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The measurement of the mixing andlg;, sign ofAm§3, and theCP or T violating phase’ is fraught with
ambiguities in neutrino oscillation. In this paper we give an analytic treatment of the paramater degeneracies
associated with measuring thg— v, probability and itsCP and/orT conjugates. FoC P violation, we give
explicit solutions to allow us to obtain the regions where there exist twofold and fourfold degeneracies. We
calculate the fractional differencesA 6/5), between the allowed solutions which may be used to compare
with the expected sensitivities of the experiments. Fariolation we show that there is always a complete
degeneracy between solutions with positive and neg:ﬁ{'rvné3 which arises due to a symmetry and cannot be
removed by observing one neutrino oscillation probability and it®njugate. Thus there is always a fourfold
parameter degeneracy apart from exceptional points. Explicit solutions are also given and the fractional dif-
ferences are computed. The biprobabil@P/T trajectory diagrams are extensively used to illuminate the
nature of the degeneracies.
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[. INTRODUCTION perimental search for lepton€ P violation, or (B) it is not.
Case(A) is desirable experimentally. To determine unknown
The discovery of neutrino oscillation in atmospheric neu-guantities one by one, if possible, is the most sensible way to
trino observation in Super-Kamiokandé] and the recent Proceed with minimal danger of picking up fake effects. But

accumulating evidence for solar neutrino oscillatigigg ~ Since there is no guarantee that cesgis the case, we must

naturally suggests neutrino masses and lepton flavor mixing"€Pare for caseB). Even in caséA), experimental deter-

It is also consistent with the result of the first man-made Ination of 5 always comes with errors, and one must face

b | baseli | . 2K Gi a similar problem in case B within the experimental uncer-
eam long-baseline accelerator experiment K2K Given tainties. Moreover, it is known that determination &f; in

the new realm of lepton flavor mixing whose door has justioy energy conventional superbeam type experiments suffers
been opened, it is natural to seek a program of exploringrom additional intrinsic uncertainty, the one coming from
systematically the whole structure of neutrino masses angdnknown CP violating phases. See Ref.[8] for further
lepton flavor mixing. explanation and a possible way of circumventing the prob-
Most probably, the most difficult task in determining the lem. Therefore the determination éfand 6,5 are inherently
structure of the lepton mixing matrix, the Maki-Nakagawa- coupled with one another.
Sakata(MNS) matrix [4], is the determination of th€P Even more seriously, it was noticed by Burguet-Castell
violating phases and the simultaneou®r preceding mea- et al.[9] that there exist two sets of degenerate solutiahs (
surement ofU o3| =sin #,5. We use in this paper the standard 615 (i=1,2 even if oscillation probabilities ofP(v,
notation for the MNS matrix witlhmf =m?—m?. The fact ~—w)=P(») and its CP conjugate, CP[P(»)]=P(v,
that the most recent analyses of the solar neutrino [ddta _Je), is accurately measured. They presented an approxi-
strongly favor the large mixing angldMA) Mikheyev-  mate but transparent framework of analyzing the degeneracy
Smirnov-Wolfenstein(MSW) solution [6] is certainly en-  problem, which we follow in this paper. It was then recog-
couraging for any attempts to measure lept@R violation.  nized in Ref.[10] that the unknown sign aﬁm§3 leads to a
Since we know thab 3 is smalll, sif26,3<0.1, due to the  duplication of the ambiguity, which entails maximal fourfold
constraint imposed by the CHOOZ reactor experiméht degeneracysee below. It was noticed by Bargeet al.[11]
and we do not know how small it is, there are two differentthat the fourfold degeneracy is further multiplied by an am-
possibilities. Namely(A) 613 is determined prior to the ex- biguity due to approximate invariance of the oscillation
probability under the transformatiofy;— 7/2— 0,5. A spe-
cial feature of the degeneracy problem at the oscillation

*Email address: minakata@phys.metro-u.ac.jp maximum was noted and analyzed in some d¢&ill]. Re-
"Email address: nunokawa@ift.unesp.br cently, the first discussion of the problem of parameter de-
*Email address: parke@fnal.gov generacy inTl violation measurement was given in REE2].
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Meanwhile, there were some technological progresses iexact, it gives us a much more transparent overview of the
analyzing the interplay between the genu@® phase and problem of parameter degeneracy.
the matter effects in measuring lepto@® or T violation in
neutrino oscillation, the issue much-discussed but still un-1l. PROBLEM OF PARAMETER AMBIGUITY IN  CP AND
settled[13,14]. The authors of Refs[10] and [12] intro- T VIOLATION MEASUREMENT
duced, respectively, theCP and T trajectory diagrams in

gg’rqbf‘?“ty z%a;e for _p'th:'al rft?pr;asentatlcl)ln '?hf lem of having multiple solutions of{, #,3) and the sign of
-violating andt, F-CONServing pnase etiects as well asth€y .2 o1 4 given set of measured values of oscillation prob-

matter effect in neutrino oscillations. They showed that Wher}abilities of P(v,—vg) and its CP (T) conjugate
these two types of trajectory diagrams are combined it gives S '
a unified graphical representation of neutrino oscillations inc PLP(v)]=P(v,—ve) (T[P(v)]=P(re—w,)). We con-
matter[12]. We demonstrate in this paper that they provide acentrate m_thls Paper on th'.s channel because precise mea-
surement is much harder in other channels, e.g.,vdn

powerful tool for understanding and analyzing the problem_}v Our use ofy,— v, and itsCP conjugate is due o our
L ; .. = Ve
of parameter degeneracy, as partly exhibited in Faefs'primary concern on conventional superbeam type experi-

[10'1.1’15' . . ents[22]. The reader should keep this difference in mind if

It is the purpose of this paper to give a completely g_eneramey try to compare our equations with those in RESs17]
trfeatmen_t of. the proble_m of p_arameter degengracy in neyy, \which they usev,— v, and itsCP conjugate, a natural
trino oscillations ass.omated witB P and T violation mea-  :popice for neutrino factorieg21,23. It should also be noted
surements. We elucidate the nature of the degeneracy anfat the neutrino factories and the superbeam experiments are
determine the region where it occurs, namely, the regions i@tudying processes which afeconjugates.
the P-CP[P] (andP-T[P]) biprobability space in whichthe | this section we utilize theCP and theT trajectory
sameAmizsign and/or the mixedmZ,-sign degeneracies diagrams introduced ifL0] and[12], respectively, to explain
take place. While partial treatment of the parameter degenwyhat is the problem of parameter ambiguity and to achieve
eracy has been attempted f@P measurement before qualitative understanding of the solutions without using
[8—11], such general treatment is still lacking. We believeequations. But before entering into the details we want to
that it is worthwhile to have such an overview of the param-justify, at least partly, our setting, i.e., prior determination of
eter degeneracy issue to uncover ways of resolving this prokyll the remaining parameters besideand 613.
lem. Sed16—19 for recent discussions.

We present the first systematic discussion of parameter o problem of parameter degeneracy; setup of the problem
degeneracy iT measurement following our previous paper i ,
in which we set up the problefil2]. We uncover a new We assume that _at the time that an _e>_<per|ment for mea-
feature of the degeneracy i measurement. Namely, we Suring (6,619 is carried oug all the remalnlnzg parameters in
show that for a giverT trajectory diagram there always ex- the MNS matrix, 6,3, [Am3d, 61, and Am3,, are deter-
ists anotherT diagram which completely degenerates with mined accurately. The discussion on how the experimental
the original one and has the opposite sign\af?,. It means ~ Uncertainties affect the problem of parameter degeneracy is
that for any given values d?(») andT[ P(»)] there are two important, but is beyond the scope 02f thI.S paper. It should be
degenerate solutions ofs( 615 with a differing sign of ~More or less true, becausg; and Amy; will be determined
AmZ,. 1t should be noticed that this is true no matter howduite accurately by the future long-baseline experiments
large the matter effect, quite contrary to the caseCst  [24—28 up to the f5— m/2— 0,3 ambiguity. Most notably,

measurement. Therefore determination of the signﬁmf3 the expected sensitivities in the JHF-SK experiment in its
is impossible in a singld measurement experiment unless phase | ar¢24]

We define the CP (T) parameter ambiguity” as the prob-

one of the following conditions is mefa) one of the solu- S(Sirf26,5) =102
tions is excluded, for example, by the CHOOZ constraint, or 23 '
(b) some additional information, such as energy distribution 5(|Am§3|)z(4—6)>< 1075 e\? 1)

of the appearance electrons, is added.

We emphasize that a complete understanding of the struggt aroundAm§3| =3x%10"3 eV2. On the other hand, the best
ture of the parameter degeneracy should be helpful to ongjace for accurate determination @f, and Am2,, assuming
who wants to pursue the solution of the ambiguity problemine | MA MSW solar neutrino solution, is most probably the

in an experimentally realistic setting. We, however, do notx 3 AND experiment; the expected sensitivities 2]
attempt to discuss thé,;— 7/2— 6,5 degeneracy. We also

do not try to solve the problem of parameter degeneracy S(tarf 6,,)=10%,
exactly though it is in principle possible by using an exact
but reasonably compact expression of the oscillation prob- 5(Am§2)=10% 2

ability obtained by Kimura, Takamura, and Yokomakura

[20]. Instead, we restrict ourselves into the treatment with theat around the LMA best fit parameters. Therefore we feel that
approximation introduced by Burguet-Castelial. [9] in  our setting, prior determination of all the mixing angles and
which the approximate formula for the oscillation probability Am?’s besidess, 6,5, and the sign oAmj;, is a reasonable
derived by Cerverat al. [21] was employed. Though not one at least in the first approximation.
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FIG. 1. An example of the degenerate solutions for the CERN- FIG. 2. An example of the degenerate solutions using the energy
Frejius project in the P(v)=P(v,—v,) versus CP[P(v)] and path length of the CERN-Frejius project in tRév)=P(v,,
=P(v,— v,) plane. Between the solidlashedllines is the allowed ~ —ve) VersusT[P(»)]=P(ve—w,) plane. For this figure there is
region for positive(negativé Am?, and the shaded region is where complete overlap in the regiofshaded that allows solutions for
solutions for both signs are allowed. The sdiitishedl ellipses are ~ either sign ofAm?;. The solid (dashed ellipses are for positive
for positive (negative AmZ, and they all meet at a single point. (negativé Amf; and they all meet at the *measured point,”
This is the CP parameter degeneracy problem. We have used 4P.P")=(1.7,2.5)%. This is the T-parameter degeneracy problem.
fixed neutrino energy of 250 MeV and a baseline of 130 km. TheNotice that for the each ellipse with positivem?; there is a com-
mixing parameters are fixed to ¢Am§3| =3%x107% eV?, sirf26,, pletely degenerate ellipse with negati&(mi?,. This feature will be
=1.0, Amizz +5%X107°°%eV?,  sirf26,,=0.8, and Yep explained in Sec. Ill C. Parameters are the same as in Fig. 1.
=1.5gcm 3,

gion between the dashed lines in Fig. 1 are the regions where
B. Pictorial representation of parameter ambiguities twofold degeneracies exist in the solutions & (0,5 for

In this section we us€P and the T trajectory diagrams POsitive and negative\mi, sectors, respectiveljSee Eq.
[10'12 to exp|ain |ntu|t|ve|y what is the prob|em of param- (48) in Sec. |V] It is |ntU|t|V€|y understandable that the re-
eter degeneracy, and to achieve qualitative understanding §fon where degenerate solutions exists is the region swept
the solutions without using equations. In Fig. 1 we displayover by theCP trajectories when the paramet@y; is varied,
four CP trajectories in theP-CP[P] biprobability space while keeping other mixing parameters and the experimental
which all have intersections &(v)=1.9% andCP[P(v)] conditions fixed. The shaded region is the region where the
=2.6%. The fourCP trajectories are drawn with four dif- full fourfold degeneracy exists. _ _
ferent values off5, sir’26,,=0.055, 0.050, 0.586, and  Now we turn to theT measurement. In Fig. 2 we display
0.472, and the formefiatten two trajectories correspond to four T trajectories in theP-T[P] biprobability space which

positive (negativé AmZ,. The analytic expressions of the all have intersections & (»)=1.7% andT[P(v)]=2.5%.
four degenerate solutions will be derived in Sec. IV. TheThe fourT trajectories are drawn with four different values

neutrino energyE and the baseline length are taken a&  ©f 013, Sirf2615=0.05, 0.0427, 0.575, and 0.490, and the
=250 MeV andL =130 km, respectively.The setting an- former (|32tte’) two trajectories correspond to positieega-
ticipates an application to the CERN-Frejius proj¢28], tive) Ami;. Matter effects split the positive and negative
where the regions with parameter ambiguities are widestAMi; trajectories, se¢12], thus different values ob are
The values of all the remaining mixing parameters are giveriequired for mixed-sign trajectories to overlap. The remain-

in the caption of Fig. 1. ing mixing parameters and the experimental setting are the
Figure 1 demonstrates that there is a fourfold degeneracgame as in Fig.. 1. _ _ _
in the determination of§, 6,5 for a given set oP(v) and A clear and interesting difference from ti@P diagram

CP[P(»)]. The region between the solid lines and the re-manifests itself already at this level, reflecting the highly
symmetric nature of th@ conjugate probabilities as will be

made explicit in Eg. (3). Namely, the two different-
Yn all the figures of this paper we do not average over neutrindAMiz-sign diagramsthe first and the third, and the second

energy distributions as was performed in Réf0,17 but use a and fourth completely overlap with each other. In the next
fixed neutrino energy specified for each figure. section we will make it clear that the complete degeneracy
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originates from a symmetry. Therefore discrimination of the P-Po Y. A
sign of Amz, is impossible in a singld violation measure- 0= X _2X_ COS{ o+ 2 )
ment experiment unless one of the solutions is excluded by - -
another experiment. We will demonstrate in Sec. Il that the
degeneracy is not an accidental one specific to this particular P'—Py VY. Agg
case, but its existence is generic. There is always a fourfold 0=\ % ax_ %089+ 5 | (4)
degeneracy iT measurement. -
where £ correspond to solutions in positive and negative
IIl. PARAMETER DEGENERACY IN T VIOLATION A P : p 'd neg
MEASUREMENTS Ami, sectors> We then obtain, e.g., for the positivemsi;

sector
We start by presenting an analytic treatment of the prob-

lem of parameter degeneracy Thviolation measurements

primarily because it is simpler and instructive. To do this we 0y— 0, = — ——— (cos&z—cosél)cos( A_L")
generalize the formalism developed by Burguet-Castedil. 22X 2
[9] by treating the cases of positive and negatdyraﬂf3 Si- A

. . . . . 13
multaneously. It provides the basis of our treatment of the —(S|n52—sm51)sm< —) ,
degeneracy between the same as well as across the alternat- 2

ing Amfs-sign probabilities. It will become clear from the

following discussions that the treatment of the mixed-sign Y,

degenerate solutions, for bo@P and T measurements, can 0= 61=— 2X

be done as a straightforward generalization of the same-sign

degeneracy case by simply taking account of duplication due ) ] (A3

to the alternating sign of m2, [10]. +(sing,—sin 51)3'”(7) } ®)
There are four basic equations satisfied byTlwnjugate

probabilities in the case of measurement for small 9ipy:

A 13
(cosd,—c0sé;) cos( 7)

which entails the degeneracy that #,(,6,) is a solution so
is
+Pg,

. A
P(V)+:X+0 +Y+0C0 5+7

and 8,=7—8;, (6)

Y, Az
0,=60,+ cosﬁlcos —
T 2 Aygs 2
T[P(v)] =P (v),=X,0°+Y,6co 5—7

+Po,

in addition to the trivial solution. A similar degeneracy also
+p holds for the negativ@mf3 sector, that is, if 3,83) is a
© solution so is

A
P(v)_ =X_62+Y_ acos( 5— 713

+Po.
©)

whereX.. andY.. are given in the Appendix¢ indicates  Both of these same sighm3, degeneracies are in matter
the term which is related with solar neutrino oscillations, andthough they look like the vacuum degeneracies as discussed
Alg—lAmlglL/ZE Note that* here refers to the sign of in [10]. Notice that if the experimental setup is chosen such
AmZ, and 6 is an abbreviation oB,5=sinf;5. In the next that cosf;4/2)=0 [8] or nature has chosen c6s0 then the
sections we discuss the possible solutionsé#@nd § fora  same-sign degeneracies are removed.

given measurement of bot and PT for both the positive
and negative sign ahm2,.

TIP()]_=PT(s)_=X_6?+Y_0cod 5+ -2
[P(»)]-=P'(v)_=X_ ~6co > and S,=7—38;. (7)

0= 0+ ~~cossscod 22
4= 3+zCOS 3CO >

B. The mixed-sign degeneracy;l measurement

Let us now examine the problem of parameter degeneracy

which involves positive and negatl\tem . The basic equa-
The treatment in this section applles for two overlappingtions (3) can be approximately solved for the mixed-sign
T trajectories with the same sign afm?,. The degeneracy sijtuation as
associated with alternating-sign trajectories will be explored
in the next section.

There are two sets of approximate solutions of &4, 6, 2The above solutions are exact solutions to the system of3Edf.
andg;, where (=1,2) and (=3,4) denotes the solutions in we were to add term¥2cog(s+A,42)/(4X.) to the equations,
the positive and negatlvAm13 sectors, respectively. They (3). In what follows we have systematically ignored terms of
are O(Y21X.).

A. The same-sign degeneracyT measurement
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P-Po Y. Aqs
= —_ + e
01 X, X cos{ 1

Yy

; [PT—P,
TN Tx, T 2x, °

P-P, Y. A
0= N "X 2x_ 003(53_7’

9

We will now exactly determin@ and 6 using the above set
of approximate solutiong8) and(9), as our starting point.
First,

A VX
Sing;sin——=— = P'-Py), (10
Ay VX
sindssin—-=—— (P~ Po— PT=Pg) (11)

J1—sir?§. Using these ca$

and cosj, is given by cosi =+
the values off are given by

(VP=Po+PT=Pg) Y, Agg

1= 2\/X_+ 2%, C0S5,COS—— 5 (12
(VP—Po+yP'=Po) Y. As

03= N X C0S53C0S—— > - (13

PHYSICAL REVIEW B6, 093012 (2002

62—61 and 52:77_ 51,

Az
cosﬁlcos( 5
X
03: zﬁl and 53:’77_51,

Y Ags
0,= 05— zcosélco >

(16)

a.nd 54: 51

Therefore there is no ambiguity in the determinationsah
T violation measurement apart from the ofte> w— & inde-
pendent of the sign oAmf3. Fortunately, this degeneracy
does not obscure existence or nonexistence of lepfbiar
CP) violation. This feature arises because of the highly con-
strained nature of syste@@) of T conjugate probabilities.

The physically allowed region of th€ diagram is deter-
mined by the constraint that €#<1 which in terms ofP
andPT is

2
(VP—Po—\PT— P@)2<Y—sm2(—)

and is the same region for both signsAah?, because of the
identity Eq.(14). In Fig. 2, this region is the shaded region

To relate these alternating sign solutions we use the identitysing the CERN-Frejius parameters. At the boundary of the

see the Appendix,

\/Z e
Y. v (14)

derivable under the Cervegt al. approximatior® Then, it
follows that

sind; =sin ds,
A VX

(cosd,+ 00353)0037132 - 2Y—+( VX 01—V X_63).
+

(19

One can choose without loss of generalty=7— 6, as a

solution of Eq.(15). Then, for a giverP and PT measure-

ment, apart from ¢;,5;) there are three other solutidns
given by

3Unless Eq.(14) holds we get into trouble because then E@&.
or (9) do not allow the(same-sigh solution ;= 0, and &;= 6,
which must exist as shown in R€fl2]. Therefore use of the for-
mula of oscillation probability obtained by Cervert al. who
summed up all order matter effect is essential.

‘As a convention we have chosen @&s0 so that forA z<r,
6,= 0, and ;=

allowed physical region ca$=0 and the same-sign degen-
eracy vanishes, however, the opposite sign degeneracy is
nonzero.

We define the fractional differences,g/ 6, by

Ao\ 60,
0 (6+6)l2
ij

to quantify how different the two degenerate solutions are. In
fact, one can obtain simple expressions for the various frac-
tional differences:

(18

—2Y. cosé s{AB)
(ﬁ) _(ﬁ) - +C0so4CO 7
0/, s VXo(P=Po+PT—Pg)’
(19
(Aa ag) (J_ X 0
0, \a/, <r+r>
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FIG. 3. The isofractional differences, as a percent, for the allowed solutions for the mixing@&gdtethe P(v)=P(v,— v,) versus
T[P(»)]=P(ve—w,) plane for the CERN-Frejius project. The fractional differences for solut{@ is identical to that fo(1,2) and the
fractional difference fo(3,2) equals the fractional difference f@t,4) plus or minus a constant, see E(E9)—(22). In this case the fractional
difference(3,2) has a zero contour. The parameters are the same as in Fig. 1. The ellipses areﬂ‘gﬁﬁggdo show the relevant size of

sinf26,5 for this figure.

Agg lowed @ solutions divided by half the sum for the CERN-
—2Y+cosélcos( —) Frejius, JHF-SK, and Fermilab-NUMR9] possible experi-
(ﬁ - 2 ments usingv,— v, and its T conjugateve—wv,. The
"y _ T_ regions where this fractional difference is small are regions
0/ 14 \/Z(\/P Pot \/P Po) where the parameter degeneracy inherent in such measure-
\/X_— \/X_ ments is only important once the experimental resolution on
DY il , (21) ¢ for a fixed solution is of the same size or smaller. Notice
X+ X that near the boundaries on the allowed region the fractional

differences are small for the same-sign solutions. For the

s(A13 mixed sign, either thg1,4) or (3,2 fractional difference
—2Y,co0sd,c08§ — plots have a line for which the fractional difference is zero.
ﬁ _ 2 This line can be understood as follows: for a given small
) N\/X_+( \/P— Po+ \/PT_ Po) value of 6 the positive and negativﬁmf3 ellipses overlap
32 and intersect at two points. A8 varies these intersection
( \/Z— \/X_> ]E)oints give us this line with zero mixed-sign fractional dif-
42— . 22 erence.
o “
The same sign fractional differencél,2 and (3,4), de- C. Symmetry between the two alternatingAmizsign T
creases with increasing and PT and thusé, whereas the diagrams
first mixed-sign fractional differencé3,1) and (4,2), is in- The observant reader will notice that there is in a general

dependent of the size ¢f andP" and thus¢. The second one-to-one correspondence between the solutions with posi-
and third mixed-sign fractional differenced,,4) and (2,3,  tive Am?,, labeled 1 and 2, and those solutions with nega-
are similar to the same-sign fractional difference but offset;e AmZ,, labeled 3 and 4, in Eq16) by using the identity,

by an energy dependent constant. The relationship betwegty, (14)In fact this correspondence applies not only to the
the fractional difference in the measured quantity2#and solutions but to the complefE diagram. For a givefT tra-

0 is simply jectory with positiveAmZ, there always exists @ trajectory
. . with negativeAm?, with a different value ofd, which nev-
Sinf26, —sirf26, 6,— 0, g 13 " . _
_ _ ] | _o| 2 (23 ertheless completely overlaps the positive trajectory, see Fig.
(SinF26;+sir’26;,)12 (6, + 6;)12 . 2. This surprising phenomenon occurs because there exists a

g symmetry in theT probability system defined in E).
for 1> 6,,0,>6,— 6j|. One can observe from E(B) that a positiveA m3, trajec-

In Figs. 3—5 we have plotted the differences in the al-tory which is defined by the first two equations of E8). can
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A9/0 (%) for L =295 km, E =1 GeV
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FIG. 4. The isofractional differences, as a percent, for the allowed solutions for the mixing@gdtethe P(v)=P(v,— v,) versus
T[P(»)]=P(ve—v,) plane for the JHK-SK project. The fractional differences for soluti¢®id) is identical to that for(1,2) and the
fractional difference for(3,2) equals the fractional difference fdi,4) plus or minus a constant, see E¢$9)—(22). The zero contour
appearing in thé1,4) fractional difference is explained in the text. The parameters are the same as in Fig. 1. The ellipses are labeled as in
Fig. 3.

be used to generate a negativen?, trajectory which com-  This means that for a measure setRfand P" there are
pletely overlaps with the original one by the transformation always two sets of solutions with a different sign i3,
There is no way to resolve this ambiguity because the Two

o—m=9, trajectories are completely degenerate. It should be noticed
_ that this situation occurs no matter how large a matter effect

PR \/X0 (24) at a much longer baseline. In such a case, Twoajectories
Xy with the samef,3 but opposite sign oﬂmf3 are far apart,

AB/9 (%) for L =732 km, E =2 GeV

4.0 T e LI B RBP4 T
(@) (A6/6),, ﬂ, 0/2/ (b) (a0/8),, 4
35 F ; 287 0 7
- 3.0 E no solution . \\ 20/:_ no solution -21 /
§ 25 F 3 I <23 1
= o0k T 3
R S Y } P ]
ln_-—'- 15 ¢ 002 4 ~‘-|-(-) \ T 7
z o ; 18 \ z
1.0 J= 5 no solution T _ ]
C T =17 no solution ]
L T I E
0.5 ¢ 0 Tgoa /<15 ]
0 ..........................................................
0.0 05 10 15 20 25 30 35 0.0 05 10 15 20 25 30 35 4.0
P(v) (%)

FIG. 5. The isofractional differences, as a percent, for the allowed solutions for the mixing@gdtethe P(v)=P(v,— v,) versus
T[P(»)]=P(v¢—v,) plane for the Fermilab-NUMI project. The fractional differences for soluti@4) is identical to that for1,2) and
the fractional difference fof3,2) equals the fractional difference fdi,4) plus or minus a constant, see E4$9)—(22). At very small
probability the(1,4) fractional difference has a zero contour. The parameters are the same as in Fig. 1. The ellipses are labeled as in Fig. 3.
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AB/8 (%) for L =130 km, E = 250 MeV

4.0 1 1 T T 1 ) 1 1 T ) 1 1
(a) (48/6),, ~_(b) (A6/8),, / /

35 | 0,5/-7 87 1 a/// /
' Vs

i -9
ol orly
25 F no solution

20 |
1.5

0.5 -20 e, .
00 H Gorer, T S Gy R
35 F + -8
3.0
25 |
2.0 |
1.5 |
1.0 |
0.5 t
0.0 B i
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
P(v) (%)

FIG. 6. The isofractional differences, as a percent, for the allowed solutions for the mixing@gdtethe P(v)=P(v,— v,) versus
CP[P(v)]=P(v,—ve) plane for the CERN-Frejius project. The parameters are the same as in Fig. AmngSX 105 eV2. The
dashed ellipses are IabeIéIPgﬁ‘gzgl3 to show the relevant size of $B¥;; for this figure.

L' no solution

CP 3

no solution

CP[P()] (%)

no solution I no solution

no solution no solution J

and one would have expected that there is no ambiguity in 13
the determination of the sign aimZ,. Hence there is a P(v) =X, 02+Y+0cos( ot —
“no-go theorem” for the determination of the sign &fm2,

by a singleT violation measurement. The possible cases in 3(

+Pg,

which the “theorem” is circumvented are, as mentioned in CP[P(v)],=P(v), =X, 6?+Y,6co
the Introduction,(a) one of the solutions is excluded, for

example, by the CHOOZ constraint, @ some additional

information, such as energy distribution of the appearance P(v)_ =X_62+Y ecos{ 5 Ais
electrons or another violation measurement with different - - 2
parameters, is added.

Agg
o— 7) + P@ )

+Po, (25

+Po

Y Y 2. Ags
CHP(v)]_-=P(v)_=X_60+Y_6co 5+7

IV. PARAMETER DEGENERACY IN CP-VIOLATION
MEASUREMENTS whereX_.. andY.. are given in the Appendix. As beforB

We now turn to the analytic treatment of the parameterindicates the term which is related with solar neutrino oscil-
. . 2 .
degeneracy i€ P-violation measurements. We proceed in anlations, Ayz=|Am4L/2E, the + here refers to the sign of

2 . C ~
analogous way to the analytic treatmenfTofiolation given ~ AMizandé is an abbreviation 0f;5=5,3. N
in Sec. III. Note that there exist relations among coefficients;

We start with the four basicCP equations for small 5
sin;3: X.=X(*Amy,a), (26)
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A0/0 (%) for L =295 km, E =1 GeV

40 """""" LN DA BARLRLELE BRI I A IR RIS EUARLLE BLALEAELE BN B4 A I ZANL L B R
' () (A0/0),, 1(b) (a0/6),, ;
35 | ? /2 //
L I 5 ]

30 | s ; :

25 _ 6 S _ no solution 3

L no solution T ]

20 | o 7 T 57 pLL, ]

N 8 C ]

15} S Ok T 3

_ 1.0 <19 T <9 7 no solution ]
) s no solution i y g ]
) 0.5 | As5#Cr, T CPi% 7
/E OO ,,,,,,,,,, | _ ........... |....|....|....|....|...-E
E: . (c) (Ae/e)” T T 7T (d) (Ae/e)“ T T T 1 s /ﬂ ]
— g L 4/
o 35 ¢ - e
&) . : ]
30F - ]

2.5 ' no solution

2.0 \

1.5 : no solution 1

10 | i

05 ¢

0.0 Bt "

0005101520253035000510152025303540
P(v) (%)

FIG. 7. The isofractional differences, as a percent, for the allowed solutions for the mixing@&gdtethe P(v)=P(v,— v,) versus

CP[P(v)]= P(F#—Je) plane for the JHF-SK project. The parameters are the same as in Fig. Amﬁb:SX 105 eV2. The ellipses are
labeled as in Fig. 6.

no solution

no solution

=X(*+Ami;,—a). 2 P-Po Y_ A

( My3 a) (27) 05= \/ . ®_2X cos| 85— 213)' 32

In leading order imAm32,/Am3,, there exist further relations, - -
X, =X_andX_=X, (28) P-Py, VY, Ags
03= X +2X cos 53+7 : (33

which follows from theCP-CP relation[12] (see the Ap- + +
pendi¥. Finally, it follows under the approximation of
Cerveraet al. [21] that The solutions of these equations are

Y.==-Y_, Y_=-Y,. (29) | 1 o Asg
. . . sind; ;= = | —C'"/sin=—=AP,
We fully utilize the symmetry relationshig®8) and(29) < D 2
in the unified treatment of the same-sign and the mixed-sign

deger!erac?ies. T_he basic_ equatiq@s) can be solved for ﬂ_LC(—)COA%13 D—(AP,)?, (34)
generic mixed-sign situations as 2
P— P@ Ay
N ~13 1 A
+ 2X+ COS! 5]_"" 2 ] (30) Sin§314: D|: _C(+)S|r%3AP,

\/ A Tc)
+2Xcos( 2), (3D TC co \/D AP)}, (35)
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AB/0 (%) for L =732 km, E =2 GeV

T H'II”'II”'IH”I”"éz(i‘)l)l(lA”e)el)ls;"II'O'/'IH':';II/I'
T no solution /4.7

Py ¥ o
2% 37 CPios
N = 4 s
Y

4 1 ~~ ]
T no solution 7
7//// CPL) ]
no solution - 3

o
o
o
)
-t
of
—
ol
N
of
N
ot
W
of
W
ot
o

.0051015202530354.0

4.0 e
@) (A6/8),,
35 [
30 F
o5 - no solution
20 f
15 f .
10 O
R 05 [ L8
:>: 0.0 YYTETEY
Q. 20 —
o (C) (48/6),,
o [
15 |
1.0 |
0.5 |
0.0 |

ce.‘;;;a-\

" ey,

. T ] no solution .
no solution 1 |

15 0.0 15
P(v) (%)

2.0

FIG. 8. The isofractional differences, as a percent, for the allowed solutions for the mixinggdtethe P(v)=P(v,— v,) versus
CP[P(v)]= P(v —>ve) plane for the Fermilab-NUMI project. The mixed-sign fractional dn‘ferenczéeﬁ/@)13 and 14t€rminate at around
P=CP[P]~1.6% because above this probability the S|gnAQﬁ13 is determined, as discussed in the text. The critical valu® of
(~1.6%) and sif26;5 (~0.033) can be calculated from Eq&9) and (50). The parameters are the same as in Fig. 1 with?,=5
X 1075 eV2. The ellipses are labeled as in Fig. 6.

oL [NP=PoX, N(P—Po)X cl)= 1(Y++Y), 39
1,2_2D(7) Y+ Y7 2 X+ X7
oA (5=t X+—X—)
iy sSin—=|, (36) D=3 Y. Y ) 40
b 1 | V(P=Po)X_ . VIP=Po)X, AP — [P—P, P- Po.
3'472D(*) Y_ Y., P== X+ - X 0
. A The sign in Eq(35) is determined relative to E¢34) so that
—Sind; ssin 5 | (37 it reproduces the pair of degenerate solutions in the case of a
precisely determined value @5 [12]. It should be noticed
where that providedyD — (AP-.)? is real the constrainsing|<1 is
satisfied automatically in Eq$34) and(35).
(+)2 L2 ) Let us focus first on the features of the same-sign degen-
b=c s'nz( ) c 0052( | (38 rate solution. The setd(. &) with i=1.2 (1=3.4) de-
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AB/8 (%) for L =130 km, E =250 MeV

5 AW T AL B N /2 R Al T T
(@) (A0/0),, // /—_;(b) a6y, / v
I 1 ~10
4 0’~10 15 + 0 -17 ]
[ I 1/ /- CPies ]
- 1 : - -15  J
3r - / =20
: I 4(?4‘
2 | 4 225 o
< 1r Hspo -36“': ]
S - CB’-"S“ 2 no solution
:>:0-::::I::::.::L:::::::::"::::I:-:'::{::':'::::""'
L [© @), 19 @ee, /0
x| } v
S 4t . ~
I -15 ]
3 - - =20 _%
2r T ) S
i 1 -3 \ ]
T ¥ )
I 1 7~ no solution |
0 L 1 1 1 1 1 1 1 1

P(v) (%)

FIG. 9. The isofractional differences, as a percent, for the allowed solutions for the mixing@gdtethe P(v)=P(v,— v,) versus

CP[P(v)]zP(Z—Je) plane for the CERN-Frejius project. The parameters are the same as in Fig. 1 except for thtmﬁglwhich is
set to X 10™* eV? for this plot. The ellipses are labeled as in Fig. 6.

scribes two degenerate solu_tions with positireegative c0sé; , and coss; 4 can be obtained from Eqé34) and(35),
Amf3 for given values oP andP. Of course, they reproduce respectively, by replacing &) by = C(*) and sinA,42 by

the relationships obtained by Burguet-Casétlhl. in [9]: cosA;32 and vice versa. One can show by using these re-
sults that
, , sind; +zcosd;
sind,—sind;=—2| ————|, (42) 5
1+2 1-
cog 8, + 8,) =Coq 83+ 6,) =——, (49
’ 1+2°
sind;+zcoss, | [ C(H2—Cc()2} (A,
02_ 01: > SINf —— |, . . .
1+z ct) 2 which implies that
(43
where 5,=m— &, +arccog (22— 1)/(2%+1)],
cth) A 8,=m— 83+arccog (22— 1)/(2%+1)]. (46)
i (44

Thus in the allowed region of biprobability spadg (5,)

Let us illuminate how the relative phases betwetsm  differs from =— &, (w—&;) by a constant, arccd$z?
between these degenerate solutions can be obtained in-al)/(z%+1)], which depends on the energy and path length

transparent way. Toward the goal we first calculate #os of the neutrino beam but not on the mixing angleNear the
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AOG/6 (%) for L =295 km, E =1 GeV
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3.0 - no solution —— no solution
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[ no solution
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7 no solution

05 | §f
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4 no solution

no solution

.0
0005101520253035000510152025303540
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FIG. 10. The isofractional differences, as a percent, for the allowed solutions for the mixingéaggiethe P(v)=P(v,— v¢) versus

CP[P(v)] P(v —>ve) plane for the JHF-SK project. The parameters are the same as in Fig. 1 except for tm&em@mhlch is set to
1x10 4 eV? for th|s plot. The ellipses are labeled as in Fig. 6.

oscillation maximumz— o, this constant vanishes so that example of the regions satisfying conditions for the existence
S,=1m— &, and §3=m— S, as noticed i 9]. of the same-sign as well as mixed-sign solutions are depicted
For the mixed-sign degenerate solution one can show thamn Fig. 1.

The maximum value o andP which allows mixed-sign

2 2
cog 8, 8 ):(AP+AP—_\/D_AP+\/D_AP—) solutions is determined by —(AP.)?=D—(AP_)?=0
v D ’ with P=P. This occurs for a critical value d? given by
_ (AP, \D—AP%+AP_\D—-AP?) X.X_D
S|n( 51_53): D . PCHI P®+ i ’ (49)
@) S

One can show, for example, cépt8)=—1 and sing;  which can be used to determine the critical valuedads
—83)=0in the P— P limit by noting thatAP_=—AP, in

th.e limit. It means thaﬁf 61+ (mod 27), in agreement C(”sinzA—ls
with the result obtained in Ref12]. . 50
The conditions for existence of the same-sign solution are crit 20D
D—(AP.,)?>0 and D—(AP_)?>=0 (48)

There is no degeneracy in the valuedot this critical point,
for positive and negativem%, respectively. The condition i.e., 8,=60,= 6;= 6,. An example of this can be seen in Fig.
for existence of the mixed-sign solution is the intersection of8. At the first peak in the oscillation probabilit,,;= =, the
the two regions which satisfy the conditions of E48). An value of the criticald is simply given by
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A0/0 (%) for L =732 km, E =2 GeV
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3 [ no solution T
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§ I / \\10\ 002 T no solution
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no solution
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FIG. 11. The isofractional differences, as a percent, for the allowed solutions for the mixingéaggiethe P(v)=P(v,— v¢) versus

CP[P(v)]= P(v —>ve) plane for the Fermilab-NUMI project. The parameters are the same as in Fig. 1 except for thbm@avhlch is
set to 1X 10~ eV2 for this plot. The ellipses are labeled as in Fig. 6.

A diagonal. Figures 9—11 are similar to Figs. 6—8 except that
crit(A13= ) . (51 the size of solai mfz has been increased by a factor of 2 to
VX (VX = VX0) 1x 10 * eV2. Notice that the parameter degeneracies prob-

lem is more pronounced as the solam? is increased. At
As Ay3—2m, the critical # goes to zero and so does the even larger values afm3,, our approximations become less
oscillation probabilities® andP as this is the position of the reliable.
first trough in the oscillation probabilities.

In Figs. 6—8 we have plotted the fractional difference,
(A6/6), see Eq.(18), for the CERN-Frejius, JHF-SK, and
Fermilab-NUMI p055|ble experiments using — v, and its In this paper we have given a complete analytic treatment
CP conjugatev,— . The regions where this fractional Of the parameter degeneracy issue figs, sign of Amé the
difference is small are regions where the parameter degend theCP, andT violating phases that appears in neutrino
eracy inherent in such measurements is only important oncescillations. For a given neutrino flavor transition probability
the experimental resolution ahfor a fixed solution is of the and itsCP or T conjugate probablllty we have derived the
same size or smaller. Notice that near the boundaries on trallowed values o#, 3, the sign ofAm3;, and theCP andT
allowed region the fractional differences are small for theviolating phases. We have given explicit expressions of
same sign solutions. For the mixed sigi,3), fractional degenerate solutions and obtained, among other things, exact
difference plots there is a zero along the diagonal. This igormulas for the relationship between solutions&¥ up to
explained by the fact that in our approximation the positivethe correction of orderﬁ(mlzlAmB)2
and negatlveAm13 ellipses, for a giver®, intersect along the In general there is a fourfold degeneracy, two allowed

V. SUMMARY AND CONCLUSION
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values of6,5 for both signs ofA mfg. This is always true for ) Aqg
the T violation measurement whereas for t8é violation P(r).=X.0°+Y. GCOE{ ot —-
measurement the fourfold degeneracy can be reduced to two-
fold degeneracy if matter effects are sufficiently large, or we . _ . .
live close to the regiod~ /2 or 3m/2. The significance of Where thex signs inX... andY.. refer to positive or negative
matter effects the dependence on the energy of the neutring?/ues ofAmis, 6 is an abbreviation for sy, and Pe
beam, the separation between the source and the detector,/3dicates the terms related to solar neutrino oscillations. For
well as the density of matter between them. The fractionaflétails on the approximations used in deriving this transition
difference oféy5 between the various solutions has been calProbability see Ref[21]. All other channels used in this
culated which can be compared with the experimental senspaper,ve— v, andv,— ve, can also be expressed with the
tivity for a given setup to determine whether or not the de-same variables, see Secs. Il and IV.
generacy issue is significant or not. The coefficientsX.. andY.. are determined by

For the possible future experimental setups CERN-
Frejius, JHK-SK, and Fermilab-NUMI we have given nu- , (D13 2
merical results for the channel,— v, and itsCP and T X+=4523<B—_) sir?
conjugate. TheCP conjugate being most relevant for these -
future superbeam experiments. For the CERN-Frejius, JHF-
SK, and Fermilab-NUMI experimental setups the parameter
degeneracy issue is only relevant once the experimental reso- Y= £8C1581 L2353
lution on the determination of,5 is better than 15%, 10%,
and 5% respectively, assuming a transition probability near 5
1% and aAm32,=5x10"° eV?, see Figs. 6-8. At larger val- p®:C§35in22312< A_lz) sirP
ues ofAmf2 the parameter degeneracy issue becomes more aL
important. These iso-fractional difference plots are useful for
comparing the sensitivity of different experimental setupswith
neutrino energy, path length, and experimental sensitivity to
this parameter degeneracy issue. |Ami2j||—

AijE

+Po, (A1)

B+)
- | (A2)

aL

2

A,

L

A13) .
—=|sin|

B- 2

B-
sin( —) (A3)

aL
> (A4)

3 and B.=|aL*A4, (A5)

m
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APPENDIX - (A6)
VX VX
The standard flavor transition probability for neutrino os-
cillations in thev,— v channel can be written as which is used throughout this paper.
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