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Differential and partial cross sections of elastic and inelastic positronium–helium-atom scattering

Sadhan K. Adhikari
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~Received 28 April 2000; published 8 November 2000!

Scattering of positronium~Ps! by a helium atom has been investigated in a three-Ps-state coupled-channel
model including Ps(1s,2s,2p) states using a recently proposed time-reversal-symmetric regularized electron-
exchange model potential. Specifically, we report results of differential cross sections for elastic scattering and
target-elastic Ps excitations. We also present results for total and different partial cross sections and compare
them with experiment and other calculations.

PACS number~s!: 34.10.1x, 36.10.Dr
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Scattering of the exotic orthopositronium atom with
long lifetime ~142 ns! by neutral gas atoms and molecules
of fundamental interest in both physics and chemistry. R
cent high-precision measurements of positronium~Ps! scat-
tering by H2, N2, He, Ne, Ar, C4H10, and C5H12 @1–6# have
enhanced theoretical activity@7–11# in this subject. Due to
internal symmetry the direct static Born potential for elas
and even-parity transitions for these processes is zero
exchange correlation plays an important role in a correct
scription at low energies@10,11#.

Recently, we suggested@12# a regularized nonloca
electron-exchange model potential with a single parameteC
and used it in a successful study of Ps scattering by
@13,14#, He @12,15#, Ne @15#, Ar @15#, and H2 @16,17#. Our
results were in agreement with experimental total cross
tions@1,3#, especially at low energies for He, Ne, Ar, and H2.
In our initial calculations we used a nonsymmetric form
the model exchange potential for Ps scattering by H@14#, He
@12#, and H2 @16#. Subsequent studies yielded improved
sults with a time-reversal-symmetric form of the model p
tential for Ps scattering by H@13# and H2 @17#. For H it was
found @13# that the symmetric potential yielded excellent r
sults forS-wave singlet Ps-H binding and resonance energ
in agreement with accurate variational calculations@18#. The
symmetric potential also led to very good results@15# for
low-energy cross sections for Ps scattering by He, Ne,
and H2, in excellent agreement with experiment@3#.

The problem of Ps-He scattering is of relevance to b
experimentalists and theoreticians. Theoretically, it is
simplest of all Ps-scattering problems, and has reliable
perimental cross sections. Once a good theoretical un
standing of this system is obtained, we can try to underst
the problem of Ps scattering by complex atoms and m
ecules. With this objective we reinvestigated the problem
Ps scattering by He at higher energies using the tim
reversal-symmetric form of the exchange potential. We c
sider a three-Ps-state coupled-channel model w
Ps(1s,2s,2p) states for calculating different elastic and i
elastic cross sections of Ps-He scattering. We calculate
various Ps-He differential cross sections that are of g
interest to experimentalists@5#, in addition to the different
angle-integrated partial cross sections. The differential cr
sections carry detailed information about the scattering p
cess. Cross sections for higher excitations and ionizatio
Ps are calculated by the Born approximation and adde
1050-2947/2000/62~6!/062708~5!/$15.00 62 0627
-

nd
e-

H

c-

f

-
-

s

r,

h
e
x-
r-
d

l-
f
-
-
h

he
at

ss
-

of
to

the above Ps(1s,2s,2p) cross sections to yield the total cros
section, which is compared with experiment.

The theory for the coupled-channel study of Ps-He sc
tering with a regularized model potential has already
peared in the literature@7,12,13,15#. It is worthwhile to quote
the relevant working equations here. For target-elastic Ps
scattering we solve the following Lippmann-Schwinger sc
tering integral equation in momentum space for the to
electronic doublet spin state:

f n8,n
2

~k8,k!5B n8,n
2

~k8,k!

2(
n9

E dk9

2p2

B n8,n9
2

~k8,k9! f n9,n
2

~k9,k!

kn9
2 /42k92/41 i0

,

~1!

where the full Born amplitudeB2 is given byB n8,n
2 (k8,k)

5gn8,n
D (k8,k)2gn8,n

E (k8,k), with gD and gE the direct and
exchange Born amplitudes andf 2 the scattering amplitude
The quantum states are labeled with the indicesn referring to
the Ps atom. The variablesk, k8, k9, etc., denote the appro
priate momentum states;kn9 is the on-shell relative momen
tum of Ps with respect to He in channeln9. We use units
\5m51 where m is the electron mass. The differentia
cross section is given by

S ds

dV D
n8,n

5
k8

k
u f n8,n

2
~k8,k!u2. ~2!

For the He ground state, the space part of the Hartr
Fock ~HF! wave function is given by C(r1 ,r2)
5@w(r1)w(r2)#. The position vectors of the electrons arer1
and r2, andw is taken to be in the formw(r )5(kakfk(r ),
wherefk(r ) are the atomic orbitals.

The direct and exchange Born amplitudes are, resp
tively, given by@12,15#

gn8,n
D

~k f ,k i !5
4

Q2 F22 (
k,k8

akak8E fk8
* ~r !

3exp~ iQ•r !fk~r !dr G E xn8
* ~ t!

3@2i sin~Q•t/2!#xn~ t!dt ~3!
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and

gn8,n
E

~k f ,k i !5 (
k,k8

4akak8~21! l 1 l 8

Dkk8
E fk8

* ~r !

3exp~ iQ•r !fk~r !drE xn8
* ~ t!

3exp~ iQ•t/2!xn~ t!dt ~4!

with

Dk,k85~ki
21kf

2!/81C2@~ak
21ak8

2
!/21~bn

21bn8
2

!/2#,
~5!

where l and l 8 are the angular momenta of the initial an
final Ps states, the initial and final Ps momenta arek i andk f ,
Q5k i2k f , ak

2/2 andak8
2 /2, andbn

2 andbn8
2 are the binding

energy parameters of the initial and final He orbital and
states in atomic units, respectively, andC is the only param-
eter of the potential. Normally, the parameterC is taken to be
unity, which leads to reasonably good result@15,17,23#.
However, it can be varied slightly from unity to get a preci
fit to a low-energy observable. This variation ofC has no
effect on the scattering observables at high energies w
the model exchange potential reduces to the Bo
Oppenheimer exchange potential@19#. In the present study
we use the valueC50.84 throughout. This value ofC leads
to a very good fit of the elastic Ps-He cross section with
experimental value of Skalseyet al. @3#. This exchange po-
tential for Ps scattering is considered@12# to be a generali-
zation of the Ochkur-Rudge exchange potential for elect
scattering@20#.

After a partial-wave projection, the system of coupl
equations~1! is solved by the method of matrix inversion.
maximum number of partial wavesJmax is included in solv-
ing the system of coupled equations. The differential a
angle-integrated partial cross sections so calculated are
mented by Born results for higher partial wavesJ.Jmax. A
maximum of 40 Gauss-Legendre quadrature points is use
the discretization of each momentum-space integral. The
culations are performed with the exact Ps wave functions
the HF orbitals for the He ground state@21#. Although it is
relatively easy to obtain converged results for ang
integrated partial cross sections, special care is neede
obtain converged results for differential cross sections
higher energies. Coverged results for partial cross sect
are obtained forJmax530 at all energies. To obtain conve
gent differential cross sections, we need to takeJmax5150
partial waves at 100 eV. However,Jmax530 is sufficient for
obtaining convergent differential cross sections at 20 and
eV.

Here we present results of Ps-He scattering using a th
Ps-state model that includes the following stat
Ps(1s)He(1s1s), Ps(2s)He(1s1s), and Ps(2p)He(1s1s).
The Born terms for the excitation of He are found to be sm
and are not considered here in the coupled-channel sch
First, we present the elastic Ps(1s)He(1s1s) differential
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cross section and inelastic differential cross sections for s
tering to Ps(2s)He(1s1s) and Ps(2p)He(1s1s) states at
different energies.

In order to show the general trend of the differential cro
sections, we perform calculations at the following incide
positronium energies: 20, 30, 40, 60, 80, and 100 eV.
exhibit the differential cross sections for elastic scattering
these energies in Fig. 1. In Figs. 2 and 3 we show the ine
tic cross sections for transition to Ps(2s)He(1s1s) and
Ps(2p)He(1s1s) states. From all these figures we find th
as expected, the differential cross sections are more isotr
at low energies where only the low partial waves contribu
At higher energies more and more partial waves are nee
to achieve convergence and the differential cross sections
more anisotropic. The small oscillation of the differenti
cross sections at larger angles and energies is due to num
cal difficulties.

FIG. 1. Differential cross section~in units of a0
2) for elastic

Ps-He scattering at the following incident Ps energies: 20
~dashed-dotted line!, 30 eV ~dashed-double-dotted line!, 40 eV
~dashed-triple-dotted line!, 60 eV ~full line!, 80 ~long dashed line!,
and 100 eV~short dashed line!.

FIG. 2. Differential cross section~in units of a0
2) for inelastic

Ps-He scattering to Ps(2s)He(1s1s) state at the following incident
Ps energies: 20 eV~dashed-dotted line!, 30 eV ~dashed-double-
dotted line!, 40 eV ~dashed-triple-dotted line!, 60 eV ~full line!, 80
~long dashed line!, and 100 eV~short dashed line!.
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DIFFERENTIAL AND PARTIAL CROSS SECTIONS OF . . . PHYSICAL REVIEW A 62 062708
Recently, Garneret al. @5# have provided an experimenta
estimate of average differential cross sections across the
ergy range 10 to 100 eV with respect to any process in Ps
scattering for forward scattering angles:^ds/dV&5(34
612)310220 m2 sr215(121643)a0

2 sr21. However, it is
not possible to make a meaningful comparison between
present differential cross sections and the experimental
mate of Garneret al.

We calculate the different angle-integrated partial cr
sections for Ps-He scattering. In addition to the Ps(1s,2s,2p)
cross sections calculated using the coupled-channel met
we also calculate the higher Ps (7.n.2) excitation and Ps
ionization cross sections using the Born approximation w
the present exchange potential. These results are sh
in Fig. 4, where we plot angle-integrated elastic, Ps (n52)

FIG. 3. Differential cross section~in units of a0
2) for inelastic

Ps-He scattering to Ps(2p)He(1s1s) state at the following inciden
Ps energies: 20 eV~dashed-dotted line!, 30 eV ~dashed-double-
dotted line!, 40 eV ~dashed-triple-dotted line!, 60 eV ~full line!, 80
~long dashed line!, and 100 eV~short dashed line!.

FIG. 4. Partial and total cross sections~in units of 10216 cm2)
of Ps-He scattering at different Ps energies: Ps(1s) ~dashed-triple-
dotted line!, Ps (n52) ~dashed-dotted line!, Ps (7.n.2) ~dashed-
double-dotted line!, Ps ionization~dashed line!, total ~full line!,
total from Ref.@8# ~full line with crosses!, and data points with erro
bars from Refs.@1,3#.
06270
n-
e

e
ti-

s

od,

h
wn

@[Ps(2s12p)#, inelastic Ps (7.n.2), and Ps ionization
cross sections. The total cross section calculated from th
partial cross sections is also shown in this plot and compa
with the experiments of Refs.@1,3# and the total cross sectio
of the 22-Ps-stateR-matrix calculation of Ref.@8#. The
agreement between theory and experiment is quite good
to 70 eV. The target-inelastic processes ignored in this w
are supposed to play an important role at higher energ
which may be why the agreement of the present results w
experiment deteriorates above 70 eV. There exists qualita
disagreement between the present total cross section and
of the 22-state calculation of Ref.@8#, on which we comment
below.

As the Ps-He system is of fundamental interest to b
theoreticians and experimentalists, it is appropriate to co
pare our results critically with those of other theories a
experiments. The only other recent experiment on Ps-H
the one by Nagashimaet al. @4#, who obtained the cross sec
tion of (1364)pa0

2 for an average energy of 0.15 eV, i
striking disagreement with the present calculation yield
2.58pa0

2 at 0.9 eV as well as with the experiment of Skals
et al. @3# who obtained (2.6160.5)pa0

2 at about 0.9 eV.
The independent experiment on measurement@22# of the

pick-off quenching rate of Ps on He can be used@23# to
resolve the stalemate. It is argued@23# that a large low-
energy Ps-He elastic cross section implies a large repul
exchange potential between Ps and He atoms in the el
channel. In the presence of a large repulsive potential it w
be difficult for the Ps atom to approach the He atom. Co
sequently, one will have a small value for the pick-o
quenching rate. From a study of the pick-off quenching ra
of different models, we concluded@23# that a small low-
energy cross section, as obtained by us, will lead to a la
pick-off quenching rate in agreement with experiment. T
large low-energy cross sections obtained in other theore
models @7,8,10,11# will lead to a much too small pick-off
quenching rate in disagreement with experiment. The pre
low-energy cross section and the experiment of Skalseyet al.
@3# are consistent with the pick-off quenching rate measu
ment @22#. It would be difficult to reconcile the low-energ
cross section of Nagashima et al.@4# and other theoretica
results @7,8,10,11# with the measurement of the pick-o
quenching rate.

We note that a model calculation by Peach@24#, per-
formed before the experiment of Skalseyet al. @3#, is also in
reasonable agreement with the present calculation and
energy experiments. The model of Peach was constructe
fitting to known positron-helium@25# and electron-helium
@26# scattering data.

In Table I we compare the results for the angle-integra
partial cross sections to Ps(1s,2s,2p) states of different the-
oretical calculations. The present Ps(1s) Born cross sections
are much smaller than the Born-Oppenheimer cross sect
@19# used as input to close-coupling@7# or R-matrix @8#
schemes. There have been different static-exchange cal
tions on Ps-He since the 1960s@7,8,10,11#. These calcula-
tions yielded similar results and in the static-exchange~SE!
column of Table I we quote the recent cross sections of R
8-3
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TABLE I. Angle-integrated Ps-He partial cross sections in units ofpa0
2 at different positronium energies

EB, first Born approximation with present exchange; BO, first Born approximation with Born-Oppenh
exchange@7#; SE, static exchange of Refs.@7,8#; 3St, three-Ps-state with present exchange; 22St, 22-Ps-
R-matrix calculation of Ref.@8#.

Energy EB BO SE 22St 3St 22S
~eV! Ps(1s) Ps(2s) Ps(2p) Ps(1s) Ps(1s) Ps(1s) Ps(1s) Ps(2s) Ps(2p) Ps~2! Ps~2!

0 15.82 14.6 13.2 3.34
0.068 15.33 132 14.4 13.0 3.15
0.612 12.11 98 12.9 2.75
1.088 10.04 78 12.1 11.3 2.48
1.7 8.08 59 11.3 2.18
2.448 6.38 44 10.5 9.4 1.88
4.352 3.91 23 9.0 1.26
5 3.39 8.6 7.1 1.00
5.508 3.06 0.070 1.44 0.96 0.071 1.15 1.22 0.2
6 2.79 0.091 1.78 8.1 6.1 0.97 0.083 1.35 1.43 0.4
6.8 2.42 0.100 1.89 12 7.7 0.96 0.074 1.47 1.54
8 1.99 0.097 1.77 7.1 4.8 0.92 0.056 1.45 1.51 0.5
10 1.51 0.080 1.48 6.7 3.8 0.84 0.048 1.29 1.34 0.
15 0.86 0.048 0.97 3.0 4.8 2.4 0.63 0.042 0.91 0.95 0.
20 0.56 0.031 0.70 1.7 3.6 1.5 0.46 0.032 0.67 0.70 0.
30 0.29 0.016 0.43 0.6 2.0 1.0 0.27 0.017 0.42 0.44 0.
40 0.17 0.0094 0.30 0.22 0.7 0.8 0.17 0.010 0.30 0.31 0
50 0.11 0.0061 0.23 0.11 0.0067 0.23 0.24
60 0.079 0.0042 0.18 0.04 0.08 0.077 0.0045 0.18 0.19
80 0.043 0.0023 0.13 0.007 0.01 0.042 0.0024 0.13 0.13
100 0.026 0.0014 0.10 0.001 0.002 0.026 0.0014 0.10 0.10
150 0.010 0.0005 0.06 0.010 0.0005 0.06 0.06
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@7,8#. Although these SE cross sections are much sma
than the corresponding Born-Oppenheimer cross secti
they are much larger than those of the present calculat
The 22-Ps-stateR-matrix calculation@8# yields elastic cross
sections marginally smaller than the SE cross sections, a
seems unlikely that a ‘‘converged’’R-matrix calculation will
lead to elastic cross sections comparable to the present o
However, the measured pick-off quenching rate@22# favors
@23# a weak exchange potential and small Ps(1s) cross sec-
tions at low energies, and future measurements of lo
energy Ps-He elastic cross sections will decide which of
results are more realistic. Although the present elastic P~1!
cross sections are much smaller than those of theR-matrix
calculation, the reverse is true for the excitation cross s
tions to the Ps~2! states as can be seen in Table I. The la
Ps excitation~and Ps ionization! cross sections of the prese
calculation and the small low-energy elastic cross secti
are collectively responsible for the construction of the p
nounced peak in the total cross section shown in Fig. 4 n
15–20 eV, in agreement with the experiments of Refs.@1#
and@3#. This peak is also present in the calculation of Pea
@24# and is clearly absent in the close-coupling@7# and 22-
Ps-stateR-matrix analyses@8#. Similar peaks also appear i
the total cross sections of Ps-H2 and Ps-Ar scattering@5#.

To summarize, we have performed a three-Ps-s
coupled-channel calculation of Ps-He scattering at low
medium energies using a regularized symmetric nonlo
06270
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electron-exchange model potential recently suggested b
and successfully used in other Ps scattering problems.
present results for differential cross sections at several i
dent Ps energies between 20 eV and 100 eV for elastic s
tering and inelastic excitation to Ps(2s,2p)He(1s1s) states.
We also present the angle-integrated partial cross sect
and compare them with those of other calculations. T
present total cross sections are in agreement with dat
Refs.@1,3#. However, there is alarming discrepancy betwe
the present cross sections and those of conventionalR-matrix
@8# and close-coupling@7# calculations. These latter calcula
tions are in agreement with a recent measurement of l
energy cross sections by Nagashimaet al. @4#. At low ener-
gies, the present elastic cross sections are much too s
compared to those of Refs.@7,8#. However, the present tota
cross section develops a pronounced maximum near 15
eV as can be seen in Fig. 4 in agreement with the gen
experimental trend@5#. The cross section of Ref.@8# does not
have this behavior. Although comparison with pick-o
quenching measurement data@22# at low-energy favors@23#
the results of the present model, further precise meas
ments of total and Ps~2! excitations at low energies will fi-
nally resolve the stalemate.
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