ ♣♦rt❛♥t♦✱

16‖x‖+ ‖x‖‖y‖ = 16‖y‖+ ‖y‖‖x‖

❡ ❞❛í✱
‖x‖ = ‖y‖.

▲♦❣♦✱ s✉❜st✐t✉✐♥❞♦ ❡♠ g(x) = g(y)✱ ♦❜t❡♠♦s q✉❡

1

16

(
x

16 + ‖x‖

)
=

1

16

(
y

16 + ‖x‖

)
,

❛ss✐♠✱ x = y✳

(ii) ❱❡❥❛♠♦s q✉❡ g é s♦❜r❡❥❡t♦r❛✳ P❛r❛ t♦❞♦ y ∈ B✱ ❡①✐st❡ x =
16y

1
16

− ‖y‖
∈ IR2 t❛❧ q✉❡

g(x) = g

(
16y

1
16

− ‖y‖

)
=

1

16




16y
1
16

−‖y‖

16 + 16‖y‖
1
16

−‖y‖


 =

1

16




16y
1
16

−‖y‖

1−16‖y‖+16‖y‖
1
16

−‖y‖


 = y,

♦✉ s❡❥❛✱ ❣ é s♦❜r❡❥❡t♦r❛✳

◆♦t❡ q✉❡ ❛ ❢✉♥çã♦ ✐♥✈❡rs❛ ❞❡ g é ❞❛❞❛ ♣♦r

g−1 : B → IR2

y 7→
16y

1
16

− ‖y‖
.

❈♦♠♦ g ❡ g−1 sã♦ ❝♦♥tí♥✉❛s✱ s❡❣✉❡ q✉❡ g é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳
❈♦♥s✐❞❡r❡ T2 = S1×S1✱ ❝♦♠ S1 ♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✳ P❡❧♦ ❊①❡♠♣❧♦ ✶✳✸✳✷✱ (IR2, h,T2)

é ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞♦ t♦r♦✱ ♦♥❞❡

h : IR2 → T2

(s, t) 7→ h(s, t) = (e2πis, e2πit).

❆❧é♠ ❞✐ss♦✱ (IR2, h,T2) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✱ ♣♦✐s Π1(IR
2) = {1}✳

❚❡♠♦s q✉❡ ❛ ❝♦♠♣♦st❛ ❞❛s ❛♣❧✐❝❛çõ❡s✱

S
f // IR2 g // B ⊂ IR2 h|B // T2

ϕ = h|B ◦ g ◦ f : S → T2 é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳
❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛q✉✐ T2 = S1×S1 ❝♦♠♦ s❡♥❞♦ ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳
◆♦t❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱

2T2 = {h(s, t) ∈ T2; h(s, t) = (h(s, t))−1, ❝♦♠ (s, t) ∈ IR2}

= {h(s, t) ∈ T2;
(
e2πis, e2πit

)2
= (1, 1), ❝♦♠ (s, t) ∈ IR2}.



✶✸✻ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

▼❛s✱

(
e2πis, e2πit

)2
= (1, 1) ⇔





(
e2πis

)2
= 1

❡(
e2πit

)2
= 1

⇔





e2πis = 1 ♦✉ e2πis = −1
❡

e2πit = 1 ♦✉ e2πit = −1

❛ss✐♠✱ 2T2 = {(1, 1); (−1, 1); (1,−1); (−1,−1)}✳
❙❡❥❛ F : (S, T ) → (T2, i) ❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r F (x) = ϕ(x) · (ϕ (T (x)))−1✳ ❊♥✲

tã♦✱ F−1(2T2) = ∅✳ ❉❡ ❢❛t♦✱ ❡s❝r❡✈❛ (g ◦ f)(x) = ((g ◦ f)1(x), (g ◦ f)2(x))✱ ❛ss✐♠
ϕ(x) =

(
e2πi(g◦f)1(x), e2πi(g◦f)2(x)

)
✳ ❖❜s❡r✈❡ q✉❡ F (x) = ϕ(x) · (ϕ (T (x)))−1 é ❡q✉✐✈❛❧❡♥t❡

❛
ϕ(x) = F (x) · ϕ (T (x)) .

❱❛♠♦s ❛♥❛❧✐s❛r ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ F (x) ∈ 2T2✿

✶✳ ❙❡ F (x) = (1, 1)✱ ❡♥tã♦ t❡rí❛♠♦s

(e2πi(g◦f)1(x), e2πi(g◦f)2(x)) = (1, 1) · (e2πi(g◦f)1(T (x)), e2πi(g◦f)2(T (x))),

❛ss✐♠
e2πi(g◦f)1(x) = e2πi(g◦f)1(T (x)) ❡ e2πi(g◦f)2(x) = e2πi(g◦f)2(T (x)),

♦✉ s❡❥❛✱ (g ◦ f)1(x) = (g ◦ f)1(T (x)) + k1 ❡ (g ◦ f)2(x) = (g ◦ f)2(T (x)) + k2✱ ❝♦♠
k1, k2 ∈ Z✳ ❉❛í✱

(g ◦ f)(x) = (g ◦ f)(T (x)) + (k1, k2).

❙❡ (k1, k2) = (0, 0)✱ ❡♥tã♦✱ ❝♦♠♦ g é ✐♥❥❡t♦r❛✱ t❡♠♦s q✉❡ f(x) = f(T (x))✱ ♠❛s ✐st♦
❝♦♥tr❛❞✐③ ✭■✮✳ ❆❣♦r❛✱ s❡ (k1, k2) ∈ Z×Z−{(0, 0)}✱ t❡r❡♠♦s (g ◦ f)(x) /∈ B✱ ♦ q✉❡
♥ã♦ é ♣♦ssí✈❡❧✳ ▲♦❣♦✱ F (x) 6= (1, 1)✳

✷✳ ❙❡ F (x) = (−1, 1)✱ ❡♥tã♦

(e2πi(g◦f)1(x), e2πi(g◦f)2(x)) = (−1, 1) · (e2πi(g◦f)1(T (x)), e2πi(g◦f)2(T (x)))
= (eπi, e0) · (e2πi(g◦f)1(T (x)), e2πi(g◦f)2(T (x)))

❛ss✐♠✱

e2πi(g◦f)1(x) = e2πi((g◦f)1(T (x))+
1
2) ❡ e2πi(g◦f)2(x) = e2πi(g◦f)2(T (x)),

♦✉ s❡❥❛✱ (g ◦ f)1(x) = (g ◦ f)1(T (x)) +
1

2
+ k3 ❡ (g ◦ f)2(x) = (g ◦ f)2(T (x)) + k4✱

❝♦♠ k3, k4 ∈ Z✳ ❉❛í✱

(g ◦ f)(x) = (g ◦ f)(T (x)) +

(
1

2
+ k3, k4

)
,

❛ss✐♠✱ (g ◦ f)(x) /∈ B✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ F (x) 6= (−1, 1)✳

✸✳ ❙❡ F (x) = (1,−1)✱ ❡♥tã♦✱ ❛♥á❧♦❣♦ ❛♦ q✉❡ ✜③❡♠♦s ❡♠ ✷✱ ♦❜t❡♠♦s

(g ◦ f)(x) = (g ◦ f)(T (x)) +

(
k5,

1

2
+ k6

)
,

❝♦♠ k5, k6 ∈ Z✱ ❛ss✐♠ (g◦f)(x) /∈ B✱ ♦ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧✳ ❆ss✐♠ F (x) 6= (1,−1)✳



❈♦♥❞✐çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❇❯❚ ❡ ❲❇❯❚ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ✶✸✼

✹✳ ❙❡ F (x) = (−1,−1)✱ ❡♥tã♦✱ ❛♥á❧♦❣♦ ❛♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ♦❜t❡♠♦s

(g ◦ f)(x) = (g ◦ f)(T (x)) +

(
1

2
+ k7,

1

2
+ k8

)
,

❝♦♠ k7, k8 ∈ Z✱ ❛ss✐♠ (g◦f)(x) /∈ B✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱ F (x) 6= (−1,−1)✳

P♦rt❛♥t♦✱ ❞❡ ✶ à ✹✱ s❡❣✉❡ q✉❡ ♥ã♦ ❡①✐st❡ x ∈ S t❛❧ q✉❡ F (x) ∈ 2T2 ❡✱ ❝♦♥s❡q✉❡♥t❡✲
♠❡♥t❡✱ F−1(2T2) = ∅✳

▲♦❣♦✱ ❡①✐st❡ ϕ : S → T2 ❝♦♥tí♥✉❛✱ t❛❧ q✉❡ F−1(2T2) = ∅✱ ♦♥❞❡ F : (S, T ) → (T2, i) é
❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r F (x) = ϕ(x) ·(ϕ(T (x)))−1✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡✳
❆ss✐♠✱ {(S, T ); IR2} s❛t✐s❢❛③ ❇❯❚✳

(⇐) ❱❛♠♦s ❝♦♥s✐❞❡r❛r {(S, T ); IR2} s❛t✐s❢❛③❡♥❞♦ ❇❯❚✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✸✳✶✱
✉♠❛ ❞❛s ❝♦♥❞✐çõ❡s ❛❜❛✐①♦ é s❛t✐s❢❡✐t❛✿

(i) S é ♦r✐❡♥tá✈❡❧ ❡ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ❝♦♥❣r✉❡♥t❡ ❛ 2 (♠♦❞ 4)❀

(ii) S é ♥ã♦✲♦r✐❡♥tá✈❡❧✱ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ❝♦♥❣r✉❡♥t❡ ❛ 2 (♠♦❞ 4) ❡ T é
❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❞❛s ✐♥✈♦❧✉çõ❡s ❝❛♥ô♥✐❝❛s q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ s✉❜❣r✉♣♦s ❞❡ í♥❞✐❝❡

❞♦✐s ❞❡ Π1

(
S

T

)
q✉❡ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ♣❡❧❛s s❡q✉ê♥❝✐❛s ❞❛ ❢♦r♠❛ (1, δ2, δ3, ..., δr)✱

♦♥❞❡ δi é 0 ♦✉ 1 ❡ r é ♦ ♥ú♠❡r♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Π1

(
S

T

)
❀

(iii) S é ♥ã♦✲♦r✐❡♥tá✈❡❧✱ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ❝♦♥❣r✉❡♥t❡ ❛ 0 (♠♦❞ 4) ❡ T é
❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❞❛s ✐♥✈♦❧✉çõ❡s ❝❛♥ô♥✐❝❛s q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ s✉❜❣r✉♣♦s ❞❡ í♥❞✐❝❡

❞♦✐s ❞❡ Π1

(
S

T

)
q✉❡ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ♣❡❧❛s s❡q✉ê♥❝✐❛s ❞❛ ❢♦r♠❛ (1, δ2, δ3, ..., δr)✱

♦♥❞❡ δi é 0 ♦✉ 1 ❡ r é ♦ ♥ú♠❡r♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Π1

(
S

T

)
✳

❆♥❛❧✐s❛♠♦s s❡♣❛r❛❞❛♠❡♥t❡ ♦s ❝❛s♦s ♠❡♥❝✐♦♥❛❞♦s✳

❈❛s♦ (i)✿ ❈♦♠♦ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✺✳✶✱
S

T
é ✉♠❛

s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ P♦r S s❡r ♦r✐❡♥tá✈❡❧ ❡ χ(S) = 2 − 4k✱ k ∈ IN✱ ♦❜t❡♠♦s q✉❡
S

T
t❡♠

❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r í♠♣❛r✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺✱
(
S, p,

S

T

)
é ✉♠

r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✱ ❡♥tã♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✺✳✸ q✉❡

χ

(
S

T

)
=
χ(S)

2
= 1− 2k.

❆ss✐♠✱ ❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛
S

T
é ♥ã♦✲♦r✐❡♥tá✈❡❧ ✭❖❜s❡r✈❛çã♦ ✶✳✺✳✸✮✳

❈♦♠♦ ♦ ❣❡♥✉s ❞❡
S

T
é í♠♣❛r✱ ♣♦✐s

n = 2− χ

(
S

T

)
= 1 + 2k,



✶✸✽ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✸✱ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡
S

T
t❡♠ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❛❞❛

♣♦r

Π1

(
S

T

)
=
〈
{α,a1,a2, ...,a2m} | {α2[a1,a2]...[a2m−1,a2m] = 1}

〉
,

♦♥❞❡ m =
n− 1

2
✱ α,a1, ...,a2m ❛q✉✐ ✐♥❞✐❝❛♠ ❛s ❝❧❛ss❡s ❞❡ ❧❛ç♦s ❡♠

S

T
❡✱

❡♠ ❡s♣❡❝✐❛❧✱ α = [α]✱ ❝♦♠ α ✉♠ ❧❛ç♦ q✉❡ r❡✈❡rt❡ ❛ ♦r✐❡♥t❛çã♦
(
❡♠ ❢✉♥çã♦ ❞❛ ♥ã♦

♦r✐❡♥t❛❜✐❧✐❞❛❞❡ ❞❡
S

T

)
✳

❖❜s❡r✈❡ q✉❡ p♯(Π1(S)) ∼= Π1(S)✱ ♦♥❞❡ p : S →
S

T
é ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡✱

❥á q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✷✱ p♯ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r ❡✱ ♦❜✈✐❛♠❡♥t❡✱
p♯ : Π1(S) → p♯(Π1(S)) é s♦❜r❡❥❡t♦r✳

❈♦♠♦ α é ❛ ❝❧❛ss❡ ❞❡ ✉♠ ❧❛ç♦ q✉❡ r❡✈❡rt❡ ❛ ♦r✐❡♥t❛çã♦ ❡ Π1(S) é ❢♦r♠❛❞♦ ♣♦r ❝❧❛ss❡s
❞❡ ❧❛ç♦s q✉❡ ♥ã♦ r❡✈❡rt❡♠ ❛ ♦r✐❡♥t❛çã♦✱ ❞❡✈✐❞♦ à S s❡r ♦r✐❡♥tá✈❡❧✱ ❡♥tã♦

α ∈ Π1

(
S

T

)
− p♯(Π1(S))✱ ❥á q✉❡ p♯(Π1(S)) ∼= Π1(S)✳

❈♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❍✉r❡✇✐❝③ h S

T
: Π1

(
S

T

)
→ H1

(
S

T

)
✳ ❖❜s❡r✈❡ q✉❡

h S

T
([ai,ai+1]) = h S

T
(aiai+1a

−1
i a−1

i+1
) = h S

T
(ai) + h S

T
(ai+1)− h S

T
(ai)− h S

T
(ai+1) = 0,

♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., 2m− 1} ✭❡st❛♠♦s ✉s❛♥❞♦ ❛q✉✐✱ ♣❛r❛ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ H1

(
S

T

)
✱

❛ ♥♦t❛çã♦ ❛❞✐t✐✈❛✮✳ ❊♥tã♦✱ ❞❛ r❡❧❛çã♦ α2[a1,a2]...[a2m,a2m−1] = 1 ❡♠ Π1

(
S

T

)
✱ s❡❣✉❡

q✉❡
0 = h S

T
(1) = h S

T
(α2[a1,a2]...[a2m−1, b2m])

= h S

T
(α2) + h S

T
([a1,a2]) + ...+ h S

T
([a2m−1,a2m])

= 2h S

T
(α).

❆ss✐♠✱ h S

T
(α) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❡♠H1

(
S

T

)
✱ ❝♦♠ α ∈ Π1

(
S

T

)
−p♯ (Π1(S))✳

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ ♦❜t❡♠♦s q✉❡ {(S, T );T2} s❛t✐s❢❛③ ❲❇❯❚✳
❈❛s♦ (ii)✿ ❙❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ♥ã♦✲♦r✐❡♥tá✈❡❧ ❝♦♠ χ(S) ≡ 2 (♠♦❞ 4)✱ ❡♥tã♦✱ ❛♥á❧♦✲

❣♦ ❛♦ ❝❛s♦ (i)✱
S

T
é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r í♠♣❛r✳ ❆ss✐♠✱

S

T
é ♥ã♦✲♦r✐❡♥tá✈❡❧ ❝♦♠ ❣❡♥✉s í♠♣❛r ❡✱ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✸✱ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧

❞❡
S

T
t❡♠ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❛ ❢♦r♠❛

Π1

(
S

T

)
=
〈
{α,a1,a2, ...,a2m} | {α2[a1,a2]...[a2m−1,a2m] = 1}

〉
.

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ p : S →
S

T
✱ t❡♠♦s ❡♥tã♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✭♥ã♦

tr✐✈✐❛❧✮ ϕ : Π1

(
S

T

)
→

Π1

(
S
T

)

p♯ (Π1(S))
∼= Z2✳

P♦r ❤✐♣ót❡s❡✱ T é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ✐♥✈♦❧✉çã♦ ❝❛♥ô♥✐❝❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠

s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ❞♦✐s ❞❡ Π1

(
S

T

)
q✉❡ é ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❛ ❢♦r♠❛



❯♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✈✐♥❞♦ ❞❛ ✈❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✶✸✾

(1, δ2, δ3, ..., δr)✱ ❝♦♠ δi s❡♥❞♦ 0 ♦✉ 1✱ ❞❡ ♠♦❞♦ q✉❡ ✭✈✐❞❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞❛❞❛ ♥❛
Pr♦♣♦s✐çã♦ ✸✳✸✳✷✮ ϕ(α) = 1, ϕ(a1) = δ2, ϕ(a2) = δ3, ..., ϕ(a2m) = δr ✭❝♦♠ r = 2m+ 1✱

♥❡st❡ ❝❛s♦✮ ❡ {α2,a1,a2, ...,a2m} é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Π1

(
S

T

)
✳

❚❡♠♦s q✉❡ α ∈ Π1

(
S

T

)
− p♯ (Π1(S))✱ ♣♦✐s s❡ α ∈ p♯ (Π1(S))✱ ❡♥tã♦ ϕ(α) = 0✱ ♦

q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞♦ ❣r✉♣♦ α2[a1,a2]...[a2m−1,a2m] = 1✱ s❡❣✉❡ q✉❡

0 = h S

T
(1) = h S

T
(α2[a1,a2]...[a2m−1,a2m]) = 2h S

T
(α)

♦✉ s❡❥❛✱ h S

T
(α) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
S

T

)
✳

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ ♦❜t❡♠♦s q✉❡ {(S, T );T2} s❛t✐s❢❛③ ❲❇❯❚✳

❈❛s♦ (iii)✿ ❙❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ♥ã♦✲♦r✐❡♥tá✈❡❧ ❝♦♠ χ(S) ≡ 0 (♠♦❞ 4)✱ ❡♥tã♦
S

T
é

✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♥ã♦✲♦r✐❡♥tá✈❡❧✱ ✉♠❛ ✈❡③ q✉❡✱ χ(S) = −4k✱ ♣❛r❛ k ∈ IN✳ ❈♦♠♦(
S, p,

S

T

)
é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✺✳✸✱ q✉❡

χ

(
S

T

)
=
χ(S)

2
= −2k

❡
S

T
é ♥ã♦✲♦r✐❡♥tá✈❡❧✳

❚❡♠♦s q✉❡ ♦ ❣❡♥✉s ❞❡
S

T
é ♣❛r✱ ♣♦✐s

n = 2− χ

(
S

T

)
= 2(1 + k),

❡✱ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✸✱ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡
S

T
t❡♠ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❛

❢♦r♠❛

Π1

(
S

T

)
=
〈
{α,β,a1,a2, ...,a2m} | {αβαβ−1[a1,a2]...[a2m−1, b2m] = 1}

〉
,

♦♥❞❡ m =
n− 2

2
✳

❯s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ✐t❡♠ (ii)✱ ♦❜t❡♠♦s q✉❡ α ∈ Π1

(
S

T

)
−p♯ (Π1(S))

❡ é t❛❧ q✉❡ h S

T
(α) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ t♦rçã♦ ❞❡ H1

(
S

T

)
✳ ❆ss✐♠✱ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱

❝♦♥❝❧✉í♠♦s q✉❡ {(S, T );T2} s❛t✐s❢❛③ ❲❇❯❚✳ �

✸✳✹ ❯♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✈✐♥❞♦ ❞❛ ✈❡rsã♦ ❢r❛❝❛

❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

◆❡st❛ s❡çã♦✱ ✈❡r❡♠♦s q✉❡✱ s✐♠✐❧❛r♠❡♥t❡ ❛♦ q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♣❛r❛ ❇❯❚✱ ♣♦❞❡♠♦s
t❛♠❜é♠ ❢❛❧❛r ❞❡ ✉♠ ✐♥✈❛r✐❛♥t❡ ✈✐♥❞♦ ❞❛ ✈❡rsã♦ ❢r❛❝❛ ❲❇❯❚✱ ✉♠❛ ✈❡③ q✉❡ ✉♠ r❡s✉❧t❛❞♦
❛♥á❧♦❣♦ ❛♦ ▲❡♠❛ ✷✳✸✳✶ ✈❛❧❡ ♣❛r❛ ❲❇❯❚✳



✶✹✵ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

▲❡♠❛ ✸✳✹✳✶✳ ❈♦♥s✐❞❡r❡ G ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❡ (Sm, A)✱ (Sn, A) ❡ (Sp, A) três ♣❛r❡s✱
♦♥❞❡ A é ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ ❡♠ ❝❛❞❛ ❡s❢❡r❛✳

(i) ❙❡ {(Sn, A);G} s❛t✐s❢❛③ ❲❇❯❚✱ ❡♥tã♦ {(Sm, A);G} s❛t✐s❢❛③ ❲❇❯❚✱ ♣❛r❛ t♦❞♦
m > n❀

(ii) ❙❡ {(Sn, A);G} ♥ã♦ s❛t✐s❢❛③ ❲❇❯❚✱ ❡♥tã♦ {(Sp, A);G} ♥ã♦ s❛t✐s❢❛③ ❲❇❯❚✱
♣❛r❛ t♦❞♦ p < n✳

❉❡♠♦♥str❛çã♦✿

(i) P♦r ❤✐♣ót❡s❡ {(Sn, A);G} s❛t✐s❢❛③ ❲❇❯❚✳ ❱❛♠♦s s✉♣♦r q✉❡ {(Sm, A);G} ♥ã♦
s❛t✐s❢❛ç❛ ❲❇❯❚✱ ♣❛r❛ ❛❧❣✉♠ m > n✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
g : Sm → G t❛❧ q✉❡ F−1(2G) = ∅✱ ♦♥❞❡ F : (Sm, A) → (G, i) é ❛ ❛♣❧✐❝❛çã♦
❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r F (x) = g(x) · (g(A(x)))−1✳

❈♦♠♦ m > n✱ s❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦ j : (Sn, A) → (Sm, A) ❡stá ❜❡♠
❞❡✜♥✐❞❛ ❡ t❡♠♦s q✉❡ j é ❡q✉✐✈❛r✐❛♥t❡✳ ❆ss✐♠✱ ♦❜t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
g ◦ j : Sn → G✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦st❛ F ◦ j : (Sn, A) → (G, i)✳ ❖❜s❡r✈❡ q✉❡ F ◦ j é
❡q✉✐✈❛r✐❛♥t❡✱ ♣♦✐s é ❝♦♠♣♦st❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❡q✉✐✈❛r✐❛♥t❡s✱ ❡ ♣❛r❛ t♦❞♦ x ∈ Sn✱
t❡♠♦s

(F ◦ j)(x) = F (j(x)) = g(j(x)) · (g (A(j(x))))−1

A◦j=j◦A
= g(j(x)) · (g(j(A(x))))−1 = (g ◦ j)(x) · ((g ◦ j)(A(x)))−1 .

❆❧é♠ ❞✐ss♦✱ (F ◦ j)−1(2G) = j−1(F−1(2G)) = ∅✱ ✉♠❛ ✈❡③ q✉❡ F−1(2G) = ∅✳

P♦rt❛♥t♦✱ ❡①✐st❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g ◦ j : Sn → G t❛❧ q✉❡ (F ◦ j)−1(2G) = ∅✱
♦♥❞❡ F ◦ j : (Sn, A) → (G, i) é ❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r (F ◦ j)(x) =
(g ◦ j)(x) · ((g ◦ j)(A(x)))−1✳ ❆ss✐♠✱ {(Sn, A);G} ♥ã♦ s❛t✐s❢❛③ ❲❇❯❚✱ ♦ q✉❡ ♥♦s
❞á ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ❤✐♣ót❡s❡✳

▲♦❣♦✱ {(Sm, A);G} s❛t✐s❢❛③ ❲❇❯❚✱ ♣❛r❛ t♦❞♦ m > n✳

(ii) ➱ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ (i)✱ ♣♦✐s s❡ {(Sp, A);G} s❛t✐s❢❛③ ❲❇❯❚✱ ♣❛r❛ ❛❧❣✉♠ p < n✱
❡♥tã♦✱ ♣♦r (i)✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ {(Sn, A);G} s❛t✐s❢❛③ ❲❇❯❚✱ ♦ q✉❡ ♥♦s ❞á ✉♠❛
❝♦♥tr❛❞✐çã♦✳ �

❈♦♠ ❜❛s❡ ♥♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❛❞♦ ♦s ♣❛r❡s (Sn, A)✱ n ≥ 0✱ ✜❝❛ ❝♦♥s✐st❡♥t❡ ❛
s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✹✳✶✳ ❉❛❞♦ ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ G✱ ❞✐③❡♠♦s q✉❡

(i) WBUT (G) = ∞✱ s❡ {(Sn, A);G} ♥ã♦ s❛t✐s❢❛③ ❲❇❯❚✱ ♣❛r❛ t♦❞♦ n ∈ IN❀

(ii) WBUT (G) = n✱ s❡ n é ♦ ♠❡♥♦r ♥ú♠❡r♦ ♥❛t✉r❛❧ t❛❧ q✉❡ {(Sn, A);G} s❛t✐s❢❛③
❲❇❯❚✳

▲❡♠❛ ✸✳✹✳✷✳ (i) WBUT (G) ≤ BUT (G)✱ ♣❛r❛ t♦❞♦ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ G❀

(ii) ❙❡ G é ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❡♠ q✉❡ 2G = {e}✱ ❡♥tã♦ BUT (G) = WBUT (G)✳



❯♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ✈✐♥❞♦ ❞❛ ✈❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠ ✶✹✶

❉❡♠♦♥str❛çã♦✿

(i) ❙❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ❇❯❚✱ ♣❛r❛ ❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s✱ ✐♠♣❧✐❝❛
❡♠ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ❲❇❯❚ ✭✈✐❞❡ ▲❡♠❛ ✸✳✶✳✷✮✳

(ii) ➱ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❢❛t♦ q✉❡ s❡ 2G = {e}✱ ❡♥tã♦ {(Sn, A);G} s❛t✐s❢❛③ ❇❯❚ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ {(Sn, A);G} s❛t✐s❢❛③ ❲❇❯❚ ✭✈✐❞❡ ▲❡♠❛ ✸✳✶✳✷✮✳ �

❊①❡♠♣❧♦ ✸✳✹✳✶✳ (i) ❙❡ G = {e}✱ ❡♥tã♦ WBUT ({e}) = 0 = BUT ({e})✱ ♦♥❞❡ {e}
✐♥❞✐❝❛ ♦ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ tr✐✈✐❛❧✱ ✉♠❛ ✈❡③ q✉❡✱ 2({e}) = {e} ❡ BUT ({e}) = 0
(✈✐❞❡ ❊①❡♠♣❧♦ 2.3.1)✳

(ii) WBUT (IRn) = n = BUT (IRn)✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❛❞✐t✐✈♦ IRn✱ ♣♦✐s
2IRn = {0} ❡ BUT (IRn) = n (✈✐❞❡ ❊①❡♠♣❧♦ 2.3.2)✳

❊①❡♠♣❧♦ ✸✳✹✳✷✳ ❙❡ G é ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ❡❧❡♠❡♥t♦s✱ ♠✉♥✐❞♦
❞❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛✱ ❡♥tã♦ WBUT (G) ≤ 1 = BUT (G)✱ ✉♠❛ ✈❡③ q✉❡✱ WBUT (G) ≤
BUT (G) ❡ BUT (G) = 1 (✈✐❞❡ ❊①❡♠♣❧♦ 2.3.4)✳

❊①❡♠♣❧♦ ✸✳✹✳✸✳ WBUT (Z2) = 0 < 1 = BUT (Z2)✱ ♦♥❞❡ Z2 = {0, 1} (é ♦ ❣r✉♣♦
t♦♣♦❧ó❣✐❝♦ ❛❞✐t✐✈♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛)✱ ♣♦✐s✱ ♣❡❧♦ ❊①❡♠♣❧♦ 3.1.4✱ {(S0, A);Z2}
s❛t✐s❢❛③ ❲❇❯❚ ❡✱ ♣❡❧♦ ❊①❡♠♣❧♦ 2.3.4✱ BUT (Z2) = 1✳

●❡♥❡r❛❧✐③❛♥❞♦✱ ♣❛r❛ t♦❞♦ ❣r✉♣♦ G ❝♦♥t❡♥❞♦ ❞♦✐s ❡❧❡♠❡♥t♦s (❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞✐s✲
❝r❡t❛)✱ s❡❣✉❡ q✉❡ WBUT (G) = 0 < 1 = BUT (G)✱ ✉♠❛ ✈❡③ q✉❡✱ 2G = G ❡ ❛ss✐♠✱
♣❛r❛ t♦❞❛ ❢✉♥çã♦ f : S0 → G ❝♦♥tí♥✉❛✱ t❡♠♦s q✉❡ F−1(2G) = F−1(G) 6= ∅✱ ♦♥❞❡
F : (S0, A) → (G, i) é ❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r F (x) = f(x) · (f(A(x)))−1✳

❊①❡♠♣❧♦ ✸✳✹✳✹✳ WBUT (T2) ≤ 2✱ ♦♥❞❡ T2 é ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳ ❉❡ ❢❛t♦✱ s❛❜❡♠♦s✱
♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠✱ q✉❡ {(S2, A); IR2} s❛t✐s❢❛③ ❇❯❚✱ ❛ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠
❛ Pr♦♣♦s✐çã♦ 3.3.4✱ {(S2, A);T2} s❛t✐s❢❛③ ❲❇❯❚✱ ♣♦✐s S2 é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡
Inv(S2) 6= ∅✱ ❥á q✉❡ [A] ∈ Inv(S2)✱ ❝♦♠ A ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ s♦❜r❡ S2✳

Pr♦♣♦s✐çã♦ ✸✳✹✳✶✳ ❙❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ h : H → G q✉❡ é ✉♠ ❤♦♠♦♠♦r✲
✜s♠♦ ✐♥❥❡t♦r✱ ♦♥❞❡ H ❡ G sã♦ ❞♦✐s ❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s✱ ❡♥tã♦ WBUT (H) ≤ WBUT (G)✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ s❡ WBUT (G) = ∞✱ ❡♥tã♦✱ ❝❧❛r❛♠❡♥t❡✱ WBUT (H) ≤
WBUT (G)✳

❙✉♣♦♥❤❛ q✉❡ WBUT (G) = m✳
❙❡❥❛ f : Sm → H ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦st❛

h ◦ f : Sm → G✳ ❚❡♠♦s q✉❡ h ◦ f é ❝♦♥tí♥✉❛✱ ♣♦✐s h ❡ f sã♦ ❝♦♥tí♥✉❛s✳
❈♦♠♦ {(Sm, A);G} s❛t✐s❢❛③ ❲❇❯❚✱ ❡♥tã♦✱ ♣❛r❛ ❛ ❝♦♠♣♦st❛ h ◦ f ✱ s❡❣✉❡ q✉❡

F−1
1 (2G) 6= ∅✱ ♦♥❞❡ F1 : (Sm, A) → (G, i) é ❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❞❛❞❛ ♣♦r
F1(x) = (h ◦ f)(x) · ((h ◦ f)(A(x)))−1✳

P♦r F−1
1 (2G) 6= ∅✱ t❡♠♦s q✉❡ ❡①✐st❡ b ∈ Sm t❛❧ q✉❡ F1(b) ∈ 2G✱ ♦✉ s❡❥❛✱

(h ◦ f)(b) · ((h ◦ f)(A(b)))−1 = h(f(b)) · (h(f(A(b))))−1 ∈ 2G.

❈♦♠♦ h é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ s❡❣✉❡ q✉❡

h
(
f(b) · (f(A(b)))−1) = h(f(b)) · h

(
f(A(b))−1

)
= h(f(b)) · (h(f(A(b))))−1 ∈ 2G. ✭■✮

❙❡❥❛ F : (Sm, A) → (H, i) ❛ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡✱ ❞❡✜♥✐❞❛ ♣♦r
F (x) = f(x) · (f(A(x)))−1✳ ❆ss✐♠✱ ❞❡ ✭■✮✱ s❡❣✉❡ q✉❡

h(F (b)) ∈ 2G,



✶✹✷ ❱❡rsã♦ ❢r❛❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇♦rs✉❦✲❯❧❛♠

❡♥tã♦✱ h(F (b)) = h(F (b))−1 = h(F (b)−1)✱ ✉♠❛ ✈❡③ q✉❡ h é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ P♦r h
s❡r ✐♥❥❡t♦r❛✱ ♦❜t❡♠♦s q✉❡ F (b) = F (b)−1✳ ▲♦❣♦✱ F (b) ∈ 2H ❡ ❞❛í✱ F−1(2H) 6= ∅✳

P♦rt❛♥t♦✱ {(Sm, A);H} s❛t✐s❢❛③ ❲❇❯❚✳ ❆ss✐♠✱ WBUT (H) ≤ WBUT (G)✳ �

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r q✉❡ s❡ H é ✉♠ s✉❜❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ ❞❡
G✱ ❡♥tã♦ WBUT (H) ≤ WBUT (G)✳

❈♦r♦❧ár✐♦ ✸✳✹✳✶✳ WBUT (G) é ✉♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ (♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ❣r✉♣♦s
t♦♣♦❧ó❣✐❝♦s)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ H ❡ G ❞♦✐s ❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠
❤♦♠♦♠♦r✜s♠♦ f : H → G q✉❡ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ✭❡✱ ♣♦rt❛♥t♦✱ f é ✉♠ ✐s♦♠♦r✜s♠♦✮✳
P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ WBUT (H) ≤ WBUT (G)✱ ✉♠❛ ✈❡③ q✉❡ f é ❝♦♥tí♥✉❛ ❡ f é
✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r✳ ▼❛s f−1 : G → H✱ t❛♠❜é♠✱ é ❝♦♥tí♥✉❛ ❡ f−1 é ✉♠
❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r ❡✱ ♣♦rt❛♥t♦✱ WBUT (G) ≤ WBUT (H)✳ ❆ss✐♠✱ WBUT (H) =
WBUT (G)✳ �

❖❜s❡r✈❛çã♦ ✸✳✹✳✶✳ WBUT (G) ♥ã♦ é ✉♠ ✐♥✈❛r✐❛♥t❡ ❤♦♠♦tó♣✐❝♦ (♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ❣r✉✲
♣♦s t♦♣♦❧ó❣✐❝♦s)✳ P❛r❛ ✈❡r ✐st♦✱ ❝♦♥s✐❞❡r❡ ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ 2.3.1 ♣❛r❛ ❇❯❚✱ ♦s
❣r✉♣♦s H = {0} (s✉❜❣r✉♣♦ tr✐✈✐❛❧) ❡ G = IR✳



❘❡❢❡rê♥❝✐❛s

❬✶❪ ❇❘❊❉❖◆✱ ●✳ ❊✳ ❚♦♣♦❧♦❣② ❛♥❞ ●❡♦♠❡tr②✳ ◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡✰❇✉s✐♥❡ss
▼❡❞✐❛✱ ✶✾✾✸✳

❬✷❪ ●❖◆➬❆▲❱❊❙✱ ❉✳ ▲✳ ❚❤❡ ❇♦rs✉❦✲❯❧❛♠ t❤❡♦r❡♠ ❢♦r s✉r❢❛❝❡s✳ ◗✉❡st✐♦♥❡s ▼❛t❤❡✲
♠❛t✐❝❛❡s✱ ✈✳ ✷✾✱ ♣✳ ✶✶✼✕✶✷✸✱ ✷✵✵✻✳

❬✸❪ ❑❖❙◆■❖❲❙❑■✱ ❈✳ ❆ ❋✐rst ❈♦✉rs❡ ✐♥ ❆❧❣❡❜r❛✐❝ ❚♦♣♦❧♦❣②✳ ◆❡✇ ❨♦r❦✿ ❈❛♠❜r✐❞❣❡
❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✽✵✳

❬✹❪ ▲■▼❆✱ ❊✳ ▲✳ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ❡ ❊s♣❛ç♦ ❞❡ ❘❡❝♦❜r✐♠❡♥t♦✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆
(Pr♦❥❡t♦s ❊✉❝❧✐❞❡s)✱ ✷✵✵✻✳

❬✺❪ ▼❆❙❙❊❨✱ ❲✳ ❙✳ ❆ ❇❛s✐❝ ❈♦✉rs❡ ✐♥ ❆❧❣❡❜r❛✐❝ ❚♦♣♦❧♦❣②✳ ◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱
✶✾✾✶✳
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