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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In the sequel ¢, x, and y will denote real numbers, and z = x + iy. Given a
function f, by f we shall denote its Fourier transform. Thus, if / is in
Ly(—a0, o), f(x)=(2r) "2 |*_ f(1) exp(ixt) dt. Given p and a, ¢, and B
will denote their conjugates (ie, p '+¢ '=1, « '+p " '=1), and
K(B, x)=p~"(ax)~#* By | fll, we shall denote the L,(—oc, ©0) norm of
S(x), and || f(x+iy)|,, will stand for the L,(— o0, 00) norm of f(x + iy)
with respect to the variable x (ie., | f(x+iy)l., is a function of y). We
shall always assume that « >1 and p > 1.

In [1, Theorem 1] we proved a proposition which in the equivalent form
can be stated as follows:

THEOREM. Let a, b> 0. Then the following assertions are equivalent:

(@) f(z) is an entire function and for every ¢>0 but for no ¢<0,
llexp[ —(=b+e)1e]*] f(D)ll o < o0, and |exp[—(a+&)|y|*] f(x+ V)l o
is uniformly bounded in y.

(b) f(z) is an entire fynction and for every ¢>0 but for no &> 0,
lexp[ —(—K(B, @)+ &)|11*] f(1)ll o, < o0,

and |lexp[ — (K(B, b) + )| y|*] f(x + V) x. is uniformly bounded in y.

* Supported by a scholarship from FAPESP, Sao Paulo, Brazil.
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This theorem is a refinement of previous work by Gelfand and
Silov [2].

The purpose of this paper is to obtain results of the same type involving
norms other than that of L_(— o0, c0) and to give some applications of
these results to the study of the properties of sequences of translates and
sequences of weighted exponentials. We start with

THEOREM 1. LetAl <p<2, a>0, and assume that f(t)exp(a|t|®) is in
L,(—o0, ). Then f is an entire function and

| 192~ expl —pK (B, ) | WP T f(x +ip)l )" isin Ly(~ oo, o).

Conversely we have

THEOREM 2. Let f(z) be an entire function, 2 < p < oo, a >0, and assume
that

| y1# " exp[ —pK(B, )| yIP (N f(x+ iyl ,)”  isin Ly(— o0, o0),
Then exp(alt|*)f(1) is in L,(—00, ®).

For p=2, Theorems 1 and 2 yield a necessary and sufficient condition:

THEOREM 3. Let a>0. Then the following propositions are equivalent:

(a) f(e)explalr]*) is in Ly(— o0, c0)
(b) [ is an entire function and

|12~ exp[ —2K(B, )| P31 fx + iv)ll ) is in Li(— o0, o0).

We now turn to the applications of Theorem 3. A sequence of elements
of a given topological vector space is called “minimal” if each element of
the sequence lies outside the closure of the linear span of the others, and it
is called “fundamental” (or “complete”) if its linear span is dense in the
given space (cf. [3]). We have

THEOREM 4. Let a>0 be given, let {c,; k=0,1,2,..} be a sequence
of complex numbers, and assume that both f(t)exp(alt|*) and
1/(f(2) exp(a|t|®)) are essentially bounded on (— 0, o). Let S denote either
of the sequences { f(t) explicit)} or (if {c,} is a real sequence) { f(t+ c,)}.
Then S is minimal in L,(— o0, o) if and only if there is an entire function
h(z), not identically, zero such that h(c,)=0 for all k and

| y1P2 = exp[—2K(B, @) | 1" I(I(1 + |21) " h(x + iy)| «2)* is in Ly(— 0, 00).
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Theorem 4 is similar to a result of Paley and Wiener for sequences of
exponentials on bounded intervals (cf. [4, p. 419]) and has an analogous
proof. It is well known that the sequence {exp(int)} is both fundamental
and minimal in, say, L,[—=n,n] (cf, [3, p. 113, Proposition 1]). The
question thus naturally arises as to whether there is a sequence of weighted
exponentials having a similar property on L,(— oo, c0). Before answering
this question, we need to introduce some additional notation.

Let c=(14+0)(2n)"% ¢c,=c(n—1)" n=2,3,4,., ¢c,=—_,, n=—2,
-3, —4,., So={c,,n= 12, +3, +4,..}, and assume that a is a nonzero
complex number such that neither ¢ nor —ia are in S,. Let ¢, =g,
¢_,= —a, and let S denote the set of all points of the form ¢, n= +1, +2,
+3,.., or ic,, n= 12, +3, +4,.. Finally, w(¢)=exp(—*/2), and for a
given function g, S(g) = { g(¢) w(z) exp(idt), de S}. We shall use Theorem 4
to prove part (b) of

THEOREM 5. If g is an essentially bounded even function, a.e. different
Jrom zero, then (a) S(g) is fundamental in L,(— o0, o), (b) S(g) is minimal
in Lo(— o0, o).

Although the proof of Theorem 6 below does not use Theorem 4, the
method employed is similar to the one used in the proof of Theorem 5(a),
and this justifies its inclusion here.

If c,=(2n)"?sign(n)|n|"?, §'={c,}, and S'(g)= {g(t) w(t) exp(dti),
de S'}, we have

THEOREM 6. If g is an essentially bounded function, a.e. different from
zero, then S'(g) is fundamental in L,(— o0, o).

For other results concerning the fundamentality of sequences of weighted
exponentials and of sequences of translates see, e.g., [5-7], and references
therein.

2. AUXILIARY PROPOSITIONS

If lim,,, f(t)/g(ty=1, we shall write f(¢)~ g(t), t = co. With this
notation we have

LEMMA 1. Lety> —1 and

10)=[" " expLp(yt—ar"— K(B, a) )] .
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Then

[(t)~(a/ﬁ)1/2(2n/p)(1/2)(Bv)*"”‘">‘+”“,(a/ﬁ)(wl)f(a/z), t— +o0,

where ¢ = K(B, a).
Proof. U c¢=K(B, a), then a = K(a, ¢) and

10)=]" v explp(yt— Kl ) "~ y")] dy

Let y = (Bc)~“Pt*/Ps. Since o= (a/B) + 1, we see that

yt=(Bc)~ P

=B~ (Be) “Pr*(Bs)

and
—cyP = —c(Bc) 2175

— _f\(Be) “Pprsh.
Moreover, since

(Bla)=p—1,

—K(a, ¢) t*= —o'(Bc) " P>
= =~ (B—1)(Be) P
=B (Bc)"“Prr(1 - B),

combining (1), (2), and (4) we therefore see that

p(—cy’ — K(a, ¢) t + yt) = —pp~'(Bc) = “Pr*u(s),

where u(s)=s?— fs+ f— 1. Since clearly dy/ds = (Bc)~“Pt*/#, we readily

deduce that

(1) = (Be)~ /A0 + DB + 1) jw 57 exp[—pB~(fc) = “Pru(s)] ds
1)

— (BC) = (/B)(y + 1) p(o/B)y + Uq(t“),

where
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a()=[" 5" expl~pB™"(Be)“Pru(s)] ds
= | " 57 expl~pB (o)~ u(s)] ds
4[5 expl=pB~(Be) “Pruls)] db.

Applying the method of Laplace to each of the integrals on the right-hand
member of the preceding identity (cf.,, e.g., Widder [8, p. 278, Theorem 2b.
and p. 279, Corollary 2b.2]), and applying (3), we readily infer that

q(1) ~ (/) (2n/p)*(Be) Pt~ 1> o0,

whence the conclusion follows. Q.E.D.

LEMMA 2. Assume that 1 <q <2 and that f(z) is an entire function, and

let |f(x+iy)l.,<oo for almost every real y. Then |lexp(yt)f(t)ll,,<
2m)' 2 ) f(x + iyl -

Proof. Assume first that g =2. It is then clear that exp(yr)f(¢) is the
Fourier transform of f(x+iy). (To see this, note that f(x+iy) is the
Fourier transform of exp( yt) f(¢) evaluated at —x, and apply the inversion
theorem.) Since the Fourier transform is an isometry in L,(— co, c0), we
see that [exp(yt) f(2)] 2= lf(x+iy)ll .., and the conclusion follows.

To prove the assertion in the general case, let ¢ >0, g.(t) = c exp(—c?t?)
and f. = g_* f (where “+” denotes the convolution product). Since for any s
in [1,], g. is in L(—o0, ), setting in particular s=(2¢)/(3¢—2)
(whence 1/q + 1/s — 1 =1) and applying a theorem of W. H. Young (cf, e.g.,
[9, p.- 178, (1.1) or 10, p.414, (21.56)]) we infer that f.(x+iy) is
in L,(—o0, ) for any real y, and therefore that exp(yt) f.(¢) is the
Fourier transform of f.(x+iy). Since g, is also in L,(—o0, o), we
conclude in addition that f(x+iy) is in L,(—o0, ), for any real y.
Applying  the Hausdorfl-Young inequality [9] we see that
lexp(y0) SOl , < I felx + i)y Since §.(1)=2""exp(—r*/dc) (cf. [9,
p.6]), a second application of Youngs theorem shows that:
272 lexp(yr) exp(—2/4c) (D)l < Wflx + D)oy < If(x + V)l
lg ), = ='?|f(x+iy)|., Making c— oo, the conclusion readily
follows from Fatou’s lemma. Q.E.D.
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3. PROOFS OF THE MAIN RESULTS
Proof of Theorem 1. That f(z) is an entire function follows from a stan-
dard application of the theorems of Morera and Fubini, as has been done,
e.g, in [11, pp.403-404]. Clearly f(x +iy) is the Fourier transform of

f(t)exp(—yt) evaluated at x. Applying the inequality of Hausdorff and
Young, as in Lemma 2, we have:

1fCe+ iyl g)?
<(I/(1) exp(=yt)ll, ,)°

wa explp(| 1l — alt|*)]lexplalt|*)| f(1)] 7 dt
= | " expLp(1yl1—ar) exp(par )1/ (1)1 + /(= 0)|7) dr

= f exp( ([ yl1—ar*)] g(t) dt,

where g(t) = exp(pat™)(| f(t}}? + | f(—1){?). Hence, we have that

[ 11921 expl—pK(B, )| ¥ I fix + i9)] ) by

<[ [ i explplyle— art — K(B. @)l 1)1 (0) i dy

=2 J.m J~CO y(ﬁ/Z)*l exp[p(yt~at“—K(ﬁ, a)ylj)J g([) dt dy
0 *0

Now, by the Fubini and Tonelli theorems (cf., e.g., [12 or 13]), the last
expression is identical to

27 ([ o explptyi—ar— K(a) ")) dy ) gt i,
0 0

[ 10199t explL—pK(B, @)| WA (e + 9 ) dy

<27 g gy ar,
Q
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where

Je)= [ y#=texpl p(yi—ar — K(B. a) y*)] dy.
Applying Lemma 1 with y=(f/2) — 1 we have that
lim J(1) = (2/8)"*(2nfp)"*(Be) ",
Hence J(¢) is bounded on [0, o0}, and the conclusion follows. Q.ED.

Proof of Theorem 2. From Lemma 2 we know that [[exp(yt)f ()|, P
(2m)2 | f(x + iy)|l .- Raising both sides of the preceding inequality to the
power p and applying the hypotheses, we readily deduce that

[ 7 15192 expL—pK(B, a)| y1*T exp(p | yil) | ()7 dit dy

—ac ¥ — oo

<@ [ 1y1%2 expl —pK(B, @) yP1(1f0x + 9l )7 dy < o,

and therefore, setting g(t) =exp(a|t|)(| f()? + | f(=1)|7),
Lw f Y=t expl p(yt —at* — K(B, a) y*)1 g(t) dt dy < co.
By the theorems of Fubini and Tonelli we have that
f:o ( fow y 2 Lexp[ p(yt—at*— K(B, a) )] dy) g(t) dr < 0.

ie, [eJ()g(tydi<oo, where J(1)=[2 y#Texp[ p(yt—at*—
K(B, a) y*)] dy. The proof will be complete if we can show that J() is boun-
ded away from zero on (0, + c0). But, by Lemma 1 with y=(f/2)—1 we
have that lim, _, , ., J(¢) = (¢/B)/*(2n/p)"/*(Bc)~V/? £0, and the conclusion
readily follows. Q.E.D.

Proof of Theorem 4. Since f(x+c,) is the Fourier transform of
exp(ic,t) f(2), and every function in L,(— o0, o) is the Fourier transform
of a function in L,(— o0, o0), we readily infer from the isometric character
of the Fourier transform that only the sequence { f(f) exp(ic,t)} need be
considered.

If the system is minimal there is a bounded linear functional on
L,(— o0, o) that equals 1 for f(¢) exp(icyt) and vanishes for all the remain-
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ing functions f(¢) exp(ic,t). Thus there is a square-integrable function g(¢)
such that

[ expliccn f( gty di=60, k=012,
R

where J,, is Kronecker’s delta. Let ¢(z) denote the Fourier transform
of f(t)g(¢). Since exp(alt]*)f(t) g(t) is in L,(— o0, ov), from Theorem 3
we deduce that |[y|?"!exp[ —2K(B, a)| yI*J(lg(x +iy)l2)* is in
L,(—o0, o0), and setting 4(z) = (z — ¢,) g(z) the conclusion readily follows.

Conversely, assume there is a function k(z) that satisfies the hypotheses
of the theorem. Since h(z) does not vanish identically, all its zeros are of
finite order. Let k be given, let m > 1 be the order of the zero ¢, of A(z), and
define G, (z)=m'h(z)/[(z—c)"h"™(c,)] if z#c,, and Gy (c,)=1. Tt is
readily verified that G,(z) is an entire function.

Since m = 1, for | y| sufficiently large we have that

UGe(x+ )l c2)* < e(I(1 + 12D~ hx + i)l ()

for some constant ¢ >0, and as G,(z) is continuous is every neighborhood
of the point ¢, from the hypothesis we readily infer that

|79 expl —2K(B, @) | p*JIGk(x +ip),2)  isin Ly(R).

Thus, if g, denotes the inverse Fourier transform of G,, we infer from
Theorem 3(b) that g.(¢)exp(alf]*) is in L,(~—oco, o). Setting h, ()=
gi(1)/f (1) = [ gi(2) explal?|*)1[exp(—alt|*)/f(1)] we readily see from the
hypotheses on f that A, () is in L,(— o0, o0). Since g.(¢)= f(z) h,(t) we
have

fR explic, 1) (1) h(t) dt = jR explic;1) g(t) di = G,(c,) = 3y,

We have therefore shown that for any k there is a bounded linear

functional on L,(— oo, o0) that equals 1 for f(¢) exp(ic,¢) and vanishes for

all the remaining functions f(¢) exp(ic;¢), and the conclusion follows.
Q.E.D.

Proof of Theorem 5. (a) Assume that S(g) is not fundamental in
L,(—o0, ). Then there is a non-zero bounded linear functional on
L,(— o0, c0) that vanishes for all the functions exp(idt) g(¢) w(t), de S; thus
there is a function r(¢) in L,(— o0, o), not equivalent to zero, such that

j exp(idt) g(t) w(t) (1) dt=0,  deS.
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Let H(z) be the Fourier transform of g(¢) w(t)r(¢). Applying the
Cauchy-Schwarz inequality we have

|H@I?< @m) " (Ir2)? | exp(—=2y1— ) g(0)]* dr

= (27)~'(lIrll,)* exp(»*) L exp[ —(y+1)*]1g(t)|*dt

SAleXp(yz).

Thus |H(z)| < 4, exp(y?/2). By an application of the Morera and Fubini
theorems we see that H(z) is an entire function. Since g(z) w(?) r(¢) is not
equivalent to zero, it is clear that H(z) does not vanish identically. Since
H(a)=H(—a)=0, we conclude that H,(z)=(z>—a®)"'z*H(z) is entire
and vanishes at zero and at all points of S except, perhaps, at +a. It is also
clear that |H,(z)| < A,exp(y?*/2). Thus, since the imaginary part of
(1+0)(2n)"%z is 2n)"(x+ p), |H,[(1+1)(2n)"2z]| < 45 exp[n(x + y)’].
Let O(z) =exp(inz®) H,[(1 +i)(2n)"?z]. In view of the preceding remarks
we see that Q(z) is an entire function, |Q(z)| < 45 exp(n|z|?), and

0"y =Q(in'?)=0, n=12,.. (5)

We shall consider two cases, according to whether r(r) is (essentially)
odd or not. Assume first that r(z) is odd; we then see that Q(z) is odd.
Thus, if {z,;n=0,1,2,..} is the set of zeros of Q(z) that have a positive
real part, or are purely imaginary and have a positive imaginary part, then
every zero of Q(z) is either at the origin, or equals z, for some n, or equals
—z, for some n. From (5), we also know that {z2;n=0, 1, 2,..] contains
the set of all non-vanishing integers. Applying Hadamard’s factorization
theorem we readily infer that

Q(z) = Bz*"" ' exp(az®) II[(1 — z%/22) exp(z*/22) ],
where m >0 is an integer and B #0; thus,
R(z) =z exp(az) II[(1 —z/z}) exp(z/z})]

is an entire function that vanishes on the integers; moreover, since
[R(z%)| < |B|~"z|1Q(z)| if |z|=1, we readily deduce that |R(z)| <
C|z}]? exp(n|z|). From a theorem of Valiron and Polya (cf, eg.,
[14,9.42]), R(z)=Asin(nz); thus Q(z)=K,;z*" *sin(nz?), whence
H,(z) = K,z?" 3 exp(—z%/4) sinh(z%/4), and therefore H(z)=
K,z*" (2> — a®) exp(—z%/4) sinh(z%/4). Since H(x) is the Fourier trans-
form of a function in L(~ oo, c0), it must vanish at infinity, and therefore
m=1. This implies that H(z) has a singularity at z=0. Since H(z) is an
entire function, we have obtained a contradiction.

409/126/2-13
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Assume now that r(¢) is not an odd function; since r(¢) is not equivalent
to zero, we also conclude that r(¢) + r(—1) is not equivalent to zero. Since
de S also implies —de S, substituting r(¢) + r(—¢) for r(r) if necessary, we
can assume without any loss of generality that r(¢) is even. This also
implies that Q(z) is even, and Hadamard’s factorization theorem yields:
Q(z) = Bz explaz®) T[ (1 — z%/z2) exp(2z*/z2)], m>0. Applying the
Valiron-Poélya theorem in this case we readily conclude that H(z)=
K,z *(z* — a*) exp(—z%/4) sinh(z%/4). This implies that H(x) does not
vanish at infinity. Since H(x) is the Fourier transform of a function in
L,(— 0, o0), we have obtained a contradiction.

(b) Let h(z)=z *z*—a?)exp(—z?/4)sinh(z*/4), and ¢(z)=
2 exp(—z?/4)sinh(z?/4). Then |h(z)] < clq(z)|. Since ¢*(z) = 1 —
2exp(—z%2) +exp(—2z?), we infer that exp(—y?)|q%(z)| <exp(—y?)+
2exp[ —(x*+ p?)2] +exp(—x?). It is therefore easy to see that
exp(—y* )1 (1 +1z]) " A(x +iy)| ) is in L,(— 0, 00), and the conclusion
follows from Theorem 4. Q.E.D.

Proof of Theorem 6. Assume that S’(g) is not fundamental in
L,(— o0, 00). Proceeding as in the proof of Theorem 5 we readily infer that
there is a function H(z), entire and not identically zero, such that H{d)=0
if de S, and |H(z)| < A4 exp(y*/2).

Setting H,(z)=H(z) H(iz), Q(z)=H,[(2n)'?z], and applying
Hadamard’s factorization theorem and the Valiron-Polya theorem, as was
done in the proof of Theorem 5, we easily see that Q(z)= Bz ' sin(nz?).
This implies that all of the zeros of H,(z) must be of order 1. Since
0(0)=0, we see that 0= H,(0)= [H(0)]? and we have a contradiction.

Q.ED.
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