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Dissipationless shock waves in Bose-Einstein condensates with repulsive interaction
between atoms
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We consider formation of dissipationless shock waves in Bose-Einstein condensates with repulsive interac-
tion between atoms. It is shown that for big enough initial inhomogeneity of density, interplay of nonlinear and
dispersion effects leads to wave breaking phenomenon followed by generation of a train of dark solitons.
Analytical theory is confirmed by numerical simulations.
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Experiments on free expansion of Bose-Einstein condernwave breaking and formation of dissipationless shock wave
sate (BEC) have shown[1] that evolution of large and can occur in this case. Note that initial distributions of this
smooth distributions of BEC is described very well by hy-type were realized in experimefit0] on measurement of
drodynamic approximatiof2] where dispersion and dissipa- sound velocity in BEC and in the recent experimgti]. In
tion effects are neglected. At the same time, it is well known[10] the hump’s density, was too small to generate shocks

from classical compressible gas dynantisse, e.g.[3]) that  (see below: In experimen{11] generation of shock oscilla-
typical initial distributions of density and velocity can lead t0 jons was apparently observed.

wave breaking phenomenon when formal solution of hydro- - T theory of dissipationless shock waves in media de-
dynamical equations becomes multivalued. It means that. ipeq by a one-dimension&lD) nonlinear Schrédinger
near the wave breaking point one cannot neglect dispersiO(NLS) equation was developed if12,13. Since the GP
and/or dissipation effects which prevent formation of a m“"equation in some cases can be reduced to the 1D NLS equa-

tivalued region of a solution. If the dissipation effects domi'tion, this theory can be applied to the description of dissipa-
nate the dispersion ones, then the multivalued region is ré;qnjess shock waves in BEC.

placed by the classical shock, i.e., narrow layer with strong \yee consider BEC confined in a disk-shaped trap with the

dissipation within, which separates smooth regions with dif-5,,, frequencyw, much greater than the transverse ane

ferent values of density, fluid velocity and other physical_ —w,. We suppose that the lower density disk-shaped
. . . . . . y -

para_meters. This situation was studle(_j in classical gas dysec is confined by magnetic trap and density distribution

namics anq found many p_racuca_l a_ppllc_:atlons. If, howevery .« standard Thomas-Fer(iF) parabolic form. Let an ad-

the dispersion effects dominate dissipation ones, then the reiona| potential be applied to BEC in the central part of TF

gion of strong oscillations is generated in the vicinity of the 4fjje \which leads to narrow parabolic hump in the density

wave breaking poin{4,5]. Observation of dark solitons in gistripution. After the central potential is switched off, the

BEC [6-8| shows that the main role in dynamics of BEC iS 1, ,mp starts to expand against wide lower density TF profile
played by dispersion and nonlinear effects taken into account,ging to generation of oscillations in the transition region

by th.e standard Gross-Ritaevs{(BP) equation[9], and.dis- between high and low density condensates. Let the density of
sipation effects are relatively small and can be considered agyms in the central part of BEC be of order of magnitagle

perturbation. Hence, there are initial distributions of BEC 5,4 satisfy the conditiompa@al<1, wherea,>0 is the

which can lead to fqrmation of dissipqt!onless shock wavesg \\ave scattering length ara}=(#%/mw,)Y2 is the amplitude
Here we shall consider such a possibility.

of quantum oscillations in the axial trap. Then the condensate

The starting point of our consideration is the fact that theW . ; _
I : ; ave functiony can be factorized ag=p(2) W (x,y), where
sound velocity in BEC is proportional to the square r0°t¢(z)=w‘”“a;”gbexq—zZ/Zaf) is the gﬁ)uﬁg )sta(te z\)/ave func-

from its density(see, e.g.[9] and references therginThus, . . . L
if we create inhomogeneous BEC with high density humptéOFEl :;ue;:glnmotmn, and¥(x,y,t) satisfies the reduced 2D

(with density~p,) in the center of lower density distribution

(with density~pg), and after that release this central part of _ 2

BEC, then the high density hump will tend to expand with i =— 2—(

. — . — m

velocity ~vp,; greater than the sound velocity \p, of

propagation of disturbance in lower density BEC. As a resultwhere V(x,y) is the potential of a transverse tragsp
=2\2nh%as/(ma,) is the effective nonlinear interaction con-
stant, and¥ is normalized to the number of atoms,

Wit Wyy) + V(XYW + Gop| V2P, (D)
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should be changed in the asymptotic limit of extremely low p(x) A
gas density(see, e.9.[9], Sec. 17.4 We shall not consider 10
here this limit and confine ourselves to standard 2D reduc-
tion (1) of the GP equation. Then the initial distribution of 4
density is determined by the potenti&lx,y) and consists of
wide background with a hump in its center. We assume that
the background width is much greater than hump’s width, so
that at the initial stage of evolution we can consider an ex-
pansion of the central part against the constant backgrounc 4|
In a similar way, at the initial stage of evolution, when the
radius of the central part does not change considerably, we¢ 2}
can neglect the curvature of axially symmetrical distribution
and consider its 1D cross section. It means that we can ne . . . S
glect the dependence ¥ ony coordinate and considdr as 5 10 15 20

a function ofx andt only. As a result, we arrive at 1D NLS FIG. 1. Wave breaking of a boxlike initial density distribution

equation with inhomogeneous initial distribution of density. spown by dashed linein the hydrodynamic approximation. The
To simplify the notation, we introduce dimensionless vari-piot corresponds to the solutia) with a=10, py=1, p;=10, and
ablest' =wt/2, X' =x/a, u=(2\2maa,/ny)"*¥. Then the =1, pointA propagates inward the box with local sound velocity
initial stage of evolution of the wave function profile in tke 2y, point C propagates outward along the background density
axis cross section is governed by the NLS equation, with local sound velocity 2p,, and pointB corresponds to the
intersection of two simple wave solutions with profil&B andCB.

iUg+ Uy — 2/u[?u=0, (2) .

_ _ _ _ p; for 0<x<a-2Jpt,
where the primes ity andx’ are omitted for convenience of — )
the notation. [2Vpy = (x—a)/2t]/9

Evolution of smooth pulses before the wave breaking for a- ZV’Et <x<a+ 2(\@— \%)t,
point can be described in the hydrodynamic approximation p(xt) = 2 J,—+( — )29 (6)
which can be achieved by substitution Vo X — o
for a+2Vpyt<x<a+2(Vp;—Vpot,

po for x>a+2\pt,

X
u(x,t) = \'p(x,t)exp(if v(x’,t)dx’) 3 \
and similar formulas can be written for the velocity field
and separation of the real and imaginary parts. As a result vv‘é(x't)' Th's solution desgrlbes the wave bre"’?"'”g. phenom-
obtain the system enon which takes place ;> 4p,. This inequality gives an
estimate for difference of densities necessary for formation
1 : 1 B of shocks. The density profile shown in Fig. 1 clearly illus-
2P * (pu)x =0, Fuitvug+p=0, (4) trates the origin of the multivalued region which should be

replaced by the oscillatory shock wave when the dispersion
where we have neglected the so-called “quantum pressur&ffects are taken into account.

term with higher space derivatives what is correct until the  For more realistic initial pulses the density profile is a
density distribution has smooth enough profile. To get simple&mooth function without cusp points. In vicinity of the wave

qualitative picture of the wave breaking of BEC density dis-preaking point the solution can be approximated by a cubic
tribution, let us consider idealized case with a boxlike humpfynction for one Riemann invariamL:v/2+v’; of the sys-

in the initial distribution, tem (4) and by constant value for another ohe=v/2-1p
(see[12,13). After Galileo and scaling transformations the
po X >a, hydrodynamic solution can be written in the form
( ,0)‘{ X <a (5
pr =4 x— (3N, +\)t=-73, A_=const, (7)

Although this distribution has a parameter with dimension ofand again fort>0 it has a multi-valued region of,. It

length—width of the hump—it does not play any role for means that dispersion effeatgjuantum pressurg’have to
<a/(2Vpy), i.e., until two waves propagating inward the pe taken into account which lead to formation of dissipation-
hump with sound velocitg, =2yp; meet atx=0. Hence, for  less shock wave after wave breaking point.

this initial period of evolution the solution for>0 can only In framework of Whitham theory of modulatior§,14]
depend on the self-similar variablg=(x-a)/t, centered at one can obtain an approximate solution of the NLS equation
x=a, and forx<<0 on ¢=(x+a)/t centered ak=-a. Since  (2) in analytic form where the dissipationless shock wave is
the picture is symmetrical, it is enough to consider only apresented as a modulated periodic nonlinear wave solution of
half of the solution corresponding ta>0. It is easy to find the NLS equation. The density is expressed in terms of Ja-
that the density is given by the formulas cobi elliptic function
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FIG. 2. Formation of dissipationless shock wave after wave
breaking point according to Whitham modulation theory applied to
the 1D NLS equation. The dashed line corresponds to the multival-
ued region arising in the hydrodynamic approximation given by Eq. (b) =2
(7) (it is analogous to the region between the poBiasndC in Fig.

1), and the solid line represents the modulated periodic wave giverju(x, y)|

by Egs.(8) and(11). Both profiles are calculated far=-10 at time 2_2
t=1. 2

p(x,t) = u(x,t)[?
= 2(A1 = N2— A3+ A%+ (\p = A)(\g— Ny)
X Snz(\*‘s()\l “N) A= A)EM), (8)

'unmm " '

‘('"m

where 30

E=X—(\p+ N2+ Ng+ YL, 9

30 -20
-30 X
_ (M ANz Ny (10)
B A\ =N3) (Ao =Ny ' FIG. 3. (a) Two-dimensional initial distribution of BEC density
with paraboloid hump on a constant background given by(ES).
and parameters;, i=1,2,3,4,change slowly along the dis- with a=10, po=1, andp;=10. (b) Two-dimensional density distri-
sipationless shock. Their dependencemandt is deter- bution of BEC after timet=2 of the evolution from the initial
mined implicitly by the solution paraboloid density on constant background according to a numeri-
cal solution of the 2D NLS equatiofi8).
X_UiO\)t:Wi()\), i:1,2,3,

L H—
)\4:)\:C0n5t (11) Ui()\)—<1_(7i|_(9i>v, ai:(?/(?)\i, |—1,2,3,4,(15)
of Whitham equations, where Whitham velocitigsand w; where

are given by quite complicated expressions in terms of ellip-

tic integrals(see[12,13): L= K(m) (16

VO = A= Ny

is a wavelengthK(m) is the complete elliptic integral of the
first kind, ands,, s,, s; are determined by the expressions

—_ 8.3, 4y [(2 152 173
W, =— 3*5W|( ) + 5)\Wi( ) - 3*5)\20i()\) + §5K3,

i=1,2,3, (12)
5 = Ex., =2\, = 2 M (17)
=W (0 = s g, (13) - o
Equations(12) can be solved with respect tq, i=1,2,3,
Wh=v=g, W?=32-1s, giving them as functions o_f andt. Subsequent substitution

of these functions\j(x,t), i=1,2,3,into Eqg. (8) yields the
3 1 modulated periodic wave which represents the dissipation-
W lGSl 5152+ 253 (14)  |ess shock wave. The resulting profile of density in dissipa-
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tionless shock wave is shown in Fig. 2. At one edge it con- ' ' ' '
sists of the train of dark solitons, and at another edge 10
describes small amplitude oscillations propagating with local
sound velocity into unperturbed region described by smooth
solution of hydrodynamical equations. The modulated peri- uEO)
odic wave replaces the multivalued region shown by dashed
line which was obtained in hydrodynamic approximation af- 5
ter the wave breaking point. This multivalued region is
analogous to that in Fig. 1 with account of change of vari-
ables due to Galileo and scaling transformations.

To check the described above picture of formation of dis-
sipationless shock wave and to extend it to real 2D situation, 0

: red -50 ~30 -10 10 30 50
we have solved numerically the 2D generalization of @4, X
iUg + Ugy + Uy — 2uPu=0, (18) FIG. 4. Cross sections of the density profile at different evolu-
. o N i tion time according to the numerical solution of the 2D NLS equa-
with the initial condition tion (18) with the initial condition(19).
_Jpot(pr—po)(1-r?a%, [rl=<a,
po |r|>a, sity background. Slowly propagating dark solitons are gen-

h — (x2+v2)2 P f di ional densitv distri erated in the transient layer between these two regions in
wherer=(x"+y)7*. Plots of two-dimensional density distri- . yer 15 reconcile two different values of velocities of distur-
bution are shown in Fig. 3 at initial momet#0 and after pance propagation. This mechanism of dark soliton genera-

time evolutiont=2. As we see, the parabolic hump expandsjg, ig quite general and can manifest itself in various geom-
with formation of dissipationless shock wave in the transi-qtries and initial BEC distributions. Formation of dark

tion layer between high density region and low density oneggiton trains in 1D geometry was considered in a recent
To see more clearly the evolution of the hump, its Cross,aper15). Method of shock generation in cigar-shaped BEC
Sec.tlon(y:O) profiles are ;hown in F|g.. 4 at different values by means of rapid increase of the nonlinear coupling con-
of time t. Slowly propagatlng dark solitons are clearly seeNstant using Feshbach resonance was suggestddjin

as well as small amplitude sound waves propagating into |, conclusion, we have studied analytically and numeri-
undisturbed low density region. Dissipationless shock wavegjly the process of formation of dissipationless shock waves
generated at the right side of the profile coincides qualitay, the density distribution of BEC. We believe that oscilla-

tively with results of analytic theory shown in Fig. 2. tions in BEC density profile observed in recent experiment
Further evolution of the hump will ultimately lead to its [11] can be explained by this theory.

spreading over large area with small amplitude oscillations,

that is the shock wave does not persist permanently. Rather, This work was supported by FAPE$Brazil) and CNPq
it is a transient phenomenon caused by different values aofBrazil). A.M.K. also thanks RFBR(Grant No. 01-01-
characteristic velocities in high density hump and low den-00696 for partial support.

[1] U. Ernst, A. Marte, F. Schreck, J. Schuster, and G. Rempe, 2926(200).

Europhys. Lett.41, 1 (1998. [9] L. Pitaevskii and S. StringariBose-Einstein Condensation
[2] Y. Castin and R. Dum, Phys. Rev. Left7, 5315(1996. (Clarendon, Oxford, 2003
[3] L. D. Landau and E. M. LifshitzHydrodynamics 4th ed. [10] M. R. Andrews, D. M. Kurn, H.-J. Miesner, D. S. Durfee, C.
(Nauka, Moscow, 1988 G. Townsend, S. Inouye, and W. Ketterle, Phys. Rev. L#.
[4] A. V. Gurevich and L. P. Pitaevskii, Zh. Eksp. Teor. Fi&5, 553(1997); 80, 29671E) (1998.
590 (1973 [Sov. Phys. JETR38, 291 (1973]. [11] E. A. Cornell, Talk at NATO Advanced Workshop “Nonlinear
[5] A. M. Kamchatnov, Nonlinear Periodic Waves and Their Waves: Classical and Quantum Aspects,” Lisbon, 2003.
Modulations(World Scientific, Singapore, 2000 [12] A. M. Kamchatnov, inNonlinearity and Disorder: Theory and

[6] S. Burger, K. Bongs, S. Dettmer, W. Ertmer, K. Sengstock, A. Applications edited by F. Abdullaev, O. Bang, and P. O. Sg-
Sanpera, G. V. Shlyapnikov, and M. Lewenstein, Phys. Rev. rensen(Kluwer, Boston, 200}, p. 255.
Lett. 83, 5198(1999. [13] A. M. Kamchatnov, R. A. Kraenkel, and B. A. Umarov, Phys.
[7] J. Denschlag, J. E. Simsarian, D. L. Feder, Ch. W. Clark, L. A. Rev. E 66, 036609(2002.
Collins, J. Cubizolles, L. Deng, E. W. Hagley, K. Helmerson, [14] G. B. Whitham, Linear and Nonlinear WavegWiley, New
W. P. Reinhardt, S. L. Rolston, B. |. Schneider, and W. D. York, 1974).

Phillips, Science287, 97 (2000. [15] B. Damski, Phys. Rev. A69, 043610(2004).
[8] B. P. Anderson, P. C. Haljan, C. A. Regal, D. L. Feder, L. A. [16] V. M. Pérez-Garcia, V. V. Konotop, and V. A. Brazhnyi, eprint
Collins, C. W. Clark, and E. A. Cornell, Phys. Rev. Le86, cond-mat/0311076.

063605-4



