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Compton scattering in noncommutative space-time at the Next Linear Collider

Prakash Mathews*
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~Received 4 December 2000; published 5 March 2001!

We study Compton scattering in the noncommutative~NC! counterpart of QED. Interactions in NC QED
have momentum dependent phase factors and the gauge fields have Yang-Mills type couplings; this modifies
the cross sections and they are different from the commuting standard model. Collider signals of noncommu-
tative space-time are studied at the Next Linear Collider~NLC! operating in theeg mode. Results for different
polarized cases are presented and it is shown that the Compton process can probe the noncommutative scale in
the range of 1–2.5 TeV for typical proposed NLC energies.
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I. INTRODUCTION

The idea that space-time could be noncommutative~NC!
dates back to the work of Snyder@1# in 1947. Noncommu-
tative field theory~NCFT! has been of recent interest follow
ing the realization in string theory that NC spaces co
about in a specific low energy limit of D-brane dynamics
the presence of a certainU(1) constant background mag
netic field @2#. Prior to this, noncommutative geometry an
the field theoretical construction on it was developed pur
in a general mathematical framework@3#. The noncommuta-
tivity of such a space can be characterized by the comm
tor of coordinatesxm:

@xm ,xn#5 iumn , ~1!

where the matrixumn is real, antisymmetric, and commute
with space-time coordinatexm. The NC parameterumn has
dimensions of area and reflects the extent to which the
ticular coordinates noncommute. Furthermore, a NC sc
LNC can be introduced above which the coordinates are n
commuting:

@xm ,xn#5 i
cmn

LNC
2

, ~2!

wherecmn has the same properties asumn but the strength of
noncommutativity has been absorbed in the NC scaleLNC.

Various aspects of field theory on noncommutative sp
have been analyzed. The perturbative structure and the re
malisability of these theories have been studied@4#. One of
the major out come of these studies is that the ultraviolet
infrared effects in noncommutative field theory do not d
couple@5#. Hence physics at short distance can affect phys
at long distance and vice versa. The causal behavio
space-space and space-time noncommutativity has
studied and shown that while space-space noncommutat
is causal and unitary, the space-time is acausal and non
tary in NCFT, but it could be restored in string theory@6#.
Apart from string theory@6#, unitarity of space-time nonlo
cality can also be restored in super Yang-Mills theory@7#.
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Noncommutative QED~NC QED! has been shown to be on
loop renormalizable@8,9#. The C, P, T properties of NC
QED has also been studied and is found to beCPT invariant
for space-space and space-time noncommutativity@10#.
There has also been attempts to formulate a noncommuta
Glashow-Weinberg-Salam model@11#. Hence it would be
interesting to explore the possible effects of noncommuta
ity at the collider level.

Noncommutative effects at the colliders has been stud
for the first time by Hewettet al. @12#. They have considered
several 2→2 processes ine1e2 collisions at the Next Linear
Collider ~NLC! and shown that NC scale of the order of
TeV can be probed at the NLC. Though the NC scaleLNC
could be the Planck or the grand unified theory~GUT! scale
it was argued in the context of the recent work on possi
TeV scale quantum gravity@17,18# that one could as wel
consider the NC scaleLNC to be not too far from the TeV
scale@12#. They have considered the Moller, Bhabha, a
annihilation processes in thee1e2 mode and thegg→gg
process in thegg mode of NLC. The 95% lower bound o
the LNC for the various process obtained are~a! 1700 GeV
for Moller, ~b! 1050 GeV for Bhabha,~c! in the range 740–
840 GeV for annihilation, and~e! for gg→gg the space-
time NC yields 700–800 GeV while space-space NC giv
500 GeV@12#. Other phenomenological aspects of nonco
mutativity has been studied@13–15# and bounds on theu
parameter obtained for high- and low-energy limits.

The NLC is planned to operate ine1e2, gg, and eg
modes. At high energy and luminosity, thee1e2 collider can
yield a g beam of comparable energy and luminosity usi
the laser back scattering technique@19#. The NLC is an ideal
testing ground of the standard model~SM! and a very effec-
tive probe of possible physics that may lie beyond the S
The experiment at the NLC also provides a great degree
precision because of the relatively clean initial states and
degree of precision can be enhanced by using the pola
tion of the initial states. Hence we have considered the p
sibility of testing the NC effects at the NLC in theeg mode
by studying the Compton scattering.

In Sec. II we introduce the basics of NC QED. In Sec.
we present the cross section for Compton scattering in
space. The numerical results and possible reach of the N
is discussed in Sec. IV. Finally we summarize our results
Sec. V.
©2001 The American Physical Society07-1
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II. NC QED

The one loop UV divergent structure of U~1! Yang-Mills
theory on noncommutativeR4 has been analyzed@8#. The
mathematical structure of the quantum field theory ove
noncommutative space is not yet well understood but by
suming that the quantum theory is defined by the genera
functional of the theory, it was shown that the theory
renormalizable at the one loop level@8#. The matter fields
where introduced and the perturbative aspects of NC Q
have been analyzed@9#. The NC QED action is given by

SNC QED5E ddxS 2
1

4g2
Fmn* Fmn1c̄* gmiD mc2mc̄* c D ,

~3!

where the* product is defined as

A* B~x!5expS i

2
umn

]

]jm

]

]hnD A~x1j!B~x1h!uj,h50 .

~4!

The noncommutativity of space modifies the algebra of fu
tions and even in theU(1) case the field strength is nonlin
ear and has the formFmn5]mAn2]nAm2 i @Am ,An#M . The
Moyal bracket@A,B#M is a commutator under the* product.
The covariant derivative for the matter fields is given by

Dmc5]mc2 iAm* c, Dmc̄5]mc̄1 i c̄* Am . ~5!

There exist other possible choice of covariant derivat
which are related to the above by charge conjugation and
detailed in@10#. The action Eq.~3! is invariant under the NC
gauge transformation

Am~x!→A8~x!5U~x!* Am~x!* U21~x!

1 iU ~x!* ]mU21~x!,

c~x!→c8~x!5U~x!* c~x!,

c̄~x!→c̄8~x!5c̄~x!* U~x!21, ~6!

whereU(x)5exp@ia(x)#* is defined as an infinite series o
the scalar functiona(x) under the* product andU(x)21 is
its inverse. Note that due to the* product algebra of the NC
space, the Lagrangian is no longer invariant under the
gauge transformation but the action is. Hence this gives
basic ingredients needed to derive the Feynman rules@9#.
Each of the interaction vertex picks up a phase factor wh
depends on the momentum and even in theU(1) case,Am
couples to itself and there exist three and four point pho
vertices. The propagators are the same as the commu
theory. Due to noncommutativity, the theory is manifes
nonlocal in the noncommuting coordinates and this lead
violation of Lorentz invariance.
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III. COMPTON SCATTERING IN NC QED

The Feynman diagrams that contributes to the tree le
processg(k1)e(p1)→g(k2)e(p2) in the NC QED has the
usuals- andu-channel diagrams and in addition there is a
a t-channel diagram coming from the triple photon verte
The amplitude is given by

M52 ig2expS i

2
p1`p2D e1m~k1!e2n* ~k2!

3F S 1

ŝ
ū~p2!gn~p” 11k” 1!gmu~p1!

1
Vmnr

t̂
ū~p2!gru~p1!D expS i

2
p12̀ k2D

1S 1

û
ū~p2!gm~p” 12k” 2!gnu~p1!

2
Vmnr

t̂
ū~p2!gru~p1!D expS 2 i

2
p12̀ k2D G , ~7!

whereg is the NC coupling,p125p12p2, the caret on the
Mandelstam variables corresponds to theeg subprocess and
the three photon vertex functionV is given by

Vmnr5gmr~2k12k2!n1gnr~2k22k1!m2gmn~k11k2!r .
~8!

The ` product is defined as

p1`p25umnp1
mp2

n5
cmn

LNC
2

p1
mp2

n . ~9!

The NC effects appear as the phase factors. In the comm
ing limit u→0 the SM diagrams are recovered. Because
the triple photon NC contribution, care should be taken
check the Ward identity and to retain only the physical ph
ton degrees of freedom. The NC effects at the cross sec
could arise from the interference of diagrams which co
pick up a phase or from the explicit three and four phot
vertex diagrams.

At the NLC, g beam can be obtained from laser ba
scattering and hence has a distribution in energy and hel
of the parent electron and laser beam. The differential cr
section for the Compton scattering at the NLC is given b

ds

dV
5a2E dx

f ~x!

xs
S 11Pe2

j2~x!

2
uM11u2

1
12Pe2

j2~x!

2
uM12u2D , ~10!

wherea5g2/4p, x is the fraction of the parent electron en
ergy carried by the photon,s corresponds to the c.m.s. la
frame of thee1e2 pair, andPe2

is the beam polarization o

the electron beam. The photon number densityf (x) and the
7-2
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COMPTON SCATTERING IN NONCOMMUTATIVE SPACE- . . . PHYSICAL REVIEW D 63 075007
Stokes parameterj2(x) are functions ofx, the parent elec-
tron and laser beam polarization. The details are given in
Appendix. It has been suggested in Ref.@15# to study the
low-energy Thomson limit of the Compton scattering in N
case to find the physical value of NC coupling as in the Q
case@16#. Whether this property of Thomson limit holds fo
the NC case is being investigated@15#.

The matrix element squareuMi j u2 corresponds to the sub
processg( i )e( j )→ge, wherei , j denotes the respective in
tial helicities while the final helicities are summed over. T
polarizeduMi j u2 are given by

uM 11u252
ŝ

û
14

ŝ2

t̂2
sin2DC ,

uM 12u252
û

ŝ
14

û2

t̂2
sin2DC , ~11!

where the noncommuting phase is

DC5
1

2
p12̀ k2 . ~12!

The NC effects for the Compton scattering reside in the e
function sin2DC and taking the commuting limitDC→0 one
recovers the SM form. The commuting limit seems possi
at the tree level but in the far infrared the physics might lo
different due to loop effects and ultraviolet-infrared mixin
@8,9#. To perform the phenomenology we assume the te
independent of the NC scale as the SM contribution a
study the effects induced by the noncommutativity.

The NC Compton phase in the above equation is an
come of a combination of phase effects arising from
t-channel triple photon vertex diagram, its interference w
the s- andu-channel diagrams and the interference betw
the s- andu-channel diagrams. The polar angle depende
of the above equation is different for the commuting SM a
can be suitably exploited to distinguish the NC QED con
bution. The cross section Eq.~10! is a function of the polar-
ization of the electron, the parent electron and laser bea
The polarization can be used as a useful tool for the analy

To evaluateDC we have to go to a specific frame and w
choose theeg c.m. system~c.m.s.! frame

k15
Aŝ

2
~1,0,0,1!,

k25
Aŝ

2
~1,sinu cosf,sinu sinf,cosu!,

p15
Aŝ

2
~1,0,0,21!,

p25
Aŝ

2
~1,2sinu cosf,2sinu sinf,2cosu!,

~13!
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whereu is the polar angle in theeg c.m.s. frame and the
corresponding Mandelstam variables aret̂5(k12k2)2

52 ŝ(12cosu)/2, û5(k12p2)252 ŝ(11cosu)/2 and ŝ
5xs. The Compton phase factorDC in this frame has the
form

DC5
ŝ

8LNC
2 @2c13sinu cosf2c23sinu sinf1c01sinu cosf

1c02sinu sinf1c03~211cosu!#. ~14!

Note thatDC gets contributions from space-space and spa
time noncommutativity. From the phase factor there is
additional polar angle dependence in the cross section
unlike the usual 2→2 process there is also an azimuth
angle dependence. The explicit form of the phase factor
pends on the amount of noncommutativity of the particu
noncommuting coordinates, i.e., the magnitude of the co
ponents ofcmn . For the numerical analysis we choose a fe
specific cases described in the next section.

IV. NUMERICAL RESULTS

Before we present our numerical analysis it is importa
to point out that the phase factorDC depends on the choic
of frame and hence the cross section is not Lorentz invari
But nonlocality and violation of Lorentz invariance a
manifestation of NC spaces and if the space is indeed n
commuting above some scaleLNC the effects of these viola
tion could be observed close toLNC. This could for instance
be an azimuthal angle dependence in a 2→2 process. As was
pointed out in Ref.@12#, two experiments could still compar
results by converting to a common frame of reference wh
could be some slowly varying astronomical coordinate s
tem.

To perform the analysis we consider two cases viz.~I!
c0i50 andci j Þ0 ~space-space NC! and ~II ! c0iÞ0 andci j
50 ~space-time NC!. Further assuming the components
cmn to be of order of unity

DC
I 52

ŝ

8LNC
2

sinu cos~f2b!; c0i50, ci j Þ0,

DC
II 5

ŝ

8LNC
2 @2cosa1cosa cosu1sina sinu

3cos~f2b!#; c0iÞ0, ci j 50, ~15!

where in case I the noncommutativity is parametrized
c135cosb, c235sinb and in case II,c015sina cosb, c02
5sina sinb, and c035cosa. The angleb fixes the origin
from where the azimuthal anglef is measured and is chose
to beb5p/2. This chooses a specific direction and henc
violation of the Lorentz symmetry. It is instructive to look a
the explicit form of the phase factor forb5p/2 and for the
various values ofa
7-3
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FIG. 1. ~a! Total cross section as a function ofAs for various polarization states (Pe1 ,Pl1 ,Pe2). ~b! Unpolarized total cross sectio
~0,0,0! as a function ofAs for the NC and SM.
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DC
I 52

ŝ

8LNC
2

sinu sinf; c1350, c2351,

DC
II u05

ŝ

8LNC
2 ~211cosu!; c0150, c0250,

c0351,

DC
II up/45

ŝ

8A2LNC
2 ~211cosu1sinu sinf!;

c0150, c025
1

A2
, c035

1

A2
,

DC
II up/25

ŝ

8LNC
2

sinu sinf; c0150, c0251, c0350.

~16!

The above cases have definite meaning with respect to
constant background field responsible for the noncomm
tivity @2#. The space-space noncommutativityci j Þ0 corre-
sponds to a background magnetic field in the direction p
pendicular toi j while the space-time noncommutativityc0i
07500
he
a-

r-

Þ0 corresponds to a background electric field in the dir
tion characterized by an anglea with respect to the beam
direction. Cases I and IIc (a5p/2) have the same form a
the cross section level. Case IIa does not have an azimu
angle dependence. For the numerical analysis we will o
consider the distinct cases I, IIa, and IIb (a5p/4). We have
takenx in the range@0.1,0.82# and have a cut on the pola
angle in thee1e2 c.m.s. lab frame,ucosulabu,0.95. The
results are presented forAs in the range@500,1500# GeV.
Further the various polarization states are considered den
by (Pe1 ,Pl1 ,Pe2) where Pe1 and Pl1 corresponds to the
parent electron and laser beam andPe2 the other electron
beam which interacts with the photon beam in the subp
cess. The polarization state~0,0,0! corresponds to the unpo
larized case.

In Fig. 1 the various polarization states of case I has b
plotted as a function ofAs in the range@500,1500# GeV for
LNC5500 GeV. The polarization state (1,1,1) is the
most dominant. To compare this with the commuting lim
~SM!, we have plotted the unpolarized cross section~0,0,0!
for NC and SM for case I withLNC5500 GeV. The SM
contribution drops much faster than the NC contribution
largerAs and hence can be probed at the NLC. This behav
is typical for each of the NC cases under consideration
as the NC scaleLNC is increased the drop withAs becomes
n
as
TABLE I. 95% C.L. limits on the NC scaleLNC in GeV forAs5500, 1000, 1500 GeV obtained using a
integrated luminosity*L5500 fb21. The various polarization states that yield the limits is indicated
(Pe1 ,Pl1 ,Pe2).

NC As5500 As51000 As51500

Case I 1050(121) - 1190(111) 1780(122) - 1840(121) 2410(111) - 2530(121)
Case IIa 890(112) - 1140(111) 1530(112) - 1730(111) 2080(112) - 2340(121)
Case IIb 990(112) - 1150(111) 1670(122) - 1780(111) 2270(122) - 2440(121)
7-4
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COMPTON SCATTERING IN NONCOMMUTATIVE SPACE- . . . PHYSICAL REVIEW D 63 075007
similar to the SM case though it is still higher. To study t
reach possibilities at NLC as a function of the NC scaleLNC
we perform ax2(LNC) fit using

x2~LNC!5
L

sSM
@sSM2sNC~LNC!#2, ~17!

whereL is the luminosity,sSM is the SM total cross section
and sNC is the NC QED total cross section. We choose
integrated luminosity*L5500 fb21 for the calculation. We
obtain the 95% C.L. lower bound onLNC by demanding
x2(LNC)>4. The reach at NLC for various NC cases ha

FIG. 2. Azimuthal angle dependence for various case of n
commutativity and polarization. The solid line denotes NC and
dotted line denotes the corresponding SM.
07500
n

been tabulated in Table I forAs5500, 1000, and 1500 GeV
The various polarization states give different search lim
and the range has been summarized in Table I.

The the typical azimuthal angle dependence of the vari
NC cases have been plotted in Fig. 2, forAs5LNC

5500 GeV. Inspection of Eq.~16! shows thef dependence,
which corresponds to the choice of noncommutativity. Ca
IIa is independent off while cases I and IIb have distinctf
dependence as shown in Fig. 2.

The polar angle dependence of the SM and NC is diff
ent as can be see in Eq.~11!. The SM has 1/u dependence
and hence will peak in the backward direction while the N
case has an additional 1/t2 dependence and hence also ha
forward dominance. The NC cross section has been plo
as a function ofeg c.m.s. polar angle cosu for As5LNC

5500 GeV. In Fig. 3~a! the various polarization states hav
been compared. To exhibit the forward dominance of N
case we have plotted in Fig. 3~b! the (1,1,2) polarization
state in comparison to the SM.

V. CONCLUSIONS

In this paper we have considered the Compton scatte
in the noncommutative QED and studied the various dis
butions at the NLC in theeg mode. The NC phase factorDC
has contributions from space-space and space-time nonc
mutativity. We have considered the two cases separa
The various noncommutative cases considered have dis
azimuthal angle dependence. The polar angle dependenc
noncommuting and the commuting SM is also different a
can be used to probe the noncommutativity. The 95% C
reach possibilities of NC scaleLNC for various noncommut-
ing cases at the NLC operating in theAs range@500,1500#
GeV has been given in Table I.

-
e

FIG. 3. ~a! The differential cross section for noncommutativity case I as a function ofeg c.m.s. polar angle cosu for As5LNC

5500 GeV for various polarization states.~b! The differential cross section for the polarization state (1,1,2) for NC and SM.
7-5
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APPENDIX

This appendix contains the useful formulas for the dis
bution of photon produced using the laser back scatte
technique. The electron beam responsible for the produc
of photon beam is called the parent electron. For furt
details regarding laser back scattering technique, refer to
original work @19#. The photon beam produced by laser ba
scattering has number density given by the distribution

f ~x,Pe ,Pl ;z!5
2pa2

me
2zsC

C~x!, ~A1!

where Pe is the polarization of the electron beam and
taken at 90% level (Pe560.9), Pl is the laser beam polar
ization and can achieve almost 100% (Pl561). The frac-
tion of the parent electron beam energy carried by the pho
is denoted byx. The maximum valuex can take is 0.82,
above this value the laser beam and back scattered ph
rg

od
ti

g,

ys
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can pair producee1e2 pairs and hence decreases the e
cient of the process.xmax5z/(11z) and the optimal value
for z is zopt52(11A2). The functionC(x) andsC is given
by

C~x!5
1

12x
112x24r ~12r !2PePlrz~2r 21!~22x!,

sC5
2pa2

me
2z

H S 12
4

z
2

8

z2D ln~11z!1
1

2
1

8

z

2
1

2~11z!2
1PePlF S 11

2

zD ln~11z!2
5

2

1
1

11z
2

1

2~11z!2G J , ~A2!

wherer 5x/(z(12x)). The Stokes parameter is defined a

j2~x,Pe ,Pl ;z!5
Pe

C~x! S x

12x
1x~2r 21!2D

2
Pl

C~x!
~2r 21!S 12x1

1

12xD .

~A3!
54.

,

u,

B

s.
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